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A SYSTEM OF ELLIPTIC EQUATIONS ARISING IN
CHERN-SIMONS FIELD THEORY
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ABSTRACT. We prove the existence of topological vortices in a relativistic self-
dual Abelian Chern-Simons theory with two Higgs particles and two gauge
fields through a study of a coupled system of two nonlinear elliptic equations
over R2. We present two approaches to prove existence of solutions on bounded
domains: via minimization of an indefinite functional and via a fixed point
argument. We then show that we may pass to the full R? limit from the
bounded-domain solutions to obtain a topological solution in R2.
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1. INTRODUCTION

In this paper, we study the nonlinear elliptic system

. —Au+Xe¥(e* —1)=p in R?

(1) —Av+ Aet(e” —1) =v in R?,

where A > 0 is a given real number and j, v are finite measures on R?. System (1.1)
arises in a relativistic Abelian Chern-Simons model involving two Higgs scalar fields
and two gauge fields, in which case p and v are measures of the form —4mw )" 6, .
An interesting feature of this problem is that, although (1.1) comprises as two spe-
cial limiting cases the well-understood Abelian Higgs vortex equation [44] and the
Abelian Chern-Simons vortex equation [20-22,57,58,60], it cannot be directly solved
using the same methods. We establish in the existence of topological solutions for
an arbitrarily prescribed distribution of point vortices.

In fact, one of our main results is the following

Theorem 1.1. Given points py,...,pi,DYs-..,Din € R? (not necessarily dis-
tinct), then for every X\ > 0 the system

N/
Au = Xe(e" — 1) + 47TZ Sy, in R?,
s=1
(1‘2) N
Av = Xe"(e” — 1)+ 47TZ Sy in R?,
s=1
has a solution (u,v) € L'(R?) x LY(R?) decaying exponentially fast at infinity.
Moreover,

C 3

(13) ||U,HL1 —+ ||’UHL1 < X(N/ +Nl/) ’
u v C / 72
(1.4) e — Uz +lle® — Uz < 5 (N + N7)*.

The link between the Chern-Simons equations and (1.2) will be discussed in
Sections 2 and 3 below. The counterpart of Theorem 1.1 for (1.1), concerning
general finite measures p and v, is presented in Section 7.

There has been recently a great amount of activity in the study of field theory
models governed by Chern-Simons type dynamics. For example, in particle physics,
Chern-Simons terms allow one to generate dually (electrically and magnetically)
charged vortex-like solitons [48, 55, 62] known as dyons [56, 68, 69]; in condensed
matter physics, Chern-Simons terms are necessary ingredients in various anyon
models [49,64] describing many-fermion systems such as electron-pairing in high-
temperature superconductors and the integral and fractional quantum Hall effect
[45,67].

Mathematically, the equations of motion of various Chern-Simons models are
hard to approach even in the radially symmetric static cases [48,55,62]. However,
since the discovery of the self-dual structure in the Abelian Chern-Simons model
[41,43] in 1990, there came a burst of fruitful works on self-dual Chern-Simons
equations, nonrelativistic and relativistic, Abelian and non-Abelian [27,28]. It is
now well understood that nonrelativistic self-dual Chern-Simons equations (Chern-
Simons electromagnetism or its generalized forms coupled with a scalar particle
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governed by a gauged Schrodinger equation) are often related to integrable systems
such as the Liouville equation [42], sinh-Gordon equation and Toda systems [29].
On the other hand, relativistic self-dual Chern-Simons equations usually are not
integrable, and an understanding of any of these equations often presents new
challenges. For example, for the relativistic Abelian self-dual Chern-Simons vortex
equation, solutions are richly classified into topological solutions [58,63] giving rise
to integer values of charges and energy, nontopological solutions [21,22,57] giving
rise to continuous ranges of charges and energy [23], and lattice condensate solutions
characterized as spatially doubly periodic solutions [20,60].

Various tools including absolute, min-max, and constrained variational methods,
dynamic shooting methods, perturbation and weighted function space methods,
etc., have been developed to study these different types of solutions. For the gen-
eral relativistic non-Abelian self-dual Chern-Simons vortex equations of the form
of a perturbed Toda system assuming a nonintegrable structure, the existence of
topological solutions is established based on variational methods and a Cholesky
decomposition technique [65].

In short, the study of self-dual Chern-Simons equations of various physical mod-
els brings into light a great wealth of interesting nonlinear elliptic equations, in
particular, coupled systems of nonlinear elliptic equations. However, as in the case
of relativistic non-Abelian Chern-Simons equations [65], the issues of existence and
complete characterization of nontopological solutions and spatially periodic solu-
tions of system (1.2) (or (2.9)) have not been understood yet.

The paper is organized as follows. In Section 2, we introduce the relativistic
two-Higgs Chern-Simons model, the associated equations of motion, and the self-
dual equations to be studied. We then state our main result about the existence
of multivortex solutions induced by the two Higgs scalar fields; see Theorem 2.1.
In Section 3, we transform the renormalized self-dual Chern-Simons equations into
(1.2) and state our existence theorems for bounded-domain solutions and for solu-
tions over the full plane, respectively; we explain how to use a full-space solution to
obtain a multivortex solution of the self-dual Chern-Simons equations. In Section 4,
we provide the existence of bounded-domain solutions via constrained minimization
of an indefinite action functional. In Section 5, we study the domain expansion pro-
cess of the single Chern-Simons equation and we describe some important properties
of its solutions. As a result, we prove the convergence of the domain expansion pro-
cess for the single equation case. In Section 6, we show that the domain expansion
process can be carried over to the case of system (1.2). In Section 7, we turn our
attention to system (1.1) concerning general measures p and v; the main result is
Theorem 7.1. The counterpart of Theorem 7.1 on bounded domains is presented
in Section 13; the proof is based on Schauder’s fixed point theorem. In order to
apply Schauder’s fixed point theorem, we need some “stability” results spanning
over Sections 8-11. In Section 12, we prove some a priori estimates which imply in
particular (1.3)—(1.4). Theorem 7.1 is established in Section 14. In Section 15, we
discuss assumptions (i)—(#47) of Theorem 7.1. In Section 16, we show that if both
measures p and v have compact supports in R?, then the solution (u,v) provided
by Theorem 7.1 has exponential decay. In Appendix A, we present some known
existence, uniqueness and compactness results which are used in some of our proofs.
Finally, in Appendix B we give a short proof of existence of solutions of the scalar
Chern-Simons equation.
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2. THE SELF-DUAL CHERN-SIMONS EQUATIONS WITH TWO HIGGS PARTICLES

Let ¢ and x be two complex scalar fields in R? representing two Higgs particles
of charges g1 and ¢s, and let Agl) and AS«Q) be two associated gauge fields with the
induced electromagnetic fields Fg ) — arAgI) — 8SA£I) on the (2 + 1)-dimensional
Minkowski space R?! of metric tensor (g,s) =diag(1,—1,—1), where r,s = 0,1,2
and I = 1,2. The Chern-Simons action density (Lagrangian) £ studied in [31,47]
takes the form

1 1 - -
(21) L= re" AVEY — ke APF +DigD"é + DoxDx — V(9,X),
where k > 0 is a coupling parameter,
(2.2) D,¢ = :¢ — i AV, Dix = O,x — ig2APx

are the covariant derivatives, and V' (¢, x) is the Higgs potential density defined by

2.2
(2.3) V(9.x) = B2 (I6(1x[? = )2 + (ol = )?).

Note that the special numerical factor in front of the expression of V' ensures that
self-duality can be achieved for static field configurations and the positive vacuum
states (¢) = ¢; > 0 and (x) = c2 > 0 lead to spontaneously broken symmetries.

The equations of motion of the action density (2.1) are the Chern-Simons equa-
tions

1 - _
5 FR) = —qi(¢D76 — 6D"9),
1 S
he" F) = —gai(xD™x — XD"x),
443 20 412 2 2 2\2
D, D¢ = —IZ (2x 29[ — &) + (I — B)%) o
443 214,12 2 2 212
D,D"x = =82 (211X — ) + (I8 — )2 x-
Note that (") = (p0®,j") = ~qi(9D7¢ — #D"¢) and () = (p®),j?) =
—q2i(xDTx — XD"x) are the conserved matter current densities. The r = 0 com-

ponents of the first two equations in (2.4) in the static case are

kD = pW =224 ¢,

(2.5)
kFS) = p® =22 A0 |2,

which are simply the Chern-Simons versions of the Gauss laws and give us the
mixed flux-charge relations as follows:

(2.6)
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For static field configurations, it is standard that the Hamiltonian (energy) den-
sity H is given by

(2.7)
H =—L (up to a total divergence)

= kA + RAPFY - (AP 191 - a3 (AGYV X + D50 + DX + V.
_RER)? | RAE)
TR 4g3|x|?
where we have used the Gauss laws (2.5). Besides, applying the identities
|D; > = D16 & iD26] +i(01[6D29] — 02(6D16]) = a1 1Yy |o],

|Djx|*> = [D1x £iDax|* (01 [xD2x] — 02[xD1x]) £ Q2F1(22)|X|2»

we have, legitimately neglecting boundary terms after integration, the energy lower
bound

(2.8)

FE = Hdx
R2

(1) 2 (2) 2
rkF q1q wkF q1q
= [ (gt = o b))+ (508 = el - )

+ D1+ 1Dad|* + [Dix +iDox|? + Gy + c%quf?}

+ D¢ + |Dix|*> + V(g x),

> ic?qlq)(l) + c§q2¢(2) = c%q1|<l>(1)| + c§q2|<l>(2)|.

Here the signs are chosen so that £®() = [®()| (I = 1,2). Hence, it is seen that the
energy lower bound stated in (2.8) is attained if and only if the field configuration

(o, X, Ag), Afnz)) satisfies the following elegant equations
D1¢ £1D2¢ = 0,
D1X + 1D2X = 0,

1 QQUJQ
(2.9) FO + 2B 2162 — 2) =0,

2) 29 Q2
FG + L1212 - &) = 0.

The first two equations of (2.9) indicate that the complex fields ¢ and x are
holomorphic or antiholomorphic with respect to the gauge-covariant derivatives.
Hence, these fields may be viewed as “extended” harmonic maps [4], whereas the
last two equations are “vortex” equations, relating “curvatures” to the “strength”
of scalar particles. Equations of such characteristics are sometimes called Hitchin’s
equations [40]. The four equations in (2.9), supplemented with the Gauss law equa-
tions (2.5), are the self-dual Chern-Simons equations involving two Higgs particles
and two Abelian (electromagnetic) gauge fields. It can be readily checked that
a solution of these equations is automatically a solution of the full Chern-Simons
equations of motion (2.4). Therefore, the self-dual Chern-Simons equations, which
will be our focus of this paper, are a reduction of the full Chern-Simons equations
of motion. In what follows, we will only consider the case of (2.9) with the (upper)
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plus sign because the case with the (lower) minus sign may then be recovered by a
simple transformation (e.g. Ag.l) — —Agl) and ¢ — ¢).

From the form of the potential energy density (2.3), we see that the finite-energy
condition imposes the following boundary conditions at infinity:

(2.10) 6(@) = e, Ix(@)] = ¢o as Je] = oo,
or
(2.11) (@) =0, [x(@)| =0 as |z] — oo,

Solutions satisfying (2.10) are called topological; solutions satisfying (2.11) are
called nontopological.

In this paper, we are interested in the existence of topological solutions of (2.9)
realizing a prescribed distribution of point vortices, characterized as the zeroes of
the Higgs fields ¢ and y. We establish the main theorem:

Theorem 2.1. For any prescribed points p),...,ph,pl,..., 0} in R?* and nonneg-
ative integers ny,...,n}.,nY,...,n}.,, the self-dual Chern-Simons equations (2.9)
have a topological multivortex solution (¢, X, A;l), Af)) satisfying the boundary con-

dition (2.10) exponentially fast so that p’, and p!l, are the zeroes of the fields ¢ and

X with corresponding algebraic multiplicities n’, and n',, respectively. Moreover,

2 2 k2
(2.12) / 97 ] 4 +/ P e < S5 (v vy,
RrR2 | €] R2 | €3 16249142

where N’ and N are the total vortex numbers defined by
k//

k’
(2.13) N'=>"nl, N'=> nl
s=1 s=1

Both D;j¢ and D;x (j = 1,2) vanish at infinity exponentially fast; the magnetic
fluzes, electric charges, and energy are all quantized and assume the values
oM =o7N', ®? =27N", QW =27kN", QP =2rkN’,

2.14
( ) E = QW(C%qlN/ + C%(JQN//).

