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Abstract. We show that if 2 C RN, N > 2, is a bounded Lipschitz domain and
(pn) C L'(RY) is a sequence of nonnegative radial functions weakly converging
to do, then

e If(z) — fy)? v .
/Qlf Sl SC/Q/Qipn(\ yl) da dy

|z — ylP

for all f € LP(£2) and n > no, where fo denotes the average of f on 2. The above
estimate was suggested by some recent work of Bourgain, Brezis and Mironescu [2].
As n — oo we recover Poincaré’s inequality. The case N = 1 requires an additional
assumption on (prn ). We also extend a compactness result of Bourgain, Brezis and
Mironescu.

1. Introduction and main results

Assume 2 ¢ RN, N > 1, is a bounded domain with Lipschitz boundary
and let 1 < p < oo. It is a well-known fact that there exists a constant
Aop = Ap(p, 2) > 0 such that the following form of Poincaré’s inequality
holds :

/ 1 — fal? < Ao / D Vf e Whr(0), (1)
(] 2

where fp = |—(12|f9 f
On the other hand, let (p,) C L*(RY) be a sequence of radial functions
satisfying
pn >0 a.e. in RY,

n=1 ¥Yn>1,
/RNP (2)

lim pu(h)dh =0 V5> 0.

n— o0 |h|>6
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In this case, we have the following pointwise limit (see [2], see also [6] for a
simpler proof)

o [ [ @ ;
N S R oy N TIC)

n—oo

for every f € WHP(02), where K, n :][ ley - o|P dHN L.

N—-1

Motivated by this, we show the following estimate related to (1) :

Theorem 1.1. Assume N > 2. Let (p,) C L*(RY) be a sequence of radial
functions satisfying (2). Given & > 0, there exists ng > 1 sufficiently large
such that

/Qf—fn|ps([;jjv+a)/njnwpn<x—y|> drdy ()

for every f € LP(£2) and n > ny.

The choice of ng > 1 depends not only on § > 0, but also on p, {2 and on
the sequence (p,)n>1. Special cases of this inequality have been used in the
study of the Ginzburg-Landau model (see [3,4]; see also Corollaries 2.1-2.4
below).

We first point out that (4) is stronger than (1), in the sense that the

right-hand side of (4) can be always estimated by / |Df|P. In fact, given
2

It
f € WhP(0), we first extend f to RY so that f € WHP(RN). Tt is then
easy to see that (see e.g. [2, Theorem 1])

/Q/prn(|x—y|> ady< [ psr<c [ o o)

If N = 1, then one can construct examples of sequences (p,,) C L!(R) for
which (4) fails (see [2, Counterexample 1]). In this case, we need to impose
an additional condition on (p,,); see Theorem 1.3 below.

Theorem 1.1 can be deduced from the following compactness result :

Theorem 1.2. Assume N > 2. Let (p,) C L*(RY) be a sequence of radial
functions satisfying (2). If (fn) C LP(£2) is a bounded sequence such that

//Mva(|x_y|) dvdy < B Vn =1, (6)
nJ 02

|z —y|P

then (fy) is relatively compact in LP(S2).
Assume that f,, — f in LP(§2). Then
(a) f € WHP(2) if 1 < p < o0;

(b) feBV(2) ifp=1.

B
In both cases, we have/ |DfIP < 7 where B is given by (6).
2

p,N
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This result was already known under the additional assumption that p,
is radially nondecreasing for every n > 1 (see [2, Theorem 4]).

We now consider the case N = 1.
Given p,, € L'(R), we shall assume that p,, is defined for every z € R in
the following way

1 T+r
() lin(1) o / pn if x is a Lebesgue point of p,,
Pn\T) = =027 Jpp
400 otherwise.
Given 6, € (0,1) we define

Pn.o, (x) 1= 901<n€f<1 pn(07) Vo €R.

