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1. ORTHOGONAL POLYNOMIALS AND (GAUSSIAN QUADRATURE FORMULAS.

Let p be a positive measure on a real interval [a,b], and P, the related monic orthogonal
polynomial of degree n, i.e., such that

b
Po(a) = a™ 4 / Po(t) P (O)dp(t) = 0,m £ 1, n=0,1,... (1)

An enormous amount of work has been spent since about 200 years on the theory and the appli-
cations of these functions. One of their most remarkable properties is the recurrence relation

Poii(z) = (. — bp)Po(z) — a2 Py _q(z), n=1,2,..., (2)

with P (x) = z—by. See, among numerous other sources, books by Chihara [17], Gautschi [37,39],
Ismail [53], chap. 18 of NIST handbook [84], and other surveys [42,66,67].

Orthogonal polynomials are critically involved in the important class of Gaussian integration
formulas. A classical integration formula (Newton-Cotes, Simpson etc.)
fff(t)d,u(t) ~ wyf(e) + -+ + wa(xN) is the integral f p(t) du(t) of the polynomial in-
terpolant p of f at the p01nts Z1,...,2N. Interpolation errors can sometimes become quite
wild, to the opposite of least squares approximations made with a polynomial ¢ minimizing
f;(f(t) — q(t))?du(t) f (t))r(t) du(t) = 0 for any polynomial r of degree < N. We
want the favorable aspects of both s1des' i.e., easy use of numerical integration formulas, and safety
of least squares approximation. Take at least for f a polynomial of degree N, say, f(t) = tVV, see
that f — p vanishes at z1,...,2xxy and will be orthogonal to all polynomials of degree < N if it
is a constant times Py, so if x1,...,x N are the zeros of Py. All least squares problems are then
satisfactorily solved with the discrete scalar product (f,g)ny = Ziv w; f(z;)g(x;). See Davis &
Rabinowitz [21, § 2.7], Boyd [11, chap. 4] for this discussion.

Approximate integration formulas are not only used in the area or volume calculations from
time to time, they are also used massively in pseudospectral solutions of big partial derivative
equations and other functional equations. As an example of numerical procedure, a polynomial
approximation to the solution of a functional equation F'(u) = 0 is determined by orthogonality
conditions ff F(u(t))r(t) du(t) = 0 for any polynomial r of degree < N (Galerkin method), where
the integral is replaced by its Gaussian formula (F'(u),r)xy = 0. See for instance Boyd [11, chap. 3,
4], Fornberg [30, § 4.7], Mansell & al. [72], Shizgal [93].



2. POWER MOMENTS AND RECURRENCE COEFFICIENTS.

2.1. Recurrence coefficients and examples. Let us consider the generating function of the
moments p,,, which is called here the Stieltjes function of the measure du

b b
S(x):/ du_@):@+%+...7x¢[a,b], Mn:/tndu(t). (3)

r—1 x

Sometimes, S is called the Stieltjes transform of du, but technically, the Stieltjes transform of a

measure is the integral of (z +t)~'du(t) on the positive real line [50, chap. 12]. For measures on

the whole real line, one should use the name “Hamburger transform”. P. Henrici [51, §14.6] speaks

of “Cauchy integrals on straight line segments”, Van Assche [97] calls S “Stieltjes transform” for

@) in all cases. “Markov function” is also used [4,42] when it is clear that there is no danger of

confusion with random processes.

The power expansion (B is an asymptotic expansion. If [a, b] is finite, the expansions converges

when |z| > max(|al, |b]).
b
The function S is also the first function of the second kind [5,6] @, (z) = / Pu(t) dutt)
a

x—t

. The

recurrence relation (£) holds for the Qs too. Indeed,
b 2
t—by,=t—x+x—by)P,(t) —a;P,_1(t)| du(t
@t~ [ bt~ P () ()
= —poono + (z — bn)gn(x) — aiQn_l(x). At n =0, Qi(z) — (x — by)Qo(z) + o = 0. We have

Qn(z) ay Ho
Onr0) o o)’ [40, eq. (2.15)]and S(z) = Qo(z) = L 2
" Qnlo) S, @un(o)
)
For bounded [a, b], the continued fraction converges for all x ¢ [a,b] [51,101].
Some examples, which will be inspiring later on, are
1t dt 1w+l 11 1
s@=3 ) ;= T g et @

L \t|at L otxdt 2 11 1
S = = — =2l = 4 - 4 4., 5
(@) /_133—15 /0 22 T x+2x3+3x5+ 5)

This shows how logarithmic singularities are often seen in Stieltjes functions.
Here is a case with an explicit logarithmic singularity in the weight function

e}

1 (0]
S() == [ L~ Lol =3 (6)

r—t T

where Liy is the dilogarithm function [84, §25.12].
A last example with Euler’s Beta function:

1 4q-1 -

A =P dt  po | g2
S = = — _— —_— aaa’
(z) /0 x—t x+$2+x3+

Pn+gl'lp—qg+1)
F(n+p+1) @

The recurrence relation (B) is needed in various applications, whence the importance of getting
the recurrence coefficients (Lanczos constants) from the moments pu,, (Schwarz constants, see [18]
for these names). Some of our examples have been solved in the past, see the results in Table [T

General formulas for the recurrence coefficients from the power moments follow from the set

of linear equations zg_l ,uiﬂ-c(»n) = —ljtn,t = 0,...,n — 1 for the coefficients cg-") of P,(z) =

pn=Bn+qp—q+1)=



@ (3) @

Legendre mod. Jacobi Jacobi on (0,1)
Chihara Abramowitz
17, chap. 5, § 2 (G)] 1, §22.2.2, § 22.7.2]
) n? 2n+1—(=1)" nn+p—1)(n+q¢g—1)(n+p—q)

" 4n2 -1 42n+ 14 (1)™) 2n+p—2)2n+p—1)2(2n+p)

2n(n+p) +qlp—1)

Cn+p+1)2n+p—1)
TABLE 1. Some known recurrence coeflicients formulas.

by, 0 0

"+ zg_l cg-")wj, yielding bg + -+ b1 = —cﬁl@l and pga? - - - a2 = Dpy1/D,, where D, is the
determinant of the stated set of equations (Hankel determinant). Various algorithms organize
the progressive construction of the recurrence coefficients from the power moments but have
an enormous condition number for large degree, whence the importance of alternate numerical
methods [37], which will be considered in next section.

In some serendipitous cases, as seen in Table [ closed-form formulas have been found [17,

chapters 5 and 6] [84, § 18.3-18.37].

n|0] 1 2 3 4 )
CL2 e 647 71180289 332349955856 39672481023099631594375
n 144 | 11025 | 1172105200 5405644687527 641525900508218274561936

b 1] 13 8795 124351943 43450203422161 | 23506086742557104854013941
nl4 28 18116 252694908 87773135347044 | 47335997944735259180626044

TABLE 2. First recurrence coefficients for the weight —logt¢ on (0, 1).

No formula is known for the dilogarithm case (@), and nothing simple must be expected, as
seen from the first ones in table B, whose asymptotic behaviour will be investigated in table [d
see also [77].

2.2. Asymptotic behaviour of recurrence coefficients. Asymptotic behaviour of a, and
b, has been enormously investigated. The simplest, and most meaningful, result is that, if the
derivative w = p’ of the absolutely continuous] part is positive a.e. on (a,b), then
b4a’ bﬂ_}()w:a;—b, n — oo. (8)
This seemingly simple result took decades to receive a complete proof, see the surveys by D.S. Lu-
binsky [66, §3.2], P. Nevai [80, §4.5], [81], and Van Assche’s book [97, §2.6] for accurate statements
and story.

A closer look to the Jacobi recurrence coefficients (), Table [ gives

I Ul Ve R Ve V0 1 (g-1)*-(p—9?

-2 _ 1 -2
an =7 162 o(n™%),b, = 5 + 52 +o(n™7).

For a general interval (a,b), the Jacobi weight is (b — z)%(z — a)?, and the relevant asymptotic
behaviour is

b—a(l_a2—|—62—1/2

Ay — Qoo =

a+b (b—a)(a®—3?)
2 8n2

an = +o(n7?). (9

4 4n? * O(n_2)> 2 b=

1
d,u = d,uabsolutely continuous + dﬂsingular-



This behaviour is thought to be present for all weights behaving like powers near the support’s
endpoints. Interior singularities create wilder oscillating perturbations, as it will be recalled later
on. Lambin and Gaspard [61, Appendix] made interesting numerical tests on problems of solid-
state physics by reducing the oscillating terms through sums and products, their formuladd are:

b—a\" 2432 -1/2
aj - - - a, = constant ><< 4a> <1+a+i—/+0(1/n)>,
n

_ 2 32
bo+---+b, = n%—i_b + constant + (b a)éoz 5
n

Szegd’s theory, see § Complete expansions in powers of 1/n have been established when
the weight function is (b — x)%(z — a)” times a positive analytic function on [a,b] [60, Thm.
1.10], quite a strong condition. Perturbation of a Jacobi weight is considered by Nevai and Van
Assche [82, § 5.2], but their trace-class condition Y |an — @oo| + |bn — boo| < 00 is rather strong
too, as we will encounter expected O(1/n) and O(1/(nlogn)) perturbations. See also L.Lefevre
et al. [63] for more applications with Jacobi polynomials.

Many more refinements will be studied in § Bl and Bl

+ 0(1/n). The constants are known from

3. MODIFIED MOMENTS.

A very efficient technique for computing large numbers of recurrence coefficients is described
here.

3.1. Main properties and numerical stability. We consider a sequence of polynomials { Ry, Ry, ... }
with R, of degree n. Here, R, need not be monic. The related modified moment of degree n is
defined as

b
vy = / R (t) dp(t). (10)

We want to compute the recurrence relation coefficients () from the modified moments of dp.
The algebraic contents of the problem is the same as before, as each modified moment is a finite
linear combination of the power moments, but the numerical accuracy in finite precision can be
strongly enhanced: with the notation (f,g) for the scalar product f:f(a:)g(a:) du(x), we again
compute the values (P,, Rj),n,j =0,1,...,N —1 by

(Ro,Ro) --- (Ro,Rn-1)
Gy = : : :
(Ry-1,Ro0) -+ (Rn-1,Rn-1)
(Ro, Py) 0 0 /|| Pol?
(R, o) (B, P1) - 0 1/]|P?
(Rn-1,P0) (Rn-1,P1) -+ (Rn-1,Pn-1) 1/||Py=1]?
(Po,Ro) (Po,R1) -+ (Po,Rn-1)
0 (Pi,R1) --- (P1,Rn-1)
. : (11)
0 0 -+ (Py-1,Rn-1)

Where the left-hand side is the Gram matrix of the basis {Ro, ..., Ry—_1}, factored in ([I]) as a
lower triangular matrix times a diagonal matrix times an upper triangular matrix which happens
to be the transposed of the first factor. The equation ([[Il) is the matrix writing of the Gaussian
(1) elimination method, also known for a positive definite matrix as Cholesky’s method [12,13].
See also Bultheel & Van Barel [15, § 4.2] for this connection of the Gram-Schmidt method with
modified moments.

2The product by - - - by, of [61] is here a? - --a2.



The numerical stability of the computation of the factors of the right-hand side of ([Il) is
measured by the condition number of the matrix Gy, which is the ratio of the extreme eigenvalues
of the matrix (for a general nonsymmetric matrix, singular values must be considered [43,103]),
after a convenient scaling replacing R, (x) by Ry (x)/pn.

