THE SUB-SUPERSOLUTION METHOD FOR WEAK SOLUTIONS

MARCELO MONTENEGRO AND AUGUSTO C. PONCE

ABSTRACT. We extend the method of sub and supersolutions in order to prove
existence of Ll-solutions of the equation —Au = f(z,u) in Q, where f is a
Carathéodory function. The proof is based on Schauder’s fixed point theorem.

1. INTRODUCTION

We consider the following semilinear problem:

1) { Au = f(z,u) in Q,

u=>0 on 02,
where Q € RY is a smooth bounded domain and f : Q x R — R is a Carathéodory
function.

The classical method of sub and supersolutions (see, e.g., [4,9]) asserts that if f
is smooth and if one can find smooth sub and supersolutions v; < v of (1.1), then
there exists a classical solution u of (1.1) such that v; < u < vs.

The usual proof is based on a monotone iteration scheme; this requires f to
be Lipschitz (or locally Lipschitz). The argument also shows that there exist a
smallest and a largest solution u; < ws in the interval [vy,vs]. Another proof,
based on Schauder’s fixed point theorem can be found in Aké [1]. In this case, the
existence of a smallest and a largest solution is proved separately, via a Perron-type
argument. Based on Akd’s strategy, Clément-Sweers [6] were able to implement
the method of sub-supersolutions when v1,vo € C(Q2) and f is only assumed to be
continuous. Other versions can also be found for instance in Deuel-Hess [8] (see also
Dancer-Sweers [7]) for H!'-solutions and in Brezis-Marcus-Ponce [3, Theorem 4] for
L'-solutions and f continuous, nondecreasing. However, none of these results is
contained in the other. We shall compare them in Section 5 below.

In this paper, we extend the method of sub-supersolutions in order to establish
existence of L!-solutions of (1.1) in the sense of Definition 1.1 below. We follow
the strategy of [1,6,7] based on Schauder’s fixed point theorem. However, some of
the details had to be substantially modified.

We assume throughout that

(1.2) Q is a smooth bounded domain
and
(1.3) f: QxR — Ris a Carathéodory function.

The notion of solution we will consider is the following:

Definition 1.1. We say that u is an L'-solution of (1.1) if
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(i) u e LY(Q);
) S €L,
(1.4) —/QuAC:/Qf(x,u)Cdx V¢ € C5(Q).

Here, po(z) = d(z,09), Vo € Q, and C3(Q) = {¢ € C*(); ¢ = 0 on 9Q}. Note
that (1.4) makes sense in view of (¢) and (ii).

We also consider L'-sub and L'-supersolutions in analogy with this definition.
For instance, u is an L!-subsolution of (1.1) if u satisfies (i)—(iii) with “<” instead
of “=" in (1.4). We will systematically omit the term “L'” and simply say that u
is a solution of (1.1), meaning (1.4); similar convention for sub and supersolutions.

Our main result is

Theorem 1.1. Let v1 and vy be a sub and a supersolution of (1.1), respectively.
Assume that v1 < vg a.e. and

(1.5) fGv)po € LMY for every v € LY(Q) such that v < v < vy a.e.
Then, there exist solutions u; < ug of (1.1) in [v1, v2] such that any solution u of
(1.1) in the interval [vq,v2] satisfies
v <ur <uLuy<vy a.e.
In general, (1.1) need not have a solution if (1.5) fails (see [13]). However,

Orsina-Ponce [13] were recently able to prove existence of solutions of (1.1) (and
(5.2) below) for some nonlinearities f which need not satisfy (1.5).

The paper is organized as follows. In Section 2, we develop some tools used in
the proof of Theorem 1.1. In Section 3, we recall some existence, compactness and
comparison results related to the linear equation —Aw = h when hpy € L*(2). We
then establish Theorem 1.1 in Section 4. In the last section, we recover some known
results; we also apply Theorem 1.1 in order to study semilinear problems involving
measures.

ADDED NOTE: After this paper was completed, the authors have been informed of
other related works of M. Marcus [12] (assuming f monotone) and M. C. Palmeri [14]
(with (1.5) replaced by a stronger assumption on f and without proving the exis-
tence of a smallest and a largest solution).