Using the change of variables qIAy) — A;I) (I=1,2), ¢ — c1¢, x — c2x, and
the suppressed parameter A\ = 4c?c3q3q3 /K%, we can simplify (2.9) (with the upper
sign) as

Di¢+iDs¢p = 0,
Dix +iDyx =0,

(2.15) F + SRR - 1) = o
A
F + S1oP(x? - 1) =0,

where now D;¢ = 0;¢ — iA§1)¢ and Djx = 0jx — iA;Q)X ( = 1,2). We note that
system (2.15) has two interesting limiting cases:
(i) when N” = 0, we may choose Agz) = 0 and |x| = 1, which renders (2.15)
into

A
(2.16) D1 +iDa¢p =0, Fia+ S (|6]> =1) = 0;
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(ii) when p, = p and n), =n/ for s =1,2,...,k, with ¥’ = k", we may take
¢ = x and A% = AP (j = 1,2) which renders (2.15) into

(2.17) Di¢+iDy¢p =0, Fia + %|¢|2(\¢|2 -1)=0.

System (2.16) is the familiar self-dual Ginzburg-Landau equations [11,12,44, 52,
54], while system (2.17) is the well-studied single-particle self-dual Abelian Chern-
Simons equations [20, 21,27, 41,43,57,58,60]; see also Appendix B below. In the
general situation, no such reduction can be made and the full system (2.15) has to
be solved, which is the goal of this paper.

3. EQUIVALENCE BETWEEN (1.2) AND THE SELF-DUAL CHERN-SIMONS
EQUATIONS

Let ¢ and x be two complex functions with the prescribed zeroes stated in
Theorem 2.1. Then, with the substitutions u = In|¢|?> and v = In|x|?, we can
transform (2.15) into the equivalent form

N/
Au = \e¥(e* — 1) + 47rz5pg,
s=1

(3.) »

Av = )\e“(e” - 1) + 47(251’/5/
s=1
over R?, where we have incorporated multiplicities in order to save notation. The
topological boundary condition, translated in terms of v and v, reads

(3.2) lim wu(z) =0, | llim v(z) = 0.

|z|— o0 —00
Due to some technical issues, it is hard to pursue a solution of (3.1) over the full
space R? subject to (3.2). Instead, we will first consider (3.1) over a bounded
domain 2 containing all points p, (s = 1,2,...,N’) and p? (s = 1,2,...,N"),
subject to the homogeneous boundary condition
(3.3) u|aQ = 0, U|3Q =0.

Concerning (3.1), the following result is of independent interest:

Theorem 3.1. Let Q be a bounded domain containing py,...,0:, DYy D

Then, system (3.1) over Q subject to the homogeneous boundary condition (3.3)
has a solution (u,v) € L*(Q) x L*(Q)). Moreover,

C 3
(3.4) lullzr + vl < X(N/ + N,
u v C / m 2

Remark 3.1. In view of standard comparison results (see Proposition A.1 in Ap-
pendix A), we know that every solution of (3.1) under (3.3) satisfies

u,v <0 a.e.
We will show that we can use the bounded-domain solutions constructed in

Theorem 3.1 and take the limit as Q tends to R? to get a solution of (3.1) over the
full space R? subject to the topological boundary condition (3.2):
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Theorem 3.2. On the full plane R?, system (3.1) has a solution pair (u,v) €
LY(R?) x LY(R?) satisfying the boundary condition (3.2) and estimates (3.4)—(3.5).
Moreover, this boundary condition is achieved exponentially fast at infinity; more
precisely,

ef\/x‘xl
(3.6) lu(x)] + |v(z)| < CW’
—VX |z
(3.7) Vu(@)| + [Vo(@)| < CE g,
|$‘1/2

for every |z| sufficiently large.

The proof of the existence of a solution will be carried out in Section 5. Here we
only sketch the proofs for the decay estimates. Indeed, near infinity the linearized
equations of (3.1) are Au = Au and Av = Av. Hence, u and v decay exponen-
tially fast at infinity and (3.6) holds. Furthermore, using LP-estimates in (3.1) in a
neighborhood of infinity we deduce that u and v belong to W?? (again in a neigh-
borhood of infinity) for any p > 2. Hence, |Vu| — 0 and |Vv| — 0 as |z| — oo.
Differentiating (3.1), we see that the components of Vu and Vv satisfy the same
linearized equation. Therefore, the estimate for |Vu| 4+ |Vv| stated in (3.7) is valid.
The detailed proof is presented in Section 16 below.

Using the solution pair (u, v) over R?, we can follow a standard path to construct

a solution (¢, x, A;l), Ag-z)) of system (2.9). For example, using the complex variable

z = z! +iz? and setting 0 = (91 — i02)/2, we get
N/
0(z) = — Z arg(z — pl),
s=1

(3.8) o(2) = exp (;u(z) n io(z)>,

AP (2) = —Re{20In¢(2)}, ALY (2) = ~Tm{2i0Im (=) }.

These relations allow us to calculate the gauge-covariant derivatives explicitly:

D16 =@+ )0~ (%~ %) = on
(3.9) ‘% (ba*
Dy =i(0 — )¢ + i(¢ + ¢>¢ = igdu.
)
Consequently, we obtain
(3.10) D1 + D20 = LoVl

Identities (3.8) and (3.10), and Theorem 3.2 imply that both 1 — [¢|? and |D;¢|
(j = 1,2) vanish at infinity exponentially fast as stated in Theorem 2.1. Similarly,
we can derive the decay estimates for 1 — |x|? and |D;x| (j = 1,2). With such
decay estimates, the quantum numbers for the fluxes, charges, and energy stated
in Theorem 2.1 can be easily computed. Estimate (2.12) follows from (3.5).
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4. VARIATIONAL SOLUTIONS OF SYSTEM (1.2) ON BOUNDED DOMAINS

In this section, we prove Theorem 3.1 by a variational method. Our strategy
is as follows. First, in order to overcome the difficulty associated with the vortex
points pf,..., N/, PY, ..., D, we consider a regularized version of the equations
so that the Dirac masses d,, are replaced by smooth functions labeled by a small
positive parameter €. We then introduce another change of dependent variables so
that the regularized equations have a variational principle. The solutions of the
new system are critical points of an indefinite action functional. We shall formulate
a constrained variational problem and prove the existence of a solution to this
problem. We then show that the solution we obtain for the constrained variational
problem is in fact a critical point of the indefinite action functional, hence a classical
solution of the original system of the e-regularized nonlinear equations. As e — 0,
we recover a solution of the two-Higgs Chern-Simons multivortex equations over a
bounded domain, which establishes the theorem.

Proof of Theorem 3.1. Given € > 0, let us replace (3.1) by a regularized form

Au = de"( —I—Z 5+|x MBE in Q,
(4‘]‘) N
4e .
AU—)\G (e —]. +Zm IHQ,

subject to the boundary condition (3.3). It is clear that
4e

(e + [z —pf?)?

Introduce the background functions
N//

€+ |z —pl e +z —p{?

4.2 In 5 = In{ ——3—-).
2 Z (Fre=ge) wo=Xu(Fhs

s=1

$47r6p as € — 0.

Then,
N//
S=—h —h S
1+Z e+|a: p|2> ﬁz s+|x PIBER

where hy, hy € WI’Q(Q) do not depend on € > 0. Set u = uf+ f and v =v5 + ¢ in
(4.1). We get

(4.3)

Af = Xe?0T9(e"F — 1)+ hy inQ,
Ag = Xe"oFF(e¥0+9 — 1)+ hy in Q.

In order to fulfill the homogeneous boundary condition, we write f = U§ + f’ and
g = V§ + ¢’ where U§ and V§ are harmonic functions on €2 satisfying

(4.4) U =—ug, Vg =—v; on oS
In view of these modifications, system (4.3) becomes
Af = AeWotVo 9 (euotUs+/ _ 1) 4 by in Q,
(4.5) Ag = N FUSH (V549 1) 4 by in Q,
ff=0, ¢ =0 onoN.
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Set
fogzu8+U6Tv g(e):v(s)+‘/067 f,+gl:F7 flig,:G'
Then, (4.5) becomes
AF = 20\ef6 T0+F _ \oFi+3(F+G) _ \o05+3(F=G) 4 (hy +hs) inQ,
(46)  § AG = Nefit3(FHTC) _ \e9T3(F=C) | () — hy) in Q,
F=0, G=0 on 0.

It is clear that the equations in (4.6) are the Euler-Lagrange equations of the action
functional

]. ]. € £ £
(4.7) I(F,G) = / dx{2|VF2 — 5|VG|2 + 2209+ _ opeli 3 (F+G)
Q

—22e%T2(F=G) 4 (hy 4 hy)F — (hy — hQ)G}

which is indefinite. The study of critical points of such indefinite functionals was
initiated by Benci-Rabinowitz [6]; see also [33].
We consider the following constrained minimization problem:

(4.8) min {I(F,G); (F,G) € C};

the admissible class C is defined by

(4.9) C= {(F, G); F,G € WH*(Q), F and G satisfy (E)},
where

(E) / {VG CVH + N[l t3(FH6) _ o0t 3(F=O [ 4 (hy — hQ)H} dz = 0,
Q
VH € Wy (Q).

Lemma 4.1. Definition (E) is well-posed. More precisely, for any F € WOI’Q(Q),
there is a unique G € W01’2(Q) satisfying (E); G is the global minimizer of the
functional

(4.10) Jp(C) = / [SIVGP + 2065+ 1056) L opesi +17-0) y (hy — )G}
Q

in Wy2(2).

Proof. Using the Trudinger-Moser inequality [2], we know that Jg(-) is weakly
lower semicontinuous over VVO1 2(Q) Next, since the Poincaré inequality implies
the coerciveness

1
(4.11) Jr(G) > Z||VG||iQ -

where C7 > 0 depends only on hy and hg, we see that (4.10) has a global minimizer.
The existence of a critical point follows. Since the functional (4.10) is convex, its
critical point must be unique. (Il

Note that I(F,G) defined in (4.7) can be rewritten as

1 € €
(412) I(F.G)=3|[VF|3 +2>\/ ef0+90+Fdx+/(h1+h2)Fdx—JF(G).
Q Q
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For any (F,G) € C, since G minimizes Jg, we have, in particular, Jp(G) < Jg(0).
Hence,

]. £ £
I(F,G) > §||VF||%2 +2)\/ efotao+F dx+/(h1 + he)F dx — Jr(0)
Q Q
1
(4.13) = §||VF||%2 + / (h1 + ho)F dz
Q
+2)\/ (ef§+gS+F—ef5+%F—egg+%F) dx.
Q

Consider the function o(t) = abt? — at — bt. It is seen that the global minimum of
o(+) is attained at to = (a + b)/2ab. Hence, o(t) > o(ty) = —(a + b)?/4ab. As a
consequence, we have

(4.14) efOHe+E _ ofo+3F _ oot > _Ee—fé—gé (efé + egS)?

Inserting (4.14) into (4.13), we see that there holds a partial coerciveness inequality:
1

(4.15) I(F,G) = 7|IVFlZ: = C(e),

where C(e) > 0 is a constant depending on the parameter €. In particular, I(F, Q)
is bounded from below.
Let ((F, G”))n>1 be a minimizing sequence of (4.8). We may assume that

I(F,G1) > I(Fy,Ga) > ... > I(F,,Gp) > ...
Denote by
no == inf {I(F,G); (F,G) €C} = lim I(F,,G,).
By (4.15), (F,) is bounded in W;*(Q). On the other hand, using (4.11) we get
1
1IVGalliz < Gy + Tk, (Gn)

(4.16)

<Ci+ JF,L(O) =C1+ 2)\/ (efg + egé)e%F”’ dx.
Q

The boundedness of the integral on the right-hand side of (4.16) is a consequence of
the Trudinger-Moser inequality and the boundedness of (||Fn||W012) Hence, (Gr)

is also bounded in WO1 2(Q) Without loss of generality, we may then assume that
(4.17) F,—~F, G,—G weaklyin W,?(Q).

