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Abstract
We study how the existence of the limit

/gz/gw(w>pe($_y)dwdy ase |0 (%)

|z -yl
for w : [0,00) — [0,00) continuous and (p.) C L*(RY) converging to do
is related to the weak regularity of f € Li.(€2). This approach gives

an alternative way of defining the Sobolev spaces WP, We also briefly
discuss the I'-convergence of (*) with respect to the L*(Q)-topology.

1 Introduction and main results.

Let © € RY be an open set such that 9 is compact and Lipschitz. Given a
function f € L{ _(£2) we consider the functional

loc
/Q/Qw (W) pe(a —y) dx dy, (1.1)

where w : [0,00) — [0,00) is continuous and (p.) € LY(RY) is a family of
functions satisfying the following properties

pe >0 ae. in RY,

=1

/]RNp6 Ve > 0, (1.2)
lim/ pe(h)dh =0 V4§ > 0.

el0 Jin|>s

We show that in general there exists a sequence €; | 0 for which the pointwise
limit in (1.1) exists. By imposing an extra condition on (p.) we obtain new
characterizations for the Sobolev spaces WP, 1 < p < oo, and BV. At the end
we prove the I'-convergence of (1.1). As we will see our results can also be used
to get some information about noncoercive functionals.

We have been inspired by the simplified proofs presented in [3], following a
suggestion of E. Stein (see Lemma 5.4). Our approach not only unifies the
proofs of some well-known results, including in the BV-case, but it also deals
with more general families (p.) C L*(RY) (see [1, 2, 3, 6, 10, 11, 14]).



1.1 Construction of the subsequence ¢; | 0.

We start with a family of functions (p.) in L!(RY) satisfying (1.2).

To each € > 0 we associate the positive Radon measure p. on S™~1 defined by

pe(E) = / pe for each Borel set E ¢ SN—1, (1.3)
R E

where Ry FE := {rz : r > 0 and = € E} is the cone generated by E with respect
to the origin.

The family (p.) is bounded in M(SN~1) (the space of Radon measures on
SN=1). so there exist a sequence £; | 0 and p € M(SN~!) such that

e, — pin M(SNT). (1.4)

J

In particular, g > 0 on S¥~! and pu(SN-1) = 1.

In Section 3 we present some examples of admissible families (p.) for which the
measure p can be written down explicitly from the construction above.

Given w : [0,00) — [0, 00) continuous, we define

wy(v) = /SN?lw(\v-UD du(o) Vv e RY. (1.5)

1.2 The pointwise limit of (1.1) as ¢; | 0.

With the particular choice w(t) = tP, for some p > 1, we have

Theorem 1.1 If f € WYP(Q), p > 1, then there exists C > 0 such that
_ P
// Mpe(aﬁ—y)dmdng Ve > 0. (1.6)
ala lz—ylP
Moreover,

jlgrgo/gZA ngj(w—y)dmdy=/ﬂ(/w_l IDf-fflpdu(U))-

The case p = 1 can be further extended to include the case of BV -functions:

Theorem 1.2 If f € BV (), then there exists C > 0 such that

/Q/pra(x—y)dxdng Ve > 0. (1.7)

In addition, we have

Jim, Q/Q qu(w—y)dwdy:/w_l (/QIDf~UI> du(o).



(We point out that the right-hand side of the identity above is well-defined since
the function o € SV~ / |Df - ol is continuous).
Q

There are special choices of (p.) which give some very interesting expressions
(see Section 3, and also [3]). Taking for instance p. to be a radial function for
each € > 0, we get the following (see [2, 6])

Corollary 1.3 Suppose that p. is radial for each € > 0.
If feWhP(Q), p>1, orif f € BV(Q) and p =1, then

o [ U@ p
hm/ﬂ/Q o — P Ps(| yl)d dy KPW/Q‘Df‘ , (1.8)

el0

where K, N :f ley - ofP dHN .

SN-—-1

Choosing the family (p.) of the form pe(z) := Jyp (£) for some fixed nonnega-

(
tive function p € LY(RY), we obtain the following limit (see [11]):

Corollary 1.4 Let p € LY(RY), p >0 a.e. in RY.
If feWhP(Q), p>1, orif f € BV(Q) and p =1, then

i [ |x—y\p Pt y)dxdyﬁw(/’ > (&) d.

In the special case where @ = RY, by a simple change of variables we may
rewrite the above identity as

?%ANAN +E|:h|za ik )pp(h)dxdhz/RN (/RN ‘Df-ﬁ

We can also take families (p.) which privilege certain directions. Let for instance

p) p(z) dz.

1
Pe "= SN ZN-1X(—ee)x (—e2,e2)(N =15

we have (see Example 3.3)

Corollary 1.5 If f e WYP(Q), p> 1, orif f € BV(Q) and p = 1, then

1£@) = f@)P of |”
aloewl // |x—y|p de dy ‘QN/ 1

8$1
|z1—y1]|<e
|zi—yi|<e?
i=2,...,N

(1.9)



Assuming that w is asymptotic linear at infinity we obtain the following result
which extends Theorem 1.2:

Theorem 1.6 Let w: [0,00) — [0,00) be a continuous function satisfying
w(t)

If Q ¢ RY is unbounded, suppose in addition that there exists C > 0 such that
lw(t)] < Ct Vvt >0. (1.11)

If f € BV(Q), then

:/Qwu(Daf)erO" /SM (/QIDSf~0|> dp(o),

where Df = D*f LN + DSf is the Radon-Nikodym decomposition of Df with
respect to the Lebesgue measure.

