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The purpose of these notes is to complement some of our results in [BMP]. We
also establish some of the claims we stated there without proof.

A. Extending Theorem 10 to other seminorms in Wh1(Q; S1).
In view of Theorem 10, it is natural to introduce the following quantity

p(P,N) = %Inf {[g]wm ;g€ WHHQ;8Y), T(g) = 2m(dp — 5N)}~

Here, [ Jy1.1 is a general given seminorm on Wh1(Q; R?) equivalent to | [y1.1. We
require from [ Jy1.1 some structural properties :

(P1) [aglwir = [glwra, Vg € WHH(QR?), Vo€ ST

(P2) [glwrr = [glwr, Vg € WHH(QR?) |

(P3) [ghlwra < llgllze< [Blwra + [|A]| < [glwra, Vg, h € WHH(QR?) N L.
It follows from (P3) that p is a distance.

Alternatively, we may define p starting from maps in R :

Lemma Al. We have

deg (g, P) = +1, deg (g9, N) = —1

p(P7N):%IHf{[g]W1,1 g6C@O(Q\{P,]V};Sl)ﬁvvl,l7 }

Proof. Tt suffices to prove that, for g € Wh1(Q; S') such that T'(g) = 27(6p — dn),
we may find a sequence (g,) C R such that

T(gn) =27(6p —6y) and g, — g in WH,
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Note that the desired conclusion is invariant with respect to orientation-preserving
diffeomorphisms of 2. Therefore, we may assume that Q0 = S? and that P, N are

respectively the North and the South pole of S%. Let h(z,y,z) = |E ,yg‘ Then

heR and T(h) = 27?'((513 — (SN)

It follows that k = gh € Y. Thus, we may find a sequence (k,) C C°°(£2; S!) such
that k, — k in W', Set g,, = hk,. Then

gn €R, T(gn) =2n(0p —dyn) and g, —g in WhH

Another simple property of p is

for some C1,C5 > 0 independent of P, N. This follows from the equivalence of
| ’lel and []Wl,l.

Part of Theorem 10 holds in this more general setting :

Theorem A1l. Let P;, N; € Q be such that
ZP(PuNi) < oo (or, equivalently, Zd(PZ-, N;) < ).

Set
L=t {3 p(P. N;): 32065, — b5) = S 0m — ow) ).
Then

1

%Inf{[ Jwia s g € WHH(QSY), T(g) =21y (85, — bn,) }

Proof. Let € > 0 and let ﬁj, Nj be such that

Z(aﬁj—aﬁj):Z(aﬂ.—aN and > p(P;,N;) <L+e.

By definition, for each j we may find some g; € W11(Q; S) such that
T(g;) = 2m(dp, — Oy,

and
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We claim that there is a sequence k,, — oo such that
kn
ng —g inWht
j=1

for some g € Wh1(Q; S'). By Lemma 1, this implies that

T(g) = QWZ(aﬁj —0y) = %Z((spi —on,).

Using (P3), we will also have [g]y11 < 97L + e. Therefore, the conclusion of
Theorem A1l follows if we prove the existence of the sequence (k,). We adapt
below an argument used in [BBM2]. Set

H=> |Vg,l

j=1
By the equivalence between | |y1,1 and [ Jy1.1, we have H € L. Since

(1)

< H, Vk,

we may find a sequence k,, — oo and a map g € BV (Q; S!) such that

kn
h, = ng — g a.e.
j=1

Then, for m > n, we have

|hm — hnlwl,l = |hn(hmﬁn — 1)|W1,1

< N hnlwrs + (1 = hunfin) Vi || 11
km
< 3 Vg ller + 11 = hanhi) Hl 12 = A + B
j=kn+1

Let 0 < 0 < 1. Then, clearly, A,,, < 6 provided m, n are sufficiently large. On the
other hand,

B < 3| H|ps +2 o |HL
{z:|1—hm(z)hn(x)|>6}
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Note that

[o]1 = hou(@ha(@)] > 6} € {alg@) ~ hn(@)] > 3} U {mslo(e) — halw)] > 3 )

Since h,, — g a.e., we find that B,, ,, < d(||H||z1 +1), provided m,n are sufficiently
large. Therefore, (h,,) is a Cauchy sequence in W1 and converges to the above g
in Wt

It is not clear whether the reverse inequality in Theorem Al is valid in general :

Open Problem 8. Let P;, N; € Q be such that T'(g) = 27> ,(0p, — dn,). Is it
true that _
[glwia >27L 7

Note that, by definition, the answer is yes if T'(g) = 27(dp — In).

B. Proof of Theorems 1’, 3’, and 5'.

Proof of Theorem 3. Let us first assume that g € C*®°(Q\{ay,... ,ar}; SH)NWhL
It is then easy to see that

k
(T(9).C) = 2w;djc<aj> + /8 (gAg)C VG € Lip (@:R)

where d; denotes the topological degree of g with respect to any small circle centered
at a;. In particular,

k

(B1) (T(9),¢) =2m Y diC(a;), V¢ € Wy™(Q).

j=1

Note that, in general, > i d; # 0. This means that we do not necessarily have the
same number of positive and negative points as before. In order to compensate this,
we insert points from 0f2 into (B1). Since ( = 0 on 912, equality in (B1) remains
true. We can then relabel the points a; as Pi,..., P, Ni,..., Ny, according to
their multiplicity d;, so that (B1) becomes

0
Z Sp, — On,)  in Wy ().

For a general g € W11(Q; S!), we argue by density using Lemma 2 to conclude
that

*

T(g) = 271—2 (6Pz - 5N1) in [WOLOO(Q)} :
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We observe that dq induces a metric on the space /92, where 9Q is identified
with a single point. Moreover, Lipschitz functions ¢ on Q/0Q with ||, < 1 and
¢(8Q) = 0 correspond to elements in W, () such that |V~ < 1. Applying
Lemma 12’ in [BBM2] to Q/09, we obtain

L(g) =Inf " dq(P;, N;).

Remark B1. The main new feature when  is a bounded domain in R? is that
a minimal connection is made of segments from a positive singularity P; to some
negative IV;, but we can also have line segments joining the singularities P;, N; to
the boundary 0. This is the analog of Example 3 in [BCL].

Proof of Theorem 1. The proof of E(g) = E,a(g) is exactly the same as in Propo-
sition 2 and we shall omit it.
We are left to show that

(B2) E(g) = / Vgl + 27 L(g).

Let o € BV(Q;R) be such that g = ¢¥. Using Vol’pert’s chain rule as in the proof
of Lemma 5, we have

(B3) Dol pm) = l9lwin + g A Vg — Dol pa).-
We claim that
(B4) |9 AVg — D) = 2mL(g).

In fact, for every ¢ € C§°(£2) such that [|V(||L=~ <1,

19 A Vg — Dol pma) Z/Q(g/\Vg)-VLC—/QDsD-VLCZ<T(g),C>-

Taking the supremum with respect to ¢, we conclude that (B4) holds. Inequality
“>” in (B2) follows immediately from (B3) and (B4).