The extreme eigenvalues are easily seen as the inf and sup on real vectors [co,...,cny—1] of

b 2
2k Cick(Rj/pjy R/ pr) = [, p™(x) dp(z _
I, Ta Ryl Rlp) = PO o) — 5,0y et
. C4
353
quotient [103, §54]). Now, in the important special case where the R,,/p,s are the orthonormal
polynomials with respect to a measure dug with the same support as d,u, the extreme eigenvalues

fp

f P*( d,UR
remain bounded and bounded from below if du(z)/dpgr(z) is similarly bounded [8].

the ratio

are the inf and sup on the real polynomials p of degree < N o so, these eigenvalues

3.2. The algorithm. Stable and efficient computation of the recurrence coefficients of (&) from
the modified moments () has been first published by Sack and Donovan in 1969 [89,90], im-
mediately enthusiastically commented and expanded by W. Gautschi [35] whose exposition is
summarized here (see also [37, § 2.1.7], [39, viii, pp. 28,36, 58—64, 92-100, 162]).

One does not compute the matrix of the left-hand side of ([[1]) to get the orthogonal polynomials
P,. Instead, we use polynomials R,, satisfying themselves a known recurrence formula

a:Rk(x) = AkRkH(x) + BpRp(x) +--- + ZkRk_s(x), (12)

containing the ordinary moments case when s = 0, some other (possibly formal) orthogonal
polynomials when s = 1, and we shall even try an example where s = 2!
We make vectors

f P f P f P, (t)Ron—n(t)du(t)], looking like the rows
of the last factor of (I]'_'[]) for n = 0 1 N — 1 starting of course with the modified moments
at n = 0. By orthogonality of P, and polynomials of degree < m, one must have 'v(() n) _ vgn) =

ce= vgln_)l = 0. We also define v(-) to be the null vector. Then, by () and (),

b b b
B+ :/ Pt (t) Ry (£)dpu(t) :/ (t — bp) P (t) Ry () dpu(t) — ai/ Po_1(t) Ry (t)dp(t)

b b
= / [AkRy41(t) + (B = bp) Ri(t) + - 4 ZpRy—s ()| P (t)dpa(t) — a%/ Pp1(t)Re(t)dp(t)

= Ak”l(:g1 + (Bg — bn)vlg") 4+ 4 Zkv,(fn)S — a2'v,(€n 1)7

using therefore elements of v(™ and (1),

1 (n+1)

As one must have 'v(nH) =0, =A,_ 11)”" /'vn 1 if n > 0 follows, and vy, =0=0b, =
B, + A, 'Ungl—cﬂv%n 1]/'0%" —Bn—i-A Un+1/v 1O 1/12" b,
See also that v("+ ) needs v,(:gl, that’s why we need the v,i s up to kK = 2N, in order to have

(V)

a correct vy
There will be much ado later on about the Chebyshev polynomials on [a,b] : Ry(t) = 1, Ry (t) =
T(2t—a—=b)/(b—a)) = (2t —a—0b)/(b—a), Ra(t) = To((2t —a—b)/(b—a)) = 2((2t —a—1b)/(b—
a))? —1,... satisfying tR,(t) = (b — a)Ry—1(t)/4 + (a + b)R,(t) /2 + (b — a) Rpy1 (2) /4.
Remark. 1If we have a software allowmg fast shift vector operations shiftleft([aq,...,an]) =
[az,...,an,0], shiftright([a1,...,an]) = [0,a1,...,an—_1], then
D) = — (b — a)[shiftleft(v(™) + shiftright(v(™)]/4 + (a + b)v™ /2 — @201 — b, 0™ [38].



4. EXPANSIONS IN FUNCTIONS OF THE SECOND KIND.

We proceed with modified moments and related expansions. The weight function w is not
always given in such an explicit form allowing a fast way to compute the modified moments. It
is often better to use the generating function S(z) of the power moments, but how is S(z) an
expansion involving modified moments?

From now on, we choose R,, to be an orthogonal polynomial of degree n with respect to a
weight function wg on [a, b], and the searched P, orthogonal with respect to the weight function
w so that du(r) = w(x)dx. We will often need the ratio w/wg, a writing more realistic than the
Radon-Nykodim derivative du/dugr in most cases.

We saw that the Laurent expansion of the Stieltjes function of w with the power moments
is S(x) = fabw(t)(x —t)7tdt = S0° ur a7 "L See here the expansion involving the modified

moments v, = fab R, (t) w(t) dt:

4.1. Theorem. Let R,, n=0,1,... be orthogonal polynomials related to a weight wg on [a,b],
with || R, |% = fab R2(t)wg(t)dt, and S(z) = fab(a; — t)~lw(t)dt be the Stieltjes function of the
weight function w. Then,

Z T "

for x ¢ [a,b], where v, is the modified moment fa R, (t) w(t) dt, and where

Qn(x) = fab(a; — )7 R, (t) wgr(t) dt is the n*® function of the second kind related to the weight
WR.
Indeed, as R,, is a finite linear combination of powers Which may be inverted as t* = 2220 Cn, i Rn(t),

we have S(z) = > 72 Of thw(t)dt x=k=1 =300 of Ko CnkRn(t)] w(t) dt 2= F1
=3 o Vn [Zk:n enpx k. Remark now the Laurent expansmn

Qn(@) = 3332, Jy t*Ru(t) wr(t) dt a1 = 3230 e | Rall 27 O

There is no convergence problem, at least if a and b are finite, as the Laurent expansions
converges exponentially fast when |x| > max(|al, |b]).

My first idea was to expand the ratio w/wg in the {R,,} basis, by w(t)/wg(t)
= ZZOZO[ff(w(u)/wR(u))wR(u)Rn(u)dt = vy Ry (t) /|| Ry||% for t almost everywhere in [a, b], but
we do not need to discuss the validity of this expansion. It seems however strange that the theorem
seems to be true in some eerie situations where w and wg have different supports. The price is
that the modified moments are unusually large, which makes them completely useless. This is
obvious if the support of w is bigger than the support of wg, as the R,s are free to become large
outside the support of wgr. But things are not better if the support of w is too small! Recall that
the condition number of the Gram matrix G in ([[Il) depends also on the smallest eigenvalue,

which is the infimum on polynomials p of degree < N of the Rayleigh ratio ff p?wdz/ ff p*wp dz,
and we may choose p to be very small on the part of (a,b) which is the support of w. See also
Beckermann & Bourreau [8].

Expansions with functions of the second kind share properties of Laurent expansions, such as
exponential speed of convergence outside [a,b], and orthogonal expansions, such as the use of
recurrence relations, see Barrett [7], Gautschi [36].

For Legendre functions, the connection between Laurent expansions and expansions in functions
of the second kind is given by Heine’s series (z—t)™! = 3" 0°(2m+1) Py, (£)Qum(z), -1 <t < 1,z ¢
non n
1 _ Z d"P,,(0)/dt (),

$”+1 n!

—1,1] (NIST [84, § 14.28.2], etc.), so that, gathering the " terms
[ ) Y Y ) ) g g )

0
showing how the (),, expansion is a rearrangement of the Laurent expansion.



As a matter of fact, Heine’s series is valid for any choice of orthogonal polynomials: expand
(r—t)"lin orthogonal expansion of the Rys:

Ry,
/ r—u = Qul@)
i Z TRl R, (t). See Area et al. [5,6] for more identities.

The subJect matter will now be strongly simplified by turning to the Chebyshev case:

4.2. Chebyshev functions of the second kind. The functions of second kind related to the
Chebyshev polynomials
R, (x) =T,((2x —a—10)/(b—a)) are

B an((Zt—a—b)/(b—a))dt_ ™
Qn<$>—/a T = e LT (14)

where z = 2z —a—b+2y/(x —a)(x — b)]/(b —a) ~ 4x/(b — a) = x/as for large |z|.

This formula (I4]) is seen as an exercise in many textbooks, as Davis & Rabinowitz [21,
§ 1.13], sometimes from the finite part (Hilbert transform) of ([[dl) when z € (a,b), known to
be —(7/(2a00))Un—1(cos 8) [1, 22.13.3], [74, eq. 9.22a], also used by Weisse & al. [102, eq. (14)].
Then, when = = by + 2a0 cos 0 + ic is close to [a,b], we add £miT,(cosf)/\/(x —a)(b—x)
(Sokhotskyi-Plemelj [51, §14.1]), and (I4)) is restored in a neighbourhood of [a, b]. For a fast proof
of ([A) for all x, recalling that the functions of the two kinds share the same recurrence relations,
$0 @Qn(x) must be a linear combination of 2" and z~", which must remain bounded for large x,

50 Qn(z) = Qo(x) z7™. Put t = (a+b)/2 4 ((b — a)/2) cos ¢ = beo + 2acc cOs @, then Qo(z) =

/” dp _/7r 2dy B 17{ de'® _ m/ax
0 & —boo—2a00cosp  Jy aco(z+z71—2c0s0 20 [ ac(z—e¥)(e? —z71) 2 — 27V

as only the residue at €’ = 27! is to be considered, as |z| > 1.

It will also be recalled in § that the asymptotic formula (200]) is exact in the Bernstein-
Szegd case (when /(t —a)(b—t)/w(t) is a polynomial, and when n > half the degree of this
polynomial). Henrici gives (&) in [51, § 14.6, Problem 2] with the symbol "U,,” for our Q.

4.3. Corollary. Chebyshev modified moments are the coefficients of the expansion of the Stieltjes
function in negative powers of z

—a z_z_l a —a)lz+ 2z~ Un
(b )(2 )S<x: ;b+(b )(4+ >—21/0+Z4 (15)

Indeed, put (IE]) in (3

Vo 7T/aoo /oo
5@) = T8 [m@@ = R =r et o R S AT — T a
4/(b—a)

Consider also the generating function of Chebyshev polynomials = =
i) x—t z4271—2u
4

————" 1+ 2377 Tn(u)/2"], where t = (a +b)/2 + (b — a)u/2 € [a,b] if -1 <u<1
( [74 § 5 2], [85], etc.)

5. WEIGHTS WITH LOGARITHMIC SINGULARITIES. INTERIOR SINGULARITY.

5.1. Known results. The influence of an algebraic singularity at ¢ € (a,b) on the recurrence
coefficients has been discussed in [31,68,70], it has been observed, and sometimes proved, that

ap, — Qoo = frncos(2nb. + ¢¢) + o(fn),

by — boo = 2fn cos((2n + 1)0. + ¢.) + o fr), (16)



a+b+b_a00890,with0<90<7r, aoo:b?Ta,boo:a;b

from (8), and where f,

where ¢ =

and . depend on the kind of singularity.

We consider weak singularities, i.e. when the weight function remains continuous, bounded
and bounded from below by a positive number in a neighbourhood of the singular point. For an
algebraic weak singularity,

w(x) ~ w(c) + constant |z — ¢|*, a > 0,0 < w(c) < oo an
17

—a—1
= fn = constant n” %",

see [68, p.156], first part of [70].

The proof in [68] makes heavy use of Toeplitz determinants based on Szegd’s theory. The
subsections that will follow here try to suggest simpler approaches. No new proof will be
presented, but the puzzling fact is that the form (IH) holds for all kinds of interior singularities
encountered up to now, whether as proved results, or as conjectures.

In the much more difficult situation of a strong singularity where w(c) = 0 or oo, the power
of n in f,, does not depend on «, but we know

w(z) ~ constant |x — c|*,a > -1 = f, = —(b—a)|a|/(8n), (18)

[31,70].

The brilliant proof of [31] uses new Riemann-Hilbert techniques. Initially a way to reconstruct
systems of differential equations from the properties of the solutions about their branchpoints
(monodromy matrix), ”the Riemann-Hilbert method reduces a particular problem to the recon-
struction of an analytic function from jump conditions”, in the words of A. Its [54, p. 1389].
The method has been applied with striking results to orthogonal polynomials asymptotics [54, p.
1391] [4,22,29,59, 60], up to, as already noted, the proof of conjectures on interior singulari-
ties [31,32].