(1.12)

Remark 1.1 The results in this section rely heavily on the Lipschitz regularity
of 9. In fact, take for instance N = 2 and Q := B1(0)\{(21,0) : 0 < z1 < 1}.
On Q one can easily construct a smooth function f € W1?(Q2) such that

lim x1,22) =1 and lim z1,22) = 0.

lim (a1, 22) lim f(a1,22)
l<zi<1 l<ai<1

However, taking (p.) radial we have

. f(x) = fF@W)IP _
hm/Q/Q ng(bc—m) dx dy = +o0. (1.13)

el0

See Theorem 1.8; note that f & WP(B;) while the integral above is actually
being computed on By x B (since {(xl,O) :0< 11 < 1} is a null set in R?).
See also Remark 1.4.

We conclude this section with the following generalization of Theorem 1.1:

Theorem 1.7 Assume @ : [0,00) — [0,00) is conver and increasing, and let
fe Wﬁ)’cl(RN) be such that JJ(|Df|) € L*(RM).

For any continuous function w,

0<w(t)<@(t) Vt>0, (1.14)

i [ ‘”(W) pola—p)dedy = [ w, (D). (113



Remark 1.2 The assumption @(|Df|) € L*(RY) was made just for simplicity.
In fact, if @(|Df|) € L*(€2) we can always extend u to RY so that @(a|Df]) €
LY(RY) for some a > 0 (which may be much smaller than 1).

Remark 1.3 There are several important functionals which cannot be point-
wise approximated by using (1.1). An example is the Mumford-Shah functional

MS(f) ==\ /RN |D*f|? + MoHN1(Sy) Vf € SBV(RY) ¢ BV(RY),

where HV~1(S¢) denotes the (N — 1)-dimensional Hausdorff measure of the set
of essential discontinuity of f and A1, Ao > 0 are constants.

Nevertheless, it can be approximated by (see [11, Example 7.4])

/RN/RN Wiz—y| <W) pe(z — y) dz dy, (1.16)

where
o 1 X 1 N .
pe(z) = E—Np(g), p € L*(RY) radial, p > 0 a.e. (1.17)
and
1
wy(s) = —arctan(rs®) Vs >0 Vr > 0. (1.18)
T

It would be interesting to study the pointwise (and also the I'-) convergence of
(1.16) for more general families of continuous functions (w,) but especially for
any (p.) which satisfy (1.2).

If (pe) is an arbitrary family of radial functions, the convergence of (1.16) seems
to be unknown even in the special case where (w;) is given by (1.18) (see however

[11]).

1.3 Some new characterizations of W'?, p > 1, and BV.

By our previous results, we know that if u € WP(Q) and 1 < p < oo then
_ P
1imsup// Mpg(w —y)drdy < +o0 (1.19)
co JaJo o lz—ylP

(if p = 1 then WH1(Q) may be replaced by BV (Q)). In order to prove the
converse, we shall impose the following condition on the family (p.):

there exist linearly independent vectors vy, ..., vy € RY
and d > 0 such that
Cs(v;) NCs(vj) =¢ ifi#j, (1.20)
limsup/ pe>0 Vi=1,...,N.
EJ,O C5 (’UL)



Here, for any v € RV\{0} and § > 0, C5(v) denotes the cone

Cs(v) = {w eRM\{0}: = 2 > (1- 5)} . (1.21)
vl Jw]
We have
Theorem 1.8 Let f € LP(Q)), p > 1. Suppose
_ P
limsup// Mpg(x —y)dzdy < oo, (1.22)
so JaJa  lz—ylP

where (pe) satisfies (1.2) and (1.20).

Then f € WEP(Q) if p > 1, and f € BV(Q) if p = 1. Moreover, there exists
a > 0 (depending only on (p:)) such that

a/Q|Df|p Slimsup/ﬂ/Q Wps(x—y) dx dy. (1.23)

€l0
In particular, we obtain the following characterization (see [2]):

Corollary 1.9 Suppose that p. is radial for each € > 0.
Let f e LP(Q), p>1. If

1iminf/9/Q Wpaﬂx—m) dr dy < oo, (1.24)

el0

then f € WhP(Q) if p > 1, and f € BV(Q) if p=1. In particular, (1.8) holds.
Theorem 1.8 also implies the (see [11])

Corollary 1.10 Let p € L'Y(RY), p >0 a.e. in RY, be such that [ p > 0.
Let f € LP(Q), p > 1. If

1 f(x) = f(y)P _
hmmeN/Q/Q| (Tzz—y(y” p(xgy) dx dy < oo, (1.25)

€l0 |p

then f € WYP(Q) if p > 1, and f € BV(Q) ifp = 1. In particular, Corollary 1.4
can be applied to f.

Another application of Theorem 1.8 is the following criterion to decide whether
a measurable function f, defined on an open connected set A C RY, is constant
or not; this extends some of the results in [3] (see also [13]):



Corollary 1.11 Assume A C RY is an open connected set. Let f : A — R be
a measurable function such that

O
hm/A/A =yl pe(x —y)dxdy =0, (1.26)

el0

where p > 1 and (p.) satisfies (1.2) and (1.20).
Then f = const a.e. in A.

We first note that it suffices to prove the corollary for f € L>°(A). In fact, one
can always replace f by its truncation

f@) it |f(x) <M
Tyf(x)=<M if f(xr) > M
-M if f(z)< —-M

for every M > 0. Applying Theorem 1.8 on the open balls B, C A, we conclude
that f € VVﬁ)Cp(Q) and Df = 0 a.e.. Since A is connected, we must have
f = const a.e. in A.

Remark 1.4 A careful inspection in the proof of Theorem 1.8 shows that it
still holds without any assumption on the regularity of Q. As we have seen
the converse statement relies heavily on the smoothness of 9. It would be
interesting to find an expression similar to (1.19) which characterizes WP ()
without any additional assumptions on ). The example in Remark 1.1 suggests
the following

Open problem 1 Suppose (pe) is a family of radial functions satisfying (1.2).
Let f € LP(QY) be such that

lirrgllsoup/g/Q Wﬁs (do(z,y)) dzdy < +oo, (1.27)

where dg denotes the geodesic distance in Q). Can one conclude that u € WP(Q)
without assuming any reqularity of Q7

The answer to this problem does not seem to be known even in the case of a
disk without a line segment.