We now establish “<” in (B2). Let us assume for the moment that ¢ is smooth
outside finitely many points a1,...,ar, and that g has topological degree +1 at
each one of those points. Let C be a minimal connection between those points with
respect to the distance dgn. Note that on any closed curve contained in Q\C, g
has zero topological degree. We conclude that g has a smooth lifting ¢ on Q\C.
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Moreover, as we cross any one of the line segments of C, ¢ jumps by 27w. Thus,
¢ € BV(;R) and

/ Dy| = / Vgl + 2rlc| = / Vgl + 2nL(g).
Q Q Q

We can now argue by density, using Lemma 2, to conclude that for any g €
WhL(€; S1) there exists ¢ € BV (€;R) such that g = ' a.e. in  and

(85) Dt < [ 1val+20Lio).
This concludes the proof of the theorem.

Proof of Theorem 5’. Using exactly the same argument as in the proof of Proposi-
tion 3, we have

(B6) [(Det (Vg), Q)] < TV(9)lI¢llee, V¢ € C5o(9).

Thus, if TV (g) < oo, then Det (Vg) € M(2). We now apply Proposition 3.2 in [S]
(see also [P]) to the quotient space /0. We conclude that there exist distinct

points aq, ... ,ax € 2 and nonzero integers dy, ... ,d; such that
k
(B7) Det (Vg) =7 d;da,.
j=1

We now define

h(z) ::(x_‘” )_dl-.-(x_“’“ >_dkg(x) for a.e. x € Q.

|z — ai] |z — a|

Clearly, Det (Vh) = 0 in D'(Q2). It follows from the analog of Theorem 7 for
domains in R? (see also [D]) that h has a lifting in W1, In other words, we can
find p € WH(Q;R) such that h = e’ a.e. in 2. We then conclude that

z—a; \“ z—ap \"
9(90):(—1> ( k) @) for ae. x € Q.

|z — ail |z — ax|

Arguing as in the proof of Theorem 5, this implies that
k
(BS) TV(g) <73 |d;].
j=1

The reverse inequality already follows from (B6). We then conclude that (6.8)
holds. Conversely, if Det(Vg) € M(€2), then (B7) holds. The above argument then
shows that TV (g) < oo and

k
TV (g) = | Det (Vg)|pm =7 Y _ |dil.

=1
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C. Proof of Theorem 3" .
Theorem 3" follows immediately from Theorem 3 and the next

Lemma C1. Given g € WH1(S?%:T), we define

gy = L e WH(8% 5",

g — ay

where a; is any given point in Aj;, Vj. Then,

(1) Det (Vg) = % 3" 14,1 Det (Vgy) in D'(5%).

The proof of Lemma C1 relies on the following

Lemma C2. For every u € WH(SHT), we have

aj

1 u—
C2 - AUy = A:ldeg ——.
(€2) 2/51u “ Z‘ 3! eg|u—a-]

J

J

Proof of Lemma C2.

Step 1. T is a simple curve.

It is well-known that (C2) holds if u € C*(S1;T) (see, e.g., [N]). By approximation,
we conclude that (C2) is also true for any u € WH1(S1:T).

Step 2. Assume I has finitely many self-intersections, say q1, ... , qk.

Since wu is continuous, the set

Sl\u_l({QD cee ;Qk})

is open and can be written as a countable union of open arcs in S'. Let a; be
such an arc. It is easy to see that we can select disjoint arcs aw, ... ,«; (oriented
anticlockwise) such that u at the positive endpoint of a; coincides with the value
of u at the negative endpoint of «a;yq for ¢ = 1,...,7, with the convention that
aj+1 = aq. By removing arcs from this list if necessary, we can assume that each
point g; appears only twice in the list

{u(dn),... ,u(0a;)}.

This construction induces a function @ € W11(S1;T') such that
(@) t=wuona;U---Uaqy ;

(b) @ is locally constant on S\ U--- U .
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By construction, #(S!) is a subset of a Jordan curve I' contained in I'. Let

Ay, ..., Az, be the components of RZ\T" enclosed by . By our first step, we have
(C3) 1/ Ay = |Ay U- U Ay, deg 2 °
5 o T = t1 te g|@_a|'

for some point a inside I'. Note, however, that

deg —¢ —degw, Vs=1,...,0;
@ — al @ — az,|
moreover, 3
U — a;
deg ——L- =0, ifjd&{ts,... t}.
@ — aj]

We can thus rewrite (C3) as
1
(C4) 3 / UAUy =

We can proceed with the construction of 4 and “decompose” u € WH(SY;T) as
U1, Us, ... so that

Z\A !deg |

(a) 1; € WHL(SYHT) and @;(S?!) is contained in some Jordan curve for every i ;

(b) Ur = Uiy + U2y + -+ 1IN St ;

(¢) 1; coincides with u on finitely many arcs in SY\u='({q1,...,q}) and @; is
locally constant outside those arcs.

By (C4), we have
1/ aA _Z,A.|degu Vi
2 Jor " 7 r ! \@; — ajl|’ ‘
Note that, by (b) and (c),

UNUr = / ’ai/\ﬁ“—.
Jowrs=2

For the same reason,
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We conclude that (C2) holds.

Proof of Lemma C1. Let g € WH1(82:T'). By the coarea formula (see [BBM2]), we
have

(C5) (Det (Vg), ) = /R ( /E AgAgT) Q.

where ¢ € C*°(S5?%), and X = {:L' €8?; ((x) = )\} is equipped with the appropriate
orientation, whenever A is a regular value of (. Recall that, for a.e. A € R, g|x,
belongs to W1, Applying Lemma C2 to g|s, for such As we get

1
/gAgT=2§ |Aj|deggj=—§ |Aj|/ 9j N gjr-
D3N ; ™ = D3N
J J

Integrate both sides of the identity above with respect to A. Using (C5), we conclude
that

(Det (V9), €)= = 3" [ 4;]{Det (V). ), V¢ € C(57).

j
This establishes (C1).

We also call the attention of the reader to the following analog of Lemma 12’ in

[BBM2] :

Proposition Cl. Let X be a metric space. Given two sequences (F;), (N;) in X
and nonnegative numbers «; such that y . a;d(P;, N;) < oo, let

(C6) T=> a;(6p, —06y,) in [Lip(X)]".
Define
L= Sup (T,().
¢€Lip(X)
I¢lLip<1
Then,
(C7) L=Inf ) a;d(P;,Ny),

where the infimum is taken over all sequences (P;), (N;) in X and numbers a; > 0
such that (C6) holds.
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Proof. Let us denote by L the infimum in (C7). Clearly, L < L. We now establish
the reverse inequality.
Let € > 0. We take k > 1 sufficiently large so that

Z Oéid<PZ', Nz) <€

1>k

Without loss of generality, we can assume that each «; is rational for i =1,... | k.
We then choose an integer J > 1 sufficiently large so that J; is an integer for every
1 =1,...,k. Write the points P;, N; as p1,p2,... and ni,ne,..., with multiplicity
Jay. It follows from Lemma 4.2 in [BCL| that we can find {, € Lip(X), with
|Co|Lip < 1, such that, after relabeling the points n; if necessary, we have

k
D> Jai[Go(P) = G(N)] = 3 [Golpg) = Goltny)] dej,n]

J

Thus,
L> fja 60(P) = Go()]
>Z% Go(Pi) = Go(Ni)] — ¢
:_de],n] 5>Z —d(pj,n;) + > ;d(P;, N;) — 2.
=
Note that

T=>" %(51,], —0n,) + > i(dp, — On,).

