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Abstract

We present some properties of the distributions 7" of the form ), (d,, — 0p,), with
> d(pi,ni) < oo, which arise in the study of the 3-d Ginzburg-Landau problem; see
Bourgain, Brezis and Mironescu (C. R. Acad. Sci. Paris, Ser. I 331 (2000) 119-124).
We show that there always exists an irreducible representation of T'. We also extend
a result of D. Smets (C. R. Acad. Sci. Paris, Ser. I 334 (2002) 371-374) which says
that T is a measure iff T' can be written as a finite sum of dipoles.

1 Introduction

Given a complete metric space (X,d) and points (p;), (n;) € X such that
> d(pi,n;) < oo, we consider the following linear functional in {Lip (X )} :

T= Z (5]31 - 67%) (1>

given by
(T,¢) =X [¢pe) = C(m)] ¥C € Lip (X), (2)

Note that 3=, d(p;, n;) < oo implies that T is well-defined and continuous in
Lip (X).

In this paper, we present some properties satisfied by 7T". Our proofs rely on
the existence of irreducible representations of 7', a notion which we introduce
below; see Definition 7.
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In applications, T' describes the location and the topological degree of sin-
gularities of maps v defined on X with values into a sphere S*. Assume for
instance that X = R? and k£ = 2. We then consider

H'(R? S?) = {u R? — R? : / |Vul? < 0o and |u| =1 a.e. in ]R3}

Note that for any u € H*(R?; S?) we have
D(u) = (u - uy AUy, - uy Aug, u-uy Auy) € LR R?).

In particular, the distribution div D(u) is well-defined in R?; moreover, one
can show there exist sequences of points (r;), (¢;) C R3 such that (see [4])

oo

> d(r) < 1/3 Vul? (3)

div D(u) = 4 Z 6,) in D'(R?). (4)

Another example, but now arising from the Ginzburg-Landau model in 3-d,
is when we take X = S? and k = 1. In this case, we consider maps u which
belong to HY?(S% S'). The way we define T'(u) in this setting, however, is
much more involved. We refer the reader to [1,2] for details.

Given a finite number of points (not necessarily distinct) py, ..., pk, n1,. .., ng
in X, the length of the minimal connection between these points is given by
(see [5])

L:= d(
ggg}iz (Pis Moy (5)
where Sy denotes the group of permutations of {1,...,k}. It can be shown

that the number L satisfies (see [5]; see also [3] for an elementary proof)
k
L= sup > [¢(p) —¢ni)], (6)

IC‘LipSl =1

where |(|Lip denotes the best Lipschitz constant of (. Moreover, the supremum
in (6) is achieved.

More generally, consider two sequences (p;), (n;) C X such that

> (i) < . 7

(By abuse of notation, we allow sequences indexed on a finite subset of N,
which includes the previous case).



Motivated by (6), we define the length of the minimal connection between
these points as

T == sup (T,¢)= sup > [¢(mi) = C(ni)], (8)
Celip () (Cluip<1

where T is the linear functional given by (1). We point out that the supremum
is still achieved in this case; see Proposition 18. In Section 2 we compare this
number with some alternative definitions.

Let

_ «| T can be written in the form (1) for some
Z:={T € |Lip(X)] . (9)
(pi), (n;) € X such that 3, d(p;, n;) < 0o

Note that if T € Z then —T € Z, and T} + 15 € Z whenever 11,15 € Z. As
we shall see in the Appendix, Z is a complete metric space with respect to
the distance induced by || - ||.

We also introduce the notion of support of 7"

Definition 1 Let (w;)icr be the family of all open subsets of X such that, for
each i € I, the following holds: if ¢ € [Lip (X)} and ¢ =0 on X\w;, then
(T,¢) =0. We set supp T := X\ Ujes wi-

Clearly, supp T C U, {p:} UU; {ni}, although the strictly inequality can actu-
ally occur; see, however, Theorem 11 below. Note that there are several possi-
ble representations of 7" as a sum of the form (1). Moreover, such representa-
tions need not be equivalent modulo a permutation of points. In fact, if (¢;) is
a sequence rapidly converging to p in X (in the sense that >, d(g;, gi+1) < 00),

then we can write 0, — 0, = Y521 (4., — 0g,) In [Lip (X)r, where n 1= ¢.

The next proposition is the analogue of (5) in our more general setting (see
2, Lemma 12’] and also Proposition 18 below)

Proposition 2 For any T € Z we have

7l = i ) s 7= 0~ 60 [L0 (0]} 10

(Rs)

In contrast with the case of a finite number of points, the infimum above need
not be achieved in general; see Example 5 below. Here is a case where it is
still attained:



Fig. 1. Dipoles 6, — d,,, in Example 5

Theorem 3 IfH'(suppT) = 0, then the infimum in (10) is attained. In other
words, there exist (p;), (n;) in X such that

17 =Y d(Bi i) and T =3 (5, = ba,) in [Lip (X)]". (11)

Above, H! denotes the 1-dimensional Hausdorff measure. In particular, if the
set U; {p:} UU; {ni} is countable, then Theorem 3 holds.

In any case, it is always possible to decompose T' in terms of simpler function-
als, taking into account the length of its minimal connection. But let us first
introduce a definition:

Definition 4 T € Z is said to be regular in X if there exist (p;), (7;) C X
such that

I7] = > d(pis i) and T =3 (3, —da) in [Lip(X)] .

T € Z issingular in X if whenever T =T, + Ty, ||T|| = ||T3|| + | 12]] and T}
1s regular, then Ty = 0.

Here is an example of 7" € Z which is singular:

Example 5 Let X = [0, 1] and C, C [0,1] be a Cantor-type set with Lebesque
measure o € (0,1). We denote by (Ji)k>1, Jr = (nk, px), the sequence of dis-
joint open intervals which are removed from [0, 1] in the construction of C,. We
then take py = 0 and ng = 1. In Section 6 we show that T = 37,54 (6p, — On,)
is singular and ||T'|| = «. For descriptive purposes we can think of represent-
ing each dipole d,, — 0, as an arrow pointing from n; to p;. In Figure 1 we
represent T' geometrically according to this convention.

We have the following

Theorem 6 ForanyT € Z there exist Tieg, Tsing € Z such that Treg is reqular,
Tiing 15 singular,

T =Teg+ Ting  and | T] = [[Tregll + [[Teing|l- (12)



Moreover, there exists (1;) C Z such that

Tang = 2T N Tamgll = 2_IT5ll and || T3]l = H'(supp T3) V5. (13)
J J

In addition, each set supp T} is homeomorphic to the Cantor set in R.

The decomposition of 7" in terms of a regular and a singular part, as in (12),
need not be unique; see Example 63.

We point out that Theorem 3 is a special case of the above. In fact, it follows
from the proof of Theorem 6 that Tjeg, Tsing and (7)) can be chosen so that

supp T’ = supp Treg U supp Tying and U supp 1 C supp Ting-
J

Therefore, if H'(suppT') = 0, then ||T};]] = H'(suppTj) = 0 for each j. We
conclude that Ty, = >°;7; = 0 in [Lip (X )r and so T' = T, is regular in
X.

A natural question regarding T € Z is whether it has a “simplest” represen-
tation in the following sense:

Definition 7 The representation y_; (0,, — 6n,) is reducible if there exist Ny C
Ny C N, card Ny < card Ny, and points r;,q; € X, i € Ny, such that

S (G —00) = 3 (6, —8,) in [Lip (X)] " (14)

i€Ng 1€Ny

>3 (0p;, — 6y,) will be called irreducible if it is not reducible.

The next result states that one can always find an irreducible representation
of T

Theorem 8 Any linear functional T € Z has an irreducible representation.
More precisely, there exist sequences (p;), (7;) in X, satisfying (7), such that

T=3 (6 —6) in[Lip(X)], (15)

and so that this representation s irreducible.

Our proof of Theorem 8 relies on the notion of maximal paths; see Section 5.
This approach requires the following lemma:

Lemma 9 If
i (Gps = 0n,) = (Jry — 0) + (0, — b,) i [ Lip (X)]" (16)

=1



for some r1,q1,79,q2 € X, then there exists N C N such that

> (0p; — 0n;)  equals (6, —0qy) or (6, —0y,) in [Lip (X)r (17)

ieN

A simple consequence of this is the corollary below which simplifies our notion
of irreducible representations (see also Proposition 51):

Corollary 10 >; (0,, — 6,,) is reducible if, and only if, one of the following
conditions hold:

(a) pi = n; for somei,j >1;
(b) there exists an infinite set N C N such that

> (8p, — 6n,) =0, — 0, in [Lip (X)|" (18)

icN
for some r,q € X.