2. BOUNDEDNESS AND EQUI-INTEGRABILITY IN L})O

We begin with the following well-known result. We shall present a proof below
for the convenience of the reader.
Theorem 2.1. Let g: Q2 x R — R be a Carathéodory function such that
(2.1) g(-,v)po € L*(Q)  for every v € L*(Q).
Then, the Nemytskii operator

G : LY Q) — LYQ; po dx

0 (%) — L} (8 o do)
vi— g(-,v)

15 continuous.

We first prove the
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Lemma 2.1. Let (w,) C L*(Q) and let (E,) be a sequence of measurable subsets
of Q such that

(2.3) By — 0 and / | >1 Vi > 1.
E,

Then, there exist a subsequence (wy,) and a sequence of disjoint measurable sets
(F) such that

1

(2.4) F,CE, and |wn, | > = VE>1.

Fy. 2
Proof. Let n; := 1 and A; := E;. By induction, we construct an increasing se-
quence of integers (ng) and measurable sets (Ay) as follows.
Let k > 2. Assume we are given integers ny < ... < ng_1 and sets Ay, ..., Ax_1
(not necessarily disjoint) such that A; C E; and

1 1
|wn, | < 3 R Vi=1,...,k—2

AJ‘+1U"~UA]C71

(This condition is vacuous when k = 2.)
Since |E,| — 0, then for n; > ni_, sufficiently large we have

1
/ fwn, | < g5 Vi=1,.. k-1
E.

Let Ay := E,, . Then,

1 1 .
A]‘+1U"'UA)C
Proceeding with this construction, one gets sequences (ny) and (Ag). We now set
oo
Fk = Ak\ U Al
i=k+1
Then, the sets F} are disjoint and
. 1
‘wnk‘ = lim |wnk| 2o
P, i—o00 2
Ak\(Ak+1U~'UAi)

The proof of the lemma is complete. ([l

As a consequence of Lemma 2.1 we have

Proposition 2.1. Let g : QxR — R be a Carathéodory function and vi,vy € L*(£2)
be such that v1 < vy a.e. Assume that

(2.5) g(-,v)po € LY (Q)  for every v € L*(Q) such that v < v < vy a.e.
Then, the set

(2.6) B = {g(-,v) € L' Qs podx); ve LNQ) and vy <v < vy a.e.}

is bounded and equi-integrable in L' (Q; po dx).
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We recall that a set B C L*(£2; pg d) is equi-integrable if for every ¢ > 0 there
exists § > 0 such that

EcCcQ and |E|<i = /|g|p0<€ Vg € B.
E

Here, |E| denotes the Lebesgue measure of E.

Proof of Proposition 2.1. Since ) is bounded, it suffices to show that B is equi-
integrable. Assume by contradiction that B is not equi-integrable. Then, there
exist ¢ > 0, (u,) C LY(Q) with v; < u, < vy a.e., and a sequence of measurable
sets (E,) in Q such that

|E,| — 0 and / g(z,up)podr > e Vn > 1.
En

Applying Lemma 2.1 with w,, = g(-, un)po/e, we can extract a subsequence (uy, )
and a sequence of disjoint measurable sets (F};) in €2 such that

(2.7) / |g(x,unk)|po dx > Sk > 1.
Fy 2

Let

Un, (z) if x € Fy, for some k > 1,
v(x) = )
vi(z)  otherwise.

Then, v; < v < vy a.e.; hence, v € L1(£2). Moreover,

/|g(x,v)|poda:22/ l9(2, un, )| po dz = .
Q k=1"F%

This contradicts (2.5). Therefore, B is equi-integrable in L(Q; po dz). O
We now present the

Proof of Theorem 2.1. Assume v,, — v in L*(Q). Let (v,,) be a subsequence such
that v,, — v a.e. and |v,, | <V a.e. for some function V € L*(£2). In particular,

g('avnk) - g(-,v) a.e.

Moreover, by Proposition 2.1 above (applied to v; = —V and v = V), the sequence
(9(,vn,)) is equi-integrable in L*(€; po dz). It then follows from Egorov’s theorem
that

g(vn,) — g(-,v)  in LY po dz).
Since the limit is independent of the subsequence (v,, ), we deduce that

G(vn) — G(v) in LY(Q; po dzx).
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3. STANDARD EXISTENCE, COMPACTNESS AND COMPARISON RESULTS

In this section, we recall some well-known results related to weak solutions of
the linear problem:

—Aw=~h inQ,
(3.1) {

w=0 on 0.