By construction,
Pnoo(x) < pp(0z) Yz eR VO e h,1] (7)
We then have the following result :

Theorem 1.3. Let (p,) C LY(R) be a sequence of functions satisfying (2).
Assume there exist 8y € (0,1) and oy > 0 such that

/pnﬁ0 >a0>0 Vn>1 (8)
R

If (fn) C LP(0,1) is a bounded sequence such that

// |fn fn )| pn(x—y)d.rdySB Vn > 1, (9)

Iw —ylP

then (fy) is relatively compact in LP(0,1).
Moreover, all the other statements of Theorems 1.1 and 1.2 are also valid.
In particular, inequality (4) holds with 2 = (0,1).

Most of the results in this paper were announced in [9].

2. Some examples

We now state some inequalities coming from Theorems 1.1 and 1.3. We

denote by @ = (0,1)" the N-dimensional unit cube. In all cases, condition

(2) is satisfied for N > 1; it is also easy to see that (8) holds when N = 1.
For every N > 1 we then have the following corollaries :

Corollary 2.1 (Bourgain-Brezis-Mironescu [3]).

Lu=sek < cua-ap [ [ FE- L0 asay vre @

for every 0 < sp < s < 1.
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This inequality takes into account the correction factor (1 — s)'/? we
should put in front of the Gagliardo seminorm |f|w-» as s T 1. In [3],
the authors study related estimates arising from the Sobolev imbedding
L% — W#P for the critical exponent % =1 _ £ gee also [7] for a more

p N7
elementary approach.

Corollary 2.2 (Bourgain-Brezis—Mironescu [4])

|f(x y)|P dx dy
/‘f fol” < f°|1ogs|// |x—y|p e EDL

for every f € LP(Q) and 0 < & < g9.

A stronger form of this inequality is the following
Corollary 2.3.

» 1 [f(z) — f(y)I? .

|z—y|>e

for every 0 < e <gp K 1.

We have been informed by H. Brezis that Bourgain and Brezis [1] have
proved that

/\f fol? < €°|log5|// (o — |+€])v+pdxdy Vfe LP(Q),

for every 0 < € < €g, using a Paley-Littlewood decomposition of f. Note
that this estimate can be deduced instead from the corollary above.
Here is another example :

Corollary 2.4.
N +
/Q|f_fQ|p<Cso€N+f // @) = f)Pdedy Y € I7(Q),

lz— y\<E
for every 0 < e < gp.

Concerning the behavior of the constants in these inequalities, let Ag
denote the best constant in (1). Then in Corollary 2.1 the constant Cs, can
be chosen so that

Ao

Csyy = —
’ K, NSV

as so T 1.
Similarly, in Corollaries 2.2-2.4 we have C, converging to the same limit
as g9 | 0.

Applying Theorem 1.1 to p = 1 and f = xg, where £ C @ is any
measurable set, we get (see also [3] for related results) :
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Corollary 2.5. Let N > 2. Given a sequence of radial functions (pn) C
LY(RYN) satisfying (2), then for any C > Ag/Ki n there exists ng > 1 such
that

|E|Q\E| < C// Mdmdy VE C Q measurable ¥n > nyg.
EJQ\E |z — y]

3. Estimates in dimension N =1

Given any g € LP(R), let G) : [0,00) — [0, 00) be the (continuous) function
defined by

Gp(t)=/|g(x+t)—g(x)\pdx > 0. (10)
R

We start with the following
Lemma 3.1. Given 0 < s < t, let k € N and 6 € [0,1) be such that

t
— =k+0. Then there exists Cp, > 0 such that for every g € LP(R) we have
s

Glt) ¢ {Gp(S) N Gp(98)}. (11)

tp sP tp

Proof. Note that
lg(z +1t) — g(2)[" = [g(z + ks + 0s) — g(z)[”
< 277 lg(z + ks) - g(a)l"+

+|g(z + ks+6s) — g(a + ks)\p}
k—1
<207k Cg(a 4 js + 5) — gla + js) [P+
=0

+ 2P Yg(x + ks + 0s) — g(x + ks)|P.
Integrating with respect to x € R and changing variables we get
Gp(t) < 2P71kPG(s) + 2P 1 G, (0s).
t
Recall that k < —. We then conclude that (11) holds with C), = 2P~1.
S

Another estimate we shall need is given by the lemma below :

Lemma 3.2. Letr > 0. There ezists a constant C, > 0 so that the following
holds : for every g € LP(0,2r) such that g =0 a.e. in (r,2r) we have