In order to show that the weak limit (F,G) is a solution to (4.8), we need to
strengthen (4.17):

Lemma 4.2. The functions F and G defined in (4.17) satisfy (F,G) € C and
G, — G strongly in Wy > () as n — co.

Proof. The pair (F,,, G,) satisfies
(4.18)
/ {VGn CVH + Aefat3(FntGn) _o0t3(Fa=CGlH 4 (hy — hQ)H} dz =0,
Q

VH € Wy2(Q).
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We may assume that F,, — F and G, — G strongly in L?*(Q). Hence, the
Trudinger-Moser inequality implies that ef» — ef and e“» — €@ strongly in
L?(9). Taking n — oo in (4.18), we get (E). In other words, (F,G) € C.

Choose H = G, — G in (E) and (4.18). Subtracting the resulting relations we
obtain

/ VG, — VG|*da =
Q

- )\/ {efg [e%(F-i-G)_e%(Fn,-ﬁ-Gn)}(Gn_G)+egg [e%(Fn—Gn)_e%(F—G)](Gn_G)} dz
Q
— 0 asn— oo.
Hence, G,, — G strongly in W, *(Q2) as claimed. O

Lemma 4.3. The pair (F,G) defined in (4.17) is a solution of the minimization
problem (4.8).

Proof. Since F,, — F weakly and G,, — G strongly in Wol’z(Q), we have
(4.19) lim Jg, (Gr) = Jr(G).
Hence, using (4.12) and (4.19) we arrive at
no = lim I(F,,G,)
1 € €
> 5HVF||2L2 + 2>\/ efot9otF qg 4 / (h1 + ho)Fdz — Jp(G) = I(F,G).
Q Q

Since (F,G) € C, we see that (F,G) solves (4.8). O
Lemma 4.4. The pair (F,G) defined in (4.17) is a solution of the system (4.6).

Proof. The second equation (for G) in (4.6) is already valid because its weak form
is the constraint defined in (E). In what follows, we only need to verify the first
equation in (4.6).

Let F € I/VO1 2(Q) be any test function and set F; = F + ¢F. The unique minimizer
of Jg,(+) is denoted by G;. Then, G; depends on ¢ smoothly. Set

~ d
“= (th)tZO‘

Since I(F;, G;) attains its minimum at ¢ = 0, we have

(4.20) (i](Fu Gt)> =0.

t=0
In view of (4.7), the expression (4.20) can be rewritten as

(4.21)
/ {VF CVF 4 A[2e/6H964F _ ofi+3(F+G) _ ooit3(F=C) fr 4 (py + hz)ﬁ} dz
Q
= / {VG VG4 N[efi+3(FHE) _oait 5 (F=O G 4 (g — h2)é} da.
Q
However, in view of (E), the right-hand side of (4.21) vanishes. Since F' € Wy*(2)

is arbitrary, we obtain the weak form of the first equation in (4.6). So the system
(4.6) is fully verified. O
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We next go back to the original variables. We see that we have obtained a
solution pair, say (ue,v.), of the system (4.1). Using the maximum principle, it is
seen that u. and v. are negative:

(4.22) U <0, v.<0 in .
In order to take the € — 0 limit, we also need to bound u. and v. from below. For
this purpose, we add the two equations in (4.1). Using the convexity of ef, we get

N//
4e
_ Ue+Ve Ue vg
Aug +v2) = 2Xe"e e — A(e +e +Z €+|x pIOE +Z—(E+‘x_p,,‘2)2
s=1 S

N//
4e
< 2\ (eMe v — o F(uetue)) 4
= +Z A e

In particular, the “average” %(ue—i—vs) is a supersolution of the (regularized) classical
Chern-Simons equation:
(4.23)

N//

4e
A — >\ ws ws - 3 Q
We = A€ +Z E-f—‘l‘ 2)2 +;(E—|—|{L‘—pg|2)2 m 3z,
we, =0 on IN.

It is standard (see [58]) that one can start a monotone decreasing iterative scheme
from % (u. + v.) to get a solution of (4.23). In particular,

1
(4.24) we < §(u5 + o) in Q.
Let
(4.25) wg = ug + vy + W§,

where uf, v§ are given by (4.2) and W§ is a harmonic function chosen so that w§ = 0
on 0f). Note that W§ is uniformly bounded with respect to € > 0.
In order to get suitable estimates for we, we rewrite (4.23) as

A, = e (0T — 1) 4 hy +hy in Q,
(4.26) N ( )+t e

w. =0 on 0N.

Using w§ + @, < 0, we can multiply (4.26) by w. and integrate to get
(4.27) [V |72 < Ci,

where C7 > 0 is a constant independent of € > 0.

Combining (4.22), (4.24)—(4.25), and (4.27), we see that (u.) and (v.) are uniformly
bounded in L?(Q2). Using this fact with interior elliptic estimates (see [37]), we may
assume (passing to a subsequence if necessary) that there are functions

u,v € CO(Q\ {p},....oN DY, N L*(Q)
such that
(4.28) (te,ve) — (u,v) in COK) ase—0
for any compact subset K C Q\ {p},...,p\, 07, .., 0~} and
(4.29) (usyve) — (u,v)  weakly in L?(Q).
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Using the Green function to represent the two equations in (4.1) (with v = w.

and v = v.) in potential integral forms and applying (4.28)—(4.29), we see that, as

e — 0, (u,v) satisfies the original equations (3.1).

Estimates (3.4)—(3.5) follow from Theorem 12.1 and Proposition 12.2 below. We

refer the reader to Section 13 for the details. The proof of Theorem 3.1 is complete.
([l

5. THE LIMIT {2 — R2: THE SINGLE EQUATION CASE

Consider the single Higgs particle Chern-Simons vortex equation subject to ho-
mogeneous boundary condition:
N
Au = \e"(e" — 1)+ 47> 6, in Bg,
(5.1) = ’
u=0 on 0Bg,

where
Bp = {:I: € R?, lz| < R} and R > Ry := 12%XN{|pj|}-

It is known that (5.1) always has a solution (see Appendix B below). The main
goal of this section is to prove the natural result that, as R — oo, the solutions
of (5.1) approach a topological solution of the single Higgs particle Chern-Simons
vortex equation on R? so that it vanishes at infinity. This result is a preliminary
step as we take the large domain limit with the bounded domain solutions obtained
in Theorem 3.1. For this purpose, we need to derive some important properties of
solutions of the equation in (5.1) over a bounded domain or R2.

The proof of the next result is based on the method of moving planes of Alek-
sandrov and Gidas-Ni-Nirenberg [36].

Lemma 5.1. Every solution of (5.1) increases along any radial direction on R?\
Bg,.
Proof. We denote by u a solution of (5.1). It suffices to prove the lemma when the

point & = (x1, z3) changes its position along the z;-axis.

Given R > Ry, let Ag = {x; Ry < |z| < R}. For Ry < 0 < R, define the set

(5.2) Yo = {:1: € Bgr; 1 > J}

and u,(z) = u(z?) for x € ¥, where 27 is the reflection of x with respect to the
line ;1 = 0. That is, z7 = (20 — z1,22). Since u < 0 in Bg (by the maximum
principle) and Au = Ac(z)u in Ag, where ¢(z) = e*(®)+€®) and 4 < € < 0, we can
use the well-known Hopf Boundary Lemma to deduce that

0
(5.3) a—z(x) >0 if |z = R,
where n is the outnormal of B at z. In particular,
(5.4) u(z) > u(z?) = uy(x) forzeX,

if o is sufficiently close to R. We need to prove (5.4) for all o € (Ry, R).
Set wq () = u(z) — us(z) for z € X,. By (5.1), the function w, satisfies

Awg + Ao (2)w, = —477251,? <0 in X,
(5.5) j
w, >0 on 0X,,
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where the sum j 5,); is computed over all points p; such that p7 € X,. Note that

¢, is a bounded in ¥,. Indeed, we can write ¢, (z) = f'(§(2)) with f(t) = e*(1—e)
and £(z) lying between u(z) and u,(x).

Define
S ={p€ (Ro,R); wo(x)>0in 3, for o € (p,R)},
(5.6) po = inf {p}.
peES

It is clear that S # 0. If pg = Ro, then the lemma is established.

Suppose by contradiction that py > Ry. Then, by continuity we have w,,(x) > 0
in X,,.

Note that if pf® € ¥,, for some j, then w,,(r) = u(z) — u(z°) > 0 in a neigh-
borhood of pi°. Thus, if w,,(29) = 0 for some xy € X,,, then g is not near pf°
for any j = 1,2,..., N, and by (5.5) and the strong maximum principle, we have
wy, = 0. This contradicts the fact that w,, () = u(z) — u(z?°) = —u(z°) > 0 for
every x € 0X,, \ {1 = po}. Therefore,

Wy (2) >0 VreX,.

On the other hand, by a maximum principle of Varadhan (see [39, Theorem 2.32]),
there exists ¢ > 0 depending only on A and |¢,||r such that if w is a subdomain
of ¥,, with |w| <9, and U satisfies

. AU 4 Ao (2)U <0 inw,
(5.7) U>0 on duw,

then U(z) > 0 for all z € w.
We now choose a compact set K C X, such that |£,, \ K| < /2. Since w,, > 0
in K, there exists g9 € (0, po — Ro) sufficiently small so that

(5.8) wy, >0 in K and |2, \K|<d§ Vo€ (po—eo,p0)
In particular,
wy >0 on I3, \ K) Vo€ (po—eo,po)-
Thus, by (5.8) and the maximum principle of Varadhan (applied to w = 3, \ K),
(5.9) wy, >0 inX, Vo€ (po—co,po0)-

As before, we can strengthen (5.9) by the strong maximum principle to conclude
that wy(x) > 0 for every x € ¥, whenever o € (pg — €0, po), which contradicts the
definition of pg. Thus, pg = Ry and the proof is complete. O

We now consider the single Higgs particle Chern-Simons equation over the full
space. Namely,
N
(5.10) Au+ de"(1—e")=4r Y 5, inR?

j=1
Lemma 5.2. Let u be a solution of (5.10) satisfying

(5.11) u(z) <0 inR* and e“(1 —e")dzx < oc.
R2

Then, we have the asymptotic estimate

(5.12) u(z) = —aln|z| + O(1)
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as |x| — oo, where
A

1 -2
(5 3) 2T R2

e“(1 —e"*)dz —2N.

In the case o = 0, the function u vanishes exponentially fast at infinity. In fact, u
is a topological solution (i.e. w =0 at infinity) if and only if

(5.14) )\/ (1 — e*)dz = 47 N.
R2

On R?\ Bg, 1, equation (5.10) is of the form
(5.15) Au+ K(x)e* =0,
where K (z) = A\(1 — e“(®)). Lemma 5.2 is essentially [24, Theorem 1.1] when K ()
satisfies
(5.16) Cre 11 < K(2) < Cylz|™
for |z| large, where 8 € (0,1) and m > 0 are two constants. In our case, K (x) need

not satisfy the lower bound in (5.16); we have to modify the argument in the proof
of [24, Theorem 2.1].

Proof of Lemma 5.2. Let u be a solution of (5.15) with K(z) = \(1 — ¢*(®)) for
|z] > Ro+1. We extend u in R? as a smooth negative function; we still denote this
extended function by w. It is seen that u satisfies

(5.17) Au+ K(z)e* =0 in R?

where we set K (z) = —e~%®) Au(z) for |z| < Rp + 1. Define the potential
1 |z — yl)

5.18 v(z) = —/ 1n< K(y)e*® dy.

(5.18) @ =5 [ m(*2)Kw)

As in [24, Theorem 2.1], we can show that u 4+ v is in fact a constant. For this
purpose, let 9(z) = K (x)e"(®) and write

o = ()5 e

=:Ig+ 1) + I,

where

Ty ={y: ly — 2| < [2|/2 and |y| > Ro + 1},

To = {y: |y — 2| > [x|/2 and [y| > Ro +1}.
We assume that |z| > 1. If y € T3, then we have |z — y| < |y| and ¢ (y) > 0. Thus,
(5.20) I <0.