J i>k

We cgnclude that L > I —2¢. Since £ > 0 was arbitrary, this implies L > L. Thus,
L = L as claimed.

D. Proof of Theorems 1” and 2”.
We begin with a few preliminary results:

Lemma D1. Given e > 0, let . : BN~! — BN~ be defined as
0 if |z] <e,

l1—e¢ \I

if e <z < 1.
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Then, for every f € C(BN=L:RM) we have

fod.— f inWhN"YBN"Y) gse—0,

Proof. Given x € BN~ |z| > ¢, let r = |z| and ¢.(r) = G Using this

notation, we have
T

@L(2) = vo(r) Ld+( 22l (r)).

Since L (r) = =Ork
Ce

Lyl <
.

Moreover,

@(z) — 2| <Ce and |oo(r) — 1| < %

We then have

Vfe(2) = V()| = ["®L(x) VI(D(2)) = Vf(z)|
< |Vf(@(2)) = V()] + [V f(@(2))] | 1d ~"DL(2)]

< C|(I)€($) - $| + C|¢€(T) - 1| + T < —

r
for |x| > €. Therefore,
N—-1 N—-1 dx N—-1
|Vf5 - Vf| < Ce W + |Vf| —0 ase—0.
B e<|z|<L1 lx|<e
Next, we establish the following
Lemma D2. Given f € C®°(BN=1 x [0,1];RM), let
fe(@,t) = f(@c(x),t).
Then
fe—f i WHNTH BN 0,1]) ase— 0.
Proof. Note that
of of :
Of- of E(O,t)—a(l',t) if ‘ZI]” < g,
- - L i > .
at (®€(x)7t) 8t (,I,t) lf |I’| Z €
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Thus, since | (z) — z| < Ce, we have

of- of
o E’ = Ce.

The result now follows from Lemma D1.

As a consequence of Lemma D2 above, any map f € C>®(BY~! x [0, 1]; S*) can
be approximated in W1 ~! by maps f. such that

fe=f onSN72x[0,1] and f.(x,t)=g.(t) if |z <e.
Lemma D3. Given g € C*°([0,1];S%), k > 2, let
fx,t) =g(t) V(x,t) € BN~ x[0,1].
Then, there exists a sequence (f.) in WHN=Y(BN=1 x [0,1]; S*) such that
Jolet) = const iflzl <e. folet) = g(t) if o = 1.

and
fo— f inWHN"YBN1 0 00,1)) ase — 0.

Proof. Let (. : BN~! — R be given by

||

B o< 1z < 1
ife <l|z ,
Ce(x) = 1og% - -
0 if |z| < e.

It is easy to see that

/ VNt -0 and / 1. — 1Vt —o.
BN-1 BN-1

Since k > 2, there exists Q € S* such that Q ¢ ¢([0,1]). Let ¥ : S¥\{Q} — RF¥
denote the stereographic projection. Set F' = W o f. Clearly, in order to establish
the lemma, it suffices to approximate F in W™ =1 by a sequence F. such that
[Fe| < C,

F.(xz,t) =const if|z|<e and F.(z,t)=F(z,t) if|z|=1.
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Set G(t) = Yo g(t) and F.(x,t) = (.(x)G(t). We then have

J[9ap - vrYtade = [1ve o [i6 -0
//yatFa—atF’N—ldxdt:/yl_CEIN—l/’G/’N_l 0.

The proof of Lemma D3 is complete.

and

We conclude from Lemma D3 that, given any v € WHN 1SN, gN=1) "N > 3
there exists a sequence (u,,) such that w,, — w in WLN=1 where each u, satisfies
the following properties :

(i) uy, has a finite number of point singularities P;, N; ;
(ii) u, is homogeneous of degree 0 in a neighborhood of each singularity ;
(iii) u, = @ in some conic neighborhood of a geodesic joining P; and N;.

In fact, (i) follows from [BZ]. Next, (ii) holds since every topological singularity
may be approximated by homogeneous singularities (see Lemma E5 below). We
then apply Lemmas D2 and D3 to obtain property (iii).

We shall say that a map is good if it satisfies properties (i)—(iii).

Proof of Theorem 2". Our goal is to show that, for every v € WHN—1(GN, gN-1)

D1 Inf Do) — Dl — o Lo,

Proof of “>”. For every ¢ € Lip (S™V) such that ||V(|r~ < 1, we have
[ 1D =D@)| =~ [ D@ -DWw)]-V¢=~ [ D) V= (T(w).).

Taking the supremum with respect to ¢, we get
/ ID(w) — D(v)| > on L) Vo C®(SN; N1,
SN

Proof of “<”. Assume u is a good map. We shall suppose for simplicity that u has
a single dipole P, N. Given ¢ > 0, let U, : S¥=1 — SN~ be a smooth map such
that degU. = —1,

N—-1

U.=Q if|e—P|> and/ VU N1 < (N = 1) oy +e.
SN*I

TR
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The existence of such map is established in [BCL, Section VIII].
Let W denote the e-conic neighborhood of the geodesic segment joining P and

N. We decompose W as W = Wy U Wy, where W; is the cylindric part of W, and
W5 is the union of the two conic caps. We then define u. as

ue(z) =u(x) ifx W, wu(x)=U(0) ifx=(r60) W
and u. is extended by homogeneity of degree 0 in W5. We then have
| 1P =Dl = [ 1D+ o().

In [BCL, Section VIII], it is proved that

1
ID(u.)| = |VrUe| € ————5 VUV
(N—-1)"2

We conclude that

(D2) lim |D(u) — D(ue)| < onL(u).

e—0 SN

On the other hand, since u. has only singularities of degree 0, Hopf’s theorem
1,N—1

implies that u. € C>(SN; SN *1)W . It then follows from (D2) that inequality
“<” holds in (D1), at least when u is a good map.

We now establish “<” in (D1) for any map u € WHN=1(SN: GN=1) " Let (u,)
be a sequence of good maps such that u, — v in W™ ~1, For each n > 1, we have
just shown that there exists v, : ¥ — S¥~1 smooth such that

1
/ D(un) — D(vn)| < on L) + -
SN n
Thus

[ 1Dtw) = D) < [ 1D(w) = Dlun)| + awLlun) + 5 = awLlu) + of1),
SN SN n

which gives the desired result.
Proof of Theorem 1”. We want to show that

N

(D3) Frer(u) = /SN VulN1 4 (N = 1) oy L(w).
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Proof of “<”. It suffices to establish the result for good maps. In fact, if u,, — u
in WHN=1 then
Ere(u) < liminf Fye (uy),
n—oo

while the right-hand side of (D3) is continuous with respect to the strong topology
in W5N=1 Thus, we may assume that u is good and we can proceed exactly as in
the proof of Theorem 2”. We shall leave the details to the reader.