If T can be written as a finite sum of dipoles of the form d, — d,, then the
irreducible representation of 7" is unique (modulo a permutation of the points).
This need not be the case in general. Assume, for example, that X = [0, 1],
and let (p;), (n;) be two sequences converging to 0 such that p; > n; > p;q
for every ¢+ > 1. Then

oo

Z (5Pi - 61%)7
=1

(5101 - 50) + Z (6p¢+1 - 5%)7
=1

(51?1 - 50) + (5132 - 50) + Z (5pi+2 - 5%)7

i=1
are all irreducible representations of the same operator in {Lip [0, 1]]*

However, we have the following

Theorem 11 Assume (15) is an irreducible representation of T'. Then

suppT' = U{ﬁz}UU{ﬁz} (19)

In particular, if ¢ € Lip (X) and ( =0 on supp T, then (T,() = 0.
A simple consequence of Theorem 11 is the corollary below:

Corollary 12 Let T' € Z. If supp T is finite, then there exist finitely many



POINLS D1,y ...y Diys N1y - -+, Mgy € X such that

ko

T=3 (6 —0:) in [Lip(X)| . (20)

=1

Another result in this direction is the theorem below which completely solves
an open problem raised by H. Brezis. We denote by BLip (X') the subspace of
bounded Lipschitz functions:

Theorem 13 Let T € Z. Assume that

(T, Ol < Cli¢llee V¢ € BLip (X) (21)
for some C' > 0. Then, there exist points ay,...,ar and integers dy, ..., dy,
>id; =0, such that

k *
T =3 dids, in|Lip(X)|". (22)
i=1

We point out that (20) is equivalent to saying that (21) holds (since >; d; = 0).
Theorem 13 has been proved by Smets [8] (using the Riesz Representation The-
orem) under the additional assumption that X is locally compact. Our proof
instead makes use of the existence of irreducible representations of 1", which
only requires X to be complete. Very simple examples show that Theorem 13
is no longer true without this assumption on X.

We now present the notion of indecomposable functionals taken from Fed-
erer [6].

Given T € Z, we define

m(T) := ”CsHup:1 (T',¢) V(¢ e BLip(X). (23)
Let
T:={T € Z:m(T) < oo}. (24)

It follows from Theorem 13 that T' € 7 if, and only if, T" can be written in
terms of finitely many dipoles. In fact, we have m(T) = 2kq, where ko > 0 is
the smallest integer such that (20) holds. Moreover,

m(T1 + TQ) S m(Tl) + m(Tz) \V/Tl, TQ eT. (25)
We now consider Z equipped with the norm

N(T) := ||T|| + m(T) VT €T (26)



As in Federer [6, §4.2.25], we say that T' € 7 is indecomposable if there exists
no S € 7 with

S#A0#AT—S and N(T)= N(S)+N(T - S). (27)

It is then easy to see that T" € 7 is indecomposable if, and only if, there exist
r,q € X such that T' = (9, — J,) in [Lip (X)} . Thus, every element in Z can
be written as a finite sum of indecomposable parts, which coincides with a

minimal connection of T". Note however that this notion is restricted to the
subspace Z & Z.

Most of the results in this paper were announced in [7].

2 Alternative definitions of minimal connections
Throughout this paper, we shall always consider two sequences of points (p;)
and (n;) in X such that >, d(p;,n;) < 0.

Let T := Y2, (8, — 0p,) In [Lip (X)r There are several alternative ways of
defining the length of the minimal connection between (p;) and (n;):

Definition 14

L1 = a%\]n—fN z:ld Di, ng(z)) (28)
bijection *
Definition 15
Ly := lim grélsr; Z d(pi, Noi))- (29)

Definition 16

[e.9]

Ly mf{del,nl T:;(api—aﬁi) m[Lip(X)]*}. (30)

n;

Definition 17

Pi) Li=1

(Rs)

Clearly, we have
Ll S Lg and ||T|| S L4 S L3. (32)

Using (6) and Y, d(p;, n;) < oo we can actually prove the following (see also

2])



Proposition 18

Moreover, the supremum in (8) is achieved.

PROOF.
Step 1. L3 S LQ.

Given k > 1 and o € Sy, we extend o to N so that o(i) = ¢ for every i > k.
In particular, T' = 3232 (6, — 0, ,,) in [Lip (X)] . By definition, we have

k
L3 < dewna()) Zd(pmnoz +dezynz (34>
=1 =1 1>k
Since o € Sy is arbitrary, we conclude that
Ly < mmZd Dis o)) + D d(pi, ns). (35)
>k

Letting k — oo, we get Ls < Ls.
Step 2. Ly < ||T|.

Given € > 0, we fix k > 1 large enough so that > ;. d(p;,n;) < . Let o € Sk
and ¢ € Lip (X), [Clip < 1, be such that

k k
> d(pinow) = Y. [C(p:) — ¢(n)]. (36)
=1 =1
Thus,
Lo e <3 dpnno) <3 [C0) — )] +e< I+ (37

i=1 i=1

Since € > 0 is arbitrary, we must have Ly < ||T]].

In view of (32), (33) follows the two previous steps.

Step 3. The supremum in (8) is attained.

For each k > 1, let ¢}, € Lip (X), |Ck|rip < 1, be such that

k

> [Ck(pz’) - Ck(nz)] = gégi 2 d(pi, N (i))-

=1



For the sake of normalization, we may assume that (;(x¢) = 0 for some fixed
xo € X. In particular, for each 7 > 1 the sequences (Ck(:vz))k, where x; = p; or

n;, are bounded. Passing to a subsequence if necessary, we may assume that
all the limits

C~(Iz) = khj{)lo Ce(wi), x = pi, i,

exist. It is easy to see that ¢, defined on A := U, {p;} UU, {n}, satisfies
L=3"[¢p) = C(ny)]

(we use here that Y, d(p;, n;) < 00).

On the other hand, since |C~ |Lip (4) < 1 we can extend C~ to X without increasing
its Lipschitz constant (take for instance ((z) := inf,c {g(a) + d(z, a)}). We
conclude the supremum in (8) is achieved.

Remark 19 The strict inequality Ly < ||T|| may actually occur in (33). In
fact, take (a;)icz such that >, d(a;, a;41) < 0o. In particular, both limits

r:= lim a; and ¢q:= lim qa;

i—+00 1——00
exist (since X is complete). Thus,

“+o0

T=Y (bu —00) =0, —0, in|Lip(X)|".

Note that |T|| = d(r,q) but Ly = 0.

Remark 20 The infimum in (28) need not be achieved in general. Consider
the sequence of points (p;)i>1 and (n;);>1 given in Example 5. We claim that
L, =0, even though p; # n; Vi, j. In fact, given ¢ > 0 we can find i1,j; € N,
i1, j1 # 1, such that |py —ny, | +[ni—p;, | < 5. Weseto(1) =i and o(j1) := 1.
Proceeding by induction, at each step k > 1 we can extend this bijection o so
that

o: {1, k} U, gkt — {1, i UL, k)
satisfies
k
o —ne.p| <e VE>1.
=1

At the end, we conclude that Ly < e. Since € > 0 was arbitrary, the claim
follows.

10



3 Cycles

As we have already mentioned in Example 5, we can think of identifying each
dipole d,, — d,, with an arrow pointing from n; to p;. In order to make a clear
distinction between all the dipoles, we shall usually indicate each ¢,, — d,,, by
its index ¢. This way we will be able to distinguish equal dipoles arising from
different indices.

Our strategy to deal with the linear functional T = Y272, (0,, — d,,) will be
to equip the set of arrows ¢ with a suitable order relation. The motivation of
this approach comes from elementary concepts in Geometry, as it will soon
become clear.

We start with the following:

Definition 21 A chain (A, <) is a set of indices A C N equipped with a partial
order relation <.

In general, we shall call A itself a chain, < being implicitly understood. The
order < induces an orientation in the set of dipoles (6,, — 0, )iea-

We shall usually be interested in the order relation < modulo cyclic permu-
tations of the elements in A. In order to make this precise, we start with an
auxiliary notion:

Definition 22 A subchain Ay C A (equipped with the order relation induced
from A) is called a segment if whenever Ay < X < Ay in A and A, Ay € Ay,
then \ € Aq.

We now introduce the notion of a cycle:
Definition 23 Given two chains A, A, we write A ~ A if
(i) A=A (as sets);
(11) there exist two disjoint segments Ay, Ny C A such that A = Ay U Ay and the

inclusions Ay, Ao C A are order preserving.

It 1s easy to see that ~ defines an equivalence relation in the class of all chains.
The equivalence class [A] of A induced by ~ will be called a cycle.

Assume A is the finite chain containing A\; < --- < A, which we denote as
(A1 -+ Ag). In this special case, [A] will be the union of all cyclic permutations
of A, namely

A] = {()\1 ) O A A O Ap - )\kl)}.