Let w : [0,00) — [0,00) be a nondecreasing convex function such that w(0) =0
and satisfying the coercivity condition

lim w(t) = o0. (1.28)

t—oo ¢

The Orlicz spaces are defined as

L¥(Q) = {f €Li.(Q): /Qw(am) < oo for some a > 0} : (1.29)



Analogously, we have the Orlicz-Sobolev spaces (see e.g. [15])
W (Q) = {f € L¥(Q) : |Df] e L“(Q)}. (1.30)
We have the following characterization for these spaces:

Theorem 1.12 Suppose that (1.2) and (1.20) hold.

Let f € L¥(Q). Then f € WY« (Q) if, and only if, there exists 3 > 0 such that

hmsup// w (BM) pe(r —y)dr dy < . (1.31)
/o

|0 |$—y|

The description of the Sobolev space W1(Q) is more delicate since it is not
reflexive, and so bounded sequences do not necessarily converge weakly to an
element in W11(Q) (but they do converge weakly in BV (12)).

We first recall that given g € L!(Q) there exists a nondecreasing convex function
wy 1 [0,00) — [0,00) such that g € L¥9(Q2) (see e.g. [8]). In particular, W1(Q)
can be written as the union of all Orlicz-Sobolev spaces. More precisely,

whio) = | w(@). (1.32)

and coercive

This gives an indirect characterization of W(Q2), by means of the Orlicz-
Sobolev spaces, in terms of (1.31).

1.4 Properties of f under no additional assumptions on

(pe)-

Let us now assume that only (1.2) holds. We can still derive some information
about f if (1.19) is satisfied.

In order to simplify our notation, we state our results in the special case Q = RY:

Theorem 1.13 Let f € LP(RY), p > 1, be such that

. [f(z) = f(y)I
hrﬁ%)nf /RN/RN ng(x —y)dzdy < co. (1.33)

Then there exists a vector subspace E C RN, dim E > 1, such that

flesw € WHP(E +w)  for a.e. w € EL if p> 1,
flesw € BV(E +w)  for a.e. w € EL ifp=1.

In addition, there exists a > 0 such that

L [f(x) = F(y)I”
a/RN |IDefIP < llr?llOnf/sz/RN _7y|pp5(x—y)dxdy. (1.34)

|z



In particular we have

Corollary 1.14 Assume f € LY (RN), p > 1, is such that

loc

o |f(z) = f(y)I” _
hrgl%)nf/RN/RN Wpa(x —y)dxdy = 0. (1.35)

Then there exist a vector space E C RN, dimE = k > 1, and a function
ferL? (RN=*) such that

loc
f(v+w) = f(w) forae vekFE and a.e. we E*. (1.36)

In other words, f is a function of (N — k)-variables.

Note that by Corollary 1.5 this is the best we can expect from f under our
assumptions on (p.).

1.5 Some remarks about the I'-convergence of (1.1).

Let us first recall the definition of I'-lower and upper limits (with respect to the
L(Q)-topology; see for instance [7]).

Given a bounded open set A C RY, let (F;) be any sequence of functionals
Fj: L'Y(A) — [0, 4oc]. For each f € L'(A) we set

ITia hmlan (f) = min{lijrggngj(fj) c fj— fin Ll(A)}7 (1.37)

le(A)—lijnls;ip F;(f) :== min { liﬂgij(fj) s fi— fin Ll(A)}. (1.38)
(A standard diagonalization argument shows that both minima are really at-
tained).

If both limits are equal at some point f € L'(A), we say that the sequence (F})
I'-converges at f and we denote this common number by FLl(A)_ hm F;(f).

Given F : L'(A) — [0, +00], the lower semicontinuous envelope of F, SCL1(A) F,
is the greatest L'(A)-lower semicontinuous functional less than or equal to F.
In terms of the I'-convergence we have

scpi(a) F(f) = min { liminf F(f;): f; — f in Ll(A)}. (1.39)

j—oo

We recall that w** denotes the convex lower semicontinuous envelope of w :
[0,00) — [0, 00) (which in our case coincides with the greatest convex function
less than or equal to w).



Theorem 1.15 Assume Q C RY is a bounded open set with Lipschitz boundary
and w : [0,00) — [0,00) is continuous. If
wy = (W), in RV, (1.40)

then
f(z _
I }Lngo// (' |x_y|( l pe; (@ —y)dudy = scpy o) F(f)  (1.41)
for every f € L*(2), where F : LY(Q) — [0, +00] is given by

pipy - d [0 s eci@,

+00 otherwise.

(1.42)

The theorem above reduces the problem of studying the I'-convergence of our
functionals to a relaxation problem, namely to determine the lower semicontin-
uous envelope of F'.

By relaxation, we know that (see [4, Theorems 4.2.8 and 4.4.1])
scriq) F(f) = /wa;*(Df) Ve ol Q). (1.43)

More generally, let (w;*)™ : RN — [0, +-00] be defined as

wi (tv)

(w;*)oo(v) := lim Yv e RY (1.44)

t—o0

(the limit above always exists in [0, +o0] since w}* is convex). Applying Theo-
rem 4.7 in [5] to (1.43) we get

— _ *% a Kk O stf s

scrio) F(f) = /Qwu (D*f) d:v—l—/Q (wi) (d|D5f|) d|D* f] (1.45)
for every f € BV(Q). Here, Df = D*f LN + D*f is the Radon-Nikodym
decomposition of D f and 5373\ denotes the Radon-Nikodym derivative of D f
with respect to |D®f].