Proof of “>”. As in [BCL, Section VIII], we have

ol (5, 15) ©

N-—1

(N—-1)"z

(D4) (w-za A Azn,z1-wAzg A Azn,... )| <

for every w, z1,... ,z2y € RY.
On the other hand, given a sequence (u,) C C*°(S™;SN=1) such that (u,) is
bounded in W™ ~! and u,, — u a.e., we have

/ |V, |V 1 :/ |Vu|N—1+/ IV, — VulV ! 4+ 0(1).
SN SN SN

Let ¢ € Lip(S%™) be such that ||V(|z= < 1. Applying (D4) to w = u, and
zi = (Up — u),,, we get, with v, = u,, — u,

/ |V, — Vu[V !
SN

N—-1

(D.5) N

>

N
Z (_]‘)N Z /N det (Unmla e avnmiflaun7vnwi+1a A 7van) C$.L
=175
We write the right-hand side of (D.5) as

~ [ D) Y+ Ra(c),

so that (D.5) becomes

N

(D6) /SN Vu, — VulN ! > (N —1)"7 {_ N D(u)-V( + Rn(C)} .

Assume for the moment that R, ({) — 0. It follows from (D5) and (D6) that

lim inf \vun\N—lz/ N+ (N — 1) (T, 0.
SN SN

n—oo
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Taking the supremum over ¢, we obtain “>” in (D3). Thus, in order to conclude the
proof of Theorem 1”7, we need to show that R, (¢) — 0. Since each u,, is smooth,

D(uy,) - V¢ = 0.
SN

It then follows that
Rn(C) - Sn(g) + 0(1)7

where S, (() is a sum of integrals of the form
1, = j:/SN Up * Ung;) N AUng, A Ugy /\"'/\Umle:ct,
where k +1= N — 1. It is important to notice that £k > 1 and [ > 1. Since

(U, — u) - Ug; N Aug; — 0 strongly in L¥,

we may replace I,, by
j:/ U Upg,, /\---/\vmik N Ug;, /\~--/\uleCmt.
SN

We can now formally integrate by parts to write S, ({) as a sum of integrals of the
form

:F/ Uz, * Un A Ungyy Avo AN Upgy A Ugy, /\---/\umjlé}ct.
SN

Such integration by parts can be easily justified by approximation ; note that all
the second derivatives are canceled by symmetry. Since

N—1
Up - Ugy N NUgy — 0 strongly in L7+1 |

we conclude that
Ry, (¢) = Sn(C) +o(1) = o(1).

The proof of Theorem 1’ is complete.

E. Proof of Theorem 5".

Throughout this section, we assume that = 9G, where G is a domain in RN+ ;
more generally, € could be any smooth domain (with boundary) in dG. We start
with
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Lemma E1. Let0 <o < o0, 1 < qg< 0. Then

o,q WO'JI

C=(Q; SNy AWea = Co(; SN-1)

In other words, for each map u € C=(; SN~ NW4, there is a sequence (u,) C
C°>°(Q; SN1) such that u,, — u in W,

Proof. Let, for t > 0 sufficiently small, Q; = {:B €Q; d(x,00) > t}. Consider, for
any such ¢, a diffeomorphism ®; : 2 — ; such that

|D*®; — DMId|| 1 < Ct, k=0,1,2...
and set, for u € C(; SV 1), ut = wo ®;. Then
ut € C°(Q; SN and ut —u  in WL

Lemma E2. Let u € WHN=1(Q; SN=1). Then

1,N—1

Lu)=0 <= welC®Q;SN-)nWhLN-1

Here,

(T(w),¢) = - / D(u) - V¢,

where ¢ € WH>°(Q) and ( is constant on each connected component of 9 ; L(u)
is computed accordingly. When N = 3, this result is due to Bethuel [B1] ; the same
proof yields Lemma E2.

Lemma E3. Let 1 <p < N. For g€ WHP(SN=1, GN=1) "set g(z) = g (%) for
x € BN. Then g € WY and the map

g e WhP(SN-1.gN-1y | 5 cple(BN, gN-1)
is continuous and verifies |glwir < Clglwie.

Proof. Trivial computation.

Lemma E4. In the definition of TV, we may replace O (Q; RY)-maps by maps
in Lip (Q; RY).

Proof. Clear, by approximation.
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Lemma E5. Let N > 2, N -1 < p < N, and let u € WHP(Q; SN~1). Fig
ai, ... ax € and define, for p > 0 sufficiently small,

u(z) if d(z,{ai,... ,ax}) >p

u(y) if, for some j, d(x,a;) < p and

uy(z) =
() x lies on the geodesic segment from

a; toy, where d(aj,y) = p.
Then u,, — u for some sequence p, — 0.
Here, d denotes the geodesic distance in S¥.

Proof. For simplicity, we may assume (2 is flat near each a;. Then the definition of
u, becomes

u(x) if d(z,{a1,...,ar}) > p,

uy(z) = —a;
(@) u(p‘w aJ’) if |z —aj] <p.
T —aj

Alternatively, denoting by u?(y) = u(a; + py), y € SV7L, then

T —aj ,
up(m):ug(u_a?l) if |z — a;| < p.
j

Assume, for simplicity, that there is only one singularity, say a; = 0. Let, forn > 1,

1
pn be such that — < p,, < — and
2n n
1

1 n
— |VulP < |VulP |dp = |VulP.
2n

Son L \Jlzl=p L <lej<i

2n 2n

/|ww$wmf
B S

Pn Pn

Then

|VulP < C/ |VulP =5 0.
3 <<

1
n

Thus

LW%ﬁVW:/ Y, — Vul?

BPn

SC(/ \Vupn|p+/ |Vu|p> 0.
B B,,

Pn P
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Proof of Theorem 5". The equivalence
TV(u) <o <= Det(Vu) isa measure

is established as in the proof of Theorem 5. As already noted, TV (u) < oo implies

Det (Vu) = GWN 3" (3p, — b))

finite

Let aq,... ,ax be the collection of points P;, N;. Given n > 1, let

1
Q”:{xEQ; d(x,{ai,... ,ax}) > E}

and

A":{xeﬂ;
n

<d(z,{a1,...,ax}) < z}

SRS

Clearly, L(ulq, ) = 0. Consider a sequence (u”) C C>°(Q"; SV ~1) such that

u™ —u in WHYTLasm — oo,

There is some p,, € (%, %) such that, up to a subsequence in m,

(1) UZL|EP71 - u|2ﬂn ln Wl’N_1<2pn) as m — 007

(ii) / Vu|N 1 < Cn/ |VuN T
b

Pn A’ﬂ

Here, ¥, = {x ; d(x,{a1,...,ax}) = p}.
Extend u]" to Q as in Lemma 5 (by homogeneity of degree 0) ; let (u]'), =1

P n
be this extension. By (i) and Lemma E5, we have

@ —u,, in WHNTHQ) asm — oo

By (ii) and Lemma E3, we have u,, — u in WHN=1(Q). Thus we may find a
sequence (vy,) C Lipy,. (2\ {a1,...,ar}; SV~1) such that
(a) vy, is homogeneous of degree 0 near each a; ;

(b) v, — win WHN=1(Q) ;

(c) near each aj, the degree of v, is d;.