11



Since any representative of [A] (A now being finite or infinite) contains the
same set of indices, we can actually think of [A] as being the set of indices
i € A itself. Moreover, [A] has a well-defined orientation, induced by the order
of any of its representatives A € [A].

We now define

Ty = 3 (Jpy = 6ny) in [Lip (X)],

AEA

E[A} = Z d(pA)nA)a (38>
AEA

Liay = || Tl

We call £15) the length of [A].

Given € > 0, an e-chain A, = (A1 - -+ Ag) is a finite subchain of A such that if
1€ANandic€ {1, e L%j}, then 7 € A.. Note that if A is infinite, then it has
an infinite number of e-chains (for an € > 0 fixed), since one can always add
to A. indices in A outside {1, oo 2] }

S

The co-length of [A.] is the number

[[kAE] = d(p/\17n/\2) ot d(p/\k—l’ n)\k) + d(pkm n/\1>' (39)

It measures the total jump from one dipole to the next one as we travel along
[Ac].

Lemma 24 If A, C A,,, then

Uae )+ Ca) S lag,) + G, (40)

PROOF. It suffices to check (40) when A, differs from A., by exactly one
index and then argue by induction. In order to add an index i, between ¢; and
13, we just need to apply the triangle inequality to get

d<p11 ) nig) S d(pzl ) n’ig) + d(piza niz) + d(pizv nig)-

Notice that the second term in the right-hand side enters in the definition of
the length £}5_ ), while the other two appear in the definition of the co-length
(fs.,)- This proves the lemma.

A simple consequence of (40) is the equality below:

12



Proposition 25
N lsifgl (i{l{lsf EE‘AE}) = lsiﬁ)l <s{1x1p KE‘AE}), (41)

where both the infimum and the supremum are taken over the class of all e-
chains of A.

We define the common number £fy; in (41) to be the co-length of [A].

PROOF. We denote by £* the limit in the right-hand side of (41) (note that

it is well-defined, but may be infinite). Given m < ¢*, let A, be an e-chain of
A such that m < E’{A -

We now take a sequence of e;-chains A.;, where ¢; | 0, such that

tim .y = lim (inf 67)-

J—00

Since /~\5 is finite, there exists jo > 1 sufficiently large so that A., D /~\5 for
every j = Jo.

Applying (40) we get
m <, < a )+ Uag) = Gig) Y92 o
Taking 7 — oo and then ¢ | 0, we conclude that
<1 oo
m < 161%1 <1/1\15f K[A€]>,

from which (41) follows.

Combining Lemma 24 and Proposition 25, we get
Corollary 26 Given a chain A, for any subchain A C A we have
iy + ) < g + Oy (42)

Corollary 27 Assume A is a chain. If Ay C Ay C --- C A is an increasing
sequence of subchains such that A = U, Ay, then

by = Jim G- (43)
Note that for every A, we have

13



since both £z} and ¢}, ; correspond to special choices of permutations in (5).
Taking € | 0, we conclude that
Ly < min {E[A]’KFA}} (45)
There are three cases of interest when the equality holds in the estimate above:
Definition 28 Assume [A] is a cycle.
(a) [A] is a minimal cycle iof Ly = £ja);

(b) [A] is a co-minimal cycle if Ly = £fy);
(c) [A] is aloop if Uiy =0 (this is a special case of (b)); in particular,

Ty =0 in [Lip(X)]. (46)
Here are some examples:

Example 29 Assume A = (12 --- k), that is to say, consider the dipoles

Opi = Onys .-y Op, — Op,, oTtENted in this order. We have:
(1) If Lin) = Lia), then the pairs [pr,ni], ..., [pr, ni] form a minimal connection.
(ii) If Lia) = Uiy then a minimal connection is given by [p1, 2], .- [Pr—1, K],
[pka nl] .

(111) More generally, let o € Sy be a permutation which minimises (5). Recall
that o can be written as a composition of disjoint cycles (in the algebraic
sense), say oy, . ..,0;. Note, however, that each o, induces in a natural way
a cycle [A;] (in the sense of Definition 23). For instance, if

op:1l—=1— -1

o — 1,

then Ay = (141 -+ iy). This way, we can write {1,.... k} = A U---UA;
so that ‘ .
k j J
Liay = 2 d(pis noti) = 3 X d(pisnotiy) = 2 Ly (47)
i=1 I=1 el 1=1
Figure 2 shows such a decomposition with k =6, Ay = (14 2), Ay = (3 5)
and As = (6). In Proposition 31 we extend this construction to the case of
an infinite number of points.

Example 30 Let X = [0,1] and p;,n; € [0,1] be as in Ezample 5. We con-
sider Ag = N U {0} oriented clockwise with respect to Figure 1. Using the
equality Loy = ||T'|| in Proposition 18, it is easy to see that

L[AO] = Q= KEFAO],
where « is the Lebesgue measure of Cy. In other words, [Ao] is a co-minimal

cycle.

14



Pr, ny

Pz\ ns /

[A] [Aa]

Fig. 2. Decomposition of [A] in terms of three co-minimal cycles [A1], [A2] and [As]
as in Example 29

Note that if we consider the cycle [Ag]any; oriented in the opposite direction
(i.e. counterclockwise with respect to Figure 1), then

gi\o]ami - E[AO] + KFAO] = 2.

The proposition below extends (47) to the case of infinitely many points:

Proposition 31 Let

*

T =30, = 0a) in |Lip(X)]", (48)
i=1
There exists a sequence of disjoint co-minimal cycles [A;] such that N = U; A;

and
I = Y6, (49)
J

PROOQOF. For each k£ > 1, let o € S;, be such that

k
Z d<pza na(z)) - HllIl Z d pza na(z)) (5())

i=1 75k

It follows from Example 29 (iii), that we can write {1,...,k} =AU ---UA;
in terms of disjoint chains (this decomposition actually depends on k) so that
(47) holds. For i > k, we let A; = (i).

We now relabel Ay, ..., Aj, Apqq, ... as
Al,ky A2,k7 A3,k7 R

so that the smallest integer in A;j, x, is less than the smallest integer in Aj, ;
whenever 7; < jo.

By construction, 1 € Ay, for every k£ > 1.

15



Let oy be the smallest integer in A;; greater than 1. If oy — 00 as k — oo,
then we set Ay := (1). Otherwise, (o) has a convergent subsequence ay, — as;
since ay, is an integer, we actually have oy, = a; for all [ sufficiently large.

Let 3 be the smallest integer in A;y, greater than a;. If 3 — oo, then we
set A1 := (1 a;). Otherwise, passing to a further subsequence if necessary, we
may assume that 3; = by, for all [ large enough; moreover, we can also assume
that one of the following inclusions is order preserving:

(1 ay by) C Ay, Vilarge or (1by a1) C A1y, Vi large.

Using a standard diagonalization argument, we can construct a subsequence
(k;) (not necessarily the same as the one above) and a chain A;, containing 1,
such that the following holds:

(a) given an e-chain A;. C Ay, we can find N = N(A;.) > 1 sufficiently large
so that Ay, C Ay, for every [ > N, and this inclusion is order preserving.

We now repeat the same construction as above with Asy, and so on (the
only difference here is that we should start with the smallest integer in the
set N\Ay, which necessarily belongs to Ay, for [ sufficiently large). This way
we can construct disjoint chains Ag, As, ... and a universal subsequence (k;)
(here we apply once again a diagonalization argument) so that

(b) N= UjZl Aj§
(c) property (a) holds for every A;, after replacing Ay by A,.

By (b), we have
T =3 Ty, in|Lip (X)) (51)

Moreover, (c) implies that

Ciagy = Jim €55,y V5. (52)

On the other hand, it follows from (c¢) and (40) that
g[A].,E} + KFAJ,’E] < E[Aj,kl] + grf\j,kl] Vi > N. (53)
Thus,

fia, < liminf G ). (54)
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We now rewrite (50) as

ZEE(AL - mlnzdpzanoz ‘I'dezynz (55)
J

>k

Applying Proposition 18 we obtain

hm Zﬁ* Ay = || (56)

Combining (51), (54) and (56) we get

Il < ST < 326y < Sl < fisn 65 = 7))
J J J

Therefore, we must have equality everywhere. In particular,

17| = Z“TA]H and [ Tiazll = C1a;) V5, (57)

which is precisely (49).

We now present some properties of [A] when {{y) < oo. Let us first introduce
some notation

Definition 32 Let A be a chain. Given a family of points (xy)aer, we say
that the limait

a:= lim x,
AEAT

exists if given € > 0 there exists \g € A such that d(xx,a) <e VA > Ao.

The limit a == }il{l\ll xy 18 defined similarly, after replacing A > Ao by A < Ag
€

in the above.