In view of Theorem 1.15 and (1.45), we have the following

Corollary 1.16 Under the assumptions of Theorem 1.15, we have

foo jhjgo// <|f |xy|( )|)P6j($—y)dmdy=
= [erwrnaes [ (@) (520 aps)

for every f € BV(Q).

(1.46)

10



Remark 1.5 As in [12], given a vector-valued Radon measure v in RY with
values in RY, for each Borel set A € RY we define

W y(A) = sup {Z A w;*(”l(AA:l)) } (1.47)

where the supremum is taken over all finite disjoint partitions A = UA; in terms
of Borel sets A;, and | - | denotes the Lebesgue measure in RY (if |A;| = 0, the
term |Ai|wz*(”‘(ﬁj)) is to be understood as the limit (wz*)oo(u(Al))) With

such definition, w};*v is a positive measure in RY and (see [12, Theorem 2'])

Wi v(A) = /A W (v) di + /A (i)™ () i (1.48)

for any Borel set A C RY.

Applying (1.48) with v = Df, f € BV(Q), and A = Q, we can rewrite (1.46) in
the more elegant form

@) = £ o
oo fim [ [ (LR ) pete —vdedu= [y

We observe that (1.40) holds for any nonnegative p € M (SV 1) in the following
cases:

1) w is convex;

2) w is concave;

t—oo

t
3) lim # =0 and w(0) =0.
Identity (1.40) also holds for any continuous function w : [0, 00) — [0, 00) if we
take

N
:Zaiée“where a; >0foreachi=1,...,N.

i=1

In particular, we see that for any w : [0,00) — [0,00) continuous and any
f € WH(Q) we have

FLI(Q) E%E2N 1 // ( |I—y| d-’I/'dy—2 Qw ‘axl .

|z1—y1]|<e
|z —yi|<e?
i=2,...,N

11



Identity (1.40) does not hold in general. In fact, take u = ﬁ?—ﬂv_l | gn-1

(which corresponds to a family (p.) of radial functions); then one can construct
a continuous function w which is not convex, while w, is.

It would be interesting to know if condition (1.40) is really necessary to prove
the I'-convergence of (1.1) for the subsequence €; | 0 we have constructed. We
can state the following

Open problem 2 Under the hypotheses of Theorem 1.15, but without as-
suming condition (1.40), does

|f(z) = f(¥)] _
LI(Q) jlfgo//ﬂ ( |9c—y| )Pej(x—y)dxdyzscLl(Q)F(f)

still hold for any f € L*(Q) and any continuous function w : [0, 00) — [0, 00)?

2 Notation.

For any set A C RY, we denote by x4 the characteristic function of A.
For an open set Q C RY and 7 > 0 we write
Q= {z € Q:dist (z,00) > r},
N.(Q) := {z € RN : dist (z,Q) < r}.

Let us fix a radial nonnegative function n € C§°(R") such that [n = 1 and
suppn C By. Given § > 0, for any f € L'(2) we define

fte) == [ o(*Z2) sy vee s

Given a locally compact topological space X (in our case we shall take X to be
RN or SN=1) we denote by M (X) the vector space of finite Radon measures
on X. We shall endow M (X) with the norm

lv]] ::/ d|v| zsup{/ pdv: ¢ € Co(X), |¢| <1lin Q}
X Q

We shall also use the standard notation for averages:

d
fvd,u:: fXU ,u-
X

Jx dn

By abuse of notation, | SV 1| denotes the (N — 1)-Hausdorff measure of SV~1.

Given w : [0,00) — [0,00) continuous and p € M(SN~1), let w, : RN — R be
the continuous function given by

wy(v) = /SN?1 w(lv-ol) du(o) VveRN,

12



3 Determining the measure ; € M(SY™!). Some
examples.

Before proceeding, we point out that the family (u.) we defined in Section 1
is absolutely continuous with respect to the Hausdorff measure H¥ =1 gn-1 in
SN=1 that is, p. € L'(S™V~1) and it is given by

pe(o) = / pe(to)tN"tdt for ae. o € SN (3.1)
0

In particular, . > 0 a.e. in SV~ and / pe = 1 for every € > 0. Since

SN -1

pe; — pin M (SN—1), these properties imply that the Radon measure y itself
is nonnegative and / du = 1.

SN-—-1

Example 3.1 Suppose that p. is radial for every ¢ > 0. Then u. = ﬁ
Ve > 0, and so u = ﬁHN_l | gv—1. Therefore,

wu(v) = fSNil w(lv-ol) dHN o) VveRN. (3.2)

Taking in particular w(t) = tP, p > 0, and using the symmetry of SV~1 we have
wu(v) = Kp n|v[f Vv eRY, (3.3)

where

_ .~ N-1 __ 2 2
KP,N_%;N_I e1-ofP dHN T = L (%) (3.4)

Example 3.2 Let p € L'(RY), p > 0 a.e. in RV, be such that [p = 1. For
each € > 0, define

— x N
pe(x) = NP (E) for a.e. x € R™Y.

Therefore,
(o) = pe(o) = / p(to)tN"tdt for ae. o € SNTL
0

The function w,, may be written in this case as

w,(v) = /RN w <’v - éD p(z)dz Vo€ RV (3.5)

13



Example 3.3 Let

1
Pe "= SN ZN-1X(~ee)x (—e2,e2)(N =D~
1) o_
It is easy to see that p = %, whence
wy(v) =w(|o1]) Vo € RN, (3.6)

More generally, let 1 < k < N be a fixed integer and write RN = RF @ RNV,

We now define )

= N—k.
P B BT

We observe that supp p C S*~1, u is uniform on S¥=1 and u(S*~!) = 1. We

then conclude that p = WHk_l [gh-1-
Taking in particular w(t) = t*, p > 0, we get
wu®) = Kpul'P W0 = (o, 0") € RV, (37)

where K ;, is defined in Example 3.1.
In the next example we show that given any nonnegative measure y € M (SN ~1),
pu(SN=1) =1, one can find a family (p.) satisfying (1.2) for which

pe = in M(SN71). (3.8)

Example 3.4 Let € M(SN=1), 4 > 0, be such that u(SV=1) = 1. We define

pe () = ELN /SN*I e (g - y) dp(y) Vo eRY, (3.9)

where n € C5°(R”) is a nonnegative function such that [7 =1 and suppn C
Bj.