/r 9P < Cpr? / 9@+ = 9@V 1 v e (0,1). (12)
0 0

tp
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Proof. By a scaling argument, it suffices to prove the lemma for r = 1. We
now extend g € LP(0,2) to the entire half-line so that g = 0 a.e. in (1, 00).
Given 0 < t < 1,let k > 1 be the first integer satisfying kt > 1. In particular,
for x € (0,1) we have x + kt > 1, thus

k—1
g(@)P = |g(z + kt) — g(x)|? < kP " |g(a + jt+1t) — g(a + jt)|.
=0

Integrating this inequality with respect to = we get
1 k—1 o]
[l <SS [Claw gt 40 - o+ g0 da
0 —0 /0
j
o0

e / 9+ 1) — ()P da = P / l9(z + ) — g(a)? da.

2
Note however that k& < e The lemma now follows by taking C' = 2P.

4. Compactness in LY. (RY) for N > 2

loc
Given f € LP(RY), we consider F, : RY — [0,00) defined by
F,(h) = / |f(x+h) — f(x)|Pde VheRN.
RN
This function is continuous and satisfies
Fy(hy + ha) < 2071 [Ey(ha) + Fp(ha)]  Vhi, ho € RY.

We have the following

Lemma 4.1. Assume N > 2. Then there exists Cp, > 0 such that

F F
[ ww<c, [ a0 forcery0<s <t (13)
T gN-1 8P

Proof. Let 0 < s < t < co. Given v € S¥~1 and w € (Rv)*, we apply the
one dimensional estimate in Lemma 3.1 to the function

9(t) = f(w+ Tv) for a.e. 7 > 0.

Integrating the resulting expression with respect to w € (Rv)*, it follows
that for every v € SN¥~! we have

R (1

tP sP tP

for some 6 € [0,1) (depending on s and t). We now split the proof into two
cases :
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Case 1. N is even.

Let O € O(N) be an orthogonal transformation such that (Ow,w) = 0 for
every w € RY (this is possible since N is even). We then consider

2
Ow = gw—i—\/ - H—Ow

Note that 01,02 € O(N) and
0w = Orw + Osw  Yw € RY,

thus
F,(fsv) < 2”_1{Fp(s 01v) + F,(s 02’0)}.
Inserting this inequality into (14) we get
F,(tv) <C F,(sv) 4+ F,(s 01v) + F,(s O2v)

tp — P sP

Integrating with respect to v € SV~=1 we obtain (13).
Case 2. N is odd.
Let v € SN=1. We denote by S¥~2 the (N — 2)-sphere orthogonal to v :

SN=2.— gN=1n (Ru)t

Reasoning as in the previous case, we see that

F, F,
/ p(tUJ) dHN—2 S Cp P(Sw) dHN_Z. (15)
gN-2 tp SN-2 sp

On the other hand, on SV~! we consider the measure y defined as
w(A) = /SN ) HN"2(AN SN ?)do(v) for every Borel set A C SV 1.
Note that p is invariant under orthogonal transformations, i.e. u(OA) =
u(A) for every O € O(N), and pu(SN~1) =[SV ~2|. It then follows that
p=SN T HN T gxea

We now integrate (15) with respect to v € SV~1. Using the observation
above we get (13).

The lemma above implies the following compactness result :
Proposition 4.2. Assume N > 2. Let (f,) C LP(RY) be a bounded se-

quence of functions such that

/ / @) = W dedy < B va>1. (16)
RN JRN

Il’*ylp

Then (f») is relatively compact in L, (RN).
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Proof. Fix ty > 0. Let ng > 1 be such that

[ e
B

to

Vn > ng.

N | =

We first prove the following
Claim. There exists a constant C' = C(p, N, B) > 0 such that

/ Fo(t0) do(v) < C#2 (17)
SN*I

for every 0 < t < ty and every n > ng. (F,, denotes the function F,
associated to f,).