Proposition 33 If E[A] < 00, then the following limits exist

lim lim lim ny, and Lm n,. 58
Aemm’ AAlpA, AEAT A AEA] A (58)

PROOF. It suffices to show the first limit exists (since all the others can be
derived from this case). Moreover, because A is countable, we only need to
show that for every increasing sequence (););>1 in A, (py;) converges.

We have
Z d p)\Jap)\]Jrl < Z { p/\] 5 Tl/\ + d<n)\]’pA]+1>} < E[A] + grA] (59>
J=1 7j=1
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Therefore, (py,) is Cauchy, so it converges.

Corollary 34 If {[,; < 0o, then Uyea {pr} and Uxea {na} are relatively com-
pact in X. In particular, supp Tj,) is compact.

Remark 35 Let Ay and Ay be two disjoint chains such that {y | + () < o0.
We take A .= Ay U Ay with the order induced from each A; and such that
A1 < As. In view of Proposition 33 we can define

r; = lim and ¢q;:= lim n ort=1,2.
% AGAiTp)\ qi NEA | A f )

Clearly, we have

Liay < Liay + Liags
iy = i) + sy (60)

b = (g = A1) ) +d01.62) + (G = A2, ) + dlrasan).

In particular,

] = (ff}\l] - d(ﬁath)) + (53\21 - d(7“2>QQ)>- (61)

4 Simple cycles

Throughout this section, we shall assume that [A] is a nonempty cycle such
that {f,; < oo. Recall that

'm—g@fmnmhmmr (62)

We define the gap of [A] to be the number given by

gap [A] :== sup d ( lim py, lim n,\>. (63)
A€[A] AEAT AEA|

Roughly speaking, gap [A] measures the jump of [A] accross two adjacent
dipoles, while the co-length E’[*A] measures the total jump along [A]. We point
out that, since ETA] < 00, the supremum in (63) is actually achieved.

Example 36 Assume A is finite, say A = (1 --- k). In this case, we have

gap [A] = max {d(pl, n2), ..., d(Pr—1,1%), d(Pg, nl)}
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In particular, if gap[A] = 0, then Tjp) = 0 in {Lip (X)]* This need not be
the case in general. In fact, in Example 30 we have gap [Ag] = 0, even though
L[Ao] =a>0.

We now consider the following
Definition 37 [A] is a closed cycle if gap [A] = 0.
For example, we have

Lemma 38 If [A] is a co-minimal cycle and Tia) is singular in X, then [A] is
a closed cycle.

PROOF. Let [A] be a co-minimal cycle such that gap [A] > 0. Without loss
of generality, we may assume that the supremum in (63) is achieved by A
itself:

d(ng,po) >0, where ng := Alier/erTp,\ and pg := }g}\ll Ny. (64)

We define the chain Ay := AU {0} oriented in such a way that 0 is the largest
element in Ag. Applying Remark 35 with Ay := A, Ay := {0}, r1 = ¢2 := ng
and ¢ = 19 := pg, we get

1 Tiaq) | < gy = €y — d(no, po) = | Tiayl| = d(no, po) < [|Tia,l (65)
(we use the triangle inequality to obtain the last estimate). Thus,

Tia) = (Ong — Opy) +Ting) and || Tin|] = d(no,po) + |Tiagll.  (66)

We conclude that T}, is not singular.

In order to introduce the notion of simple cycles, we shall need an auxiliary

Definition 39 A subchain Ay C A is a segment of [A] if Ay is a segment of
some representative A € [A] (see Definition 22). Equivalently, Ay C A is a
segment of [A] if either Ay or A\Ay is a segment of A.

A simple cycle will be defined as follows:
Definition 40 [A] is a simple cycle if

(i) [A] is a closed cycle;
(11) if Ay is a segment of [A] such that [A1] is a closed cycle, then Ay = A.

Since gap [A] = 0, condition (ii) in the definition above is equivalent to saying
that
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i1’) if Ay © A d t, then li li .
(ii’) if Ay G A is a segment, enAel}\rllTp,\#)\elXI}ln)\

Note that [Ag] given by Example 30 is a simple cycle.

The orientation of a simple cycle [A] is compatible with the topology induced
by X on the set Uyea {pr, 2} in the following sense:

Lemma 41 Assume [A] is a simple cycle. Given

(1) a sequence (Ag)k>1 i A such that either py, — Dx, OT My, — Dags
(i) two indices iy, pa € A such that iy < Xo < pip with respect to some repre-
sentative A € [A],

then there exists ko > 1 such that

<M < poin A Vk > ko. (67)

PROOF. Assume by contradiction there exist py, — py, and p; < Ao < po
in A such that (67) does not hold. (The case when n,, — p,, can be dealt
with in a similar way).

Replacing A by another representative of [A], we can assume that
/L1</\0</12§)\k in A Vka’o (68)

Moreover, passing to a subsequence if necessary, we can also assume that
(Ak)k>1 is either nondecreasing or nonincreasing in A. We consider each one
of these possibilities separately:

Case 1. (A;)r>1 is nondecreasing in A.

Let

A= Qo <X < Ap). (69)
k=1
Note that A; is a segment of A. We claim that gap [A;] = 0. In order to see
this, it suffices to show that

Jim 7y = py, = lim pa. (70)

The first equality holds because gap [A] = 0, while the second one follows
from py, — pa,- Therefore, we have constructed a closed segment [A;] strictly
contained in [A], which is a contradiction.

Case 2. (A;)r>1 is nonincreasing in A.
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In this case, we take
o0

k=1
In order to get a contradiction, it suffices to show that the second equality in
(70) holds, and then argue as before.

If Ay = A for all & > 1 sufficiently large, then A, = (Mo <A< 5\) and we are
done. On the other hand, if (Ag)x>1 has infinitely many distinct terms, then
we have d(p,,,ny,) — 0. Thus,

Alei/I\?TpA - k11—>I£1<> M = l<:h—>rgop)\k = Po- (72)

(The first equality follows from gap [A] = 0). As we explained before, this gives
a contradiction.

Using the same ideas we can prove a slightly more general result:

Lemma 42 Let [A] be a simple cycle. Given jy < vy < ve < pg in A, let q be
a point in the closure of the set

U {ptu{na}.

11 <A<vo

If (A\k)k>1 is a sequence in A such that py, — q, then there exists ko > 1 such
that
< )\k < 2 Vk > ko. (73)

This lemma will be used to prove our next result:

Proposition 43 Assume [A] is a simple cycle. Then
i = H'(S), (74)

where

S = U {pa} U {na}.

A€A

PROOF. We split the proof into three steps:

Step 1. Given p1 < po in A, we consider the segment A := (11 < A < pa).
Then we have

Since S[f\] is compact, for any 1 > 0 we can find an e-chain
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such that i

Sy © U [Balps,) U By (n5,)]. (76)

Thus,

diam S[;\] < d(n;\l,pj\l) + d(p;\17 n;\Q) N d<n5\k7p5\k> +2n
= Ui+ g — dns,,ps,) + 20 (77)
< )+ (g — dlng, . ps,) + 20,

We first let € | 0. Then gap [A] = 0 implies that n5 — p,, and p5 — n,.
Since n > 0 is arbitrary, (75) follows.

Step 2.
H(Siy) < Ly, (78)
(This inequality holds even if [A] is just a closed cycle).

Let 0 > 0 fixed. Given an e-chain A, = (A1 - -+ A\x) C A, we define the segments
A=\ <A< Ny1) i=1,... k. (79)
(we use the convention that Agiq := Ap).
By taking € > 0 sufficiently small, we can assume that
diam Sy, <6 Vi=1,... k. (80)
Since gap [A] = 0, we have )
Sy = L_Jl Siaa)- (81)

It follows from the previous step and (61) that

k
Hg(S[A]) < Zdiam S[Ai}
i=1

IA
] =

{K[A@-] + (EFAJ — d(PAi,mm))} (82)

d(pi,ni) + ﬁfA}.

€

IA
AL

.

¢
Taking ¢ | 0, we conclude that

H (1) = Tim H5(Sia)) < (. (83)

Step 3.
iy < HY(Spap)- (84)
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Given an e-chain A. = (A1 -+ A\;) C A, we consider the segments A; given by
(79). Since [A] is simple, the sets Sy, are disjoint (see Lemma 42). Let 6 > 0
be such that

d(Sin,)s Siasy)) > 20 Vin # in. (85)
Take (B;);jes to be a finite open covering of S so that diam B; < ¢ for every
JjedJ.