At first, one looks [71, §3,4] at a transformation

Pu(a) %ummo] :[&u> %@mm»} [1Cﬂ
Pucr(®) Quor(@)/w(@)]| g~ [Pact(@) Quor(@)/w(@) ]y, [0 Co

with suitable Cq, (5, around endpoints or singular points, with a very subtle scale dilation in
some regions, this is the new feature found in present day developments of the Riemann-Hilbert
method [4,22,29,31,32,59,60], [53, chap. 22].

In the year 2000, Lubinsky wrote illuminating remarks on the virtues of various techniques,
see here a (slightly shortened) part of the conclusion of his survey: “ At present it seems that
the Deift-Fokas-Its-Kitaev-Kriecherbauer- McLaughlin & al. method [= the new RH] will lead
to very precise asymptotics for restricted classes of weights, while I believe that BernsteinSzegé-
Rakhmanov’s one will lead to asymptotics for more general weights, but with weaker error esti-
mates. 7 [67, p. 251].

5.2. Conjecture. If the weight function has one or several logarithmic singularities of the form
w(z) ~ constant X|x — c|*log |x — c| near one or several values of ¢ € (a,b), the two first terms of
the asymptotic behaviour of the related amplitude in ([[8) are

A

B
Fa= 5 i 4 o(L/(nlog m) (19)

with A = (b — a)|a|/8. When a = 0,B = —(b — a)sin(0.)/8 is conjectured, where ¢ = (a + b +
(b—a)cosb.)/2.

One has also (b—a)sinf. = 21/(c —a)(b — ¢). As a matter of fact, the validity of the formulas
for A and especially B in f, is the weakest part of the conjecture, and may be wrong.




10

wt) [1] 2] 3 4 5 6 7
—lo |t| 1| 56 1863 162776 1070243125 25913014364304 1934965659283089461
g 9 | 225 8575 639009 | 4586681781 101783375460481 8086464983903415525
o ’t’ lo ‘t‘ 1 7 17 647 294777 134451657 5943701732
g 4 36 63 2975 1099900 593353348 22386249711

TABLE 3. First recurrence coefficients a2 for the weights — log |¢|

and —|t|log |t| on (—1,1).

n an n(1/2 —ay) A B
11 0.5000000000 0
2| 0.4409585518 | 0.1180828963
4 10.4663464287 | 0.1346142850 | 0.2007398400 | -0.09166948395
8 | 0.4812117607 | 0.1503059146 | 0.2287640621 | -0.1631491312
16 | 0.4896880521 | 0.1649911660 | 0.2531026744 | -0.2442969747
32 1 0.4944429849 | 0.1778244819 | 0.2676576935 | -0.3113381865
64 | 0.4970563023 | 0.1883966532 | 0.2729740238 | -0.3517473956
128 | 0.4984622524 | 0.1968316976 | 0.2727470968 | -0.3683438146
256 | 0.4992050878 | 0.2034975345 | 0.2701559037 | -0.3696324852
512 | 0.4995922083 | 0.2087893758 | 0.2669996306 | -0.3631344659
1024 | 0.4997919518 | 0.2130413275 | 0.2640647470 | -0.3536673937
2048 | 0.4998942823 | 0.2165098115 | 0.2616001033 | -0.3437962949
4096 | 0.4999464395 | 0.2193838028 | 0.2596196818 | -0.3346726328
8192 | 0.4999729247 | 0.2218007622 | 0.2580551538 | -0.3266851806
16384 | 0.4999863366 | 0.2238608480 | 0.2568222193 | -0.3198591430
32768 | 0.4999931141 | 0.2256377520 | 0.2558451208 | -0.3140722878

TABLE 4. Analysis of the recurrence coefficients for the weight —|¢| log [¢| on

—1,1).

The examples of tables have been computed from Legendre modified moments].
Table H] shows a check of conjecture B2 for the even weight function —|t|log|t| on (—1,1). So,

0. = w/2 and, as b, = 0, p. = 0 or m. Having chosen A > 0, ¢ = m happens here. The other
choice was preferred in ([[§)). Then, A and B are estimated from linear interpolation of n(1/2—ay,)
in the variable 1/logn. The limit value 1/4 for A is quite credible, that B = —1/4 is only loosely
suggested!

The same experiment with —log |t], so & = 0, yields indeed A = 0 and, very likely, B = —1/4
in table L. We may even estimate a C'/(nlog?n) term with C' = 1/3 or 1/4?

The conjecture B2lis motivated by interesting solid-state problems in §8 where weight functions
with logarithmic singularities are encountered, and numerical results are seen in Tables § and @

1 1 1 _
3For —logltl: von — —/ log |¢| Pan (t)dt = —2/ log(t) Pan ()t = —2 / Pon1(t) = Pona(t)
—1 0 4TL+1 0 t
2 b Poyo1 () nen (n—1)!
_ - e = 1,2,... = 2 f 27
2n+1Jg t a (=072 (2n—|—1)”7n 2. (v ): rom (27,
1
10.10  (52)] with A = —1. For  —|t|log |t]: Van = —/ [t| log |t| Per (t)dt =
-1
! d (=X/2)(=A/2+ 1) (=A/2+n—1)
—2 [ tlog(t)Pan(t)dt = -1t = -
/o o&(t)Pon(t) S Y {(1/24—)\/2)(3/24—)\/2)~~(1/2—|—n—|—)\/2)]A:1
w1 (2n =311 (2 2 1
- 3t S —— =23,...(vo = 1/2,15 = —1/16) £ 27
(=1) 2n+1(p 4 1)! SRR = S S B 35 (vo [2,v2 /16) from [27,

10.10 (51)]



n an, n(logn)(a, — 1/2) -B —C
1024 | 0.5000284796 0.2021431261 0.2792530363 | -0.5344851686
2048 | 0.5000132625 0.2070968803 0.2714956850 | -0.4910163489
4096 | 0.5000061941 0.2110317678 0.2661201930 | -0.4582126389
8192 | 0.5000029023 0.2142428737 0.2624094620 | -0.4340249535

16384 | 0.5000013644 0.2169243207 0.2598274719 | -0.4163347760
32768 | 0.5000006434 0.2192063024 0.2579999919 | -0.4033460479
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TABLE 5. Some recurrence coefficients of large index for the weight —log|t| on (—1,1).

5.3. About the Szeg6 asymptotic formula.

Warning: up to the end of the present section B, I develop some ideas on the origin of the
formulas (@), trying to show in several ways how they are related to the Szegd’s theory.

No new proof follows, alas, but perhaps valuable work will be inspired by what follows.

The Szegd’s theory is centered on the asymptotic behaviour of the orthogonal polynomials of
large degree. This description has been achieved by G. Szeg6 long ago, and is available of course
in his book [95, chap. 12], also in the surveys by Lubinsky [66,67] and Nevai [80], and in Van
Assche’s book [97, §1.3.1] the formula for the orthonormal polynomial is

pu(x) = (27) /[ exp(A(z
where & = bog + 2a00 cos 0, z = ¥ and
)\(Z) = )\0/2 + )\12’ + )\22’2 + -

is the half constant term and the part with positive powers of the Laurent-Fourier expansion

Z MezB = M2) + Az

)+ 2 exp(A(2)]; (20a)

—log[w(x)\/(x — a)(b — x)] = —10g[2a00w(bso + 2asc cos )| sinb|] =

on |z = €| = 1. The condition of validity is the minimal condition log[w(z))\/(xz — a)(b — x)] €
Ly (Szeg6 class). The function D(z) = exp(—A(z)) is the Szegd function associated to the weight
w, it is analytic without zero in the unit disk, and satisfies |D(z)|?> — w(z)+/(z — a)(b — =) when
|z| — 1. Remark that the A_,, = A,s are real. When exp(A(z)) is a polynomial of degree, say d,
the formula [Z0al) is exact for n > d/2 (Bernstein-Szegé class [67, § 2.1]). For a general weight in
the Szegd class, the two sides of ([al) tend to be equal in some Ly norm [67, eq. (12)] etc.

In the simplest case w(z) = 1/4/(x — a)(b — x), pp(x) = y/2/7 cosnf = 2/7TTn(((L'.—bOO)/(12CQLOO)), Az) =
0. For Chebyshev polynomials of the second kind, w(z) = v/(x — a)(b — x), pp(x) = % =
(1/V2m) Uy (7 — bso)/(2a00)), w(z)y/(x —a)(b— ) = (x — a)(b — x) = 4a? sin®0 = —a? (z —
22 =a2 (1 -2%)(1 - 272, M3 = 1/[aso (1 — 22)].
For the function of the second kind ¢,(z) = / ’ W,
@) = (2m 2 SRAE)) (200)

b—a z2"(z—2z271)"
see Barrett [7], also Van Assche [97, §5.4 ].
We also have z = cosf + isinf = (b —a)"'[22 — a — b+ 2y/(z — a)(z — b)], with the square
root such that |z| > 1 if x ¢ [a, b], in which case only the term containing 2™ has to be considered
in (20al). Remark that x = boo + aeo(z + 1/2) = 2 = (z — bso) /00 + O(1/x) when z is large,
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allowing to estimate the coefficients of 2™ and z"~1: let p%o) () and qgo) (z) be the right-hand sides
of (20a))- (200, then p,(z) ~ 0 () = g 4t Ogn=1 4 .. and

L0 _ exp(Mo/2) i
n /on (aoo)n’ HSLO)

Indeed, p!"’ (x) = (21) 7227 exp(Mo/2 + A1z Xz 2 4+ ) and 2 = /oo — boo/Goo — oo /T +
O(x72), so, the coefficient of 2", wO) = (27) "2 exp(No/2)/al,, and 2 = 2/ o — boo /oo — Goo /T +
O(x72) = ) (.Z')/Hglo) = (a0o2)exp(A12 7 4+ X027 24+ ) = (@002) + oo (@002) T Had (N3 /2+
A2) (Ao )" 2+ = 2" — (Nboo — Ao A1) L4

For the p,,(z) = kpz"+rKLz" "1+ - - itself, from the recurrence relation @) P, (x) = pp(v)/kn =
(= bp—1)Pp-1(2) — aj_y Pos(x), and || P> = poai - - - a;

n*

= —nboo + aoo)\l. (21)

A, (22)
Ky = - .
" \/,U*_Oal”’an7 Kn 0 et

Each term of (22)) behaves like the corresponding term of [ZII) when n — oo.
In terms of z such that & = aooz + boo + @00/ 2:

pn(z)/kn = aly 2" + ago_l(nboo —byg— - — bn_l)z"_l + ... (23)

We have gathered useful asymptotic material, and try to see how it allows to explain the

formulas (IQ)).

b b
First, a quick check of (20al): / P ()P () w(x)da =~ / P9 (2)p (z)w(z)da

" exp(—A(z) — Mz71))dx
_1‘ .

b
-5 / 2" exp(A(z 1) +2 " exp(A(2)][" exp(A(= ) +2 " exp(A(2))]

Uoolz — 2
dz

With 2 = boo + aoo(2 + 271),d2x = aso(z — 271)—=, we have the integral on the unit circle
z

1
= [T exp(A(z71) — A(2)) + 2" 4 2™ 4 27 exp(N(z) — )\(z_l))]d—;. The central

terms leave no residue if m # n. When m = n, the result is unity, together with perturbations
involving high index Fourier coefficients of exp(\(z) — A(z71)).

The same technique is now used in order to get these high index coefficients, and how they
enter the following estimate of recurrence coefficients finer asymptotics:

[£25%)
Up — Qoo N 7(¢—2n+2 - ¢—2n)7 by, — boo =~ Ao (7/}—2n+1 - 7/1—271—1)7 (24)

where the s are the Fourier coeflicients of

Y(e”) = exp(A(e™) = A(e?) = D dwe™. (25)

The formula (24]) has been established by a long and painful proof through Toeplitz determi-
nants in [68, p. 153, 158, 167] for weak singularities (the weight function w being continuous
and bounded from below by a positive number at the singular point). It is wondered here if we
can reach (24]) more easily, and if these formulas still hold for stronger singularities, but to which
strength?