20  HAIM BREZIS(M):(2), PETRU MIRONESCU®) AND AUGUSTO C. PONCE®

Assertion (c) follows from (i), the continuity of degree of maps from S¥~1 into
SN=1 for WHN=1_convergence and

T(Un) =O0N Zdeg (Un, aj)éaj — T(u) = 0N Zdj5aj-
' i

J

For the remaining part of the proof, assume for simplicity that there is only one
singularity a = 0 of degree d > 0 and that €2 is flat near a.

Let p, be such that v, is homogeneous of degree 0 in B, (0). Here, B,(0) is
a ball in 2 centered at a = 0. Fix d distinct points p1,... ,pq in By. Let € > 0
be sufficiently small. For w € Lip (0B1; SN ~1) (B is the unit ball in RY), with
degw = d, let @ : By \ U; Be(p;j) — SV~! be a Lipschitz function such that

x_ .
wlpp, =w and UNJ(CL‘)le_?| if |z —pjl=¢, Vji=1,...,d
j

(Such a map exists, since degw = d.) We then extend @ to B by setting

w(x) = =13

if |z —pj| <e, Vji=1,...,d

Thus w is still Lipschitz. Define, for 0 < p < p,,,

wﬁﬂ—{wN% if d(x,0) < p.

Here, w, () = v, (pnz), if |2z| = 1. Lemma E5 yields
Up,p — Up D WHN=1 a9 p — 0.

Clearly, by the definition of v, ,, we have

/ | det Vv, »| = wnd.
Q

Considering now the case of several singularities, we obtain by a diagonal procedure
a sequence (wy,) C Lip (Q;RY) such that

w, —u in WHY"1 and /|detin|:wNZ|dj|.
Q ‘
j
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F. Proof of Theorem 5.
We start with the following well-known

Lemma F1. Let 1 <p < oo and 1/p < s < 1. Given u € WyP(RY), let

() = { u(x) if xny >0,

Then, u— @ is a continuous mapping from W' (RY) into W*P(RN),

Proof. By density, it suffices to deal with u € C§°(RY). Using the Besov seminorm,
we have

- a(z' t+ 1) — a2, )P,
B falfyes ~ lulfyn + | / / . A da’ dt dr.

Denote by I the last term in the right-hand side of (F1). Clearly, it suffices to
estimate I:

IN/ //w lu(z,t) — u(z’, o) dadtdm’+/ /‘”IU(x’_,t)V’dtdx,
RN-1 |t—0'|1+8p RN-1J0 tsp '

It then suffices to estimate the last term in (F2). By Fubini, we only need to
consider the 1-dimensional integral

/OO MOP 3 e C2(0, 00).
0

A

This integral is controlled via the following

Lemma F2. Let 1 <p<oo and 1/p < s <1. Givenv € C5°(0,00), we have

= @P = o) — o)
(F3) /O o dt < C |x_ |1+sp dx dy.

Proof. We first point out that both integrals are finite. Given 0 < a < 8 < 1, we
have

()] < o(@)] + [v(t) —v(x)] V€ [at, ] =

Thus,
lo(t)[P < 2P|v(x)|P + Clo(t) — v(x)|P Vz € L.
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Integrating over x € I, we get

pimvx”mL v(t) —v(x)|P dx
FD) bOF < g2 [ et g [ o @

Since a, 3 < 1, we have [t — x| ~ t for every x € I;. Dividing both sides of (F4) by
t°P and integrating with respect to t we then have

= @) / o) / /°° |v(t) = v(z)”
/O - dt_ﬁ_a e et e ,1+sp dz dt
_2P(BP —atP) [ ()P / /°° v(t) —v(=z)|?
F = .
(F5) (5 —a) /0 R t_m‘mp dx dt

Note that 2 (B_O‘ 2; = 4*P~L for some 7 € [, B]. Thus, by taking 8 > 0 sufficiently

small, we have

(FF —a?) _1

sp(B—a) T2
With a such choice, (F3) trivially follows from (F5).

Lemma F3. Let wq,Q be two smooth domains, wy CC Q. Set wy = Q\wy. Assume
that u, — w in W*P(wy) and v, — v in W*P(ws), with tru, = trv, on dw;. Let

Uy TN W U N wi
Wy, = and w = .

Up N Wo V1IN Wy
Then
wy, —w in WHP(Q).
Proof. 1t suffices to show that
lwllws@) < C(lullwsnwn) + 10lwenn)-
Let n = tru = trv. By the standard trace theory,
) Inllws=r/e0 < Cllullwer ) ;
(1) [nllws-1ro0 < Cllvllwerws) ;
(iii) there exists an extension g € W*P(Q) of n to w; and wy such that

HQHWS’P(Q) < C||77||Ws—1/p,p.

8 u—g inw,
w = .
v—g in ws.

Let

By Lemma F1, @ € W*P(Q) and
[@0]lws ) < C(llullwer @) + lvllwes(w))-

Since w = w + ¢ a.e. in (), Lemma F.3 follows.

In the sequel, we shall denote by C' the cube (—1,1)". Let ||2|/c = Max; {|z;|}.
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Lemma F4 (Brezis-Mironescu [BM1]). Let 0 < s <1 and 1 < p < oo, with
sp < N. Given f € WP(9C), set f(x) = f(:c/HacHoo), x € C. Then, f € WP(C)
and the mapping

f=17
is continuous from W*P(0C) into W*P(C).

We refer the reader to [BM1, Lemma D.1] for a proof of Lemma F4.
We next denote by

C.(Q)=Q+ (—e,e)V and C.=C.(0).
The following lemma is a variant of the approximation procedure in [BM2]:
Lemma F5. Let 0 < s < 1 and 1 < p < oo, with sp < N. Let f € WSP(RN),
Giwen € >0 and Q) € C, set
f(req(x)) if v e C(Q),

where m. o(x) = Q +€Hw Q” is the projection of x to 0C.(Q), with respect to Q.
Then, there exist €, — 0 and Qy, € C¢, /o such that

o) ={

fer 0, — [ in WSP(RN).