We claim we can select

(i) a new e-chain A, = (A; --- ;) containing A.; ) )
(ii) [ distinct elements from the family (B;);es, say By, ..., B,

such that

p;\,n;\iHGBi Vi=1,...,1 (86)

We proceed as follows:

We first define the segments
I;:= {)\ :p1 < A < o for some py < po such that p,,,n,, € Bj}. (87)

Note that if B; NSy # ¢, then I'; # ¢. In fact, assume for instance that
pu € Bj. Since gap [A] = 0, then either there exists po > p such that n,, = p,
or we can find a decreasing sequence p; | p such that n,, — p,. The set B;
being open, we conclude that n,, € Bj; for some jj, > p. Thus, in both case

we have I'; # ¢. Moreover, (85) implies that I'; is contained in some segment
(A <A< Aig).

We also define

r; = lim p)
J Aemp

to be the upper endpoint of I';.

Let \; := \; and B; be an element of the family (B;);je; containing Pxn- By
abuse of notation, we denote by I'y the segment I'; corresponding to B;. We
have two possibilities for I'y:

(a;) T’y has a largest element X\o: in this case, we have
ns, € B, and Px, & B
(since ~B1 is open and gap [A] = 0), we then choose By € (B;);cs such that
Ps, € Bo;
(by) T’y does not have a largest element: this implies the existence of an increasing

sequence (p;) in I'y such that

nujeél Vi>1 and p,; — 7ri;

23



moreover, d(py,,n,,) — 0.
Let By € (Bj);es be such that r € Bs. Since B and B, are both open, we
can find j, > 1 sufficiently large so that

n € Bl N BQ and pﬂjo € BQ.

o
We then take Ay := 115,
Note that in both cases we have
Bl #* 32, ns, € Bl and Ps, € 32.

We can now repeat the construction above with 5\2 and BQ, and so on until we
get ny, € B;. In order to see this will be indeed the case, it suffices to prove
the following:

We claim that A, := (5\1 5\1) DA,

Let us check for instance that Ay € A, (the general case follows by induction):
let 1 <y <1 besuch that \;; < Ay < A\jj41. Since

P50 € B, and px, € SiA]s

we have ny, ., € Sia,)- On the other hand, Ay < 5\ll+1 implies that P, s ¢
1 1
Sia,]- In particular,

d<p5\11+1 , nj\l1+1) > 25,

from which we conclude that 5\ll+1 = Ao.

By construction, the sets By, ..., B; are all distinct and (86) holds. It follows
from (86) that

d(ps,s n3,,,) < diam B;. (88)

Thus,

1 !
€E~\E} ;d P3N 1+1 Z Z diam B;. (89)

jed
In particular,
1nf Uiy < > diam B;. (90)

JjeJ
where the infimum is taken over all e-chains of [A]. We now take the infimum
with respect to all (finite) open coverings (B;);cs of S with diam B; < ¢ for
all 7 € J. We get
inf ¢y, < Hs(Sa))- (91)

Note that this estimate holds for € > 0 fixed and every § > 0 sufficiently small.
Taking 0 | 0 and then ¢ | 0, we obtain (84).
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We conclude this section with the following result which will be used in the
proof of Theorem 6:

Proposition 44 Let [A] be a co-minimal cycle. If Tiy is singular, then we
can write A = U; A; as a disjoint union of subchains, where each [A;] is a
simple cycle and

=21 (92)
J

In particular, [A;] is a co-minimal cycle and Tiy,) is singular for every j.

PROOF. Consider the family

Ay is a subchain of [A] and k € Ay, Vk € A,
F = (Ak)k:eA if Ak1 N Ak2 7é gb, then Ak1 = AkQ, . (93)
L bing < Uy
(The sum >, is taken over all disjoint components of (Ay)ren).

Since (A)ren € F (i.e. we take Ay = A for each k), F is nonempty. We consider
the order relation < in F given by (Ag)r < (Ag)g iff Ay D Ay for every k € A.

Step 1. If (Ax)ren € F, then [A;] is a co-minimal cycle and Tj, is singular
for every k € A. Moreover,

Uy =D U (94)
Ak

Since [A] is co-minimal cycle, it follows from the triangle inequality applied to
Tiny = 2a, Tiny that

Liay <3 Lingg <D g < Gy = Ly (95)
Ar Ar

Therefore, equality holds everywhere in (95) and we have

k
In particular, [A;] is a co-minimal cycle. Since Ljyy = Y5, L, and T} is

singular, we conclude that every Tis,) is singular (see Remark 61 (b)).

Step 2. F has a maximal element.

By Zorn’s Lemma, it suffices to show that if ((Ak,a)ke A) is a linearly ordered
family in F, then it has an upper bound.
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For each k € A we set Ay := N, Aka-

Clearly, the first two properties in (93) are satisfied by (Ag)gea. We now check
the last one.

Let Ag,, ..., Ag, be the first [ disjoint subchains in (Ag)rea. Take ag sufficiently
large so that Ay, o, - -, Ak,a are disjoint. Applying Corollary 26 we get

! l
ZE[A ] < ZEFA;%@O] + Z (ﬁ[/\kwo] — K[Aki}) o
=1 i=1 ( )
< Oay + Ay = Oay uuny)-
Since [ was arbitrary, we conclude that 3=y, €1y, < €. Thus, (Ag)res € F.

We can now invoke Zorn’s Lemma to conclude that F has a maximal element.

Step 3. Proof of the proposition completed.

Let (Ag)rea be a maximal element of F. We claim that [Ay] is simple for every
ke A.

Suppose by contradiction that Ay is not simple. By definition, we can split
A = Ag1UA 5 so that both Ay ; and Ay 2 are segments of [Ax] and gap [Ay 1] =
0. Since gap [A] = 0, we also have gap [Ag2] = 0. It follows from Remark 35
that

Ak] g[Ak 1] + é[/\k 2] <98>
but this contradicts the maximality of (Ag)gena in F.

The proposition follows from Step 1 after relabeling and removing the repeated
components of (Ag)gea-

5 Paths and loops

Let I' be a chain such that {f, < oco.
It follows from Proposition 33 that both limits

ri= }161%1 py and gq:= glerll“ll n (99)

exist. Clearly, we have () > d(r, q).
Definition 45 I' is a path from q to r if

{iy = d(r.q). (100)
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F'=Py Py=1y

py=ny P3=ny

Pr=1m Po=" Pr=m
Fig. 3. A finite path I" from ¢ to r and the cycle [A] associated to T’

We can give an equivalent definition of a path in terms of loops (see Defini-
tion 28 (c)). In fact, let py := ¢ and ng := r. We consider the chain A := I'U{0},
where 0 is the largest element in A. Then I' is a path from ¢ to r iff [A] is a
loop. In particular, all results for loops can be translated in terms of paths,
and conversely.

Example 46 Assume ' = (1 --- k) is a finite path from q to r. Then g = ny
and r = pg; moreover, we have p; = n;y1 for everyi=1,... .k — 1. Figure 3
shows a finite path T' (with k = 4) and the cycle [A] associated to it.

A less trivial example is given by FExample 5 with o = 0. In this case, we may
take I' = N oriented from left to right in Figure 1. It is easy to see that I" is a
path from 0 to 1.

Remark 47 IfT' is a path from q to r, then it follows from (46) that
Tir) =6, — 0, in |Lip (X)] . (101)

In particular,
Liry = €y = d(r,q) < fia)- (102)

Remark 48 Assume I'y is a segment of T', and let vy and ¢, be the corre-
sponding endpoints. We claim that 'y is a path from q to ry.

Suppose for simplicity that I'y := I'\I'y is also a segment and 'y < T's. Note
that ¢y = q and ro = r. Applying (60) with A replaced by T we get

<€ﬁ~ﬂ - d(ﬁ;Ql)) +d(r1, q2) + <£ko2} - d(r2792)> = 0. (103)

Since each one of these terms is nonnegative, we must have é’{m = d(r,q)
(note also that d(ry,q2) =0).

The general case follows from the above since T'\I'y is a union of at most two
segments.
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A simple consequence of Proposition 31 is the following:

Corollary 49 Assume
> (65— 6,,) =0 in [Lip(X)] . (104)
=1

)

Then we can write N = U; A; as a disjoint union, where each [A;] is a loop.
The corollary below is just a restatement of the previous one in terms of paths:

Corollary 50 If
> (Gp — 6n,) =0, — 8, in [Lip (X)]" (105)
i=1

for some r,q € X, r # q, then there exists a path I' from q to r.

As a consequence, we can now prove Lemma 9:

Proof of Lemma 9 Assume that ¢ cannot be connected to r; by any path.
We write

o0

(O = On) + D= (O = 0n) = 8, =8y in [Lip(X)]",  (106)

where py := @2 and ng := ry. It follows from Corollary 50 that there exists
a path I' from ¢; to r;. We claim that 0 ¢ I'. In fact, otherwise the segment
[A > 0] C I" would be a path from py = g2 to 1, which cannot be the case by
assumption. The result now follows directly from (101).