Remark that > 2(a, — o0)2 72" + (bp — boo)2 72" ~ oo S [ py22F — _p27*] = sum of
negative exponents of z in (272 — 1)¢(2).
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Remark also that exp(A(z~1) = A(z)) = D(z)/D(z71) in Szeg8’s notation, is an inner functionfl,
i.e., of modulus unity when |z| =1, s0 > ¥y ¥n4k = O 0.
An even stronger estimate follows from a refinement of the asymptotic matching of (2II) and

E2):
:u(]e)\o ay:--ap Y_op
5 — 1~— , bo+ b1 — b + Ao Al ~ —UooW_9n11- (26)
m al 2

Can we find a quick and dirty argument for (24]) and (28])?

5.3.1. From orthogonal polynomials coefficients. Consider the square of the norm of the monic
orthogonal polynomial pga? ---a2 = ||P,||* ~ ||P7§/0)H2 = ff(pgzo) (t))2w(t)dt/(/££bo))2 with pslo) be-
ing the right-hand side of (20al). We take a better look at the integral /b(pg?) () 2w(t)dt =
ﬁ (22 exp(A(z71) — A(2)) + 2 + 27 exp(A\(2) — )\(z_l))]% = 1+ v_2,/2+ the half of the
coefficient of exp 2nif in the complex conjugate m which is ¥_o,, /2 again. We now need KS?),

already estimated in (Z1I), but we need again a refined estimation. The coefficient of =™ in p%o) is es-

timated through the projection on the n'" degree element of an orthonormal basis of polynomials,

0, by p,(z) times the scalar product of pﬁ?) and the unknown p,,, which we replace by. . .pﬁ?) (this

part of the argument is very weak), and we get refined £ = the k) of 1) times the square of the

2 -\ 2n
norm of pS?), which is 1+ _o, as seen above, and pga? - - - a2 ~ il eXIi)(—i_ wo)(aoo)
—2n

ing to the first part of (). For the second part, see that —bg—- - - —b,,_1 is the coefficient of 2"~ of

pn(z)/kn ~ p,(f) (x)/ k') estimated by its projections on p,, and p,,—1 again replaced (same caution)

by P and pg)zl. Result is —bg — -+ — by_1 = k") / K+ (/islo_)l / mﬁ,o)) times the scalar product of

1 d
p and p)” = — 75 22 exp(A (=) =M@ +2+ 12427 exp(A(=)-AGT )T = Yo

as seen before in similar situations, and the second part of (6] follows.

This way to get ([Z0) is far from being a valuable proof! The argument repeatedly confuses p,,
and pg)), ignoring that pslo) is normally NOT a polynomial, so that various ways of estimating
coefficients yield various results, of which the most convenient ones are kept. I even turned

to some numerical tests to be sure of the numerical credibility of (24l), actually of the first

follows, lead-

part of (8): with w(z) = (1 — 22)"2exp(|z]) on (=1,1), A(e"?) + Me~¥) = 1—|COS¢91|, Aon, =
20=1)"/((4n? = D), A=) = (2/m)(=1/2 = 22/8+ 21/15 — ---) = —(1+ 2%)5—log § fzz =

i~ cos B log[i cot(m/4460/2)] on |z = €| = 1, actually cos [—1/2+in~" log cot(m/4+6/2)] when
—7/2 <0< 7)2,c080[1/2 +in " log cot(—m/4 + 6/2)] when 7/2 < 0 < 3m/2: e ) — \(e?) =
2im =1 cos @ log cot (/4 + 6/2). We check that A(e™®) + \(e??) = —| cos 0] indeed.

From (Z8), the product M,, = Moya;---an/a’ — 1 when My = \/ugexp(Ao)/(27). Here,
1o = f_ll w(t)dt = 6.2088, \g = —0.63662, My = 0.72306, some a,,, A, ¥y, are shown, and 2M,, — 2
shows how M, is close to 1 —1_s, /2 according to (Z6l).

We see that the relevant information is indeed contained in the ¢ _g,, coefficients of (ZH).

4D itself is an outer function [42, § 8], [67, p.211].
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n 0 1 2 3 4 5) 10
an 0.77414 | 0.43434 | 0.52081 | 0.49034 | 0.50548 | 0.49893
A2p, -0.63662 | -0.21221 | 0.042441 | -0.01819 | 0.01011 | -0.00643 | 0.00160
Yan 0.95317 | 0.21745 | -0.022831 | 0.01252 | -0.00738 | 0.00489 | -0.00134
—2n 0.95317 | -0.19755 | 0.058329 | -0.02507 | 0.01353 | -0.00838 | 0.00191
2M,, -2 0.23899 | -0.055036 | 0.02590 | -0.01325 | 0.00851 | -0.00189

TABLE 6. Results for ell/\/1—¢2.

5.3.2. From scattering theory. An alternate source of knowledge is therefore most welcome: Van
Assche gave in [98] a survey on how Case, Geronimo, and Nevai (and himself too, see [82])
investigated the relation between recurrenciz coefficients and weight function modification, by
introducing a function ¢(z) = lim %
where P,(z) is the monic polynomial p,(x)/k, ~ V21 ae 2/%p,(z), so that ¢(z) = (1 —
272 exp(A(z71) — Xo/2) = 1+ A\ /2 + (A2/2+ Ay — 1)/22 + -+ and it is shown in [98] that

outside [a,b] for z, i.e., when |z| > 1, and

s - a?.  —a? x
¢(x):1_z |:bn boo + n+1 00 Pn( ) (27)

1 2 2
5 (oo 2T az z"t a’,

valid for  up to the sides of the cut [a,b] in the trace-class case (3 1" |an — Goo| + |bn — boo| < 0).
Check Chebyshev polynomials of the first kind: A(z7!) = 0, ¢(x) = lim(z — 27127, (z) =
2" 4 277 /2 = 1 — 272, OK, as only a? = 2a2 is different from a?_; Chebyshev polynomials
of second kind: A(z) + A(z7!) = —log(l — (2 + 271)2/4),A\(2) = log2 — log(1 — 2?), ¢(z) =
lim(z — 2"V [Up(z) = (2" — 277 1) /(z — 27 1] /2" = 1.
by, — boo a%z-i—l B ago
o2t T g2 pant2
From 0al) and @10), P, (x)/(acz)™ = pn(x)/(knal2™) contains a part with strongly negative
powers of z which tend to be close to the corresponding part of exp(A(z) — A\o/2)z~2", and the

_ a2 — a2 T
boo o ne1 00] Bu(z) 50, (1 — 272)exp(A(z71) — X\g/2)

?

Can we extract from (1) information on F'(z) =Y’

b
corresponding part of >’ [ L

Uoo? a2 z? an 2"’
Ao/2 oo | bn = boo 1 a%-;—l_ago 2 1
~1—e /2 30 Tz_"_ + Tz_"_ [2" exp(A(z7")) + 27" exp(A(2))], or, after
o0 o0

‘s AMz)—Ao/2 ) Ao/2—A N L a%+1_ac2>o )
division by e**)720/2 (1 — 272)y(2) = eMo/27AE) — 570 —Q ¢ + — 3 P(z)

bp, — b a? | —a?

> [uz_%_l - wz_%” . This confirms that the latter series is related to
(oo az,

the negative powers part of 1)(z) precisely as stated in (24I) .

5.3.3. From recurrence relations as matrix products. An interesting exercise is also to recover
@0al200) from (24) by working a linearization of a product of 2 x 2 matrices containing the

recurrence coefficients: [p N-1(z) an —1(95)}
pN () gn(x)

b 0 1 . 0 Vi/ao
B H |:_aN—1—n/aN—n (35 - bN—l—n)/aN—n:| pimes [1/\/;70 5(3:)/\/;70 ( [76])7 and we use

n=0
N-1
(A+ En1)(A+ En o) (A+ Ep) m AN + )~ AN"I""E, A", sceing that

n=0
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-1
0 1 1 1 z 0 1 1 . _ _
4= (x—boo)/aoo] - L’ 2_1} [0 2‘1] L’ 1| = U diag(z,271)U™", where z +

27t = (2—bso) /@0, 50 that ANTIE A" = U diag(2V 177, o, N+ U-1E, U diag(2", 2~ ™) U}
1 1 [ en(z)  en(z7h)
and we find U E, U ~ (27" — 2) [—en(z) —en(z_l)}’ where
en(2) = [(@nt1 — @o0) 22 + (b — boo) 2z + ap — o) /@oo, 50 that off-diagonal elements of the sum are
ZAEWN=D 3 F2ne (2F1) containing again the sum > 2(ay, — aoo)2 T2 + (by — boo) 2T+,
It seems here that much energy has been spent on incomplete proofs, and that somebody should
achieve a decent one!

5.3.4. Relation with Fourier coefficients asymptotics. So, [Z4)-(E0) relates recurrence coefficients
asymptotics to Fourier coefficients of large index, a well worked subject.
The main influence of a singularity at § = 6. on the Fourier coefficient ["_ f(6)exp(inf)df of

a function f is exp(inf.)f(n/(2x)), see Lighthill [64, p. 8, p.43, p.72], where f is the Fourier
transformi] of f. An algebraic singularity of the form | — .| is shown to correspond to an n=%"1
behaviour. This case is also given with much detail by A. Erdélyi [28, §2.8], and Zygmund [107,
chap. 5, §2.24]. The nature of a weak singularity w(c) + const. |z — ¢|* with 0 < w(c) < oo,
is left unchanged by taking logarithms or exponentials, also in conjugate functions [107, chap.5,
§2.6 and 2.24], so, the 1/n®*! is kept unchanged up to the 1,,s and ([[7) is confirmed.

Stretching the argument for weak singularity to a strong singularity such as w(t) ~ constant

|t — c|* near ¢, the logarithm of w behaves like arlog | cos  — cos 6.
= constant +a Re log(1—¢e% /2.)(1—e~%/z.) whence A, ~ —a Re 27" /n = —acos(nb.)/n, \(z) ~
(a/2)log((1—ze®)(1—ze~¥)) = (a/2)log(2¢" (cos @ —cos f,.)) on the circle. Keeping logarithms
of positive numbers to be real, A(e??) ~ (a/2)[log 2 + i0 + log(cos 6 — cos §.)] when —0, < 6 < 0.,
(/2)[log 2 + i — im + log(cosf. — cosf)] otherwise. Then, A(e™¥) — )\( Z'6) ~ —iaf on the
first arc, ia(m — 0) on the second arc, and its exponential has v, = f 9. exp(—i(n +
a)0)df + exp(iam few fe exp(—i(n + a)f)dl] = 2sin(ar/2) COS(;?_ i a(@ W/Z))

1/n asymptotic behaviour, but the amplitude is not right, it should have been —aso|a|/2 from
().

So, @4)-E8l) hold for weak singularities 0 < w(c) < 0o as they should, but fail for at least one
important class of strong singularities w(c) =0 or co.

showing an

Remind that the correct result has been established through the new Riemann-Hilbert method
[31,32].

And what about a logarithmic singularity of the conjectures of § B2 as encountered with
2—dimensional crystals?
Let w(xz) — Alog |x — ¢| be continuous in a neighbourhood of ¢ € (a,b).