In fact, let s,7 > 0 be such that 0 < s < tg < 7. It follows from the previous
lemma that

/ Fup(rv) do(v) < C, Fup(sv) do(v).
SgN-1 TP

SgN-1 sP

We now multiply both sides by sV ~=!p,(s) and then integrate the resulting
expression with respect to s running from 0 to ty. We get

1 Fy p(T”) F, p(TU) /to N—1
; < ,
2|SN_1| SN-1 TP dO’(’U) /S'N—l T dO’(U) 0 pn(s)s ds

= P
to F
< C/ / Mpn(s)s]\’_1 do(v)ds
P
0 SN-1 S

Fop (1)
< - .
<c [ . nan

Note that the last term is precisely the double integral in the left-hand side
of (16). We then conclude that

/ Fop(tv)do(v) < CtP V7 >ty Vn >ng.
SN*I

We now let 0 < t < 3. Using the above estimate with 7 =ty and 7 =t 4ty
we get

/ F, p(tv)do(v) <
SN—I
cot{ [ Rytedos [ B oo
SgN-1 SN-1
< PTIO[th 4 (t + to)P] < Ot}

for every n > ng. This proves the claim.

Once we reach at this point we can proceed as in [2].



An estimate in the spirit of Poincaré’s inequality 9

1
We first set &5 := @XBJ. For any 0 < § < tg, it follows from the previous

estimate that

[ #setu@) = p@rae= [
g/]fg Fule+ 1) — fulo) P dhdz

1 6
-5 /0 /S L Faplto) do(o) Yt

]é [fu(z+ h) = fo(2)] dh ’ dz

P 4
< O < Cth.
|Bs| Jo
Thus,
/N |Ds * fn(z) — folx)[Pde < Cth Vn>ng V8 € (0,tp). (18)
R

We now conclude the proof by applying a variant of the Fréchet-Kolmogorov
Theorem. In fact, since (f,,) is bounded in LP(RY), then for every § >
0 fixed the sequence (s * f,) is relatively compact in L (RY) (see [5,

loc

Corollary IV.27]), hence it is totally bounded in L? (RY). Using (18), it

follows that (f,) is also totally bounded in LI (R”), which implies that
(fn) is relatively compact in LY (RY).

loc

5. An LP-estimate near the boundary of 2

In this section we shall prove the following

Lemma 5.1. Assume N > 2. Then there exist constants ro > 0 (depending
on {2 and on the sequence (py)n>1) and C1,C2 > 0 (depending on p, £2 and
N ) so that the following holds : given 0 < r < 1o we can find ng > 1 such
that

, b [ [ U@t
/Qm <cl/m|f| e /Q/Qipna yl) dedy (19)

|z —yl?
for every f € LP(£2) and n > ny.

Proof. Let oy € 012. Without loss of generality, we may assume that zo = 0.
Take 1o > 0 sufficiently small such that (up to a rotation of 0f2) the set
02N By, is the graph of a Lipschitz function 7. For simplicity, we can also
assume that 7 has Lipschitz constant at most 1/2.

Given 0 < r < rg, we consider the graph of v :

I, = {x = (2, y(2)) eRYN : 2’ € B;}
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Let A be the upper half cone
A= {x = (o zn) €RN 1 2'| < :EN}.

We also define
0, = {x €0 d(x,00) > r}.
Because of the upper bound on the Lipschitz constant of v, we have

20 B,y C I+ (AN B;) C 2N B, (20)

for every 0 < r < rg. We first prove the following

Claim. There exists ng > 1 depending on r € (0,7¢) such that if f € LP((2)
and f =0 a.e. in {2, then

/QB o[ /QB 'f(ﬁj;;y)' pu (2 — ) drdy  (21)
NB, /s NBarJ 2N By,

for every n > ng.

In fact, given £ € I, and v € AN SNV~1, we consider the function
g(t) = f(E+tv) for a.e. t € (0,2r).