Combining Corollaries 10 and 50 we get the proposition below, which is espe-
cially suitable to study irreducible representations (see e.g. Lemma 57).

Proposition 51 Assume Y_; (8,, — 0n,) is reducible and p; # n; for every i, j.
Then there exist r,q € X and an infinite path T from q to r.

The following lemma will be used in the proof of Theorem 8:

Lemma 52 Let N ¢ N. For each j € N there exists a path Ty ; which is
mazimal among all paths in N containing j.

PROOF. This is a simple application of Zorn’s Lemma. In fact, note that
(7) is a path containing j. Moreover, if (I'y) is a linearly ordered set of paths
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containing 7, then we define I' := (J, s, equipped with the order relation
induced from each I',. We claim that I' is a path.

In fact, let (a;) be an increasing sequence such that I' = |, T'y,. On the one
hand, Corollary 27 says that

Uy = jhl& EE}%]. (107)
In particular, {j; < {rj < co. We conclude from Proposition 33 that both
limits

ro= /\her%lTpA and ¢ := /\hela Ny (108)

exist.

On the other hand, each I',; is a path from some ¢; to some r;. In addition,
it follows from Remark 48 that F\Faj = Iy UT';, is the union of two segments:
I'; goes from ¢ to ¢;, while I'y goes from r; to r. Applying (102), we conclude
that ¢; — ¢ and r; — r. In view of (107), we have Uy = d(r,q), which shows
that I' is a path.

The statement now follows from Zorn’s Lemma.

6 Examples

Throughout this section, we shall use the same notation as in the Exam-
ples 5 and 30.

The example below shows that the converse to Theorem 3 does not hold in
general. Namely, T' € Z may be regular and yet we can have H!(suppT') > 0.

Example 53 Assume X = [0,1]. We consider the chain A := N oriented so
that ky < ko iff pr, < pr, in [0,1] (see Figure 4). We claim that

Tiag =Y _ (0p; — 0n,) s irreducible.

=1

In view of Proposition 51, it suffices to show that if I' is a path containing
iop > 1, then T" = (ip). Let r,q € Cy, q < r, be the endpoints of I'. It is easy to
see that the inclusion I' C A is order preserving and that I' is a segment of A.
Thus,

Cry = d(r,q) + [lg. 7\ U i

el

=d(r,q) + ’C’a N [q,r]‘.
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0 My Dy s Ds e De P
n, 1) n D1 n; P3

Fig. 4. Dipoles 6,, — 0, in Example 53

Since I' is a path, the second term in the right-hand side has to vanish. In
other words, we must have (q,r) C J;,, which implies that I' = (iy). This
proves the claim.

Note that Proposition 18 implies that

[e.9]

i=1
In particular, [A] is a minimal cycle and Tin) is regular.

In the next example we show that T}z + (0p — 01) is singular.

Example 54 As in Example 30, we consider the chain Ay := AU{0} so that
[Ao] is oriented clockwise with respect to Figure 1.

According to the previous example,
Ting = i (0p; — On,;) s trreducible.
i=0
Moreover, it follows from Proposition 18 that
Ling) = lpp) = -
In particular, [Ag] is a co-minimal cycle.

We claim that Tjy,) is singular.

Let (. be the Lipschitz function such that (x(t) = 0 if t < ng, ((t) = d(pr, k)
if t > pr, and (g, is affine linear on J,. We define

C(t) === > Gult)
k=1
(by construction, ¢ is constant on each Ji). Note that |(|Lp < 1 and

L[Ao] == io: [C(pz) - C(nl)}

=0

In other words, ¢ is a function which achieves the supremum in (8).
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Fig. 5. Dipoles 6,, — ¢4, in Example 55

Given r,q € [0,1], r # q, we have ‘C(T) - C(q)’ < d(r,q). Thus,

v

I
=)

[T = (6 = 0| = 3 [¢oe) = <] = [¢) = ¢(@)] > 1Tl =, 0)-

This proves our claim (see Lemma 60).
We now combine somewhat Examples 53 and 54:

Example 55 Let X = S equipped with its geodesic distance. We shall iden-
tify R? with the complex plane C. Using the same notation as above, we define

2Pt

T =e and q = e Yk > 1.

We consider the chain A = N oriented anticlockwise with respect to Figure 5.

Note that

lpy=27(1—a) and (= 2m.

On the other hand, applying Proposition 18, we get
Lin) = 27 min {a, 1-— 04}.
Thus,

(a) if 0 < a < 3, then [A] is a co-minimal cycle and Tiy) is singular (we proceed
as in the previous example);
(b) if L <a <1, then [A] is a minimal cycle and Tjy is regular.
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7 Proof of Theorem 8

It suffices to consider the case when
T =3 (8 —dn) in |Lip(X)]

=1

is an infinite sum of dipoles. The strategy will be to construct a sequence of
disjoint paths I'1,I's, ... and sets N =: N; D Ny D - -+ inductively as follows.

Let I'; be a maximal path containing 1 (such a path exists by Lemma 52). Set
Ny:={jeN:j¢I}.

Given k > 2 such that Nj # ¢, let ji be the smallest integer in N and let I'y,
be a maximal path among those in Ny containing ji. Set Nyiq := {j € Ni :

J & Ty}

By construction, each I'y is a path from some 7, to some py, and these paths
are disjoint from each other. It follows from (101) that

T=3 Trg=3 (6, —6s,) in [Lip(X)]", (109)

keN keN
where N := {k : py, # 1y}
We claim this representation is irreducible.

Suppose by contradiction it is reducible. By maximality, we must have p; # n;
for all i, 7 € N'. Then, according to Proposition 51, we can find an infinite path
I from ¢ to r (I" is a path with respect to the dipoles 05, — &5, ). In particular,

> (85 — 6n,) =6, — 0, in [Lip(X)] . (110)

keIv

Consider I' := Uy I'y with the order induced by I”, i.e. Ay < Ay in I' iff one
of the following conditions hold:

(i) A1, Ay € Ty for some k € I and Ay < Ay in T'y;
(11) Al € ka Ay € Fk2 and k1 < kg in I,

Then one can easily check that I' is a path from ¢ to r (associated to the
dipoles 0,, — 0, ). But this contradicts the maximality of I'y,, where ky is the

smallest integer in I”. This concludes the proof of the theorem.

Remark 56 Since d(p, ) < Xjen, d(pj,n;) for every k, we conclude that
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the points py,ny € X constructed above also satisfy the estimate

> d(pr, ) < Zd(pi7ni>- (111)

8 A lemma on irreducible representations

Lemma 57 AssumeT € Z and T # 0 in [Lip (X)r Let
T= Z (61?2 - 5%) (112)

be an irreducible representation of T

Then given any 6 > 0 and ig > 1, there exists ¢ € BLip (X) such that

Bao) !

¢l <1, supp( C Bs(pi,) and (T,¢) > 1 (113)

PROOF. If the representation in (112) is a finite sum of Dirac masses, then
we are done. Therefore, we can assume that

T =3 (G 60 in [Lip(X)]

=1
and i = 1.

Let A := X\Bjs(p1). We consider the quotient space X/A endowed with the
metric

d(z,5) 1= min {d(z ), d(w, 4) +d(y. A)} VeyeX.  (114)
The quotient map 7 : X — X/A induces the linear functional
T =3 (0 —0a) in [Lip (X/A)]

=1

g (115)
Since the representation in (112) is irreducible, we have T' # 0 in [Lip (X/A)] N
In fact, suppose by contradiction that 7' = 0. Applying Corollary 50 to the
identity

> (0p = 05,) = b, — 0p, in {Lip (X/A)r,

=2
we can find a path I' starting at p;. Since p; # n; for every j > 1, I" has no
smallest index. In particular, the path (A < \g) C I' contains infinitely many
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indices Vg € I'. Choosing \g appropriately, we can assume that

g[)\ﬁ)\o} = Z d punz (116)

1€(A<A0)

l\D\ﬂ

Therefore, after replacing I' by (A < )¢) if necessary, we may assume that
(i) < 5. In particular, p;,n; € B,/2(p1) for every ¢ € I'. Since the restriction
of the quotient map 7 : B, /2(p1) — B, 2(p1) is an isometry, I' induces a path
in X starting at p; in the family of dipoles d,, — d,,,. But this contradicts the
fact that the representation of T is irreducible. We conclude that 7' # 0 in

[ Lip (X/A)]".