Notice that p. € C’(‘)X’(]RN)7 pe > 0in RY, fpa = 1 and suppp: C Bs.. Thus
(pe) satisfies (1.2). In addition, one can easily check that (3.8) holds for such
family.

We conclude this section with the following remark which will be useful in some
of the proofs:

Remark 3.1 Assume 0 € C(S™V~1). For each € > 0 we have

/RN 0 <|Z|) pe(h) dh = /SN?I 0(c) dpe (o). (3.10)
In particular,
e - o <|Z|> pe; (h) dh = /SN_1 (o) du(o). (3.11)

14



4 The regular case.

The next proposition implies that (1.1) always converges (up to the fixed sub-
sequence £; | 0 we have constructed) if Q is bounded and f is smooth. More
precisely,

Proposition 4.1 Assume Q C RY is bounded and let w : [0,00) — [0,00) be a
continuous function.

If f € C?(2), then

i [ “(W) pola=9)dedy = [ w(Dp. @)

Proof. For each f € C?(f2), we set My := ||Df||=. Since w is uniformly
continuous in [0, My], given any ¢ > 0 there exists Cs > 0 such that

lw(s) —w(t)] < Csls —t|+0 Vs, t €0, My].

In particular, we have

(=) - (P =5 =

o |f(z) = fy) = Df(x) - (x — y)|
§

[z -yl
§C5|aj_y‘+6 vx7y€RN7x7éy'

e (=) < (s =l
< IQI{Ca /hlglIh,oa(h)dh+<5+[g}]gf]w/blpa(h) dh}-

Ase | 0, by (1.2) the first and the last terms in the right-hand side tend to zero
for every fixed § > 0. By taking § | 0 in the resulting expression, we conclude

that
(™)~ (prer- =)ot

In other words, to prove (4.1), it suffices to show that

i [ [ o(jos@ Z20) pe e - vavdy = [ wupn. a2

15

+0

Therefore,

pe(x —y)dxdy <

y)dzdy = 0.

el0




We first write

L[ (o o] ) oe ) doan
/Q/Q (‘D |x_ |)Paj(x—y)dxdy (4.3)
-l-/Q/RN\Qw(‘Df(:E)- |z:§| )paj(x—y)dxdy.

To estimate the last term in (4.3), fix A > 0. We have

/Q/RN\Q“’ (‘Df(x). é:z‘ )pa(x—y)dgcdy<

SmaXW'{Im/ pe(h) dh + |2\Q] p5<h>dh}.
[h|>A |h|<A

We first take € | 0 and then A | 0 to get

15?3//@\9 (‘D |x_ |) z —y)dzdy = 0. (4.4)

By Remark 3.1, (4.3) and (4.4), we conclude that (4.2) holds.

The next two remarks will be used in Section 12 to study the I'-convergence of

(1.1):

Remark 4.1 It follows from the proof of Proposition 4.1 that the convergence
in (4.1) is uniform on the bounded subsets of C?(Q).

Remark 4.2 A slight modification in the argument above shows that (4.1) still
holds for any f € C*(9Q).

5 Some useful estimates.

The following lemmas will be used throughout this paper. Since they have been
extensively applied (see [2, 3, 6]), we shall only sketch their proofs.

Lemma 5.1 Assume w : [0,00) — [0,00) is convex.
If f € WEHRN), then

loc

/RN/RN“} <W> pe(r —y)drdy <
= /]RN/RN . <‘Df(x) ' |ZD pe(h)dxdh Ve > 0.

16
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Proof. Let § > 0. For any R > 0, it follows from a standard application of the
Fundamental Theorem of Calculus and Jensen’s inequality that

/BR/BR (|f§ |o:—| )|)Ps(l‘—y)dwdy§
S/BR/RN (‘fos |Z|Dﬂa(h)dxdh (5.2)
(

S/RN/RN ‘Df |Z‘>p5(h)da:dh.

Taking § | 0 and then R — oo we obtain (5.1).

Lemma 5.2 Assume f € WYP(Q), p > 1. Let f € WYP(RN) be an extension
of f in RN. For every r,e > 0 we have

[fx) = fP
Julo e o=
: h P 2P|| f1Igs
D - —| pe(h)dxdh e -
= /NT(Q)/|h|<r f@) |h|) pelh) do dh -+ rP /|h|2rp

Proof. For any § € (0,7“) we have

// ol WW o) = Bl

\f5(x) — Fs(y)|P 2| £I15., (5:4)
// ‘x_y‘p p&(l‘_y) dmdy—i— P /Ihlzrpa'

lz—y|<r

(5.3)

Proceeding as before to estimate the first term in the right-hand side of the
inequality (note that if x,y € Q and |z — y| < r then tx + (1 — t)y € N, (Q) for
every ¢ € [0, 1]), we obtain (5.3).

The next lemma can be proved exactly as above. Actually, applying Jensen’s
inequality as in the last estimate in (5.2), we can avoid the weak convergence
Dfs — Df in M(RY).

Lemma 5.3 Assume f € BV(Q). Let f € BV(RY) be an extension of f in
RN, For every r,e > 0 we have

/Q/Q Wﬂs(z —y)dxdy <
- /h'<r (/NT(Q) ‘Df [A] ) e(h) dh + QHJ:“”LI /hzrps'

The following lemma was pointed out by E. Stein. It comes from a simple
application of Jensen’s inequality and a change of variables.