Proof. Set g..o = f-,0 — f- We have

| fe.o(z) — f(2)P
9.0l Wer = 2/ dy/ ’ dr+
e RM\C.(Q) Jo.o) |l —ylNtep

p
c. (Q) C-(Q) |»”U - y\ P

N [feq(@) = f@)P
/cg@) d(z,0C (Q))Sp o

‘faQ faQ( )|pd d
/ Q)/C(Q) !x— REC y+oll)

=l g+ J: Q+O

It suffices to show that

/o1 % {fc (L@ + Je0) dQ} <0

1>
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1
d
/—Ef Je0dQ < o
o € Jc.

may be found in [BM2, Appendix A]. Next,

/ dgf =@ dQ </ E /025 fc () |Jccl€;2 aC. (Qg)‘“')'p 1

We now make the change of variables Q = x — vy, y € C.. We get

e A R

whose Jacobian is O(M—Nll) (see [BM2]). We then have

The proof of

Let z =~y + e,

de flx+2)P N1
/ / QdQ<C/ /C’gg / |Z|N+sp 1 dz
flx+2)P L de
<C’/C dx/c |N+Sp1 dz/€—2
2 1 2]
p
// /(= Z|N+sp +2)| drdz < 00.

This concludes the proof of Lemma F5.

Given N —1 < p < N, any map v € WN-1D/pP(SN. GN=1) hag a harmonic
extension U € WN/P»(BN+L RN) ¢ WhN, We then define T'(u) as

N
_ _Z/Bw det (Un,-.. \Us, U Us,,rre Usi o)) s
=1

where ¢ € Lip (SV) and ¢ is any extension of ¢ to BN*!. One can see that this
definition is independent of the extension £ (see [BBM2]| for the case N = p = 2).

Let

1
L= Max_(T(u).C).

We have the following
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Lemma F6. Assume N > 2. Let 1 < p < oo and u € WWN=D/pp(gN, gN-1) " [f
(N=1)/p,p
T(u) =0, then u € C>®(SN; SN_l)W

Proof.

Case 1. Proof of the lemma if N > 3.

Note that good maps are dense in W N=1(SV; §N=1) and, by interpolation, in
WWN=1/p.p(§N. GN=1) (see the definition of a good map in Section D above). Thus,
it suffices to show that if u is a good map, then there exists v, € C(SV; SN+1)
such that

1
lu — vp||lwiv—1 < CL(u)+ —, Vn>1,
n

which can be done by a dipole construction. By interpolation, we obtain Lemma F6.

Case 2. Proof of the lemma if N = 2.
The interpolation argument does not work in this case. However, for any map
u € R, the dipole construction in [BBM2] gives a sequence (v,,) such that

T(vn) =T(u), |vnlyp, < CL(u), and v, —1 ae.

wi/p.p
Clearly, uv,, € C°(SN; SN-1) and

_ _ _ u(x) —u(y)|P
0=ty < 2= 0l + 2 [ [ 1= 0P M iy

< 2PCL(u) + o(1).
Using the density of R in W1/PP(52; 1), we obtain the desired result.

We also point out the following extension of Lemma F6 whose proof is left to
the reader :

Lemma F7. Assume N —1 < p < N. Let Q be a smooth subdomain of SN .
For any u € WWN=D/pp(SN. GN=1) "T(y|q) is well-defined when computed against

Lipschitz functions which are constant on each connected component of 02. If
(N-1)/p,p

T(u|q) =0, then ulg € C>®(Q; SN-1)

A key ingredient in the proof of Theorem 5" is the following

Proposition F1. Assume N —1 < p < N. Let u € WN=1D/pp(GN. GN=1) pe
such that
T(’LL) = ON Z dz(SMZ

finite
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Then, there exist (up,) C WWN=0D/Pp(GN. GN=1) "o 0, and M — M; such that
(1) un € C=(SM\U; Ce,, (M]); SV
(ii) uy, is homogeneous of degree O on each cube C., (M) ;

(iii) T(un) = on Y didarr ;

finite
(iv) wp — u in WWN-D/pp,

Proof. We first observe that the set of good pairs (g, @), in the sense of Lemma F5,
is “fat”. More precisely, there exists a sequence &, — 0 such that

‘{Q € Cepyas feno = flwav-nmr < 1/”}‘ 1
> .
‘Can/4| T2

In particular, the set

{QeC.,as |fenq— Fflwv-vms <1/n}

intersects the complement of any null set of C /4. For n > 1 fixed, consider
Un = ulsv\y, 0, a(M):

Then, T(v,) = 0, so that there exists a sequence (vF)y,

vh € C(SM\JCe, a(M;); SVTY) WE > 1,

such that

vF -, in W(Nfl)/zxp(SN\UCETLM(MZ.)) as k — oo.

By Fubini, for a.e. Q € C,, /4, we have

k . _
Unlu, oc., (@+My) = Uly, oc., (@+M,) 1N WW=DPP - as | — oo,

By Lemmas F3 and F4, for any such ) we have

oF — i, in WVD/PP ag |k — oo,
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where 9 (resp., @,,) is v¥ (resp., u) extended by homogeneity of degree 0 on each

cube C,, (Q + M;). By Lemma F5, we can choose @) = @,, such that
iy —u  in WN-D/Pp,

Applying a diagonalization argument, u,, may be taken among (*). We only need
to show that (iii) of Proposition F.1 holds for the sequence (u,). Note that o is
locally Lipschitz on SN\ |J; M[*, where M = Q,, + M;. Thus,

T(ﬁfb) = O0ON Z CL(SMZH

finite

Since T'(u,) — T'(u), for n large enough we have (iii). This concludes the proof of
Proposition F1.

We may now present the

Proof of Theorem 5.
Step 1. If TV (u) < oo, then Det (Vu) is a measure and

(F6) | Det (V)| < TV (w).

Let (u,) C C®(;RN) be such that u,, — u in WWN=1/PP and

/ | det Vuy,| — TV (u).
Q

Clearly, we may replace w,, in the definition of TV (u) by

Up i uy| <1,
Un =9 I i, > 1
|wn |

We may thus assume that |u,| < 1. Since u,, — u in WWN=1/p.p and lun| <1, we
have

(T(un), ¢) — (T'(w), )
for every ¢ € Lip (SV; SV ~1). In addition,

1

FT).0 = [ (@t Vu) ¢ STV + ol

Thus, T'(u) is a measure and (F6) holds.
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Step 2. If Det (Vu) is a measure, then TV (u) < oo and

1
(F7) — TV (u) = number of topological singularities of w.
Wn

By Proposition F1, it suffices to compute TV (u) when w is smooth outside finitely
many (disjoint) cubes and u is homogeneous of degree 0 inside each one of these
cubes. By (F6), we have “>” in (F7). It then suffices to show the reverse inequality.

Note that u € Wh4(SN; SN=1) for every ¢ < N. As in the proof of the case
WELN=1(GN. GN=1) "we can find (u,) C C*°, u, — u in Wh9 with

1
— | det Vu,,| = number of topological singularities of w.
WN JgN-1

For N —1 < ¢ < N, we have WhinL>* c WN-1/PP g0 that
Up —u  in WND/Pp,
We conclude that (F7) holds.