We begin with the existence and compactness of weak solutions of (3.1):

Theorem 3.1. Given h € LY(Q; po dx), there exists a unique w € L*(Q) such that

(3.2) —/ wAC = [ h¢ V¢ € CE(Q).
Q Q
Moreover,
(i) For every 1 <p < &=, w € LP(Q) and
(3-3) [wllze < Cpllhpol| 1

(ii) Given h, € L'(Q;podzx), n > 1, let w,, be the solution of (3.2) associated
to hy. If (hy) is bounded in L*(S); po dx), then (wy,) is relatively compact
in LP(Q) for every 1 < p < 5.

Proof. We refer the reader to [2] for the existence and uniqueness of w. We split
the proof of (i)—(i7) in two steps:
Step 1. Proof of (i).

Note that w satisfies

/Q wAc‘ < Ihpollus Ic/polli~ Ve € C2E).

Given f € C*(Q), let ¢ € C3(Q) be the solution of

(3.4)

—Al=f inQ,
{ (=0 on 0N.
By standard Calderén-Zygmund estimates (see [10]),
(3.5) IClw=2r < Cllfll -
Since p’ > N, it follows from Morrey’s imbedding that
(3.6) 16/ pollzee < C(lIClze + 1VClILe) < ClIClpran -

Combining (3.4)—(3.6), we get

/wa

By duality, one deduces that w € LP(2) and (3.3) holds.
Step 2. Proof of (ii).
Given a smooth domain U CC , let v, € L*(U) be the solution of
—Av, =h, inU,
{ v, =0 on JU.

(3.7) < Gpllhpollz £l Vf € C=(Q).

By standard elliptic estimates (see [15]),
(3.8) l[onllwre@) < CpllbnllLr@y < Cp
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for every 1 < p < % On the other hand, since w,, — v, is harmonic in U, for
every w CC U we have

(3.9) l|wn — UnHCl(D) < Collwn — Un”Ll(U) < Collhnpollzr < Co.

Thus, by a standard diagonalization argument there exists a subsequence (wp, )
such that w,, — w a.e. in . On the other hand, by (i) the sequence (w,,) is

bounded in LP(Q) for every 1 < p < % The conclusion then follows from

Egorov’s theorem. a

We also need the following version of Kato’s inequality (see [3, Proposition B.5]):

Proposition 3.1. Let w € LY(Q) and h € LY(Q; po dz) be such that

f/wAgg/hg V¢ € CF(Q), ¢>0in Q.
Q Q
Then,
f/wJFACg/ h¢ V¢ € CE(Q), (>0 in Q.
Q [w>0]

Corollary 3.1. If u,v are solutions of (1.1), then max {u,v} is a subsolution.
Proof. Apply Proposition 3.1 with w = v —w and h = f(-,v) — f(-,u). Then,
—/(v —u)tAC < / [£(5,0) = fa,w)]Cde V¢ € C2@), ¢ >0 Q.
Q [v=u]

Since max {u,v} = u+ (v — )T, the result follows. O

4. PROOF OF THEOREM 1.1
We split the proof in two steps:
Step 1. Problem (1.1) has a solution u such that v; < u < vs a.e.
Given (z,t) € Q x R, let
vi(z) ift <wvi(x),
glz,t) =<t if vy (x) <t < wa(x),
vo(z) if ve(x) < t.
Then, g: Q x R — R is a Carathéodory function and, by (1.5), we have
g(-,v)po € L*(Q)  for every v € L*(Q).

We now consider
G : LY(Q) — LY(; po da)
U — g(-7 v)

and
K : LYQ; po dz) — L' (D)

h— w
where w is the unique solution of
{ —Aw=h inQ,

(4.1) w=0 on 0.
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By Theorems 2.1 and 3.1, KG : L}(Q) — L(£) is continuous. Moreover, by Propo-
sition 2.1 (applied to f), G(L'()) is a bounded subset of L'(Q; pp dz). Hence, by
Theorem 3.1, KG is compact and there exists C' > 0 such that

IK(G@)n < CLlG)polln < C Vo e L'(9).

It then follows from Schauder’s fixed point theorem that KG has a fixed point
u € L1(Q). In other words, u satisfies

{ —Au = g(z,u) in Q,

(4.2) u=20 on 0.

We claim that u is a solution of (1.1) and
(4.3) v <u<vy a.e.