Let L > 0 be the length of the minimal connection of T. By Proposition 18
there exist k > 1, 0 € Sy, and ¢ € Lip (X/A), |(|Lip < 1, such that

2L & . . AL
?SZ pzanaz :Z[C C :|§? (117)
i=1 =1
By taking £ large enough, we may also assume that
L
Z d(pi, i) < 3 (118)

For the sake of normalization we set ((A) = 0. We claim that ¢ can be chosen

so that B
~ 4L
Il < 22 (19

In fact, for each i = 1,...,k, we define the intervals
Ji = [{(e@),C(P)] C R
(note that (7;) > {(Tie@) by (117)).
Let h: R — R continuous such that ~(0) = 0, & is constant outside J; J; and
h is affine linear with slope 1 on each J;. It is easy to see that h o ( satisfies

|ho(|Lp < 1 and (117). Moreover, since 3, | J;| < 3L, we have |hol]le < sL.
This proves our claim.

We now let ¢ := fECN Then ||||o < 1 and

u/'\r\
\_/
—_
vV
l\:)\»—

7,0 =3 [¢o) - )] + X [Cn

i=1 i>k+1

The lemma now follows by taking the pull-back of ¢, namely ¢ := ( o 7.
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Remark 58 An inspection of the proof shows that one can construct  so that
(113) holds with 1/4 replaced by any number 6 € (0,1).

9 Proof of Theorems 11 and 13

Theorems 11 and 13 can now be immediately derived from Lemma 57:

Proof of Theorem 11. As we have already pointed out, we always have
suppT C U; {p:} UU, {n;}, even if the representation is not irreducible. To
prove the reverse inclusion, let B C X be an open set containing some p;,
or some 7;,. Using the previous lemma we can find ¢ € Lip (X) such that
(T, () > 0 and supp ¢ C B. In other words, B NsuppT # ¢.

Proof of Theorem 13. Assume the irreducible representation of T" has in-
finitely many terms. We shall show that there is no C' > 0 for which (21) is
true.

Without loss of generality, we may assume there are infinitely many distinct
pi’s, say p1, P2, - ... Given M > 0, let § > 0 be such that the balls Bs(p;) are
disjoint for ¢ = 1,..., M. Applying the lemma above to these balls, then for
each iy we get a bounded Lipschitz function (;, satisfying (113). The function
¢ =M ( satisfies

Il <1 and (T.Q) > 7

Since M can be chosen arbitrarily large, the theorem follows.

10 Some comments about Definition 4

In this section we present some properties related to regular and singular
functionals in Z (in the sense of Definition 4). At the end, we shall prove that
every T' € Z can be decomposed in terms of a regular and singular part.

We first show that Definition 4 is intrinsic in the sense that it does not depend
on the ambient space X. More precisely, we have

Proposition 59 LetT' € Z. Then

(a) T is reqular in X iff T is reqular in suppT';
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(b) T is singular in X iff T is singular in supp T .

In particular, the minimization problem (10) has a solution in X if, and only
if, it has a solution in suppT.

PROOF.
Step 1. Proof of (a).

Assume T is regular in supp 7. By definition, there exist (p;), (n;) C suppT
such that

1Tl = Y dpin) and T=3(5, —6,) in [Lip(uppX)]". (121)

Since the number ||| is the same, whether we compute it using X or supp T’
as the ambient space, we conclude that 7' is regular in X.

Suppose now that 7" is regular in X. Then we can find sequences (p;), (n;) C X
such that

17 =Y d(pini) and T =3 (5, —6,,) in [Lip (X)) (122)

It follows from Remark 56 that we can construct an irreducible representation
of T

T=3 (5, —d,) in[Lip (X)), (123)

so that
17| < Zd(ﬁi,ﬁi) < Zd(pz’,nz') = [T (124)

Since p;,n; € suppT for every j (see Theorem 11), we conclude that 7' is
regular in supp 7.

Step 2. Proof of (b).

Assume T is not singular in supp 7. Then we can find 77, T» € Z(supp T') such
that T =T, + Tz, ||T|| = ||T1]] + ||T2|| and T7 # 0 is regular in supp 7. By (a),
T) is also regular in X. We conclude that 7" is not singular in X.

The converse statement is a trivial consequence of the following lemma:

Lemma 60 If T € Z is not singular in X, then there exist r,q € suppT,
r # q, such that

|7 = d(r,q) + | T = (3 = &) (125)
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PROOF.
Step 1. (125) holds for some r,q € X, r # q.
Let 71 = >; (0,, — 0,4,) € Z be regular and nonzero such that

ITI =Tl + 1T = Tall = >_d(ri, i) + |7 = Tl (126)

Without loss of generality, we may assume that r; # ¢;. Then applying the
triangle inequality we have

1T < (6, = d00)
< H<5T1 - 5111)

+ |7 = (6, = 041)
+ H Z (57’z - 5%)
i1

< Y d(ri,a) + IT - Till = IT).

n HT - ;(5” — 3,) (127)

Therefore, equality must hold everywhere. Since d(ry,q) = H(5r1 —dq)
conclude that (125) holds with r :=r; and ¢ := ¢1.

, We

Step 2. Proof of the lemma completed.

Let r =: ng and g =: py be two distinct points in X for which (125) holds, and
let T'=372,(6p, — Op;) In {Lip (X )} be an irreducible representation of 7'

Applying Proposition 31 to

T:=T- (5n0 o 5?0) = i_o: (5101 B 57%) in [Lip (X)]*’

we can decompose T in terms of disjoint cycles:
T =3 Ta,) in[Lip(X)]
J
such that
17N =>_ - (128)
J
Without loss of generality, we may assume that 0 € A;.

We claim that A;\{0} is nonempty. In fact, assume by contradiction that
Ay = (0). Then we would have

|7 = d(po, no) + || T = 2d(po, no) + ZEFAJ-] > 2d(po,no) + [T (129)
A
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(In the last step we use that 7' = 3=, ; Tja,}, and so

1T < > 1Tl < -0,
J#1 J#1
Therefore we must have pg = ng, which is a contradiction.

By taking another representative of [A] if necessary, we may assume that 0
is the largest element in A;. Let

7:= lim and ¢:= Lm n,. 130
A€A1\{0}Tp>\ q AeA1\{0}] A ( )

Since py,ny € supp 1 for every \ # 0, we have 7, ¢ € suppT.
We claim that (125) holds with 7 and g.

By a slight abuse of notation, let us denote by [A1]ew the cycle [A;] where
dpy — On, 1is replaced by the dipole §; — 7. It is easy to see that (see e.g.
Remark 35)

ling) = Lo+ d(F10) + d(po, 9). (131)
We then have

IT|| = d(po, no) + || T|
= d(po, no) + d(F,10) + d(po, §) + €[}, + ng/\j] (132)
J#1

> d(7,§) +||T + (67 — 67)]

Thus,
IT| > d(,q) + | T = (6= — 6)| > |IT- (133)
This establishes the lemma.

A simple consequence of Lemma 60 is the following: assume we are given some
T € Z and we want to show that 7T is singular; then it suffices to show that
if r,q € supp T satisfies (125), then r = ¢q. We have already used this fact in
Section 6.

We now state some properties related to Definition 4:

Remark 61 Assume T =T, + Ty, where Ty, T> € Z and ||T|| = || T3] + ||z]]-
Then we have:

(a) if Ty and Ty are both regular, then so is T';
(b) if T is singular, then Ty and Ty are singular as well.

(a) and (b) follow immediately from Definition 4 (in fact, they still hold in the
case of infinite sums). Note however that
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Fig. 6. Dipoles in Remark 61 (d)

if we know that T and T1 are reqular, then we cannot conclude that Ty is
reqular; take for instance

T = Z (51% - 5”1) and Ty := — Z ((5731 N 57“)’

i>1 i>0

where p; and n; are given by Example 5; then T and T = 6, — gy are reqular,
but Ty is singular; note also that

suppT’ = {0,1} & C, = supp Tt U supp To.

it is possible to construct T1, Ty € Z, both singular, such that T' =T, 4+ Ts
is reqular. Let X = S equipped with its geodesic distance. We consider two
sequences in S' (see Figure 6):

ry = e"PK and q = €™ Vk > 0,

rp = " ng qr = em (Al <),
where pi, and ny belong to the Cantor set C, as before. Then

T1 = Z (drk - 6qk> + (5(170) B 5<_1’O)>7

k>1
Ty = Z (0r, — 0g,,) + (5(—1,0) - 5(170))
k<—1
are both singular for every a € (0,1) and |1} || = ||T3| = a~.

We now take o = 5. Then (see e.g. Example 55)

T=T+T, isregular and ||T|=m=|T1l + T2

The proposition below gives the first part of Theorem 6:

Proposition 62 Given T' € Z, there exist Tieg, Tsing € Z such that Tyeg s
reqular, Tsng 15 singular,

T'=Teg+ Ting  and | T] = [[Tregll + [[Teing|l- (134)
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Moreover, Tiee and Tsn, can be chosen so that

supp T" = supp Treg U supp Ting- (135)

PROOF. In view of Proposition 59, it suffices to prove the result for X =
supp 7', in which case (135) is automatically satisfied.