G. Proofs of Theorems 14-17.
We start by establishing the precise value of E(g) :

Lemma G1. Let g € BV (I;S') and let A be the set of jump points of g. Then

(G1) E(g) = |gal + Y _ ds1(g(a+), g(a—)).

acA

Proof. Let ¢ € BV (I;R) be any lifting of g. We claim that
(G2) |Pal sy = |9al mr)-
Indeed, recall that, by the chain rule, we have
$Yd = —1ggd-

Set v = gq and p = |v|. Then there is some k € L>°((I,du); S*) such that v = kpu.
Since v is diffuse and —ig € BV, we have —ig € L>((I,dp); S1), and thus ¢4 = fu,
where ¢ = —igk € L>((I,du); S'). It follows that

|Palmy = Sup (@, ¢) =  Sup  (u, €¢) = {1, [£]) = |plamary = |dalamny-
¢eCo(I;C) CeCo(I;C)
I¢I<1 I¢1<1
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Let now B denote the set of the jump points of ¢; clearly, B D A. For each
a € A, we have . .
glat) =€) and  g(a—) = (¢,

so that
[p(at+) — pla—)| = dsi(g(at), g(a—)).

If a € B\ A, then ¢?(@F) = ¢¥¢(27); thus
p(at+) — pla—)| = 2m.

Consequently,

(@l = l@alamay + Y lplat) —pla=)l+ Y lplat) —pla-)|

acA a€B\A
(@3) > |gal + 3 des(g(a+), gla—)) + 27 card (B \ A)
ac€A
> 13l + 3 dsi (g(at), gla—)).
a€A

This proves “>” in (G1). Note that equality holds in (G3) if and only if
lp(a+) — p(a—)| =dsi(g9(a+),9(a—)) Va€e A and B=A.
In order to prove “<”, we split A as A = A; U Ay, where
A = {a € A; lglat) —gla—)| = 2} and A = {a € A;lglat) —gla—)| < 2}.

If a € Ay we may define a signed distance

gla+
b1 afa+).g(a-) = g (4257 ).
Here, arg stands for the argument in (—m, 7). Set

(G4) p=—iggg+m > ba+ »_ dsi(gla+t),gla—))d,.

a€A1 CLEAZ

We claim that p is a measure. Indeed, A; is finite, since ¢ € BV. On the other
hand,

Sup|g(a+) — gla—)| =d <2
CLGAQ
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(again since g € BV'). Thus there exists some C' > 0 such that

651 (g(a+), 9(a=))| < Clg(a+) — g(a—)|.

It follows that

S [dsi(g(at) ga=)| <€ 3 lgla+) — gla—)] < <.

a€As acAs

Assume that I = (0, «) for some a > 0 and set ¢o(z) = u((0,z)), z € I. We claim
that, up to a constant, g is a lifting of g and that |pg|rq(r) = E(g). Indeed, using
the chain rule for a product we have

(G5) g0 = e gy —ige " (¢o)a+ Y (9o (at) — ge~ ¥ (a—)) da.
acA

Here, we have used the fact that ¢ is continuous outside A. For a € A, we have

wo(a+) = @o(a—) + p({a}),

so that
—ipo(a+) _ g—io(a—) 9(07)
g(a+)

by our definition of y. Thus the last term in (G5) vanishes. On the other hand,

e

(¥0)d = —1G9a,
so that . . .
e "0gq —ige” " (Po)a =€ "“?°(gq — ga) = 0.

Thus, there exists some C' € C such that ¢ = ¢y + C'is a lifting of g. On the other
hand,

|2l = [2olmeny = | — iGgalmer) + weard (Ar) + Y |51 (g(a+), ga—))]
(ZEAQ

= [ga|pm(n) + Z dsi(g(a+), g(a—)).
ac€A

The proof of Lemma G1 is complete.

Proof of Theorem 14. We shall prove a slightly stronger assertion, which implies
all the properties stated in the theorem. Namely, a lifting ¢ € BV (I;R) of g is a
canonical lifting if and only if
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(i) ¢ and g have the same jump sets ;

(ii) for a € Ay, we have p(a+) — p(a—) = £7 ;

(iii) for a € As, we have p(a+) — p(a—) = 01 (g(a+), gla—)).
(The sets Ay, Ay are defined in the proof of Lemma G1.)

Property (i) was seen to be necessary for optimality in the proof of Lemma G1.
Recall that, in addition to (i), equality in (G3) amounts to

(G6) lplat) — pla—)| = dsi(g9(at),g(a—)) Va€ A
If a € Ay, then

lp(at) —p(a—)| =,

so that (ii) holds. Assume a € As. Since () = g(a+) and (@) = g(a—),
then by (G6) we have

plat) — pla—) = arg (

which gives (iii). Conversely, it is easy to see that, if (i)—(iii) are fulfilled, then
equality holds in (G3).

Proof of Theorem 15. We identify S\ {z} with an interval I. Let A, A, Ay be
defined as in the proof of Lemma G1. We claim that, for each choice of integers
eq € {—1,1}, a € Ay, there is a canonical lifting ¢ of g on I such that

ola+) —pla—) =eom Va € A;.

This ¢ is obtained, as in the proof of Lemma G1, as ¢ = u((0,2)) + C, € I. One
simply has to modify the definition of x by taking

p=—igga+ Y _ €ama+ Y _ ds1(glat),gla—))da.

aGAl a€A2

Moreover, the proof of Theorem 14 shows that, by this procedure, we obtain all
canonical liftings. We claim that if ¢ is the canonical lifting corresponding to the
choice €4, a € A1, and ¢ the one corresponding to £,, a € Ay, then

Plem) = G(x4) _wlzm) —wplz4) |1 S (fa—ca) €Z.

27 2T
a€A1
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If we identify S\ {z} with I = (0, ), @ > 0, this amounts to proving that

Pla=) = ¢(04) _ pla=) —p(0+) 1 S (G —ca).

2 27

a€A1

We have ¢(a—) — ¢(0+) = f(I) (where i is the corresponding measure); a similar
assertion holds for ¢. Thus

pla—) —90)  pla=)—9O0+)  (B—pd) 1 S G-

2 27 2

a€A1

Let ¢ be the canonical lifting corresponding to the choice ¢, = —1, a € A;. Then

it is clear that, with d = W and k = card Ay, we have

Deg,g={d,d+1,...,d+ k}.
To see that d is an integer, note that e??(*7) = ¢#¢(#+) Thus,
o(z—) — p(z+) € 2nZ.

It remains to establish that Deg; g does not depend on the choice of z. Let w
be any other continuity point of g. Let ¢ be a canonical lifting of g on S*\ {w}.
Since g is continuous at w, there is some k € Z such that ¢ (w—) = ¢ (w+) + 2km.