Now, in the case of conjecture 2, logw(t) has a loglog singularity! There is probably not
much literature on Fourier coefficients of a log(log |t — ¢|) singularity, but Zygmund [107, chap. 5,
§2.31] and Wong & Lin [104] show how to arrive at a n=""!(logn)?~! from a |t — c|™(log |t — ¢|)?
singularity, when m is an integer. Take m = 0 and § — 0, as log(log |t — ¢|) is the limit when
B — 0 of 37 [(log |t — ¢|)? — 1], we may expect the 1/(nlogn) of the conjecture. Two meaningful
examples will be considered in §B

5The Fourier transform in Lighthill’s book is written with kernel exp(—2mizy).
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5.3.5. Relation between jumps and logarithmic singularities. The Fourier series conjugate to the
real part of 3_ ¢e*? is the imaginary part of the same expansion [107, § 1]. Jumps and logarithmic
singularities are conjugate phenomena. A simple demonstration is given by the real part of
log(1 — z/e) = —>°0%e*(0=9) /| when » = €. When |z| < 1 and z close to €, 1 — /e
is almost pure imaginary, and the complex logarithm is about in/2 + log|# — 6.| when 0 < 0.,
and —im/2 + log |0 — .| otherwise, so, a logarithm in the real part corresponds to a jump in
the imaginary part, and these two kind of singularities create similar asymptotic behaviours in
the Fourier coefficients, maybe the work done for a jump [32] can be the basis for a proof of the
conjecture

Unfortunately, the loose considerations of the preceding subsection suggest to look at the
logarithm of the weight function. If the logarithm of a jump (between two positive values) is still
a jump, log(log) is something new.

6. WEIGHTS WITH LOGARITHMIC SINGULARITIES. ENDPOINT SINGULARITY.

6.1. Numerical tests. B. Danloy [20] considered the generation of orthogonal polynomials of
degrees up to N related to d,u( ) = —logx on (0,1) through the exact and stable computation
of integrals J(F') = — fo x)log x dx of some polynomials F' of degree < 2N — 1 by J(F) =
fo v 1G(x)dw, Where G is the integral of F' vanishing at 0. If G is numerlcally available everywhere
on [0,1], an N —point Legendre integration formula will do. As G(z) = [ F(t)dt = = fo (xu)du,
another Legendre formula, z being now a known value, may be used for G( ) itself.

This technique is probably close to using Legendre modified moments, with R, (z) = the Le-
gendre polynomial of argument 2z — 1. From tables and formulas of Legendre polynomials [1,84]
etc., one has Ry = 1, Ry (z) = 22—1, Ry41(z) = [(2n+1)(22—1) R, (x)—nRy—1 ()] /(n+1), R, (0) =
(=)™ R, ( ) =1, |R.|% = fo R%(x)dr = 1/(2n + 1). The integral of R, is of special interest,

it is [ Rp(t)dt = (Rn41(2) — Rne 1( ))/(2(2n + 1)) [30, p.157], whence the modified moments
1
vo=1,v, = —/ R, (t)logtdt
0
! n t) — n— n— ="
:/ B (t) = Fona / Bn(t) + Bna(®) ), _ (Z1) n o= 1,2,... [84, 14.18.6
2(2n + 1)t 2(n+ 1)t n(n+1)

Christoffel Darboux ], also a special case of Jacobl polynomials formulas by Gautschi [38, eq.
(16)]. Powers of logarithms are considered by Sidi [94]. It is then possible to compute safely
thousands of recurrence coefficients, as done in table [

As the weight function —logx vanishes at the upper endpoint, we certainly have o = 1 in
a comparison with the Jacobi weight (1 — x)%z”. With 8 = 0, one should have limit values

(a2+52—1/2)/4=1/8and(a2—52)/2=1/2780an=1/4—1/ﬁ+( )= =gz toln™),

from (@) when a =0,b=1,and a =1, =0.
The next terms in the asymptotic description of a, and b, are suspected to behave like
1/(n?logn):

6.2. Conjecture. If the weight function has no interior singularity, and ifw(x)/[—(z—a)® log(z—
a)] and w(x)/(b — x)* have positive bounded limits at x = a and x = b, then there are constants
A, A" B, etc. such that

b—a A B C 9
= n2 ' nZlogn | (nlogn)? + ol(nlogn)™), (28)
. :a+b+£’_ 2B 2C + o((nlogn)-2)
" 2 n?  n2logn (nlogn)? '
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Why emphasize these three terms of what is likely an expansion in powers of 1/logn? because
the simplest test w(z) = —logz on (0,1) leads to a B = 0 case! With a = 1 and § = 0,
A=—1/32,A' = —1/8.

As logarithmic terms vary so slowly, the best way to recover them is to take a sequence of values
of n such that the suspected logarithmic term follows an approximate arithmetic progression.
Should we look for a first power of logn, a geometric progression of n will do the trick, as
done in tables ], B and B, as a check of the conjecture of §62 Here, we take n = the integer
part of expV Nk, k = 1,2,..., and look in table @ at a,,n?(1/4 — a,), expected to behave like
1/32—C/log?n, so, e}, := 1/[n%(1/4 —a,) —1/32] ~ —log?n/C ~ Nk/C, and —1/C is recovered
through the difference (e — ex—1)/N (N =5 in our example), and by the ratio ex/(Ck); for b,
consider f, = 1/[1/8 —n?(1/2 — b,)] ~ —Nk/(2C).

with A = —(b—a)

5k n [[n®(1/4d—an) | e -1/C [ n2(1/2-b,) | f& —1/(20)
50 | 1177 || 0.0320477 | 1253.61 | 22.00;25.07 || 0.12320536 | 557.21 | 13.15;11.15
55 | 1662 0.0319828 | 1364.50 | 22.18;24.81 || 0.12339302 | 622.28 | 13.01;11.32
75 | 5769 0.0318015 | 1812.96 | 22.52 24.17 || 0.12385604 | 874.16 | 12.35;11.66
80 | 7663 0.0317693 | 1925.54 | 22.52;24.07 || 0.12393061 | 935.11 | 12.19;11.69
100 | 22026 || 0.0316708 | 2376.38 | 22.54;23.76 || 0.12414769 | 1173.28 | 11.76;11.73
105 | 28196 || 0.0316517 | 2489.01 | 22.53;23.70 || 0.12418811 | 1231.69 | 11.68;11.73

TABLE 7. Recurrence coefficients values and behaviour for the logarithmic weight
—logt on (0,1). When n (of the form integer part of exp+/5k) is large enough,
ey := 1/[n*(1/4 —ap) —1/32] ~ —log?n/C ~ 5k/C is shown, leading to estimates
of —1/C by two different methods; for b, fr, = 1/[1/8 —n?(1/2—b,)] ~ —5k/(2C)
is shown.

We find here C and —2C' approximated by —0.044 and 0.085. One would like to investigate
further the dependence of A, B and C' on «, 3, more powers of logarithms. . .

We have at least an interesting relation to the interior singularity conjecture of §62k let x =
a+ (b—a)t?, then P,(z) = (b— a)"Pay(t), where Py, is the even monic orthogonal polynomial of
degree 2n with respect to the even weight function |t|w(a + (b — a)t?) on [~1,1], as well known
( [17, chap. 1,§8], etc.), as is the recurrence relation:

p D D ~ ﬁ)nt+(~l2n_ﬁ)n_t
Ponia(t) =1t [PQn-i—l(t) = tP2n(t) - a%n on(f) 2t 12 2(t)

so, a, = (b — a)agpaon—1,bp = a+ (b — a)(d%n + d%nﬂ). In our example — log |t| on (0,1), the
as make the last row of table Bl a2 = 1/4,a3 = 7/36,a% = 17/63... and check that sums and
products reconstruct the recurrence coefficients of — logt of table Bl As a, = 1/2+4 (—1)"s[A/n+
B/(nlogn)+---] is expected from the conjecture of § (here, c =0 and 0, = 7/2,s = cos . =
—1 in ([H)), then O(n~2) perturbations follow. We must therefore go up to O(n~2) terms in the
ans, including the Jacobi polynomials endpoint effect (@)

1 A B 202 —1/2
an = =+ s(=1)" g_|_ _i_...]_gai/

- d%n-ﬁ-lP?n (t)7

5 Ton2 + -+, as [tlw(t?) behaves like |t F 1|* near
t = £1, and where the next term in the brackets is most likely a a 1/(nlog?n) term.

Then, in a, = Gopazn—1 = [(G2n + d2n—1)? — (G20 — d2n—1)?]/4, and
b, = d%n —I-d%nH = [(agn + G2n11)? + (G2n — @2n41)%]/2, (G2n — G2n+1)? is easily found to be O(n~?)

nlogn
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. _ , A B A2 24B _
with the same expansion asin4 |— + ———+ .-+ | = —+———+--- For ag, + dop+1,
2n  2nlog2n n2  n?log2n
t take diff int t A A £4 t
one must take differences into account: — — ~ — etc.
2n 2n+1  4n?
S 1 202 —1/2  sA sB n
a Qa = _— —_— _—— .
2n T QanEl 16n2 4n® " 4n?log 2n ’
1/2 —2a% £ 4sA sB
~ ~ 2
-1 ..
(G20 + Gans1) + 8n?2 2n2 log 2n ’
1 1/2—2a2 F4sA sB A2 AB 2AC + B2
2 db, ~= —
n A0 by~ 5 16n? 4n?log 2n Floz T2 log2n = 2n2log?2n

If w(t) = (x —a)® log(z — a) near a, w(t) = |t{w(a+ (b— a)t?) ~ |t|"*2% log |t| near t = 0. Then,
with the power 1 + 23 in conjecture B2 A = |1 +24[/4, and
N 1/2 —2a2 F2[(2A +5/2=|3|)> —1/4] _ B(4A +s)

1 .
2a,, and b, ~ 3 o2 InZlogn + ---. Finally:
ool 12-a=@ B1+25+s) 1 F-a’ B(1+20+5)
"y 16n2 8n2logn " 2 8n? 4n2logn

As 3 =0and s = —1 hold for the weight —logt on (0, 1), the 1/(n?logn) term is indeed vanishing.
The 1/(n?log®n) term has not been worked further here. . .

6.3. Trying multiple orthogonal polynomials. Warning: this subsection deals with a trend
which proved not to be fruitful in the present case, but could be inspiring in other situations.
Fact is that I do not know any other explicit family of orthogonal (of some sort) polynomials with
respect to a logarithmic weight function.

Quite another trend is given by known formulas for some multiple orthogonal polynomials,
summarized here [42, § 12], [53, chap. 23], [73]: the polynomial R, = Ry,, ., of degree n =
ny + ---n, is a multiple orthogonal polynomial with respect to the measures du1, ..., du, if R,
is orthogonal to polynomials of degree < n; with respect to duq, of degree < my w.r.t. duo,...,
of degree < n, w.r.t. to du,. This goes back to Hermite and Padé, and even to Jacobi (Jacobi-
Perron algorithm), see [14]. An interesting recurrence relation () with s = p occurs whe
nj=1+[(n—j)/plj=1....p.