It is also clear that there is a constant C' > 0 such that

(5.21) To < lnal b)) dy + C.
ly|<Ro+1
Finally, since |z — y| < |z| + |y| < 2|z||y| for |z, |y] > 1, we have

(5.22) I, <In2|z| ¥(y) dy.
T>
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Inserting (5.20)—(5.22) into (5.19) we get

(5.23) 2wv(z) < ln|x|{/y

[W(y)ldy + [ ¥(y) dy} +C < Colnfz| +C,
[y|[<Ro+1 T>

for |z| > 1. Since u + v is a harmonic function and u < 0 in R?, we see from (5.23)
that

(5.24) u(z) +v(r) < Coln|z| +C Vo € R?\ By.

Therefore, by the Liouville Theorem (see [66, Lemma 4.6.1]), we conclude that u+v
must be a constant as claimed.

The rest of the proof of Lemma 5.2 follows that of [24, Theorem 1.1]. The details
are omitted here. (]

We now consider a sequence (u,) where u,, satisfies

N
Au,, = et (e — 1) +4r Oy, in Q,,,
(5.25) ( ) Z P

U, =0 on 99,,

where Q,, = Bg, and R,, — co. We want to prove that (u,) converges to a solution
of (5.10) satisfying the topological boundary condition

(5.26) ‘ 1|im u(z) = 0.

Lemma 5.3. Let (u,) be a sequence of solutions of the equation (5.25), where
Q, = Bgr, (n = 1,2,...). Then, there is a subsequence (un,) which converges
pointwise to a topological solution u of (5.10) satisfying (5.26).

Proof. Write u,, = wg + v, where

| 2

(5.27) Zln (1 f;%p |2>

We shall prove that (v,,) is uniformly bounded. This immediately implies that some
subsequence (u,, ) converges to a solution u of (5.10); moreover, by Lemma 5.2, u
must satisfy (5.25).

Suppose by contradiction that (v,) is not bounded. Hence, there is a sequence
(r,) in R? so that v,(z,) tends to —co as n — oco. From this we can infer that
v, — —oo uniformly on any compact subset of R2.

We claim that there is a sequence (z,) such that

1
(5.28) Up (X)) = ~3 and dist (z,,dBg, ) — oc.

Suppose this is not true. Then, there is a constant K > 0 such that if u, (z) > —1/2,
then dist (z,0Bg,) < K. Taking n > 1 sufficiently large, we may assume that
R, > Ry+ K. Let

1 2 .
(5.29) () = 5- /O up (rel?) g,
Since

T, (R, — K) < —% and u,(R,) =0,
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there is some r,, € (R, — K, R,,) such that @, (r,) > 1/2K. Recall the identity

1
u,(r) = — A .
U, (1) - /BT u, Vr> Ry

Taking in particular r = r,, we get

r _ A

ﬁ < ru,(r,) = o /T e'n(e" —1)dz + 2N < 2N,

which yields a contradiction as we take n — oo.

Since u, — —oo uniformly on any compact subset of R? as n — oo, the sequence
(z,,) defined in (5.28) satisfies |z,| — oo as n — oco. Set

(5.30) Un(z) = up(z + zp).
Then, U, (0) = —1/2. Clearly, U, is well defined in a ball B, with p, — oo as
n — oo and B, does not contain any of the points py,...,pn.

Using Lemma 5.1, we may assume without loss of generality that U, (z) increases
along the positive xs-axis. For any 0 < r < p,, we have by integrating the Chern-
Simons equation that

— A
(5.31) T () = 2 / eV (V" — 1) da.
21 B,
Since U,, < 0, this implies that [T, (r)| < Ar/2. Consequently,
— 1 a2
. n < -4 —.
(5.32) D)< s+ 2

Using (5.32) and

1 2 .9
:%/O U, (rel?)] 6

(recall that U, does not change sign), we see that the sequence (U,) has a uni-
form L! bound on dB,. By elliptic estimates, we conclude that (U,) is uniformly
bounded over any compact subset of R2. From this fact we see that, by extracting
a subsequence if necessary, we may assume that (U,,) converges (in any good local
topology) to a solution U of the “bare” Chern-Simons equation so that

AU = XeV(eV —1) in R?
(5.34) 1

U<0 and U(O):_i'

(5.33) Un(r)l

Recall that u,, satisfies (5.25) with Q,, = Br, and

Oun >0 ondBg,.
On

Let vy be a function with support in Bg,, vo(z) = In|z — p;|* for x in a small
neighborhood of p; (j = 1,...,N), and vy is smooth away from pq,...,pn. Set
Uy, = vg + V. Then, V,, satisfies

AV, = Xe0 Vo (e Ve — 1) 4 g(z) in Bpg

‘ 2

n?

(5.35)
Vn=0 and aa& >0 ondBg,,
n
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for some fixed function g. Integrating (5.35), we obtain

5.36 eloTVn(ghomVe — 1) dx + g(z)dx = > 0.
A vo+V, vo+V, d d a‘/n a¢
BRn B aBRn 8n

Ry

An immediate consequence of (5.36) is the uniform bound
(5.37) )\/ e (1 —e")dx §/ lg(x)] dz.
Br,, R2

(Alternatively, one could apply Lemma A.1 to u,; proceeding as in the proof of
Proposition A.3, one gets

)\/ e (1 —e")dx <4xN Vn >1.)
BRn
Clearly, (5.37) still holds when wu,, is replaced by U, . In particular, we have
(5.38) /\/ (1 —eY)dz < oo
]RZ

In view of (5.38) and Lemma 5.2, we have

A
(5.39) lim Ulz) =—a, a=— [ (1-eY)dx>0;
|z|— o0 In |.’I}| 2w R2
the latter follows from U(0) = —1/2. However, since U, is nondecreasing along the

positive xo-axis, the same property holds for U. This contradicts the established
nontopological boundary condition

(5.40) | llim Ulx) = -0
stated in Lemma 5.2. Therefore Lemma 5.3 is proved. (]

We remark that in the proof of Lemma 5.3, we only use a very special part of
Lemma 5.2, namely the asymptotic characterization of the “bare” Chern-Simons
equation (i.e., the differential equation in (5.34)). In fact, this bare case may be
seen more transparently by an earlier result obtained in [57]:

Lemma 5.4. Let U be a solution of the bare Chern-Simons equation over the full
space R2. Then, either U = 0 or U < 0 everywhere. If U is a solution so that
U # 0 and satisfies the finite-energy condition (5.38), then

A
(5.41) im 2 - oo U1 —eV)dz,

|z|—o00 ln\m| B N % R2

and rU, = z;0;U — —a, uniformly as r = |z| — co. Moreover, U must be radially
symmetric about some point in R? and U is decreasing along all radial directions
about this point.

With this lemma, the proof of Lemma 5.3 may be carried out in a similar way
(with Lemma 5.4 replacing Lemma 5.2). In particular, we can arrive at the contra-
diction (5.40) as before.
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6. THE LIMIT 2 — R2: THE FULL SYSTEM CASE

In this section, we prove the existence of a solution stated in Theorems 1.1 and
3.2 by taking the large domain limit of the solutions obtained in Theorem 3.1. We
apply the preliminary results obtained in the previous section for a single Higgs
particle Chern-Simons vortex equation.

Proofs of Theorems 1.1 and 3.2. Let (R,,) be a sequence such that

/!

R, > max {|p}|,[pY]} and R, — oco.

Consider the equation
N/

Au=\e"(e" —1)+47» b, (x) in Bg,,
s=1

(6.1) N
Av = /\e“(e” — 1) + 47‘(25;,;;{(33) in Bgr
s=1

u=v=0 ondBg,.

n?

By Theorem 3.1, (6.1) has a solution (u,,v,). Proceeding as in Section 4, we
deduce that %(un + v,,) is a nonpositive supersolution of the single Higgs particle
Chern-Simons equation
N’ N"
(6.2) Aw = Xe"(e” — 1) + 47‘(2(51,; (z) + 47?25,,;/(30) in Bg,,
s=1 s=1
w=0 ondBg,.

In view of the construction in [58], we can use % (u, + v,) as an initial function to
iterate monotonically to obtain a solution w,, of (6.2). In particular,

1
(6.3) wy, < i(un +v,) in Bg,,.

By Lemma 5.3, passing to a subsequence if necessary we may assume that the
sequence (w,,) converges pointwise to a solution of the problem
N/ N//

Aw = e (€ — 1) + 41 Y 6y (x) + 47 Y Gpn(x) in R?,
(64) s=1 s=1
| llim w(x) =0, w<0 ae.
Taking a further subsequence, (u,,) and (v,) converge pointwise to v and v on R2
respectively. It is clear that u and v are both negative and satisfy the two-Higgs
particle system (3.1). Since (6.3) implies
(6.5) 2w(z) <u(r) <0 and 2w(z) <wv(z) <0 forall z € R?
we see that the desired topological boundary condition (3.2) is achieved. Estimates
(1.3)—(1.4) follow from (3.4)—(3.5). Using a well-known ODE-result (see Propo-
sition 16.1 below), one deduces the decay estimates (3.6)—(3.7). The complete

argument is carried out in Section 16 for equation (1.1) in the case of measures p
and v with compact supports. The proof of Theorem 3.2 is complete. (I

Following the procedure described in Section 3, all the statements made in The-
orem 2.1 are established.
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7. EXISTENCE OF SOLUTIONS OF SYSTEM (1.1)

Let M(w) denote the space of (finite) Radon measures ; on an open set w C R2.
We equip M(w) with the standard norm

e = al(w) = / djp].

We now consider equation (1.1) for finite measures y,v on R2. Our goal is to
prove the following
Theorem 7.1. Let pu,v € M(R?) be such that
(i) pt({z}) + v ({x}) < 4n, Vo € R?%;
(1) v({z}) =0 whenever u({x}) = 4n;
(#i7) p({z}) = 0 whenever v({x}) = 4.
Then, for every A > 0 the system
—Au+Xe’(e* —1) =p in R?,
—Av+ Xet(e” — 1) =v in R?,
has a solution (u,v) € L*(R?) x L*(R?) in the sense of distributions such that

(7.1)

C
(7.2) lellr + follr < 5 (U el + 19130 (el + 10 1m),

u v O
(7:3) e =l +lle” = Uler < (14 Neellaa + Illae) (el ae+ V] a)

Note that if ¢ and v are nonpositive measures, then assumptions (i)—(iii) are

"

always satisfied. Taking in particular p = —4xw Zi\il Op and v = —4m ) ", by,
one deduces Theorem 1.1 as a corollary; the exponential decay of the solutions is
provided by Theorem 16.1 below. The requirement of (i)—(¢é¢) will be discussed in
Section 15.

The strategy to prove Theorem 7.1 is the following. We first study the existence
of solutions of the scalar equation
—Au+ Ae’(e" —1)=p in Q,
(7.4) ( )
u=0 on 0f,
where v is a given function and Q C R? is any smooth bounded domain. We show
that solutions of (7.4) are “stable” with respect to suitable perturbations of the
data v and p (see Proposition 8.1). A useful tool is the notion of reduced measure
w*, recently introduced in [14].
Applying Schauder’s fixed point theorem, we are then able to prove existence of
solutions for the counterpart of (7.1) on bounded domains, namely
—Au+ Xe’(e" —1)=p in Q,
(7.5) —Av+Xe"(e"—1)=v inQ,
u=v=0 on 0.
We also show that every solution of (7.5) satisfies (7.2)—(7.3). The main ingredient
in the proof of (7.2) is the following inequality (see Proposition 12.1)

(7.0 [ 1elds < AL < lol <2]| v e CRE),

[l >3]
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where |A| denotes the Lebesgue measure of a set A C R?

Remark 7.1. A more elementary estimate of the L'-norm of solutions (u,v) of
(7.5) is

(7.7) lullze + [[vllze < Callellm + [vlm)-

This follows from (see Proposition A.3 below)

(7.8) [Aullae < 2fplla and  [|Av]la < 2[[v]ag,

combined with the well-known elliptic estimate (see [59] and also [14, Theorem B.1])

(7.9) [wl[r1 < Callpllam,
where w is the unique solution of
—Aw=p in ,
{ w=0 on JN.

Note however that estimates (7.7) and (7.9) depend on €, while (7.2) is true for
any solution of (7.5), regardless of the domain .

In order to obtain a solution of (7.1), let (£2,,) denote an increasing sequence of
smooth bounded domains such that |J,, 2, = R Denote by (u,,v,) a solution of
(7.5) on Q,. By (7.2) and elliptic estimates, one deduces that (u,) and (v,) are

relatively compact in L (R?) and

(unwvnk) - (U,U) in Llloc(RQ) x Llloc(]R2)’
for some (u,v) € L'(R?) x L'(R?). By the stability of (7.4), (u,v) satisfies (7.1).