We set _
(&) —2km if € € (24, w—).
Clearly, ¢ € BV and ¢ is continuous at w. It is obvious that

6l amest\ (o) = [Pty fzw)) = [P aes1\fw))-

It follows that ¢ is a canonical lifting of g on S'\ {z}. Indeed, by Lemma G1 we
have

E(glsi\{z1) = E(gls1\{w}) = l9lBVs:

if z,w are continuity points of g. Since

p(z—) = p(z+) = p(z—) — p(w+) + p(w+) — p(w—) + p(w—) — p(z+)
= ¢(w_) - ¢(w+)7

we find that the degrees obtained by cutting at z are among the ones obtained by
cutting at w. By reversing the roles, we conclude that Deg; g is independent of z.
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Erratum. In the definition of Deg, (see [BMP, Definition 3]), the convergence
[1anl = [1al

/|§]n’ — |glBvst-

should be replaced by

Proof of Theorem 16. Let z be a continuity point of g and let ¢ be a canonical
lifting of g in S*\ {z}. Assume, e.g., that z = 1; we identify S*\ {1} with (0, 2m).
Consider a sequence (y,) C C*°([0,27]) such that

27
/ |On] = [@lMm0,27)) and @, — ¢ ae.
0

We may assume, in addition, that
en(0) = ©(0+) and  ©n(2m) — (27—).
(This is the case, e.g., if the functions ¢,, are obtained from ¢ by mollification). By

replacing ,, with ¢,, + a,x + 3, for some appropriate «,, — 0 and 3, — 0, we
may further assume that

©n(0) = 9(0+) and ¢, (27) = p(21—) Vn > 1.
Set g, = e*¥n. Then, clearly,

g € C¥(S\ {2}) N CO(SY) and  deg g, — 9"(1_)2;‘“1*).

By further mollifying g,,, we find a sequence (h,,) C C*°(S*; S') such that

p(1—-) —(1+)

Vn > 1,
2 "=

h, —g¢g a.e., degh, =

and
/ || — || = E(glst\{21)-
st S1\{z}

It follows that
Deg, g O Deg; g.
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Conversely, let d € Deg, g and let (g,) C C*(S!; S') be such that

gn — g a.e., /\gn|—>\g]BV51 and degg,=d Vn>1.
Sl

Let z € S! be a continuity point of g. Write, in S\ {2}, g, = e*¥". Then

/ 6ul = lglmvs.
Sl

Up to some subsequence and after subtracting a suitable multiple of 27, we may
assume that ¢, — ¢ a.e., where ¢ € BV is a lifting of g. Since

|2l mestiz) < l9lBvst,

we find that ¢ has to be a canonical lifting of g. Given € > 0, there exists some § > 0
such that, if I is the interval of size ¢ centered at z, then we have |g|gys1(1) < €.
We may further assume that g is continuous at the endpoints of I. Then

l9lBvsisty = l9lBvsiay + |9lBvstsiy-

Arguing as above, we find that
| Bal = lalsvsisnn and [ leal = lolavsi
SINT N{z}

In particular, for every n > 1 sufficiently large,
[(ulz 1) = @alz + 1)) = (gulz-) — palz4))] <25, Vi€ (0,0).
We pick such ¢ so that, in addition,
pn(z —t) = o(z—1t) and pn(z+1) = @(z +1).

We then find
[p(z —t) — p(z +t) — 2nd| < 2e.

Letting ¢ — 0 and 0 — 0, we obtain
p(z—) — p(z+) = 2md,

ie., d € Deg, g.

We complete the proof of Theorem 16 by proving that g — Deg g is continuous
in the multivalued sense. Since Deg is Z-valued, this amounts to proving that, for
each d € Z, the set

{9 € BV(S";S"); d € Degg}

is open. To this purpose, we start with the following
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Lemma G2. Let g € BV(I;S'). Let o € BV(I;R) be a lifting of g. If  is not a
canonical lifting of g, then
||y = E(g) + .

Proof. Let A, B be the set of jump points of g, ¢, respectively. Recall that

(@laan) = [galany + Y lplat) = pla=)[+ D lp(at) — pla—)]
acA a€B\A

>E(g)+ Y lelat) —p(a—)l.

a€B\A

If B+# A, then
lp(a+) —p(a—)| > 27 Va € B\ A,

and the conclusion is clear. If B = A, then there is some a € A such that
[p(at) — pla—)| > dsi(g(at), g(a—)),

for otherwise ¢ would be a canonical lifting. For any such a, we have

lp(at+) — pla—)| = dsi(g(at),g(a—)) mod 2.

Since dg1(g(a+),g(a—)) < 7, we find that

lp(at) — pla—)| > dsi(g9(a+), g(a—)) + 7.

To finish the proof note that, for any b € A\ {a}, we have

lp(b+) — p(b—)| > ds1(g(b+), g(b—)),

and the conclusion follows.

Proof of Theorem 16 completed. If g,h € BV (S'; S'), then
(G7)  |ghlsv =lgh — 1|y = |g(h—9)sv < lglav]h —gllz= + |h — g|Bv.

Let g € BV(S*;S!) and let d € Degg. In view of (G7), there is some € > 0 such
that if
he BV(S%:SY) and |g—h|sv <e,

then

- 1
h —.
lgh|pv < 10
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We claim that d € Degh for any such h. Indeed, let z be a continuity point for
both g and h, and let ¢ be a canonical lifting of g in S\ {z}. Set k = gh and let
1 be a canonical lifting of k. Since |k|py < %, each jump point a of k is such that
k(a+) — k(a—)| < {5. Thus

[¥(a+) — ¢p(a—)| < 2[k(a+) — k(a—)

for any such a. It follows that

Ylsv = lhalmn + 30 Bolat) — 9(a-)] < 2klay < ¢

jump points
of k

Set ¢ = ¢ + 1. Then ¢ is a lifting of h and

(S

|((2=) = ¢(24)) = (p(2=) = p(2+))| <

Y

so that
¢(z—) — d(z+) = p(z—) — p(z+)
(since both quantities are multiple of 27). In order to complete the proof of The-

orem 16, it suffices to prove that ¢ is a canonical lifting of A. Indeed, on the one

hand we have 1

57
so that E(h) < E(g) + +. By reversing the roles, we obtain on the other hand that
E(g) < E(h) + %; thus

E(h) < ol mesn (=) < [2laesiigay) +

E(h) < |¢lmsizp) < E(h) + g
Lemma G2 implies that ¢ is a canonical lifting of h.
Proof of Theorem 17. With the notation we already used, we have
{g; Degg is single-valued} = {g; A1(g9) = ¢} =: Us.

Thus, we have to prove that U; is dense in BV (S1; S1).

Let g € BV (SY; S1); then A;(g) is finite. If A1(g) = ¢, then g € U;. Otherwise,
we may assume, for simplicity, that A; consists of a single point, say A; = {1}; the
general case can be treated along the same lines. We have

9(1-) — (1) = 2.
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Without loss of generality, we may assume that g(1—) = —1 and g(1+) = 1. Given
e >0, let h, : St — S! be given by

et? if1 <6< 2mr—1,
he(e?) = { eile+(1-2)0) if0<0<1,
ei((27r—1)(27r—|—5)—(27r—1+5)9) ifor—1<6 < 2.

It is immediate that h.(14) = €*, h.(1—) = e,

Thus,

|helpy — 0 and h.— 1 uniformly.

gh: — g in BV ase — 0.

On the other hand, since h. € CY(S!\ {1}), we have

Ar(ghe) \ {1} = Ai(g) \ {1}.

In particular, A;(gh.) C {1}. Since, by construction, 1 ¢ A;(gh.), we have gh. €
U;. The proof of Theorem 17 is complete.
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