(5.5)
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Lemma 5.4 Assume w : [0,00) — [0,00) is convez, and let f € L _(Q). For
each r > 0 we have

// (fa |x_y|(y)|>p5(x_y)d$dy§
SAL”(W)pE(I—y)dmy V6 € (0,7).

6 Proof of Theorems 1.1 and 1.2.

(5.6)

Proof of Theorem 1.1. Given f € W'P(Q), we take an extension f €
WLP(RN) of f. For any g € CS°(RY), using the triangle inequality and
Lemma 5.1 we have

(/Q/g; Wﬂsj (x —y)dex dy)l/p_
// W%(x—y)dxdy)l/p <
< //If 9) z_(f 9) W) paj(x_y)dxdy)l/p

yl?
<( [, 1p7-pgr)’

Let 57 — oco. We conclude the proof by using a variant of Proposition 4.1 for
Cgo-functions and the density of C§°(RY) in W1P(RY).

Proof of Theorem 1.2. Given f € BV(f), there exists an extension f €
BV (RY) such that / |Df| = 0 (see e.g. [9]; this last property can be obtained
a0

by a local reflexion across the boundary). Applying Lemma 5.3 we see that
(1.7) holds.

By Lemmas 5.3 and 5.4 we have for any 0 < § < r that

/ / falz) = Joly )|psj(x*y)d$dy§
Q- mBl/r Q. ﬂBl/T |CL‘ - ‘

<[ Mpq(x—y)dmyg (6.1)

|z -y

Lol e |,
RN N.(Q) |h\ r |h|>r

We make the following remarks:

cesN-1,_, / |Df o| € R is continuous; (6.2)

/|Df5 co] — LI /|Df o| uniformly with respect to o € SV~ (6.3)

18



By (6.2), Remark 3.1 and the outer regularity of Radon measures, we get

lim i ‘D (h)dh =
"0 00 Jw (/N,,,(Q) I 1] >’)Ef( )

(6.4)
[ ([1p7 o) auto
SN 1
Proposition 4.1, (6.3) and the inner regularity of Radon measures give us
lim lim lim [fs(x) = oy )|p (z—y)dxdy =
J €5
r]0 610 j—oo Q.NBy,,JQ,.NBy . |£C — ‘ (6 5)

= [ ([ 1pr-al) o).

We now take j — oo, 6 | 0 and then r | 0 in (6.1). Using (6.4), (6.5) and
/ |Df| = 0 we obtain the result.
19}

7 Proof of Theorem 1.6.

Theorem 1.6 is an immediate consequence of Theorem 1.2 and the following
lemma applied to the function §(t) := w(t) — w™4, t € [0, 00).

Lemma 7.1 Let 3:[0,00) — R be a continuous function such that

im 28 _ o, (7.1)

t—oo
If Q ¢ RY is unbounded, suppose in addition that there exists C > 0 such that
IB(t)] < Ct Vt>0. (7.2)

If f € BV(Q), then

g [ o(Y2ZI) ) o pasay= [ sapen. @)

where D? f is the absolutely continuous part of D f with respect to the Lebesgue
measure in RN, and B,(v) = / B(lv-ol)du(c) VveRN.

SN-—1
In order to prove Lemma 7.1 we shall need the next two simple remarks:

Remark 7.1 Let vy, 5 € M(RY) be such that vy < v in RY, then
Vi <vh and 15 <uy inRY, (7.4)

where v; = v* LY + ¢ is the Radon-Nikodym decomposition of v;, i = 1, 2.
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Remark 7.2 If (v;) is a sequence of nonnegative measures in M (SV~1) such
that v; — v in M(SN-1), then

/ dv < liminf/ dv; < limsup/ dv; < / dv VA c SV open. (7.5)
A J—oo Ja j—oo JA A

This is a simple consequence of the inner and outer regularity of Radon measures
(see e.g. [9]).

Proof of Lemma 7.1. Let f € BV (Q). After extending f to the whole space
RY (take for instance f = 0 in RV\Q), we may suppose that f € BV (RY). We
define (see [6])

() |[f(z+h) = ()| rae o e RY
i (@) : /RNﬁ< 7 >p5j(h)dhf e xzeRN.  (76)

In particular, (v;) is bounded in L} _(RY) (by Lemma 5.3) so that, up to a
subsequence, there exists v € Mj,.(RY) such that

v v in MlOC(RN).

We shall prove that v is absolutely continuous with respect to the Lebesgue
measure, and v = (3,(D*f) a.e. in RV,

Step 1. v* =0 in RV.
By (7.1), for each ¢ > 0 there exists Cs > 0 such that
|B(s)| < ds+Cs Vs >0. (7.7)

We now take o € RY and R > 0. For r € (0, R), it follows from (7.7) and
Lemma 5.3 that

/ nga/ / ‘f(x+h)_f($)|p5j(h)dxdh+Cg|BR|
BRfr,»("Do) BRfr,»(ZE()) RN |h‘

20
<3 \Df|+—||fuy/ pe. + C5|Bal.
Br(zo) r |h|>r

Take j — oo and then r | 0; Remark 7.2 implies that
/ v<$6 |Df| + Cs|Br| Vao € RY VR >0.
Br(zo) Br(zo)
In particular, by Remark 7.1,
0<v*<d|Df] inRY Vs >0.
We now let 6 | 0 to conclude that ¥ = 0 in RV,

Step 2. v* = 3,(D*f) a.e. in RV,

20



Let 6 > 0. By (7.1) and the continuity of 3 we have
18(s) = B(t)| < Csls —t| + 61 +s+1t) Vs, t>0, (7.8)

for some Cs > 0.
Let 29 € RY and R > 0. For r € (0, R) fixed, using (7.8) we can estimate

|f(z +h) — f())_ ( . .h>

/BR (@) /RN ( Ih] B ’D f(@) |h|\ pe, (h) dz dh

by an expression of the form
C(SAl + (SAQ, (79)
where
|f(x+h) = f(z) — D*f(x) - hl
A= . (h) dz dh,
' /BR r(To)/RN |h| pJ( ) €