Remark 7.2. Our strategy to prove Theorem 7.1 can presumably be adapted to
study system (7.1) in RN for N > 3. A useful tool should be some estimates
recently proved by Bartolucci-Leoni-Orsina-Ponce [3], which are the counterpart in
dimension N > 3 of a result of Brezis-Merle [15]. In view of the results in [3], one
expects to have assumptions (i)—(ii¢) stated in terms of the (N — 2)-dimensional
Hausdorff measure HV 2.

8. STUDY OF THE SCALAR PROBLEM (7.4)

We shall assume that Q C R? is a smooth bounded domain. Let p,v € M(Q)
be two measures such that

(a1) v({z}) < 4w, Vz €

(a2) p({z}) <4m —v({x}), Vo € Q;

(a3) p({z}) = 0 whenever v({z}) = 4.

We then prove the following

Theorem 8.1. Suppose that p and v satisfy (a1)—(as) above. Then, for every
A > 0 the equation

(8.1)

—Au+Xe’(e"—1)=p inQ,
u=0 on 09,

has a unique solution for every v € LY () such that v <V a.e., where V € L'(Q)
satisfies —AV = v in D' (Q).
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We say that u is a solution of (8.1) if u € L1(Q2), e’(e* — 1)pg € L'(Q) and

—/ uACdx—i—)\/ e’(e* —1)¢dz = / Cdu V¢ e Ci(Q),
Q Q Q
where po(z) = dist (z, 00Q), Vo € Q, and

C(Q) = {¢ € C*(Q); ¢ =0o0n0Q}.

Our proof of Theorem 8.1 is based on a “stability” property satisfied by equation
(8.1) under assumptions (a;)—(a3); see Proposition 8.1 below.

In order to state our next result, let wu,,v, € L*(2) and p, € M() be such
that
(8.2) —Auy, + Xe (e — 1) = p,  in D'(Q),
where
(b1) u, — uin L'(Q);
(b2) v, — v in LY(Q) and v, <V, ae., where (V,,) is a bounded sequence
in L'(Q) such that —AV,, = v, in D'(Q) and the sequence (v,) C M ()
satisfies v, = v weak* in M(Q);
(bs) it = p* and gy = p~ weak” in M(9);
(bs) (Ot + )T 2 (Op™ + )T weak* in M(), V6 € [0,1].
We then have the following

Proposition 8.1. Let A > 0 and p,v € M(Q) be such that (a1)—(az) hold. Assume
that

—Au, + X’ (e — 1) = p,,  in D'(Q),
where Up, Vn, fiy, satisfy (b1)—(bs). Then,

(8.3) e’ (e"n —1) — e%(e" — 1) in L' (w),
for every w CC Q. In particular,
(8.4) —Au+Xe¥(e" —1)=pu in D'(Q).

Examples of sequences of measures (u,,) and (v,) satisfying (bs)—(bs) are:
(1) pp =p and v, = v, Vn > 1,
(2) pn = pn * p and v, = p, * v, where (p,) is a sequence of nonnegative
mollifiers; p and v are extended to R? as identically zero outside €.

Let us prove that (b3)—(bs) hold in case (2). We recall the easy inequality
(8.5) P * p < (o )™ < ppxp
A standard argument then implies

pwh = (ppx )™ 2 pt weak® in M(Q).

Replacing p by —pu, one deduces (b3). Condition (by) follows from a similar argu-
ment based on the estimate

Ot 4+ vy < Ot +v)T < ppx (Ou™ +v)t VO €10,1].

An important ingredient to establish Proposition 8.1 is the next
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Lemma 8.1. Let v € LY(Q) be such that v < V a.e. for some V € L*(Q) with
AV € M(Q). Given A > 0, assume that

—Au+Xe’(e"—1)=p inQ,
(8.6)
u=f on 0N,

has a solution for some p € M(Q) and f € L*(9Q). Then, (8.6) also has a solution
with data (u*, f7) and (—p=,—f7).

Given u € L'(2), we say that Au € M(Q) if

(8.7) ‘ /QuAgo dz

we denote by |[[Aul/a¢ the smallest constant C' > 0 for which (8.7) holds. By the
Riesz Representation Theorem (see e.g. [34]), Au € M(Q) if and only if there exists
o € M(Q) such that

< Cligll= Vo € C5°();

/uA(pdx:/godU Yo € C5°(92),
Q Q

in which case ||Au||pm = ||o||m- Note that o, whenever exists, is uniquely deter-
mined; we systematically identify the distribution Au with o.

Lemma 8.1 is established in Section 10 below. The proof relies on the existence
of the reduced measure; see Section 9. Theorem 8.1 and Proposition 8.1 are proved
in Section 11.

9. EXISTENCE OF THE REDUCED MEASURE p*

Let us consider the following equation

—Au+ g(z,u) = in Q,
0.1) 9( 1
u=~h on 0f,

where y € M(Q), h € L}(99), and g : 2 x R — R is a Carathéodory function. We
say that u is a solution of (9.1) if u € L*(Q), g(-,u)po € L*(R2) and

—/ uACdx—i—/g(x,u)Cdx:/Cd,u—/ h%dé V¢ e C3(Q),
Q Q Q o On
where n denotes the outward normal on 0f.

The following theorem will be established using ideas from [14,18,19]:

Theorem 9.1. Assume g : 2 X R — R is a Carathéodory function satisfying
(A1) g(z,-) is nondecreasing for a.e. x € Q;
(A2) g(z,t) =0 for a.e. x € Q, Vt < 0;
(As) g(-,t) is quasifinite Vt € R.
Then, for every u € M(Q) there exists p* € M(Q), with p* < u, such that the
following holds:
(I) (9.1) has a solution with data (u*,h) for every h € LY (0Q); )
(I1) If (9.1) has a solution with data (fi,h) for some i < pu and h € L*(99),
then o < p*.
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Theorem 9.1 will be proved in the next section. The notion of reduced measure
w* was introduced by Brezis-Marcus-Ponce [14] in the case where g(x,t) = g(¢) has
no dependence with respect to x.

A measurable function G :  — R is quasifinite if for every ¢ > 0 and K C 2
compact there exist M > 0 and an open set w C 2 such that cap (w) < € and
|G| < M a.e. on K \ w. We say that G is quasicontinuous if for every € > 0 there
exists an open set w C € such that cap (w) < € and G is continuous on  \ w.
In particular, every quasicontinuous function is quasifinite. Throughout the paper,
we denote by cap (E) the Newtonian (H') capacity of a Borel set E C Q, with
respect to some large ball B DD (Q; although the capacity “cap” depends on R,
the notions of quasifiniteness and quasicontinuity do not.

If u € LY(Q) and Au € M(R), then one shows (see e.g. [1,17]) that there exists
a quasicontinuous function @ : 2 — R such that @ = u a.e. We shall systematically
identify such functions u with their quasicontinuous representative 4 and simply
say that u is quasicontinuous, meaning .

We conclude this section with some tools which will be used in the proof of
Theorem 9.1.

We recall that any Radon measure  in RY can be decomposed as a sum p = pi,+
s, Where p, and pg are the absolutely continuous and the singular parts of p with
respect to the Lebesgue measure. There are several other possible decompositions
of p however. For instance, (see [10] and also [35])

W= pd + e,
where

ua(E) =0 for any Borel set E C Q such that cap (E) = 0,
|| (\Ep) =0 for some Borel set Ey C Q such that cap (Fy) = 0.

In particular, the Radon measures pq and p. are mutually singular.
Using the above notation, one proves the

Theorem 9.2 (Inverse Maximum Principle [30]). Assume u € L*(Q) is such that
Au e M(Q). If u>0 a.e. in Q, then

(9.2) (—Au)e > 0.

In order to prove Theorem 9.1 we will also need the following
Lemma 9.1. Let (gi) be a bounded sequence in L'(Q) such that
gr — o weak® in M(S).
Assume that

(B1) gk — g a.e.;

(B2) There exists a quasifinite function G : Q — R such that |gx| < G a.e.;

(B3) For every e > 0, there exist 6 > 0 and an open set wy C Q, with cap (@Wp) <
€, such that

/ lgp|dz < e Vk>1,
A\wg

for every open set A C Q) such that cap (4) < 4.
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Then,
(9.3) c=g+~v inQ,
for some measure v concentrated on a set of zero capacity; in other words, oq = g.

Proof of Lemma 9.1. Given € > 0, take 6 > 0 and wy C 2 as in assumption (Bs).
Since G is quasifinite, for every open set A CC €2, there exist M > 0 and an open
set wy C § such that cap (w1) < § and |G(x)| < M, Vo € A\ wy. Thus, by (By),
(Bz), and dominated convergence,

9k XA\ws — I XA\w; D L1(9)7

where X 4\, denotes the characteristic function of A\ wi. Moreover, since we have
cap (w1) < 6,

/ lgr|dz < e VE>1.
w1\Wo
Thus,

limsup/ |gk*g\d$§5+/ |g| dz.
k—oo JA\wo w1\Wo

We then deduce that (see e.g. [32, Theorem 1, p.54])

/ 9 — o §s+/ 19l dz.
A\UO wl\mo

Since A CC 2 was arbitrary,

/ |g—a|§s+/ 9] de.
QN\wo w1\Wo

Recall that o4 and o, are singular with respect to each other; hence,

lg —oa| < lg —oal + |oc] = |g — ol

/|g—o—d|=/ |g—ad|+/ g — o4l
Q Q\wo wo
s6+/ \g|dx+/ ol
wolUwq wo

As ¢ — 0, we have |y Uw;| — 0 and cap (wy) — 0. Thus, the right-hand side of
(9.4) converges to 0. We then conclude that g = o4. In other words, v := 0 —g = 0.
is concentrated on a set of zero capacity. (I

Therefore,

(9.4)

10. PROOFS OF THEOREM 9.1 AND LEMMA 8.1

Proof of Theorem 9.1. Given k > 1, let T}, : R — R be the truncation operator at
k; more precisely,

toift<k
10.1 Ty (t) = =
(10.1) k(t) {k if t > k.

We then let gi : Q x R — R be the Carathéodory function given by
gk(x’t) =T (g(x, t))
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In particular, gj is bounded. For every k > 1, let u;, € L'(Q) be the solution of

{_Auk_‘_gk(xauk):u‘ in Qa

(10.2) u = h on O9.

The existence of uy was originally proved by Bénilan-Brezis [7] (see also [61]);
alternatively, one can apply Theorem A.1 in Appendix A below.
By Proposition A.1, the sequence (uy) is non-increasing and bounded from below
by U, where U is the solution of
AU =—p~ inQ,
U=h  ondQ.
Let u* denote the pointwise limit of the sequence (uy). Then,
up, — u*  in LY(Q).

By Proposition A.2,
0
(103) [ o uiqar< [ adu - [ gl
Q Q o0 n

where (o € C2(Q2) denotes the solution of
—ACO =1 in Q,
{ Co=0 on 09Q.

Thus, (gk(-, uk)go) is bounded in L!(2). Passing to a subsequence, one finds non-
negative measures 0 € M(Q2) and 7 € M(99Q) such that

104) [ g, )cde = [ g ()0 = de 2 [
Q Q Co Q
for every ¢ € C2(9Q). On the other hand, by Fatou’s lemma,

(10.5) / gz, u)pda < liminf/ g(x,up;)pdr VYo € Cg°(R), ¢ > 0in Q.
Q Q

J—0o0

do a¢
— - —dr,
¢ o a0 On

Comparison between (10.4) and (10.5) implies
(10.6) glz,u) < 7 Q.
Co

Let

W= — (J —g(x,u*)) and h*=h-—rT.

Go
Then, p* < p and h* < h. Moreover, u* satisfies
—Au* 4+ g(x,u”) = p* in
(10.7) * X
u* =h* on JN).

In particular, x* and h* are well-defined, independently of the subsequence (ug; ).
Thus, (10.4) holds for the entire sequence (ux). We claim that

(L )a = pa;

) .
(b) h* € L*(09Q) and h* = h a.e. on 98
(c)
) 0 < e — (p¥)e < (,Lﬁ)c'
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Assertion (a) is proved as in [14, Proposition 1]. We now split the proof in 3 steps:

Step 1. Proof of (b).