Applying Lemma 3.2 to g we get

/T F(&+sv)[P ds < CrP / F(E+svttv) — fEFs)lP
0 0 tP

for every 0 <t <.
Recall that & = (2/,7(2")) for some 2’ € B. C RV~1. We first integrate the
above estimate with respect to 2’ € B]. and then we perform the change of
coordinates

y= (@', 4(@)) + sv

with respect to the variables 2’ and s. Using (20) we then find

/ |f‘p§0rp/ |f(y+tv) — f(y)|P dy
ONB, I+(ANB.) tr (22)
|f(y+tv) — f(y)|P
p dy.
S Cr AmBgr tp Y

Take ng > 1 sufficiently large so that

1
/ Pn > = vn > ng.
B, 2

Since each p, is a radial function, there exists ¢ > 0 such that

/ Pn >c vn = no.
ANB,.
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We now multiply (22) by p, ()t 1. Integrating the resulting expression
with respect to t € (0,7) and v € AN SV~ we get

ONB, s N QNBs,.J ANB, |h\p

p
<om [ [ MDZTOR, (o) dray
2NBy4,J 2NBy, Z/|

This completes the proof of the claim.

Using a standard covering argument, it follows from the claim above that
there exists ng > 1 depending on r € (0,79) such that if f € LP(£2) and
f=0a.e. in §2,, then

P rP M — .
/{2\97‘/4|f| <C /Q/Q =yl pn (|2 —y|) dxdy (23)

for every n > ng, where the constant C' > 0 is independent of f, r and n.

We now take f € LP(§2) arbitrary. In other words, we do not impose any
restriction on the set supp f.

Let ¢ € C*°(£2) be such that ( =0 on {2, ( =1 on 2\§2,/5, 0 < ¢ <1 on
2 and |[V(¢| < C/r on £2. Applying (23) to the function (f we get

P < Opp [q¢: —cwfwr .
/Q\W r<c // pu (|2 — ) ddy

Ix —ylp

=1y @) =P B
<27 iC {/ 97 pn (|2 —y|) dvdy+

|z — y|?

w1 = o - ) deay),

We now estimate the second double-integral in the right-hand side. Since
¢(x) = C(y) = 1 for every x,y € 2\12, /5 we have

| [ =0 oy asa = [+ []

C€Q\Q, )y TER.4
IS yenN

Note that d(Q\Qr/4, QT/Q) = r/4, thus

J[ =5 frm e J] <5,

2ENQ2, )4 2€82, /4
YES2 /2 yEN
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We then conclude that

/|f|p:/ |f|p+/ T
0 204 2\,

v [ [ M@= 10F,
<C/Qr/4f| +Cr /Q/Q P on (|7 —y|) do dy+

e pn-/ PP
|h|>% 0

Taking ng > 1 large enough so that

1
Pn < - vn > no,
/h|>2 2¢

we see that (19) holds.

6. Proof of Theorems 1.1 and 1.2

Proof of Theorem 1.2. Given [ > 1, we fix ¢; € C§°({2) such that
@ =1 on 2. It is easy to see that the sequence (¢;fn)n>1 satisfies the
assumptions of Proposition 4.2. In particular, (f,) is relatively compact
in LP(§2;). Applying a standard diagonalization argument, we can extract a

subsequence (fy,,) such that f,,, — fin L} (§2). Since the original sequence
is bounded, f € LP(£2).

Claim. f € BV () if p=1and f € W'P(2) if 1 < p < oo; moreover,

B
[ psr< g2 (24)

Let ¢ € C§°(Bi) be such that ¢ > 0 and [ ¢ = 1. Given § > 0, we define

ws(x) == 5%90 (%) vz e RV,

It follows from Jensen’s inequality and estimate (6) that

/Q /Q ik fn(T; = jﬁ»* fn(y)|ppn (lz—yl) dedy < B V¥n>1. (25)

We now observe that for each § > 0 fixed, the subsequence (s * fn;);>1
converges to ¢s * f in C?(£25). Taking n; — oo in (25) we get (see e.g. [8,
Remark 7])

Kp,N/ |D(gs = f)|" < B Vs> 0.
25

The claim now follows by taking § — 0.
We are left to prove that f,,, — f in LP(2).
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In order to show this, we apply (19) with f replaced by f,, — f. Using (5)
and (6) we get

[ -t <ei [ Uy = 4P+ Carr (B+c / Dfl”)

for every n; > no(r). For r > 0 fixed we let j — oo. It follows that

limsup/ |fn, — fIP < CorP2r=1 (B—l—C/ |Df|p>.
j Q Q

Jj—o0

Taking 7 — 0, we conclude that f,, — f in LP(£2).