It suffices to prove (4.3). We show that u < vy a.e.; the proof of the inequality
v1 < u a.e. is similar. Note that

g(-,u) = g(-,v2) a.e. on the set [u > va].
Thus, applying Proposition 3.1 to w = u — vy, we get

7/ wrAC < / [9(z,u) — g(z,v2)]¢dz =0 V(€ C2(Q), ¢ >0in Q.
Q [u>wa]

We easily deduce that w™ < 0 a.e.; hence, w* = 0 a.e. This implies u < v a.e.
The proof of Step 1 is complete.

Step 2. There exist a smallest and a largest solution u; < ug of (1.1) in the interval
[1}1 s ’UQ] .

(In [7], the proof of this step is based on Zorn’s lemma. We could have followed
their approach, but we present a different argument.)

We prove the existence of the largest solution wuso; the existence of u; is similar.
Let

A = sup {/ w; vy < w < vy a.e. and w is a solution of (1.1)}.
Q

Clearly, A < co. Before we proceed, let us prove the following

Claim. If wy,ws are two solutions of (1.1) such that v; < wy,ws < vy a.e., then
(1.1) has a solution w such that

(4.4) v1 < max{w,we} <w <wvy ae.

Indeed, by Corollary 3.1, max {wy, w2} is a subsolution of (1.1). Applying Step 1
above with max {wy, w2} and vy, one finds a solution w of (1.1) satisfying (4.4).
This establishes the claim.

It follows from the claim above that one can find a nondecreasing sequence of
solutions (w,) of (1.1) such that

(4.5) v1 <w, <wvy a.e. and / w, — A.
Q

By monotone convergence, there exists wy € L'(Q) such that w, — wy a.e.,

v <wy < vy a.e. and /wn /wo
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On the other hand, by Proposition 2.1 the sequence (f(-,wy)) is equi-integrable in
LY (2; po dz). Tt then follows from Egorov’s theorem that

fwyn) — f(,we) in LI(Q;pO dzx).

Thus, wy is a solution of (1.1) and

/U)o:A.
Q

By the claim above, wy is the largest solution of (1.1) in the interval [v1,vs]. The
proof of Theorem 1.1 is complete. ]

5. SOME CONSEQUENCES AND FURTHER RESULTS

In this section, we discuss some consequences of Theorem 1.1. In what follows,
we denote by v, ve sub and supersolutions of (1.1) satisfying v; < vg a.e. Using
standard regularity theory, in each case one shows that the solution provided in
Theorem 1.1 lies in a better space.

Corollary 5.1. If vi,vy € C%(Q) and f € C1(Q x R), then (1.1) has a classical
solution u € C?(Q) such that v; < u < vg in Q.

Corollary 5.2. If v;,v3 € L®(Q) and f € C(2 x R), then (1.1) has a solution
u € CH(Q), Va € (0,1), such that v < u < vg in Q.

Corollary 5.2 is established in [6] for functions vq,ve € C(£).

Corollary 5.3. If vi,v € LY(Q) and f is a Carathéodory function satisfying
(5.1) f(,v) € L%(Q) for every v € LY(Q) such that v <v < vy a.e.,
then (1.1) has a solution u € H}(Q) such that vi < u < g a.e.

Corollary 5.3 is stated in [7] under the assumption that f(-,v) € LP for some

We now apply Theorem 1.1 to study semilinear problems with measure data,
namely

(5.2) { —Au = f(z,u)+p in €,

u=v on 0},

where p is a bounded measure in {2 and v is a bounded measure on 0f2. We say
that u is a solution of (5.2) if u € LY(Q), f(-,u)po € L' () and

- [uac= [ faucs |- [ Srav wee @,

where n denotes the outward unit norm on 9. This type of problem has been
extensively studied in [3,5] when f is of the form f(z,t) = —g(¢), where g is
continuous, nondecreasing and ¢(0) = 0.

Applying Theorem 1.1 we deduce the following corollary which extends results
in [3,5]:

Corollary 5.4. If v; < ve are sub and supersolutions of (5.2) and f is a Cara-
théodory function satisfying (1.5), then (5.2) has a solution u € L'(Q) such that
v1 < u< vy a.e.
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Proof. Let w € L'(Q) be the unique solution of (see [11,15])

—Aw =y in §,
{ w=v on df.

Let @ := u — w. The resulting equation in terms of @ satisfies the assumptions of

Th

eorem 1.1. Hence, (5.2) has a solution. O
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