Let vy, v2 be the solutions of (9.1) with data (—u~,—h~) and (0, h), respectively.
The existence of v is trivial since g(z,t) = 0 if ¢ < 0; the existence of vg is
established as in [38, Proposition 6.6]. By Proposition A.1, we have v; < vq a.e.
Applying the method of sub and supersolutions (see Theorem A.1), we conclude
that there exists a solution v of (9.1) with data (—p~, k). Since v is a subsolution
of (9.1), it follows from (a) above that v < u* a.e. Thus, by [19, Lemma 1],

h <h* on 0N.
Since h* < h, we conclude that h* € L1(9Q) and h* = h a.e.
Step 2. Proof of (c).
We show that the sequence (gk(-,uk)) satisfies the assumptions of Lemma 9.1
on every subdomain @ CC 2. We first note that
gk (x,ur) — g(x,u*) ae.

Let U be the solution of

~AU=p" inQ,
U=h ondf.

Then, by Proposition A.1 we have
up < U a.e.,, Vk>1.

Thus,

0 <g(z,ur) < g(z,U) ae., Vk>1.
Since U is quasicontinuous and g(+,t) is quasifinite for all ¢, one easily checks that
g(-,U) is quasifinite. Hence, (By) holds.
It remains to prove (Bs). Given ¢ > 0, let F' C Q be a compact set such that
cap (F) = 0 and |pc|(Q\ F) < e. Let wy C Q be an open set containing F
such that cap (Wy) < e. Applying [18, Lemma 3] (although Lemma 3 in [18] deals
with homogeneous boundary condition, the conclusion for equation (9.1) remains

unchanged on every subdomain Q CC Q), it follows that there exist 6 > 0 and
ko > 1 such that

(10.8) / gr(z,up) de < 2 Yk > ko,
A\wo

for every open set A C Q such that cap (A) < 4. Taking § > 0 smaller if necessary,
we can assume that (10.8) is true for every k > 1. Thus, (Bs) holds.
Applying Lemma 9.1, we conclude that

ge(z,up) = glz,u*) +~ weak® in M(Q)
for some concentrated measure . Hence,
pt=—Au" +g(z,u") =p—1.
Comparing the diffuse parts from both sides, we deduce that
(W")a = pa-
This concludes the proof of ().
Step 3. Proof of (d).
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It suffices to show that
(10.9) 0< (s Spd and (u')g = pg-
The estimates for (u*)F just follows from 0 < (p*)F and p* < p. Similarly, we also
have
(K)e = pe -
In order to prove the reverse inequality, let v be the solution of (9.1) with data
(—p~, h) (the existence of v is established in Step 1 above). Since v is a subsolution

of (8.6), we get v < u*. It then follows from the Inverse Maximum Principle (see
Theorem 9.2) that

pe = (Av)e > (Au")e = —(4%)e-
Comparing the positive parts from both sides,
_ w1+ oy —
MCZ[_(/’L)C] :(M)c'
This establishes the reverse inequality. Therefore, (10.9) holds.
We have proved that (a)—(d) are satisfied. In particular, (¢)-(d) imply that

w* € M(). In addition, by (b) we conclude that u* solves (9.1) with data (u*, h).
This shows that (I) holds.

It remains to prove (II). Let us first show a special case of (II):

Claim 1. If (9.1) has a solution with data (fi, ) for some i < p and h < h, then
A<t

Assume (9.1) has a solution @ with data (i, k), where i < g and h < h. In
particular, by (¢) we have

(10.10) (i)a < pa = (1")a-
Since @ is a subsolution of (9.1), it follows from (a) that @ < w*. Thus, by the
Inverse Maximum Principle,

(10.11) (e = (=Al)e < (AU )e = (1")c-
Combining (10.10)—(10.11) we deduce that

st
This establishes Claim 1.

In order to construct the measure u*, we used the sequence (uy) of solutions of
(10.2); thus uy depends on g but also on h. As we shall see, the reduced measure
w* itself does mot depend on h:

Claim 2. Given hg € L*(09Q), let u$ be the reduced measure associated to (1, hg).
Then, p§ = p*.

It suffices to prove Claim 2 for hg = 0. Let ug and v be the solutions of (9.1)
with data (ug,0) and (—p~,—h"), respectively. In particular, ug > v a.e. (note
that by (¢) and (d) the reduced measure is always > —p~). By the method of
sub and supersolutions, there exists a solution of (9.1) with data (ug, —h~). By
Claim 1 above, u < p*. A similar argument shows that (9.1) also has a solution
corresponding to (u*, —h~); hence, p* < ps. We conclude that uf = p*.

Assertion (II) now follows from (I) and Claims 1 and 2 above. Indeed, assume
(9.1) has a solution associated to (fi, h), where i < u and h € L'(99). By (I) and
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Claim 2, (9.1) has a solution with data (y*,h). Thus, by Claim 1, i < p*. The
proof of Theorem 9.1 is complete. (|

Proof of Lemma 8.1. Let g : Q2 x R — R be given by
(10.12) gz, t) = Xe?@ (ef — 1)+,

Since v < V a.e. and V is quasicontinuous, g satisfies the assumptions of Theo-
rem 9.1. Applying Theorem 9.1 with data (u™, f1), we obtain a measure (u+)* <
pt such that (9.1) has a solution with ((u™)*, f). Note that (u™)* > 0. Indeed,
it suffices to observe that (9.1) has a solution for (0,0); thus, by (II), (u*)* > 0.

We now show that g < (u+)*. We claim that (9.1) has a solution v with data (u, f).
Indeed, let ug be the solution of (9.1) with data (—p~, —f7); ug is a subsolution of
(9.1). Denote by u the solution of (8.6). Since u > ug is a supersolution of (9.1),
it follows from the method of sub and supersolutions (see Theorem A.1) that (9.1)
has a solution v with data (p, f). By (II), we conclude that p < (u*)*. Therefore,

pt =sup {0, pu} < (uh)" < pt

In other words, (u*)* = pt and (9.1) has a solution u* associated to (u™, fT).
Since u* > 0 a.e., we deduce that u* solves the corresponding problem (8.6) for
(u™, £1). Similarly, one shows that (8.6) has a solution with data (—p=,—f7). O

11. PROOFS OF PROPOSITION 8.1 AND THEOREM 8.1

Proof of Proposition 8.1. Let ¢ € C§°(2), ¢ > 0in Q, and w CC 2 be a smooth
domain such that supp ¢ C w. By (b1) and Fubini’s theorem, we can choose w so
that

U, —u in L*(0w).
It then follows from Proposition A.2 that (e (e%» — 1)¢) is bounded in L'(w)

for every ( € CZ(w). Thus, (e (e“» — 1)¢) is bounded in L'(). Passing to a
subsequence, we have

(11.1) Up, — u and v, — v ae.,
(11.2) e’k (e —1)p — e¥(e" —1)p ae.,
(11.3) ek (e — 1)p > o weak™ in M(Q),

for some o € M(2). We claim that

(11.4) oc=¢e’(e"—1)p inQ

equi-integrable in L!() and

(11.5) e’ (e"n —1)p — e’(e“ — 1)y in L'(Q).

In order to prove (11.4)—(11.5), we split the proof of Proposition 8.1 in three main
steps:

Step 1. Proof of (11.4)—(11.5) if w,, > 0 a.e. and p, > 0, VYn > 1.
We first establish Step 1 under a stronger assumption on pu:

Step 1A. Proof of Step 1 assuming in addition that
(aq) p({z}) = 0 whenever p({z}) =47 —v({z}).
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Since u, > 0 a.e. and p,, > 0, we have u > 0 a.e., u > 0, and ¢ > 0. In order to
prove (11.4)—(11.5), we first show that

(11.6) o=¢e"(e"—1)p+v inQ,
where v is a nonnegative measure supported on the set
(11.7) A= {z e p({z)) +v({z}) > 47r}.

Since p+v is a bounded measure, A has at most finitely many points. In particular,
A is closed. Now let zg € Q\ A; thus,

p({zo}) +v({zo}) < 4r.

By outer regularity of Radon measures, there exist rg,e > 0 sufficiently small so
that Bsy,(x0) C 2\ A and

/ dip+v)" <dm —e.
B3 (z0)

Since (fn 4+ vp)t = (u+v)* weak* in M(Q) (this is (bs) with § = 1), one can find
ng > 1 such that

(11.8) / d(pin +vp)t <dm — S for every n > ng.
Bary (z0) 2

Recall that w,, > 0 a.e.; thus, e’ (e — 1) > 0 a.e., from which we deduce that
—Atup + Vi) < pin + v, in D'(Q).

By (b1)—(b2), the sequence (u, + V;,) is bounded in L'(Q). A result of Brezis-
Merle [15] (see Theorem 15.2 below) implies that (e“»+V») is bounded in LP (B, (x))
for some p > 1. Since

0 <e’n(eU —1) <e'tVe ae.,

it follows that (e« (e“rx —1)¢) is an equi-integrable sequence in L' (B, (z¢)) that
converges a.e. to e’(e* — 1)p. By Egorov’s theorem, we deduce that

ek (e — 1) — e’(e" — 1) in L' (B, (20)).

Therefore, v = 0 —e?(e* — 1)y is a nonnegative measure supported on A. It remains
to show that v = 0. Note that u satisfies

—Au+e’(e*—1)=p—7v inD'(Q).

In particular, Awu is a measure in §). Denoting by “c” the concentrated part of the
measure with respect to (Newtonian) capacity (see Section 9 above), we get

(—Au)e = pe — Ye-
Since u > 0 a.e., it follows from the Inverse Maximum Principle (see Theorem 9.2)
that
0< (_Au)c = Mec — Ye-
On the other hand, since A is finite, it has zero capacity; thus, 7. = 7. By (az2) and
(ag), p =0 on A. We deduce that

v =0.

Therefore, o satisfies (11.4). In particular,

(11.9) / e’k (e%e — 1) — / e’(e" — 1.
Q Q
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We apply the Brezis-Lieb Lemma (see [13]) to the sequence (e« (e“"+ — 1)¢p). In
view of (11.2) and (11.9), we deduce that

e’ (e — 1)p — e’(e* — 1) in LY(Q).
Since the limit does not depend on the subsequences (u,,, ) and (v, ), (11.5) follows.

Step 1B. Proof of Step 1 completed.

We now drop assumption (a4). For this purpose, for every 6 € (0,1) we denote
by uy,¢ the solution of

—Au, 9 + Ae’ (e — 1) =0u,, inw,
(11.10) { o ( )= bu
Up g = U, ON Ow,

where w CC Q is chosen as in the beginning of the proof of the lemma. The existence
of uy, ¢ follows from the method of sub and supersolutions (see Theorem A.1) applied
with 0 and wu,; recall that u,, > 0 a.e. by hypothesis.

We next observe that assumptions (a;)—(a3) are satisfied by (6u,v) for every 6 €
(0,1). Assumptions (b1)—(bs) also hold. Let us check (a4). Recall that

u{z}) <4m —v({z}) Ve

If

Ou({zo}) = 4r —v({zo}) for some xy € Q,
then since p > 0 it follows that u({z¢}) = 0. Thus, (a4) holds for (fu,v).
Since (Auy,) is bounded in M(w) and (u,) is bounded in L!(Ow), the sequence
(un,g) is relatively compact in L'(w). Passing to a subsequence if necessary, we
may assume that

Upp — Ug ID Lt (w).

By Step 1A, we have

e’ (e"m? — 1) — e’(e" — 1) in L'(w).
On the other hand, by Proposition A.2,

/\/ e’ ("m0 — 1) — e (e" — 1)|pdz < C(1 — 9)/ d|pn| < C(1 - 0).

A standard argument implies that (" (e“» —1)¢) is a Cauchy sequence in L' (). In

view of (11.2), we deduce that (11.4)—(11.5) hold. The proof of Step 1 is complete.