As a corollary to Theorem 1.2 we have

Proof of Theorem 1.1. Let Ag > 0 be the best constant of the inequality
(1). Assume by contradiction that there exists C' > Ay/K, y for which (4)
fails for every m > ng. This means there exists a sequence (f,) in LP({2)
verifying the following properties :

/|fn\”:1 and /fn:O, (26)

[ [ LT, (o dedy < (27)

Note that (f,,) satisfies the assumptions of Theorem 1.2. We can then extract
a convergent subsequence f,,; — f in LP(§2). In particular, it follows from

(26) that
/Q|f|p:1 and /szo.

On the other hand, from (27) we have

[ o<

A
These two facts imply that 1 < 70, a contradiction.
K, nC

Q\H

7. Proof of Theorem 1.3

We first observe that after replacing the sequence p,, by , We can
always assume that each p, is an even function. Note that (9) still holds
with the same constant B.

To prove the theorem we shall follow the sames steps as before. We start
with a compactness lemma :

Pn (t)+Pn (_t)
2
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Lemma 7.1. Assume there exists 0y € (0,1) and ag > 0 such that (8)
holds. If (fn) C LP(R) is a bounded sequence of functions such that

// | fr(2) = fuly)P (r—y)dedy<B Vn>1 (28)
e w) ey s ez

then (fy,) is relatively compact in LY. _(R).

loc

Proof. Let ¢y > 1 be a fixed integer. We first prove the following
Claim. Estimate (11) still holds with 6 replaced by

(with the constant C), also depending on /).
Indeed, it suffices to notice that

G,(0s) < 2 G <€o) < or- 160{6‘ (s )+G,,(st)}.

Inserting this inequality into (11), the claim follows.

Given 0 € (0,1), we take £y > 2 sufficiently large so that 1/fy < 1 — 6p; in
particular, we have 0y < 6 < 1.
We now fix tg > 0. Take ng > 1 sufficiently large so that

to ap
/ Pn,0 > — vn > no.
0 4

We know from our claim that

Fup(r) _ { Fopls) | Fn,p<és>}

TP - sp TP

for every 0 < s < ty < 7. We multiply both sides of this inequality by py, g,
Using (7) and integrating the resulting expression from 0 to ty we get

7) < c{ OOO Fnﬁ(s)pn(s) ds + %/OOFn,p(és)pn(és) ds} (29)

for every 7 > tg and n > ng. We now estimate the second integral in the
right-hand side of this inequality. We first observe that

1 to N B TR o _
L F@5)pa(@s) ds < / an(ﬁs)ds::l.
0 0

TP Os)p

We then make the change of variables h = 65 (note that 6 is a function of
s for fixed 7). Recall that, by definition,

Os = k—f—l s—i—l fork§z<k+1.
Lo 4y s
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Thus,
> r¥ F (0 -
I= Z/ e (65) pn(0s)ds
i et (O (30)
e % t1 0 hr

This last inequality comes from the fact that kio belongs to at most Ckg
intervals of the form

1 1 1
). > 1.
((1 DT k) for k > 1
Inserting (30) into (29) and using (28) we conclude that
F, < F, C
L(T)<£/ ﬂpn(s)dsg—B
0

TP e sP Qg

for every 7 > tg and n > ng. Proceeding as in the proof of (17), this implies
that

A|fn(x+t)—fn(x)|pdx§0tg vt € (0,t0) VYn > no.

In other words, the sequence (f,) is relatively compact in L (R) (see [5,
Theorem IV.25]).

The analogue of Lemma 5.1 is the following

Lemma 7.2. There exist ro > 0 (depending on (pn)n>1) and constants
C1,Cs > 0 (depending on p) so that the following holds : given 0 < r < rg
we can find ng > 1 such that

Lo R o [ @) = f)lP
/Olfl gcl/r PP+ Cor // P TIE ), (@ =) daay 1)

lz—y
for every f € LP(0,1) and n > ny.

Proof. We proceed exactly as in the proof of Lemma 5.1. Actually, this
case is even simpler since the claim is essentially contained in Lemma 3.2.
Note in particular that condition (8) is not needed.

Theorem 1.3 can now be proved as in the previous section.
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