_ [f@+h) —F@] e, .
Ay — /BRTW/RN {1+ i 11D f ()| b oo, () du i,

In order to estimate A; we write

1
A, S/BR_T@O)/MT{/O |D*f(z + th) — D f(a;)|dt} pe, (h) dz dh+

2 1
+/ D f| + (If”L+/ |Daf|)/ pe; <
Br(zo) r Br [h|>7
< sup / |Daf(x—|—v) D*f(x |dx
vEDB,. BR(;E())

2 1
+/ \D*f| + (V”L+/ |Daf|)/ pe,-
Br(xo) r Br [h|>r

(One may verify these inequalities first for the smooth functions fy := ny * f,
observing that Dfyx = (D*f)x + (D°f)x, and then using Jensen’s inequality
before letting A | 0).

On the other hand, using Lemma 5.3 we have

fle+h)—
Ay < |Bul + / ) —I@L, ) doans
Br_r(z0)Y|h|<r | |

+M/ p +/ |Ddf| <
T h>r  JBr(zo) -
2
S f e [,
Br(zo) r [h|>r
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Taking 7 — oo and then r | 0, it follows from Remarks 3.1 and 7.2, and the

estimates above that
<Gy [ |pfl+s <|BR| vz f IDf|>
Br(zo) Br(zo)
for all zg € RN and R > 0.

In particular, by Remark 7.1,

/ [v = Bu(D*f)]
Br(zo)

v® = B(D*f)| <6(1+2D*f]) ae inRY V6> 0.
We let 4 | 0 to conclude that v* = 3,(D*f) a.e. in RY.

Step 3. Proof of Lemma 7.1 completed.

If follows from Steps 1 and 2 that v = §,(D*f) a.e. in RY. In order to prove
(7.3), for a fixed r > 0 we write

[ [ o (LI iy
M /Q,,/RN\Qﬂ (|f(:|2 — ﬁy)') pe,(x —y)dedy < (7.10)

S/Vj-
Q

We now observe that dist (Q,, RV\Q) =r > 0. Applying (7.7) (take for instance
0 = 1) if  is bounded, or (7.2) if not, it is easy to check that the term of the
form fQTflRN\Q in the expression above tends to 0 as j — oco. We obtain (7.3)

by letting j — oo and then r | 0 in (7.10).

8 Proof of Theorem 1.7.

Step 1. (1.15) holds if w is convex.
For any § € (0,7), r > 0 fixed, it follows from Lemmas 5.1 and 5.4 that

Q-NBy,.JQNBy . \J;—y| !

< [ fo (PRI iy < )

le) - sl
<[] e(lpro-5]) e myasan

w(|Df -ol) <@(|Df|) € L'(RY) Voe VL

Note that
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Thus
ce SNt — /w(|Df -o]) € R is continuous.

We now let j — oo, 6 | 0 and » | 0 in (8.1). Applying Remark 3.1 and
Proposition 4.1, we see that (1.15) holds in this case.
Step 2. (1.15) holds if w is convex on [R, c0) for some R > 0.

Tt suffices to write w as w = w; + wo in [0, 00), where

0 f0<t<R
wi(t) = )

w(t)—w(R) ift>R

In particular, w; is convex and ws is bounded (moreover, if 2 is unbounded we
have wy(t) < ©(t) < Ct for t > 0 small). We now apply the previous step to wy
and Lemma 7.1 to wy. This gives (1.15).

Step 3. Proof of Theorem 1.7 completed.

Let R > 0 fixed. For an arbitrary continuous function w satisfying (1.14) we
take two continuous functions 0 < w < w < @ such that w = w = W on [0, R,
and w=0,w =00 on [R+1,00).

Applying Step 2 and Lemma 7.1 we conclude that

fyanon <tmit [ [ (FE) pote-waca
<tme [ [ (FRit) pate —srieay

< [ @01,

Taking R — oo we obtain (1.15) from the Dominated Convergence Theorem.

9 A characterization of W'?, p > 1, and BV.
Proof of Theorem 1.8.

Suppose (p.) is a family of functions in L!(RY) satisfying (1.2).
Let p > 1 and f € L?(Q) be such that

| [P e ey <0 v 0smal, (o)
QJQ B

for some C > 0.
It follows from Lemma 5.4 that for any 0 < § < r we have

P
/ / @) = fs ()] 2 p (r—y)dedy < C Ve>O0small (9.2)
Q,NBy,,/Q,NBy \x *y\p
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By Proposition 4.1 and Jensen’s inequality (recall that u(SV=1) = 1) we get

/QmBl/r {/SNI |Dfs(x) - ol du(a)}p do <

(9.3)
< / / |Dfs(x) 'U‘pdxd,u(a) <C,
QrNBy /. J SN-1

for every & € (0,7).

In the special case of Examples 3.1 and 3.2, it is easy to see that the measure p
satisfies the coercivity condition

a|v| §/ lv-o|du(o) YveRY (9.4)
SN-1

for some a > 0.
By (9.3) and (9.4) we conclude that

/ DA< S vse o). 9.5)
Q.NBy, P

Therefore, f € WHP(Q) if p > 1, and f € BV(Q) if p = 1. In addition, the
following estimate holds

c
/Q\Dflp < (9.6)

This proves Corollaries 1.9 and 1.10.

More generally, the above argument shows that in order to characterize the
elements in WP (Q) for p > 1, or BV(Q) for p = 1, by using (9.1) it suffices to
show that (9.4) holds.