Step 2. Proof of (11.4)—(11.5) if u,, <0 a.e. and p, <0, Vn > 1.
In this case, u < 0 a.e., u <0, and o < 0. As in Step 1A, we first show that

(11.11) o=c"(e"—1)+v inQ,
where +y is a nonpositive measure supported on
(11.12) A= {x e v({a}) > 471'}.
Let 29 € Q\ A. By assumption, we have
v({zo}) < 4m.
Take €, 79 > 0 sufficiently small so that Bs,,(z¢) C Q\ A and

/ dvt <dn —e.
B3 (z0)
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For ng > 1 sufficiently large, it follows from (bs) with = 0 that v;7 = v+ weak*
in M(€); hence,

€
/ dl/,:gllﬂ'—* Vn > ng.
Bary (20) 2

Thus, by Theorem 15.2, (e"») is bounded in LP(B,,(z¢)) for some p > 1. Since
0<e(1—e")< e’ ae.,

it follows that (e« (e“»+ — 1)) is an equi-integrable sequence in L' (B, (zo)) that
converges a.e. to e’(e* — 1). By Egorov’s theorem, we deduce that

e’ (e — 1)p — e”(e" — )¢ in L' (By,(20)).

We then conclude that v = o — e”(e* — 1)p is a nonpositive measure supported
on A. Proceeding as in Step 1A (where (a4) is replaced by (a3)), we deduce that
v = 0. Thus, (11.4) holds. Applying the Brezis-Lieb Lemma as in Step 1A, we
obtain (11.5). This concludes the proof of Step 2.

Step 3. Proof of (11.4)—(11.5) completed.
By Lemma 8.1, both problems

—AT, + Xe (" — 1) = pb  inw,
Uy, =u} on dw,

and

u, = —u, onldw,

{ —Au, + A’ (e —1) = —p. inw,

have a solution for every n > 1. In addition, by Proposition A.1, u,, and @, satisfy
U, <up <U, a.e. inw;

thus,

(11.13) e’ (e%n — 1) <e'n(e' —1) <e’"(e"" —1) a.e. in w.

By Propositions A.2 and A.5, (u,,) and (u,) are relatively compact in L'(w). We
then deduce from Steps 1 and 2 above that both sequences

(e"(e®n —1)¢) and (e’ (e™ — 1))

are also relatively compact in L!(w). In view of (11.13), it follows from dominated
convergence that for some subsequence we have
U,

e i (e™ —1)p — e’(e* — 1) in L}(Q).
Since the limit does not depend on the subsequence, (11.4)—(11.5) hold.
We have thus proved (11.5) for every ¢ € C§°(Q2), ¢ > 0 in €, from which
assertions (8.3)—(8.4) follow. The proof of Proposition 8.1 is complete. O

Proof of Theorem 8.1. Let (p,) be a sequence of nonnegative mollifiers such that
supp pn C Byn, Vn > 1. We take p,, = pp * p, vy = pp * v, and v, = p, x v. For
each n > 1, the equation
—Auy, + Ae" (e — 1) = p, in Q,
u, =0  on 01,



34 CHANG-SHOU LIN, AUGUSTO C. PONCE, AND YISONG YANG

has a (unique) solution u, € Wy>(€) (the existence of u, can be obtained for
instance via standard minimization). Applying Proposition A.3, we have

[Aunllm < 2fpnllan < 21l ae

Thus, by standard elliptic estimates (see [59]), (u,) is bounded in Wy * () for every
1 < p < 2. Passing to a subsequence if necessary, we may assume that

(11.14) u, —u in L}(Q),

for some u € Wol’l(Q).

Take w CC Q. Assumptions (aq)—(as), (b1), and (bs)—(bs) are all satisfied in €;
hence in w as well. Note that for n > 1 sufficiently large, we have —AV,, = v, in
D'(w), where V,, = p,, * V. Thus, (b2) holds in w. By Proposition 8.1, u satisfies

—Au+Xe’(e" —1)=p in D' (w),
for every w CC 2. Therefore,

—Au+Xe’(e* —1)=p in D'(Q).
Since u € Wol’l(Q), we apply [14, Proposition B.1] to deduce that

—Au+ Xe’(e* —1)=p in [Cg(ﬁ)}*
In other words, w is a solution of (8.1). The uniqueness follows from Proposi-
tion A.1. O
12. SOME A PRIORI ESTIMATES

In this section we present some tools in order to establish estimates (1.3)—(1.4)
and, more generally, (7.2)—(7.3). Our main goal is the next

Theorem 12.1. Let u,v € L*(R?) be such that
e’(e" — 1), e*(e” — 1) € L' (R?).
If Au € M(R?), then

(12.1) lullzs < O 1+ Aula) {le” (e = 1| o + [lee” = DI, }+
(122) e =1 < C(1+ |Aulae) {fle(e" = D]l + e (e” = D]l }-

Theorem 12.1 bears some similarity with some global L'-estimates of Bénilan-
Brezis-Crandall [8] (see e.g. Lemma 12.2 below). Our case is slightly different in
view of the degeneracy of the nonlinear terms at —oo:

lim (e°le’ — 1| +e’le® —1]) = 0.

s,t——o00

The main ingredient in the proof of Theorem 12.1 is the next

Proposition 12.1. Let u € L'(R?) be such that Au € M(R?). Then,

(12.3) |[lul = 2]| < CllAul|aq|[1 < |u| < 2]]

and

(12.4) / luldz < Cl|Aul3|[1 < |u| < 2]].
[lul>3]

Before establishing Proposition 12.1, we first present some preliminary estimates:
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Lemma 12.1. For every u € WH2(R?), we have
(12.5) [[lul > 2]| < C|[Vull7:|[1 < |u| <2]].
Proof. Let S : R — R be given by

0 it | < 1,
St)y=<t|—-1 if1<|t|] <2,
1 if [t > 2.
Then, S(u) € W12(R?). Moreover,
|[Vu| a.e.on |1< |u] <2,
V()] = | ]
0 otherwise.

Since the set [1 < |u| < 2] has finite measure, it then follows from Holder’s inequality
that VS(u) € L*(R?) and

(126) VS|l = / Vulde < [Vullzz |[1 < Ju] < 2|2

[1<|ul<2]
On the other hand, by the Gagliardo-Nirenberg inequality (see [53]), we have
(12.7) [1S(w)llz < ClIVS(u)] L1
Also, by the Tchebychev inequality,
1/2
(12.8) [lul = 2] =|[S(u) = 1] 7" < [1S(u)| 2
Combining (12.6)—(12.8), we deduce (12.5). |

1/2

We also recall the following (see [8])
Lemma 12.2. Let u € L*(R?) be such that Au € M(R?). Then,
(12.9) [ 1ulde < Clull [l = 2]
(lu[>3]

Proof of Proposition 12.1. We split the proof in two steps:
Step 1. Proof of (12.3).

Let Tb : R — R be the truncation operator at levels £2; more precisely,

-2 ift< -2,
(12.10) To(t) =<t if|t] <2,
2 ift>2

We then write v = Th(u). We claim that Vo € L?(R?) and
(12.11) V)|, :/ |Vo|? dz < 2||Aul|um.
]RQ

(This inequality amounts to a formal integration by parts using the identity |Vv|? =
Vv - Vu a.e.)

Indeed, given ¢ € C§°(R?) such that 0 < ¢ <1 in R?, ¢ =1 on By, and supp ¢ C
By, let o, (x) = ¢(%). By [17, Lemma 1], we know that v € W 2(R?) and

[, 9Pndo <2 (18ulaa + 8¢ oo ul2).
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As n — oo, we have p, — 1 a.e. and ||Ap,|lr~ — 0. Thus, Vv € L?(R?) and
(12.11) holds. Since

[lv] >2] = [Ju] >2] and [1<|v]<2]=[1<[ul<2],
we obtain (12.3) by applying Lemma 12.1 to v and using (12.11) to estimate || Vv|| 2.

Step 2. Proof of (12.4).

It suffices to combine estimates (12.3) and (12.9). The proof of the proposition
is complete. O

In the proof of Theorem 12.1, we also need the following elementary
Lemma 12.3. There exists C > 0 such that if s > —3, then
(12.12) le® — 1| < C (e'le® — 1| +€°le’ —1|) VteR.
Proof. Let s > —3. Note that for every t € R, we have
elle® —1] > e |e® — 1] if t > -3,
efle’ — 1] > (1—e3)e* >e e — 1] ift<-3.
Thus, for any such s,t € R,
le® — 1] < e® (e'le® — 1] + e®[e" —1]).
We then obtain (12.12) with C' = 3. O
Corollary 12.1. There exists C' > 0 such that
(12.13) e +e’t <O (efe® — 1| +e’le' — 1| +1) Vs,teR.

Proof. The estimate for e® easily follows from (12.12). In order to deduce (12.13),
it remains to observe that

ST <eSle! — 1| +e® Vs, teR.

We now present the
Proof of Theorem 12.1. We split the proof in two steps:
Step 1. (e* —1) € L'(R?) and (12.2) holds.

By Lemma 12.3, we have

(12.14) / |e“—1|dx§C(/ e”|e“—1\dx+/ e“|e”—1|dx>.
R2 R?

[u>—-3]
On the other hand, applying (12.3),
(12.15) /\w—mmgmg—mgmmwMﬂ<m<ﬂy
wss)

By the Tchebychev inequality and (12.14), we also have

1
<l <2)| < 7=y /?|$—1Mx

(12.16) [1<]ul<2]

§C’</ e”|e“71\dx+/ e“|e”1|dx).
R2 R2
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Combining (12.14)—(12.16), we deduce (12.2). In particular, (e* — 1) € L*(R?).
Step 2. Proof of (12.1).
Since |e* — 1] > CJt| for every t > —3, we deduce from (12.14) that

(12.17) / |u|d:c§C(/ e”|e“—1\dx—|—/ e"|e“1|dx).
R? R?

[u>—-3]
On the other hand, by (12.4),

(12.18) [ wlde < [ e < Clauf < ol <2])

[u<—3] (lu>3]
Estimate (12.1) then follows from (12.16) and (12.17)—(12.18). The proof is com-
plete. (]

In order to apply Theorem 12.1 in the sequel, we shall need the following exten-
sion result:

Proposition 12.2. Let u € L'(Q) and u € M(Q) be such that
{ —Au=p inQ,

(12.19) u=0 on ON.

Let @ : R? — R be given by
(12.20) a(z) = {“(x) ifrel,

0 otherwise.
Then, Au € M(R?) and
(12.21) | AL p(r2y < 21|l pme)-

We refer the reader to [16] for a proof of Proposition 12.2.

13. STUDY OF SYSTEM (1.1) ON BOUNDED DOMAINS
In this section, we consider the counterpart of (1.1) on bounded domains:
—Au+Xe¥(e* —1)=p in Q,
(13.1) —Av+det(e’ —=1)=v inQ,
u=v=0 on .
We prove the following

Theorem 13.1. Assume p,v € M(Q) satisfy (i)—(iii). Then, for every A > 0
(13.1) has a solution (u,v) € L*(2) x LY(Q). Moreover, every solution of (13.1)
satisfies (7.2)—(7.3).

Proof. Let U and V be given by
—~AU =u" in Q, —AV =v" inQ,
and
U=0 on 0, V=0 ondf.
To each (u,v) € L1(2) x LY(Q) we associate a pair (i, ?), where @ solves
{ —Ad+ Ae™ Ve 1) = in Q,

(13.2) ’
=0 on 01,
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and U solves

(13.3)

Note that problems (13.2) and (13.3) fulfill the assumptions of Theorem 8.1. Thus,
u and v both exist and are uniquely determined. We can now consider the mapping
K from L'(2) x L'(2) into itself, given by

K(u,v) := (@, 0).

Claim 1. K(L* x L') is a bounded subset of W, * x Wy for every 1 < p < 2.

It suffices to observe that for every (u,v) € L' x L' the corresponding pair (@, ?)
satisfies (see Proposition A.3)

/Q A < 2[ullp and /Q INES

It then follows from standard elliptic estimates that (L' x L!) is contained in a
bounded set of Wol’p X Wol’p for every 1 < p < 2, i.e. there exists C}, > 0 such that

||lC(u,v)||W01,pr01,p <0, Y(uv)eL'xL".

Claim 2. K is continuous.

In fact, assume (u,,v,) — (u,v) in L' x L. Let us prove for instance that
(13.4) ip — 4 in L'(Q).

By the previous claim, the sequence (@) is bounded in WO1 P(Q). Passing to a
subsequence, we have

Tp, — @ in LY(Q),

for some 4 € Wol’l(Q). We apply Proposition 8.1 with V,, = V| u, = p and
v, = vt, ¥n > 1. We deduce that

— Al A4 A Vet — 1) = 4 in D'(Q).