Let p = 2,dpyi(x) = 2%dz and dus(x) = z*2dx on (0,1). The corresponding polynomials
R,, are explicitly known [3,56]. As they are orthogonal to polynomials of degree < min(nq,n2)
with respect to any linear combination with constant coefficients of du; and duo, let us take oy
a%d ag — 0, then the orthogonality holds with respect to the constant weight and the limit of

2 1
a:a 5 which is log z [53, § 23.3.2.1], there we are: R,, does half of the job, as it is orthogonal
wit2h reslpect to the logarithmic weight to polynomials of degree < n/2 if n is even, of degree

neo ni
< (n—1)/2if nis odd. We have R, (z) L 4

= n2
ny!lng! dxn2 dx™

|
(—1)", Ry (1) = n?ﬂ © Ry = 1,Ri(z) = 20 — 1, Ry(x) = 92° — 8a +
1!n9!
1, R3(z) = 4023 — 5422 4+ 187 — 1, Ry(w) = 2252% — 40023 + 21622 — 362 + 1, and the recurrence

2™ (x —1)™| [3, §3.3], symmetric

in n; and ng, R,(0)

6The floor || = the largest integer < .
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relation
A(n+1)*(n+2) 4(n? +19n/9 + 1)
vBnl@) = B Gn 10 Ot G e g @
4n(27n? — 16) dn(n — 1) e
n— n— f ;
930 —2)(3n 1 202 1($)+3(3n—2)(3n+2)R o(x) if n is even
_ 4n+1) 4(9n2 —n —1) 4n?
=G @ e e W s e @
4n(n —1)2 e
+ 3Bn = D)(Bn + Din + 1)Rn_2(ac) if n is odd. (29)
The vectors of scalar products v = [(Rg, P,), (R1, Py),...] have only a finite number of
nonzero elements from (R, P,,) to (Ran+1, Prn)-
v{}r=101-1/2 0 0 0 0 0 ...1
v{(1)} =[07/72 -11/144 -1/40 0 0 0 0...1
vi{2}=00 0 647/25200 -3/175 -89/4900 -1/504 0 O ... ]

Unfortunately, numerical stability for large n is poor, the amplification of the effects of rounding
errors is about 2"/2 after n steps. This may be related to the behaviour of |R,(z)| on [0,1],
increasing from 1 to about 2" instead of keeping an approximately equal ripple, as orthogonal
polynomials do.

Classical multiple orthogonal polynomials through the Sonine-Hahn criterium (the derivatives
of the polynomials being multiple orthogonal polynomials themselves) have been studied by Douak
& Maroni [23]. See also Van Assche & Coussement [100] for another approach.

7. ABOUT MATRICES IN SOLID-STATE PHYSICS.

7.1. Matrix approximation of the Hamiltonian operator. A solid-state system is a sta-
ble arrangement of atoms (whose positions are the sites) which may create, or at least amplify,
interesting physical phenomena, such as electrical conductivity and even superconductivity, mag-
netization. .. The description of the behaviour of such a system is achieved by a complex-valued
function (called a wavefunction, which will simply be denoted as a state hereafter) of the time
variable and d space variables, with d = 1,2, or 3 according to our present knowledge of the
world. The measure of some physical properties (observables), such as the magnetization, is the
value of an appropriate linear functional or operator acting on the current state. At any given
time, the states are to be found in a subset of L*(R?). This formidable set of functiond] is often
approximated by the set of linear combinations of a finite set of simple ”atomic functions” with
a small support around each site, quite similar to finite elements constructions.

A state is therefore a vector u of, say, N elements representing the relative weight of the sites
in the decomposition of the wavefunction. Actually, the state depends on the time ¢ and satisfies
the Schrodinger equation

du(t) i

T hHu(t), (30)
where H is a real symmetric matrix of order IV approximating the relevant one-particle Hamil-
tonian operator of the system. The (m,n) element of H describes the coupling of energy between
sites m and n (self-coupling if m = n). This coupling decreases fast if m and n are far apart,
and one often considers only nearby values (closest neighbour approximation, or tight-binding
approximation see Economou’s book [26, §5.2]) also the first pages of Giannozzi & al. [41] and

Haydock [47,48]).

7And this is only for a single-electron operator, otherwise we should have to consider a power of L? (]Rd).
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Consider for instance a one-dimensional chain of sites {...,x,—1,Zpn, Tnt1, ... } at distance z,41 —
x, = £ from each neighbour. If all the interactions between nearest neighbours are identical, we
have

(31)

SERee}

«
8 «

In this case like in more realistic systems, the Hamiltonian operator is therefore represented
by a huge sparse symmetric matrix where each row is associated to a site and contains a small
number of nonzero elements corresponding to neighbouring sites (tight-binding approximation).

When the Hamiltonian operator is independent of time, the Schréodinger equation (B0) is solved
by

w(t) = exp(—itH /hyu(0) = 3 w (32)
r=0 ’

Starting with an initial state vector w(0).

Equation of motion method [47, §34]: we examine the diffusion of an electron initially localized
on some site, say the m'™ one, at z = x,,, therefore described by a vector u(0) with a single
nonzero element. By applying the evolution operator ([B2) to this initial state, we have to look at
the m™ column of a combination of powers of the matrix H.

On the one-dimensional example given by (BIl) when 3 = 0, the elements of the powers of H are
Laurent coefficients of the same powers of az~! +az (symbol of a Toeplitz matrix [69, § 3 and 5]).

2 2r)!
So, from the binomial theorem, the diagonal element of H?" is < :) o = @) o and (B2) is the

(r!)2

= Jo(2at/h) at the diagonal element n = m, "~ J,,_,(2at/h) [55,

(—iat)?
(7’!)2h2T
Chap. IX] at the n'® element of the lattice, or, with 2 = x,,, + (n —m){, and reinstating 3 through
multiplication by e~ Bt/h,

o0
Bessel function Z
r=0

u(t), = e P g e(2at/h). (33)

See [91] for what seems to be similar calculations, perhaps in [92] too.

—0—0—0—000 090

t=20 t = +0.50/« t = +1.2024h/«

FiGure 1. Diffusion of a single site occupation in a one-dimensional lattice.

Fig. [M shows absolute values of components of a state vector w(t)m—4, ..., w(t)mrs at various
time values, starting with w(0),, = 6,,,. The last time value is such that 2at/h = 2.404825. . .,
the first zero of Jy [1, p. 409] [55, IX, Table 32a]. Only the values on the lattice are relevant, the
linear interpolation in Fig. [l has no special meaning.
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7.2. Density of states. We now apply (B2), using the eigenvalues and eigenstates (Ep,'u(p)) of
the simplified Hamiltonian operator H. We now have

= 3" exp(—itE,/B) (v, u(0)) v, (34)

where (v u(0)) is the usual (complex) scalar product of the two vectors v® and u(0)).
We consider the projection w(t), on the ntt site starting from the m'™ site, and rearrange

the sum > exp(— ztEp/h)'vm 'ng , as f exp(—itE/h)dNpy, o (E), where N, ,(E) is a staircase
function discontlnuous at each eigenvalue. When n = m, dN, ,(E) is the sum of the positive
terms \'u ]2 for the eigenvalues Ej, in an interval of length dE around E. The result n, ,(E)dE,
where n, ,(E) is called the (local) density of states.

In the example BIl), the eigenvalues are E, = § + 2a cos(pn/N) if the matrix has N rows &
columns; normalized eigenvectors are 'u(p ) = \/2/N sin(npm/N) (average value of the sine squares
is 1/2), see [44, chap. 7], [47, §12] .
In our example, starting from the m
t

th site, at © = x,,, = ml, ([B4) becomes at the n'! site at time

u(t), =2 Z exp(—it[3 + 2a cos(pr/N)|/h) sin(mpn/N)sin(npr/N)/N
L. (35)
~ (2/7) /0 exp(—it(8 + 2a cos 0)) sin(0x,, /) sin(0x,, /€)dO

when we let N — oo (continuous spectrum), with = n¢,0 = pr/N.

Ifa=p—-2a< E<b=p+42a,let E = F+2acosfg, then, between E and F + dFE, there are
(N/7)|0p+ar — Or| eigenvalues, to multiply by the average of the squares of eigenvector elements,

. 4' <E+dE—ﬁ> <E—ﬁ> dE
what remains is 7~ |arccos | ————— | — arccos ~ .
20 20 m\/4a2 — (E — B)?

Nobody indulges in such awkward ways! Instead, one considers the Green functions [26,41,46—

48, 83]

bn
Gala) = [ 22208 (o1 — 1)),

Tr—1
which, if m = n, have the properties of the Stieltjes functions of the first section!
In the example above, [BH) becomes at x = n/,

u(t), = % /07r exp(—it(0 + 2acos 0)/h)[cos(0(xy, — xm) /L) — cos(O(xy + xp,)/0)]dO

= B/ M g (90t /R) — i m (—2at /F)

[1, §9.1.21] [84, §10.9.2], where we recover (B3), considering that J,,1, — 0 when n and m are
large: we only consider x = z,, close to z,.

7.3. The recursion (Lanczos) method. Let u(®) be a state represented by a vector of RY
(only the space variables are considered now), and p, = (u(©@, H"u(), where ( , ) is the
usual scalar product of RY. From the expansion of u(®) in the orthonormal set of eigenstates
{v®)} as seen above, p, = > Eg[(u(o),v(p))lz = f;’ t"du(t), where du(t) is the relevant den-
sity of states times dt. As H is a very sparse matrix, the vectors H"u(®) are easy to compute
and they may be rearranged in an orthonormal sequence u(™ = pn(H )u(o)) by linear algebra
constructions. Of course, this means that d,,, = (u(m),u(")) = (pp(H)u), p,(H)u®) =
(w© | pp (H)p, (H)u®) (from symmetry of H) f P (8)pn (t)dp(t), so pp, = kK, Py, is the or-
thonormal polynomial of degree n with respect to du. Therefore from the recurrence relation
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tpn(8) = @npu-1() + bapu(t) + ans1pass (t), Hpu(H) = anpn1(H) + bupa(H) + an1pnsr (H),
or Hu(n) = anu(n_l) + bnu(n) + an+1u(n+1):

bo aj
Hu® [ u® [ 0@ | ] = @O | o® | o@ | ... " b az

a9 b2 as ’ (36)

so that the Hamiltonian matrix and the tridiagonal matrix of the recurrence coefficients have the
same spectrum (should we be able to build N vectors u(™s). From w1V (if n > 0) and u(™,
one gets a,, and b, by a, = (u™ V), Hu™), b, = (u™ Hu™) [37, § 3.1.7.1] [43, chap. 9].

The recursion method has been, and still is, quite an inspiration in solid-state physics! [34,41,
47-49,58]. The Hamiltonian operator of a given physical system is approximated by a matrix H
as above, and a set of recurrence coefficients is produced by the Lanczos method. The features of
the weight function are then "read” from the asymptotic behaviour of these recurrence coefficients.

The reverse procedure is used here: from the known densities of states of model systems, the
recurrence coefficients are produced through modified moments, and asymptotic properties are
investigated.

7.4. Perfect crystals. A perfect crystal is the repetition of a d—dimensional cell of atoms along
d vectors ay,...,aq [79].

If there is a large but finite number of atomic positions (sites), the Hamiltonian operator
is a large matrix acting on a vector v(zi,...,x4) as Hv at the available site (z1,...,xq) =
Y m hmv(x + d,,), where each 6, is a vector relating = to one of its neighbours in its cell and
neighouring cells. See the next section for two examples.

Let us try a vector exp(ik - ) = exp(i(kix1 + -+ + kqgxq)). The product by H reproduces
the same vector times the scalar function h(k) = > hy, exp(ik - 0,) which are therefore the
eigenvalues of H, for various real nonequivalent vectors k (Brillouin zone [41, §4]), i.e., such that
each k - d,, € [0,2m) or [—m, 7). In mathematician’s lingo, h(k) is the symbol of the Toeplitz
matrix H (Grenander & Szeg6 [45, chap. 5,6, and notes of chap. 5])! More technically, H of a
perfect crystal is a block-Toeplitz matrix with a matrix symbol.

Assuming the eigenvalues to be distributed like the k—vectors (recall the simple 1D case where
each k such that sin(kN/¢) = 0 produces an eigenvalue), the number of eigenvalues less than
some F is N times the volume N (F) in the Brillouin zone of the k—vectors such that h(k) < E,

1
and the Green function of the (global) density of states is trace((zI — H)™!) = > =
— Ly

dN(t dk

N A = N/ # with the Brillouin zone B.
E=h(k)=t T —t kep T — h(k)

So, there is no need to estimate numerically the density of states of a perfect crystal, as the

job has been done long ago. But recurrence coeflicients found in this ideal case may be useful in

later investigations of realistic models of true physical systems.