Let I, : SN¥=! — R, be the function given by
I,(v) = / lv-o|du(o) Yve SN (9.7)
SN—l
so that I, is continuous and (9.4) holds if, and only if, I, > 0 in S¥~1. Con-
versely, I,,(vo) = 0 for some vy € SN=1if and only if, voL supp p, i.e. supp p is
contained in an (N — 1)-dimensional vector space.
This simple remark implies the following

Lemma 9.1 (9.4) holds if, and only if, supp u contains a basis of R .

Using the same reasoning as above, Theorem 1.8 follows easily from Lemma 9.1
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10 Proof of Theorem 1.12.

Step 1. If f € W1 (Q), then there exists 3 > 0 such that (1.31) holds.

Using the Lipschitz regularity of 92, we can extend f to the whole space RY so
that f € WH@(RY). By the definition of the Orlicz-Sobolev spaces, there exists
> 0 such that w(B|Df|) € L*(RY). Estimate (1.31) now follows immediately
from Lemma 5.1 applied to the function S f.

Step 2. If (1.31) is satisfied, then f € W ().

Let £; | 0 and u € M(SN71) be as in (1.4). Without loss of generality, we may
assume that there exists a > 0 such that

aly] < / lv-oldu(o) YveRN. (10.1)
SN—-1

Take C' > 0 such that

/Q/Qw <5M> pe;(x —y)dady <C Vj>1 (10.2)

|z — y

Proceeding as in Section 9 and using (10.1) we have

/ w(aB|Dfs|)de < C V€ (0,r) Vr>0. (10.3)
QrmBl/v-

In particular, we conclude that f € BV (). On the other hand, (1.28) implies
that the family D fs is equi-integrable on the compact subsets of 2. Therefore,
Df € LL_(Q), and so Dfs — Df a.e. in Q. Letting § | 0 we conclude that

loc

w(aB|Df|) € LY().

11 Proof of Theorem 1.13.

Let ; | 0 and g € M(SV~1) be as in (1.4) and such that there exists C' > 0
satisfying

_ P
/ / Mpgj (x —y)dxdy < C Vj €N large enough.  (11.1)
rvJry |z —ylP

Arguing as in Section 9 we conclude that
P
/ {/ |Dfs(z) - o du(a)} dr <C V¥é>0. (11.2)
RN SN-—1

Define
Fefuery: [ ueolduo) <o}, (11.3)
SN*I
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so that F is a vector subspace and F' G R since u > 0 and p(SN-1) = 1.
Let k:=dim F+ > 1. Given v = v’ +v" € F ® F+ = RY, we have

[ olduter= [ o duto)
- -n
:/ |U//-O'N|d,u(0”) (11.4)
gh—1

/I‘

> ajv”|  for some & > 0.

By (11.3) and (11.4), we conclude that
6/’/ IDp f5P < C W6 >0, (11.5)
RN

from which the theorem follows by letting § | 0 and taking F = F*.

12 Proof of Theorem 1.15.

Throughout this section we shall assume that Q C RY is bounded.
For each j =1,2,... we take

(@t 1
= [ (M2 oo gyanay vrerio. a2

|z -y
Theorem 1.15 will be a consequence of the following two lemmas:

Lemma 12.1

D limsup Fj(f) < scpaq) F(f) Vf e LY (Q), (12.2)

J—00

where F is the functional given by (1.42).

Proof. Let f € C'(Q). Taking the constant sequence f; := f for each j > 1 in
(1.38), it follows from Remark 4.2 that

I‘Zl(m—lir_nsup F;i(f) < ]hﬂngo Fi(f) = /Qw”(Df)’ (12.3)
j—o0
whence
Lo limsup F(f) < F(f) Vf e L(Q). (12.4)
j—o0

Since I'7 )-lim sup F is lower semicontinuous in LY (Q) (see [7]), (12.2) follows.

Jj—o0
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Lemma 12.2

Ll(m—hmmfF (f) > SCL1(q) Galf) VfeL'(9Q), (12.5)
where for each open set A C RN the functional G 4 is defined as

/A (@™)u(Dg) if g € C*(A),
Yoo if g € LYANC(A).

Ga(g) = (12.6)

Proof. Fix 0 < § <r. Let f € L'(Q2) and (f;) C L*() be such that f; — f in
L'(Q). Applying Lemma 5.4, for each j > 1 we have

i) = // (fj |z_y(y)>st($—y)dxdy
/ / (|f]6 |x—£]|5( )>P6j(=’ﬂy)dmdy.

Note that for each § > 0 fixed we have f; 5 — f5 in C?*(Q,). It follows from
Remark 4.1 that

L e (=R ooy doay == [ wing

Therefore,

(12.7)

nmmfpj(fj)z/ Wi (Dfs) V8 € (0,7). (12.8)
Jj—00

[d

Given A CC £, let r > 0 sufficiently small so that A C €,.. We have

liminf F5(f;) > Galfs) = 57,4 Galfs) ¥6€(0.r).  (129)

Letting 6 | 0 and using the lower semicontinuity of sc;, (A) Ga in L'(A), we
conclude that

liminf Fj(f;) > sup { sc 14 Galf) : A CC Q. (12.10)
J—00

Since @ C RY is a bounded open set with Lipschitz boundary and (w**),, is
convex, we can apply Theorem 4.4 in [5] which implies that

sup{scgl(A) Ga(f): AccQ} = SCL1(q) Ga(f). (12.11)

Since the sequence f; — f in L'(Q) was arbitrary, (12.5) follows from (12.10)
and (12.11).
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Proof of Theorem 1.15. Let

[ i reci@
+o0 it f e LY(Q\C}(Q),

G(f) = (12.12)

then R

(This follows from (1.39) and (1.43)).

By hypothesis, w’* = (w**),, so that Go(f) = G(f) for every f € L'(Q).

Theorem 1.15 now follows from (12.2), (12.5) and (12.13).
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