We proceed by transfinite induction.
Let T(] =T and T(),l = 0.

Let a > 1 be a nonlimit countable ordinal. If T,,_; is not singular, then we
can find T,,T, 1 € Z such that T, is regular, T, ; # 0 in {Lip (X)] ,

Toy =Ton+To and | Toal = [[Tanll + [|Ta]l- (136)

Assume for instance that o = & € N. Summing (136) over a replaced by j we
get

k k
T=> Tp+T, and [T =>_ [Tl + [Tl (137)
j=1 j=1

If «v is a limit countable ordinal, then we take

Ta =1 — Z T,B,l and Ta,l =0. (138)

[B<a

By construction, for every a we have

T=3% Toa+Ta and |T] =3 [Tsall +I|Tall (139)

Bl B

In particular, (see Remark 61 (a))

> Tpy s regular. (140)

B

On the other hand, note that if T, is not singular, then we have the strict
inequality ||T,] > ||Tat1]]. In other words, the family (||Ta||> is strictly
decreasing, so it can only have countably many terms. Therefo?e, our con-
struction has to stop at some countable ordinal oy, which means that 7, is
singular. Thus,

T = Treg + Tiing, where T = Z Tg1 and Tyng = Ty,. (141)

B<ao
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Fig. 7. The cycle [A] in Example 63

We now show that the decomposition of 7" in terms of a regular and a singular
part need not be unique.

Example 63 Let X = St equipped with its geodesic distance as before. We
consider two sequences (ry)rez, (qr)vez C St given by (see Figure 7)

rp =€ and g =™ Yk >0,

rei=e ™ and g i=e T Yk < 0.

Then

T:= > (b6, —0dq,) isirreducible and |T| = .

k=—o00

Moreover,

T = Z <5T‘k - 5%) + Z (51% - 5%) n [Lip (X)r

k<0 k>0

s a decomposition of T in terms of a reqular and a singular part. By symmetry,
we also have a second decomposition, namely T = 37+ > p<o-

11  Proof of Theorem 6 completed

In view of Proposition 62, we are left to show that (13) holds, where each
supp T; is homeomorphic to the Cantor set in R.

Without loss of generality, we may assume that T is singular. Let
T =3(6, —0,) in [Lip(X)]’ (142)
i=1

be an irreducible representation of 7.
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Applying Proposition 31, we can find a sequence of disjoint co-minimal cycles
([A;]) such that

T=3Ty, and |7] =3 | Tl (143)
J J

Since T' is singular, so is T}y;) for each j. Moreover, Proposition 44 implies
that we can further split each [A;] in terms of simple cycles so that (92) holds.
Therefore, we can assume that each [A;] is a simple cycle.

Since the representation

Ty =Ty = Y (6, — 0ny) in [Lip (X)r (144)
AEA;

is also irreducible, we have Sjy;; = supp7}. In particular, we conclude from
Proposition 43 that
|75 = H (supp 7). (145)

Assertion (13) is an immediate consequence of (143)—(145). Note also that

supp T’ = | Jsupp T} (146)

J

The the last part of the theorem follows from the proposition below:

Proposition 64 Assume that [A] is a simple cycle and

’Mzg@r%>mhmmr (147)

is an irreducible representation of Tix). Then supp i) ts homeomorphic to the
Cantor set in R.

PROOF. Since A is infinite, we can assume that A = NU {0} and 0 is its
largest element. The fact that the representation of Tjy is irreducible and
gap [A] = 0 implies that A cannot have a smallest element. We now take

Ay == A\{0}.

Let C' C [0, 1] be the standard Cantor set in R. We denote by (Jg)k>1, Jrx =
(ax, by), the sequence of disjoint open intervals which are removed from [0, 1]
in the construction of C'. We define €2 := N to be an ordered set so that k1 < ks
ift ar, < ay,.

We claim there exists a bijection o : £ — A; which preserves the order of 2,
ie. if ky < ko in Q, then o(ky) < o(ko) in A;.
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In fact, let o(1) := 1. We next define

0(2) := smallest integer in {\ € A; : A < 1},
o(3) := smallest integer in {A € Ay : A > 1}.

Note that 0(2) < (1) < o(3). Moreover, we can keep this construction indef-
initely since each of the sets of the form

{)\EAll)\<)\0}, {)\EAli)\>)\0} and {)\GAli)\0<)\<)\1}
has no smallest nor largest element. This proves our claim.
We define the map

ho: Up {an} U {br} — supp T

bi > Do(k)
Note that h is uniformly continuous (since £z) + E’{A] < o0), and so it can be
extended by continuity as a map h : C' — suppTjy. It is easy to see that h is
surjective.
We claim that h is injective. Suppose by contradiction A is not injective. We
can find ¢ < d in C such that h(c) = h(d). Let Qy := {k : Jx C (¢,d)}. Then
o(£1) is a segment of Ay G A such that gap (1) = 0. In other words, [o(£2;)]

is a closed cycle, which is a contradiction.

We conclude that h is a continuous bijection between C' and supp Tj,j. Since
C' is compact, h is a homeomorphism.

Appendix. Compact subsets of Z

We start with the following (see [2])

Proposition 65 Z is a complete metric space.

PROQOF. It suffices to show that if the series T := >, T}, converges absolutely
and T € Z for each k > 1, then T € Z.
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For k > 1 fixed, it follows from Proposition 18 that we can find sequences
(pF); and (nF); in X such that

T, = 2(5]?? _ 571?) in [Lip (X)r7

7

1
> ok, ) < Tl + o

Thus,

S dEnk) < STIT) +1 < o,
k 7 k

from which we conclude that

T:ZZ(6P§ —5n§) € Z.
ki

In order to describe the compact subsets of Z, we first introduce a definition:

Definition 66 A C Z is equisummable if, and only if, A is bounded and, for
each € > 0, there exist k. > 1 and K. C X compact such that the following
holds: for every T € A we can find Ty, 15 € Z, T =11 + T in Z, where

(i) Ty can be written as a sum of at most k. dipoles supported in K.;
(11) || T3] < e.

Note that this definition is satisfied if A is finite. More generally, we have the
following

Theorem 67 A C Z is relatively compact if, and only if, A is equisummable.

PROOF. Assume A is relatively compact in Z, and let (7;) in A be such
that T, — T € Z. It suffices to show that (7}) is equisummable. Without loss
of generality, we may assume that 7" = 0; in other words, ||T;|| — 0. Given
e >0, let kg > 1 be such that ||T;|| < ¢ for every k > kg. On the other hand,
Definition 66 clearly holds for the finite set {71, ..., Ty,—1}. We conclude that
(T}) is equisummable.

We now prove the converse statement. By assumption, given £ > 0 there exist
k. > 1 and a compact set K, C X such that for each T' € A we can write
T =1T,+1T5in Z, where

ke
T, = Z (6p; = 0ny), Dpisn; € K. and || Ty <e. (149)

=1

Since A is bounded and K. is compact, {T} }re 4 is relatively compact in Z. In
particular, there exists a finite number of balls B.(S}), ..., B:(S,) in Z which
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cover {11 }rea. By (149), the balls Ba.(S1), ..., Ba:(Sy,) cover A, which means
that A is totally bounded. Since X is complete, A is relatively compact.

In contrast with the previous result, the example below shows that Z is not
closed in [Lip (X )} with respect to the weak* topology:

Example 68 Let X = [0,1]. For each k > 1 we define

2k —2
j even
It is easy to see that
T, = ;(51 —d) & Z.

Recall that, in general, Lip (X) is not separable, which implies that the unit

ball in {Lip (X )r is not metrizable with respect to the weak® topology. The
example below shows that bounded sequences in Z do not necessarily converge
in the weak* topology of [Lip (X)] :

Example 69 We take X =[0,1] C R. Let
If ¢ € Lip (X)) has a derivative at 0, then we have

¢(1/k) = ¢(0)

— ¢(0). (150)

In particular, (Ty) has no subsequence converging in [Lip (X)r
However, because ||Tx|| = 1, we can find a subnet (Ty,)aca Such that
Tp. 5T

for some T € conv (Z). Since suppT = {0}, it follows from Corollary 12
that T ¢ Z (otherwise T would be expressed in terms of finitely many dipoles,
which clearly cannot be the case).

An alternative approach to show that T ¢ Z (without making use of irreducible
representations) is the following. Assume by contradiction that T € Z. Then,
given € > 0, there exists M. > 0 such that

(T, Q) < Mel|C]loc + €lClLip V€ € Lip (X).
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This estimate implies that given any sequence ((j)j>1 in Lip (X), |(lup < 1
Vj > 1, such that (; — 0 uniformly in X, then

lim <T7 CJ> =0,

J—0o0

which contradicts the fact that (T, () = ¢'(0) for every ¢ € C[0,1].
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