8. TwWO FAMOUS 2-DIMENSIONAL LATTICES.

8.1. The square lattice. The four vectors relating a site to its neighbours are (£¢,0), (0, +¢),
see fig. B so that h(kq,k2) = 2cos(k1f) + 2cos(kof) (multiplied by the relevant physical energy
constant, and we also ignore the multiplications by 2 and /).

Then (Economou [26, §5.3.2]),

S(a) = Goale) = ()2 [ [T B 2 (2). (37)

x —cosk; —cosky Tx x
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+

-2 -1 0 1 2

FIGURE 2. Square lattice: nearest neighbours and density of states.

where is the complete elliptic integral

/2 1
K(u) = / do _ / dr
0 V1 —u?sin?6 0 V(1 —7r2)(1 —ur?)
of the first kind of modulus u (the (w)~2 factor is for convenience, so as to have S(z) ~ 1/z for
large x, unity as total weight).

Indeed, we integrate in ko for a given kp, seeing that the integral from 0 to 7 is half of the
d¢/(i¢)
x—cosks —(C+1/¢)/2’
—2/[¢? — 2(z — cos k1 )¢ + 1] at the pole in the unit disk, and this residue is

dk: VI—aZd¢

Vw—cosk)2-1 J1-@tl-at(@tDa Ddz-1-art(@ Da_ i
é—l—a.lfozissuchthat (z+Da—1 :—(x_l)a_l,weﬁnd
1+ aé r+1—« r—1—«

dky B o dg
Vi —cosk)2—1 /(1-&)(1—ale?)
2 2
Y K a , from the Gauss-Landen transformation formula (Borwein [10, §2.7],
(1 + a?) 1+a?
Jahnke & Emde [55, chap. V, C, §2.2], NIST [84, §19.8]), whence the result (7).
When z is real outside [—2,2], K has an argument in (—1,1) in (B7) and is real there.
2 1 [/ dr i /1 dr

2
W ze 22 2K (2) =L [T e [ s

K(x/2) £ %K(\/l — 22/4) sdl, the weight function is [26, eq. 5.39])

where ¢ = exp(ikz), so 7 times the residue of

1

V(z —cosky)? —1

integral on the circle of

)

and

if cosk; =

when o + o~ = =, so the result is 2an 1K (a?) =

sign x

w(z) = (1/7*)K(\/1—a2/4), —2<z<2. (38)

Near z = 0, using K(1 —¢) ~ (1/2)log(8/¢) (from [1, 17.3.26] with m1 = 1 — (1 — £)?), the
density of states has a (log(v/32/|x]))/m? behaviour near the origin.

The power moments are the coefficients of the expansion of S(z) = po/z + p1 /x> + - --. From
the known expansion of K [84, §19.5.1] etc., pap+1 = 0,

Ix3x---2n—1)\> 1/, Tn+1/2)\>

fion = ( — > = - (2 NI > = 1,1,9/4,25/4,1225/64, . ..

As the spectrum is [—2, 2] (the extreme values of cos k; + cos k2), the Chebyshev moments are
here the moments of T,,(z/2) = 1,z/2,(z% — 2)/2, (23 — 32)/2, (x* — 42® +2)/2,..., s0 vy =

8

use the change of variable r> = 1 — (1 — z%/4)s? for the second integral.
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lyvg = =1/2,v4 = 1/8,15 = —1/8,... which must of course be computed in a sensible way,
as they seem fortunately to be much smaller than the p,s. We need an expansion of S(z) in
negative powers of z = x/2 + \/22/4—1, from ([[H). By a stroke of luck, z = 1/« used in
the proof of 1), so we return to an intermediate result S(x) = 2/(72)K (272) and apply ([H)

9 1
Vo + Z A 7z : )K(Z_2), whence vy = 1,15 = —1/2, and

1 [1x3x---(2n—1)\?
22n+1< o ) ,n=12 ...

Vin = —Vinyo = (39)
It is then possible to compute tens of thousands recurrence coefficients with the algorithm of
§ B2 Some of them are given in Table R As 0. = 7/2, we expect a,, — aso = frcos(nm + pc) =
(=1)"f,, cos .. There is also a 1/(8n?) Legendre-Jacobi contribution from the endpoints. After
subtraction of this 1/(8n?), the (—1)" behaviour is clear on the 10 first items of the table. The
amplitude f,, of ([H) being thought to decrease like 1/(nlogn) from conjecture B2, we consider
pn = nlogn(a, —1—1/(8n?)), the limit is reached so slowly that values of p,, are shown on powers
of 2. Assuming a A+ B/logn behaviour, the slope B is estimated from two successive values, and
the limit A by p, — B/logn (Neville extrapolation). With {a,b,c} = {—2,2,0}, the conjecture
expects the limit 1/2. A second degree extrapolation makes this guess even more credible.

n an, Pn extrl slope extr2
1| 1.000000000
2 | 1.118033989 | 0.1203081542
3 10.974679435 | -0.1292279653
41 1.037456404 | 0.1643807059
51 0.983962900 | -0.1692895338
6 | 1.020931612 | 0.1876981566
71 0.988501032 | -0.1913801051
8 | 1.014170249 | 0.2032383673
91 0.991116578 | -0.2061868767
10 | 1.010573403 | 0.2146792890
16 | 1.005830221 | 0.2369760223 | 0.338188987 | (-0.280621925) | 0.395424284
32 | 1.002516216 | 0.2655192494 | 0.379692157 | (-0.395693147) | 0.441946913
64 | 1.001117839 | 0.2894108176 | 0.408868658 | (-0.496811193) | 0.467221659
128 | 1.000505800 | 0.3093937275 | 0.429291186 | (-0.581746101) | 0.480347508
256 | 1.000231686 | 0.3261864584 | 0.443735575 | (-0.651830709) | 0.487068739
512 | 1.000107052 | 0.3404045226 | 0.454149035 | (-0.709575197) | 0.490596148
1024 | 1.000049789 | 0.3525479246 | 0.461838543 | (-0.757544840) | 0.492596572
2048 | 1.000023277 | 0.3630130761 | 0.467664590 | (-0.797927924) | 0.493881804
4096 | 1.000010930 | 0.3721112300 | 0.472190923 | (-0.832439487) | 0.494822587
8192 | 1.000005151 | 0.3800864351 | 0.475788896 | (-0.862366588) | 0.495577749
16384 | 1.000002435 | 0.3871307257 | 0.478706503 | (-0.888656889) | 0.496212143
32768 | 1.000001155 | 0.3933961897 | 0.481112684 | (-0.912006619) | 0.496752864

TABLE 8. Square lattice: values of a,, p, = nlognla, — 1 — 1/(8n?)], limit after
15¢ degree extrapolation, slope, and limit through 2°¢ degree extrapolation.

The graph of the weight function in Fig. @ is established from Frw(z)

= imaginary part of
the limit of S(x £ €i) (Sokhotskyi-Plemelj [51, §14.1]) for x in the spectrum. S(z) is computed
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1
as 5 which diverges on the spectrum. This problem is solved by replacing
xr — bo — il
. U7 b= 2
N 5— by oo 5= = loo/Z = [T—boo—+/(x — a)(z — b)]/2 which has a well-defined
ON+1 _ _ O
r—b N — x boo

imaginary part on the two sides of the spectrum [a, b]. This is the termination method of Haydock
& Nex [49,83], and Lorentzen, Thron, and Waadeland [19,65,96] going back to Wynn [105, 106].
Maté, Nevai, and Totik [75,81] introduced the use of Turan determinants p2(x) — p,—1(2)pns1(x)
as a way to recover the weight function when n is large. Indeed, when (20al) applies,

pn($) pn+1($) ~ 1 —1 Lf 2" eXp()‘(Z_l)) 0 -1 -z
ettt b IR | i N | P £
so that the determinant ~ —(27)~!(z — 27 1) 2 exp(A(z71) + A(2))

= (2a2,7)"'\/(x — a)(b — z)/w(z). The termination formula, and the Turdn determinants for-
mula are extended to spectra of several intervals = formulas for limit p—periodic continued frac-
tions with p > 1 [19,65,99]. Of course, the formulas 1) and (BY) are considered too, the complete
elliptic integral K is computed by the AGM method [1,10,84].

8.2. Hexagonal lattice: graphene.

Graphene is a two-dimensional hexagonal arrangement of carbon atoms, of extreme importance
in theoretical and applied physics [16,25,57,62].

One half of the sites (the ”A” sites) of the hexagonal arrangement of fig. are related to
their neighbours through the three vectors (1/2 ++/3/2), (—1,0), and these neighbours make the
other half (the "B” sites) with (—1/2 £ v/3/2), (1,0) Horiguchi [52, §3], Katsnelson [57, §1.2],
ha_p(ki, ko) = 2e*1/2 cos(ko/3/2) + e~ hp_ a(ky, ko) = 2e~%1/2 cos(ky/3/2) + €1,

| X

I
I
|
-3 —2 -1 0 1 2 3

FI1GURE 3. Graphene: nearest neighbors and density of states.

Using a matrix symbol for a short while, we see that the Hamiltonian operator acts on a vector
0 ha—p(k)

hp— (k) 0 ’

so that the eigenvalues are E(§) = :l:\/hAéB(k:)hBéA(k‘) = :I:\/4 cos2 &y +4cosépcosés + 1,

exp(ik-x) where the A—sites and the B—sites are considered separately, as
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where &1 = 3k1 /2, & = k2v/3/2), and the relevant Green function is

1
dé1d
S(x) = Goo(x 27T2/ / [x_ T EEQ §1d&s
dfld&
40
772/ / 22 —4cos? €y —4coséycoséy — 1 (40)
ST 4_ @2 9 _ 2 1)3(22 —
= —K(u), where u = = 62° —3— V/( G 9).
us 8z
The last formula [52] is established by a first integral in & = —ilog( so that we integrate
—id(/[(x? — 4cos? & — 1)¢ — 2(¢? + 1) cos &] on the unit circle, and we integrate the residue on
x [T 2
as —
@ T Jo /(z2 —1—4cos?&)? — 16cos? &y
2_3: w/2 dés
T Jo /2t — 622 + 1 —4(2? — 1) cos(22) + 4 cos?(2€)
T /1 d cos(2&7)
—1 /1 — cos2(26)][t — 622 + 1 — 4(22 — 1) cos(2&2) + 4 cos?(26)]

nte
1+an’
T /1 V1—a2dn

-1 VI =P = 622 + D)(1 + an)? — 4(a? = 1)(1 + an)(n + a) +4(n + a)?)]
We keep only even powers of 7 if @ + a~! = (2% — 5)/2, and we have then

ax dn ) 5 32+a a(2+a)>2_< o’z >2
I 20 ) V==t with u T on ( . 520 ) Note
that o = (V22 — 1 — Va2 — 9)?/8 ~ 2/2? and u = (a + 2a?) /x

= [z* — 622 — 3 — /(22— 1)3(22 — 9)]/(8z) = 8z/[z* — 622 — 3 + /(22 — 1)3(22 — 9)] ~ 4/2?
when z is large.

The properties of the density of states in fig. Bl follow from the last line of ) as we follow the
imaginary part of S(x —ie): u is nonreal when = € (1,3) and (-3, —1). For x between —1 and 1,
u is real but outside (—1,1). Near z = 1, u = —1 +i(z — 1)%2 4+ ..., K(u) ~ log(4/V1 — u2) ~
(—=3/4)log |z — 1|+ constant, [1, 17.3.26] [55, chap. V, §C.1 and 3|, S(x) ~ —(3i)/(4n)log |z —
1|+ constant Near z = 3, the limit imaginary part of K is m/4, so v/3/4 = 0.433013... for S.
Near z = 0, u ~ —3/(4z), K(u) ~ 7/(2u) (from the Gauss-Landen formula seen above), and

Im(S(x)) ~ |=|/v/3.

Check of first power moments: pu, is the constant Fourier coefficient of the power (4 cos? &y +

1 3 15 93 639 5/3 44 15
4cos & cos€a+1)" ’S(x)zg+ﬁ+x5+w7 ’_‘ ’_1 ’_1 ’_1 / | / |

As before, we change the variable cos(2&2) = resulting in

3934220 —- -+ The Chebyshev moments are the moments of T},(z/3) = 1,z/3,22%/9—1, 4x3/27—
x,82%/81 — 8x2/9 +1,... as the spectrum is [~3,3] (extreme real values of + the square root of

4cos? €y +4coséycoséy +1 = (coséy +2cos&s)? +sin?&y), so v = 1,y = —1/3, 04 = —5/27, . ..
More instances are vg = 47/243,v5 = —167/729, 19 = 1013/6561.
From (IH), vy/2 and v,,n > 0,= the coefficients of z=" of
3(z — Z_l)S . 3(z+ 271 _ 3(z— 271
4 2 4

1 1+
2 3z

3(z+z—1)+3<ﬁ>3+...

How to compute accurately a very large set of these coefficients? A recurrence relation is an
invaluable tool for efficient and economical computation of a sequence. Of course, one must be
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lucky, or clever, enough to find such a relation. For instance, Piessens & al. [86,87] find recurrence
relations for examples of Chebyshev modified moments.

An important family of recurrence relations is found for sequences of Taylor (or Laurent,
or Frobenius) coefficients of solutions of linear differential equations with rational coefficients
(Laplace method, see Milne-Thomson [78, chap. 15|, Bender & Orszag [9, § 3.2, 3.3], An-
drews & al. [2, App. F]). Let F(z) = > " ¢,a" be a solution of the differential equation

me o Xm (2)d™F(z)/dz™ = >"° apa™, where X, () is the polynomial ZZ:O Xm,p2¥, and where
the right-hand side is a known expansion. Then, substituting the unknown expansion ) ¢,a" of
F(z) into the differential equation,

S o X (@), r(r— 1) (r —m 4 Ve ™ = S25° @z, and we gather the terms con-
tributing to the x™ power:

an:() ZZ:O Xm,p(n +m — p)(n +m—p-— 1) e (n —-—pP— 1)cn+m—p = Qp,

n =0,1,..., which is the sought recurrence relation involving ¢,+s, ..., c,—q. Chebyshev expan-
sions themselves are considered by Fox & Parker [33, Chap. 5|, Paszkowski [85], see also the

'Chebfun’ package [24].

We apply this programme to the coefficients of the expansion

3(z — 2 )S(x) /4 = 3(z — 2 )WurK (u)/(4m) = 2 4 3" 20 (41)

2 2:2"

n=1
B 2 o 2 _ 1 3(r2 _
62 — 3 \é;x )(z 9)), and where z = 3(z+1/2)/2.

First, u(1 —u?)d?> K /du®+ (1 —3u?)d K /du—uK = 0 [84, § 19.4.8] turns into the more beautiful
PWIK) , u dWiK) | VIK
du? 1—u?  du u
Next, u is the root of u + 1/u = (2% — 62% — 3)/(4z) behaving as 4/x3 for large z, we translate
in z from x = 3(z + 1/2)/2, leading to the rather formidable

where u is the algebraic function

o 2724 + 3622 + 2436272+ 27274 T (2 — 27 1)(92% 4 14 4 9272)3/2

42
64(z + 271 (42)
2 4 2 2 -2 2 —4
So, we differentiate u +u ! = Tz 4302 + +3_62 27 as
32(z + z71)
125 + 17123 + 1062 — 10621 — 171273 — 81275
(1_u_2)du:8z+7z—|—06z 062_ 71z 81z dz. or
32z(z + 271)2
du  (*—1)(922+1449/2%)% (922 +1449/2)12 (43)

udz 32(22 +1)2(u —ul) 22+1
which is already better looking than before, and we build the differential equation for /u K in

[ dvuK (u )}_Hu L VK (W) | VuK ()

du u—u1 du 4

the slightly modified form u— U = 0 with respect

U
to the variable z:

22 +1 d 22 +1 dyuK
(922 + 14 +9/22)1/2dz | (922 + 14 +9/22)1/2  dz
2724 4+ 3622 +2+ 36272 + 27274 2241 dyuK uK

= 0.

(z—271)(922 + 14+ 9/22)3/2 (922 +14+9/22)1/2  dz 4
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Finally, we turn to the full function of ([H) and @), say F(z) = (¢ — 271)S(z) = constant
times (z — 2z~ 1)y/uz K (u) by substituting v/u K (u) into constant (z — z=1) "1 (z 4+ z~1)~ /28

2 +1 d 2 +1 diz— 2z )z 4271 V2F
(922 + 144+ 9/22)V/2 dz | (922 + 14 + 9/22)1/2 dz
N (22 +1)(272* + 3622 + 243622 + 2727 d(z — 2~ )Yz 4 27 )"V/2F
(z —271)(922 + 14 + 9/22)2 dz
n (z — z‘l)_l(er 212 E 0. s

(22 +1)2(92% + 14 + 927 (2 — 27 H)2d?F/d2?
+ (22 1)(92% —142% — 72 — 42272 — 927 (2 — 27V dF /dz
+8(32% +1822 + 22+ 18272+ 32 HF =0
Now, put Fz = 19/2+ 3 1° % in the differential equation (928 +1425 —92% —282%2 —9+ 14272+
92713 2n(2n+ 1)vg, 272772 — (927 — 1425 — 8123 — 282+ 63271 +422734+927°) Y 2nwg, 2721
8(32% + 1822 +22 + 18272 + 3241y /2 + Y. 2,27 2"] = 0, and consider the contributions to z=2"

9(n + 3)%vant6 + 20702 + 350 + 45)von g — 9(n? — 20 — T)vopyo — 4(Tn? — 11) v,
—9(n? +2n — T)van_o + 2(7Tn? — 3510 + 45)van 4 + 9(n — 3)2 10,6 = 0,n = 0,1,... (44)

starting at n = —2 with vy = 1/2 (which is actually v/2) and v, = 0 for n < 0 (the 1/2 anomaly
can be relieved if we define v_, = v,,, remark indeed that the coefficient of v, 1 is the coefficient
of von— with n — —n). The next items are —1/3,—5/27,47/243,—167/729,1013/6561, ... as
already seen before, but the recurrence relation () allows now to compute incredibly easily any
number of these coefficients, one could get one million of them if needed!

The main asymptotic behaviour of v, follows from S(x) ~ —(3i)/(4m)log | — 1|+ constant
near x = =+1, seen above, so, near z = :I:zéEl = texp(+ify), where cosby = 1/3, zp =
(1 + 2iv/2)/3, from [[H): (6/8)(z — 1/2)S(x) ~ £(3v/2/47)log(z £ 23") whence v, = 0 when

n —n
n is odd, v, ~ 23\7/? ] —;ZO = 3\/50;)2(7190) when n is even. For instance, viggooo0 =
—0.2197681875531559 1076 and (3v/2/) cos(1056y) = —0.2197654658865520.

Do we really need the recursion method? The plain Chebyshev, or Fourier, coefficients are
already so efficient that they can be preferred, as discussed by Weisse & al. [102, §V.B.2, Table
IT]. See also Prevost [88] on weight reconstruction with Chebyshev moments.

Anyhow, computing recurrence coefficients from modified moments yields the main behaviour
ap — oo = (b—a)/4 = 1.5 as expected from (B). The next correction is given by the |z|* behaviour
near z = 0, with a = 1, and is a,, ~ aoc — ((b — a) cos(nm)|a|)/(8n) = 1.5 — 0.75(—1)"/n. The
Jacobi-Legendre effect of the endpoints +3 is (b—a)/(32n?) = 3/(16n?). The remaining behaviour
times nlogn believed to be the right factor p, = nlognla, — 1.5 + 0.75(—1)"/n — 0.1875/n?] is
shown in table @ and is expected to behave like a constant times cos(2nf. + ¢.). Starting with
a large index (here, 135), only crest values are retained, i.e., such that 2nf. + . happens to be
very close to an integer multiple of 7. The neighbouring values p,_1 and p,y1 are then very
close together, that’s how the interesting values of n are selected. Moreover, the almost common
value of p,—1/pn and pn41/pn must then be almost cos(20.) = —7/9 = —0.7777..., checked in
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an, Pn slope | extrap. o/ | Pn-1/pn
1.732050807568877 0
1.414213562373095 | 0.33595
1.732050807568877 | -0.12782
1.290994448735806 | -0.18423
1.712697677155351 | 0.44419
1.336549152243806 | -0.46936
1.628436152438179 | 0.23792
1.419330149577324 | 0.16886
1.556750628851699 | -0.57145
10 | 1.460678158360451 | 0.77835
11 | 1.544107839921112 | -0.67587
12 | 1.448901939699682 | 0.30117
13 | 1.564500085917823 | 0.19001
14 | 1.431783794658055 | -0.57642
15 | 1.567701045607340 | 0.68518

135 | 1.507049663059332 | 0.98260 (0)

1383 | 1.500654249446685 | 1.11873 | (-2.07548)
2007 | 1.500299317783996 | -1.13581 | (-2.11734) | 1.41425 | 0.7918 | -0.7767
4087 | 1.500149457578103 | -1.15763 | (-2.09351) | 1.40939 | 0.7902 | -0.7795
8210 | 1.499924544322330 | 1.17608 | (-2.08240) | 1.40713 | 0.7920 | -0.7760

(- )

(- )

(- )

© 00~ U W3

0.98260 | 0.7932 | -0.7722
1.40571 | 0.7922 | -0.7751

16077 | 1.500038998496210 | -1.19159 | (-2.07718) | 1.40606 | 0.7910 | -0.7780
34062 | 1.499974587460581 | -1.20647 | (-2.07210) | 1.40503 | 0.7920 | -0.7757
61370 | 1.499985980208882 | -1.21710 | (-2.07231) | 1.40507 | 0.7910 | -0.7778
TABLE 9. Graphene: values of n,an,p, = nlognfa, — 3/2 + (3/4)(-1)"/n —
(3/16)/n?], (slope), extrap., ¢/, pn_1/pn-

/\/\nh/M
TV

FIGURE 4. Graphene: 100 first p, = nlognla, — 3/2 + (3/4)(=1)"/n — (3/16)/n?] .

the last column of table [ (the first approximated crest is at n = 10, see also Fig. H), whereas
/7 is estimated through the fractional part of 2nf./m for these very particular values of n, of
which only those in approximate geometric progression have been selected, in the hope to have a
better view of the limit of |p,|. Although the phase ¢ is very stable, the evolution of |p,| towards
its limit is again excruciatingly slow. An approximate law A + B/logn is again assumed with
the slope B estimated from two successive values, and A as |p,| — B/logn (extrapolated value).
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With two contributions at +1 in the spectrum [—3, 3], the formula from B2 amounts to expecting
V2 = 1.414 ... which is neither close nor far from the numerical estimate 1.405. ..

e

[EE

The first 69999 recurrence coefficients a1, ..., aggggg are given in the file
http://perso.uclouvain.be/alphonse.magnus/graphene69999.txt
of size about 2M, with a precision of 25 digits, in the following format:

.7320508075688772935274463,
.4142135623730950488016887,
.7320508075688772935274463,
.2909944487358056283930885,
.7126976771553505360155865,

.4999899549568860858094207 ,
.5000093070617496121273346,
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