Since @ € W, (2), then by [14, Proposition B.1] we conclude that @ is a solution
of (13.2). By uniqueness, we must have & = @ a.e. Since the limit does not depend
on the subsequence (@, ), (13.4) holds. Reverting the roles of (uy) and (vy,), we
obtain the counterpart of (13.4) for (o). Therefore, K is continuous.

Applying Schauder’s fixed point theorem, we deduce that K has a fixed point
(up,vp). Note that U > 0 a.e. Thus, by Proposition A.1 we have ug < U a.e.
Similarly, vg < V a.e. We then conclude that (ug, vg) is a solution of (13.1).

It remains to show that (7.2)—(7.3) hold for every solution (u,v) of (13.1). In fact, let
1,0 denote the extensions of u, v as 0 outside {2, respectively. By Proposition 12.2,
we know that Au € M(R?) and

1A A < 2/ Au -
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Applying Theorem 12.1 to @ and ¥, we conclude that (12.1)—(12.2) hold. On the
other hand, by Proposition A.3,

[Aulac < 2l a1,

/ ef’|e’7‘—1|dgc:/e“|e“—1|dx§HMM7
R? Q A

/ eﬁ|eﬁ—1|dx:/e“|e“—1|d$§M.
R2 Q A

Therefore,
+ ||V
(13.5) s = [ Jalde < 00+ i3 el M)
R2 A
a +
R

Interchanging the roles of v and v, we obtain a similar estimate for v. This imme-
diately implies (7.2)—(7.3). 0

Remark 13.1. The proof of Theorem 13.1 is based on a standard fixed point argu-
ment. However, the continuity of K relies on Proposition 8.1, whose proof is rather
technical. If one assumes p, v < 0 (this is precisely the setting of Theorem 1.1),
then the continuity of K becomes much easier. Indeed, in this case U = V = 0.
Assume
(tn,vn) — (u,v) in L' x L%

Note that by Proposition A.1 we have @y, ¥, < 0 a.e. If @, — 4 in L*(£2) for some
U € VVO1 ’1(9)7 then by dominated convergence we get

emin {vnk,()}(eﬁ”k _ 1) N emin {v,O}(eﬂ _ 1) in L;D(Q)7

for every 1 < p < oo. Hence, 4 and @ are solutions of the same equation. By
uniqueness, @ = u a.e. and
U, — @ in L'(Q).

A similar argument holds for (@,,). Therefore, K is continuous.

14. PROOF OF THEOREM 7.1

Let (€,,) denote an increasing sequence of smooth bounded domains such that
U,, @, = R% Since p and v satisfy (i)—(iii), it follows from Theorem 13.1 that for
every n > 1 there exists a pair (u,,v,) € L'(Q,) x L'(Q,) satisfying (7.2)—(7.3)
such that

—Auy, + A’ (" — 1) =p in Q,,
(14.1) —Av, + Xe" (e’ — 1) =v in Q,,
u=v=0 on 0dQ,.

Claim 1. The sequence (uy,v;,) is bounded in VVlicp X I/Vllocp for every 1 < p < 2 and
there exists a subsequence (up, ,vp, ) such that

(142) (unk’vnk) - (u’ U) in L%OC X LllOC

for some (u,v) € L*(R?) x L}(R?).
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We recall that u,, and v,, satisfy (see Proposition A.3)

(14.3) [ 1wl <2l and [ (8w < 2v]u
Qpn

n

Moreover,

C
(14) [ ot [ fonlde < S0l R (s + o).

n

We deduce from (14.3)—(14.4) that (u,) and (v,,) are relatively compact in L _(R?)

loc
(see Proposition A.4). Passing to a subsequence, we get (14.2) for some (u,v) €

Li x Ll . By (14.4) and Fatou’s lemma, we actually have (u,v) € L'(R?) x L*(R?)

loc loc

and (7.2) holds; similarly, (7.3) is also true. This concludes the proof of Claim 1.

Claim 2. The pair (u,v) given by (14.2) satisfies (7.1).

It suffices to show that (u,v) satisfies (7.1) on B,, for every r > 0. We shall
prove that

(14.5) —Au+Xe’(e"—1)=p in D'(B,).
Let ng > 1 be such that B, C Q,,. Clearly, for every n > ng we have
—Auy, + e’ (e" — 1) =p  in D'(B,).

Without loss of generality, we may assume that the convergence (14.2) holds for
the entire sequence ((un,vn))n>1. Since (v,,) is bounded in W1P(B,) for every
1 < p < 2, we have from Trace Theory that

vy — v in L*(0B,).

Passing to a further sequence if necessary, we may assume there exists h € L*(9B,.)
such that

|vn| < h ae. on 0B, Vn > no.
By Proposition A.1, v, <V a.e., Vn > ng, where V > 0 is the solution of
—~AV =v* in B,,
{ V=h ondB,.

Applying Proposition 8.1 on B, with u,, = u, v, = v+, and V,, = V, Vn > ng, we
conclude that u satisfies (14.5). The counterpart for v follows by interchanging the
roles of v and v. The proof of Theorem 7.1 is complete. O

15. STUDY OF ASSUMPTIONS (i)—(i%i) OF THEOREM 7.1
In this section, we use the following results:
Theorem 15.1 (Vazquez [61]). Let w € LY(Q) and p € M(Q) be such that
—Aw=p in D'(Q).

Ifev € LY(Q), then
p({z}) <4m Ve eQ.
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Theorem 15.2 (Brezis-Merle [15]). Let w € LY(Q) and p € M(Q) be such that
—Aw =y inD'(Q).
Assume there exist v > 0 and € > 0 such that
Il (Br(z)NQ) <dr —e Va e .
Then, for every w CC € there exists p > 1 such that
e’ € LP(w) and |e”|Lrw) <C,
for some constant C > 0 depending on |w|| L1, €, r, w, and Q.

Theorem 15.2 is stated in [15] for functions w satisfying, in addition, “w = 0 on
08", The general case above can be easily recovered from [15, Theorem 1].
We then establish the

Proposition 15.1. Given p,v € M(R?), assume there exists (u,v) € L (R?) x

loc

Ll (R?) such that
—Au+ e’ (e" —1) = in R?,
(15.1) (& =l)=p i ,
—Av+ e’ —1)=v inR*
Then,
(15.2) pt({z}) + vt ({z}) <4r Va € RZ

Proof. Since (u,v) satisfies (15.1), we have
(e — 1), e“(c” — 1) € L (R?).
Thus, by Corollary 12.1, e“t?, e%, e¥ € L%OC(RQ). Applying Theorem 15.1 with
w=u-+v,u, v, we get
(i") p({z}) +v({z}) < 47, Vo € R

(ii") p({z}) < 4w, Vz € R?

(iii’) v({x}) < 4w, Vo € R?.
The conclusion then follows from the identity

at + bt :max{O,a,b,a+b} Va,b € R.
|

It follows from Proposition 15.1 that assumption (z) in Theorem 7.1 is necessary.
We now study assumptions (ii)—(4i7).
Proposition 15.2. If (7.1) has a solution with p = 47dy and v = ady for some
a €R, then a=0.

Proof. Tt follows from the previous proposition that a < 0. Assume by contradiction
that (15.1) has a solution (u,v) with p = 47y and v = adyp, for some a < 0. Since
w({0}) + v({0}) < 4w, then by Theorem 15.2 we have e“*t” € LP(B;) for some
p > 1. Let z be the solution of
Az = X"t in By,
z=0 on 0B;.

Then, by standard elliptic estimates, z € C°(B;). On the other hand, we have

1
—Au > 41dy — A"t = —A(? log 2] + Z) in D'(By).
x
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Let h be the harmonic function such that A = w on B;. By the maximum principle,

u(z) > 2log % + z(x) + h(z) Vz € Bj.

Thus,
eerh

e > FE in Bj.

Since z+h is continuous on By, we deduce that e* ¢ L'(Bj). This is a contradiction
since e* € L (R?) by Corollary 12.1. We then must have a = 0. O

loc

In view of Proposition 15.2, assumptions (i7)—(iii) are also necessary in the case
of isolated Dirac masses. But as we will see below, equation (7.1) can have solutions
for measures p and v which do not satisfy (i:)—(ii7). Indeed,

Proposition 15.3. For every a < 0, there ezists f, € L*(R?) such that (7.1) has
a solution for u = 4mdg + f, and v = ady.

Proof. Assume for simplicity that A = 1. Given a < 0, let © > w be the solutions
of (see [61])

(15.3) —Au+ (e" — 1) = 4mdy in R?,
(15.4) —Aw+ (¥ —1) = (47 +a)dp in R?

such that (e* — 1), (e — 1) € L'(R?). Set v = w —u and f, = (e¥ — 1)(e* — 1).
Since v < 0, we have

|fal <le* —1].

Thus, f, € L*(R?) and (u,v) is a solution of (7.1) with data u = 47dy + f, and
vV = a50. [l

16. ASYMPTOTIC BEHAVIOR OF (u,v) AT INFINITY

We now study the behavior of solutions of (7.1) when both measures p and v
have compact supports in RZ. Our main result in this section is the following
Theorem 16.1. Let p,v € M(R?) and X > 0 be such that
(16.1) { —Au+Xe’(e* —1)=pu inR?

—Av+Xet(e” — 1) =v in R,

has a solution (u,v) € L'(R?) x L*(R?). If u and v have compact supports in R?,
then

e*ﬁ\ﬂ
(16.2) lu(@)] + |v(z)| < Cw»
—VX|z|
(16.3) Vu(z)| + [Vo(e) < C—r,
|SC‘1/2

for every |x| > R, where R > 0 is such that supp u Usuppv C Bg.

We first recall the following well-known (see e.g. [5])
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Proposition 16.1. Let o, \,;tg > 0 and let @ : [tg,00) — R be a continuous
function such that tlim ®(t) = 0. Then, the equation
— 00

1
w' +-w - A+ ®E)w=0 1in (ty,0),
o Ll (2 (0) (t0.00)
w(tg) =a and tlim w(t) =0,

o0
has a unique solution wg. If, in addition, / |®(¢)|dt < oo, then there erist
to

constants Cy, C1 > 0 such that

wo(t)
16.5 Co < <Cy Vt>to,
where
e~ VAL
Proof. The substitution z(¢) = ¢}/2w(t) transforms equation (16.4) into
1
(16.7) 2" — ()\ + ®(t) — M) z=10 in (tg,0),

with initial data z(tp) = até/z By [5, pp.125-126], this equation has a unique

bounded solution zp; every other solution of (16.5) grows exponentially fast as t —
00. Thus, the solution of (16.4) exists and is unique. In addition, if ftzo |®(t)| dt <
oo, then zgy satisfies

A S0 izt

This implies (16.5). O

Proof of Theorem 16.1. We split the proof in four steps:
Step 1. There exists C' > 0 such that
C
(16.8) lu(z)| + |v(z)] < P Vo € R?\ Bg.
Let ¢ > 0 be sufficiently small so that suppu Usuppr C Bgr_.. By Kato’s
inequality (see [46]), we have

(16.9) —Alu| + Xe"|e" — 1| <0 in D'(Ag),
where Agr = R?\ Br_.. Thus, |u| is subharmonic in Ag and given z € R? \ By we
have

1
lu(z)] < —5 |u|dy for every 0 <r < |z|— R+e.

r (x

In particular, taking r» = |x| — R 4+ € we deduce that

1
()] < —2/ ldy < O Ve R?\ By,
m(|lz| - R+¢)” Jre ||

A similar estimate holds for v.

Step 2. For every r > R, let

(16.10) (r) = A min {e”|eu — 1 —1}.
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(We use the convention that e‘;1 =1ift=0.)

Then, @ : [R,00) — R is continuous, lim ®(r) =0 and

(16.11) / |P(r)| dr < oco.
R

Since u and v are uniformly bounded on R?\ Bg, it follows from elliptic estimates
that 4 and v are continuous; thus, ® is continuous. Moreover, since

s |et — 1|
1
for some constant C' > 0 depending on M, we have by (16.8)

-1

<C(s|+It]) Vs,te[-M,M],

2()] < Cmax {Ju(a)| + (o)} < 5 VR

Thus, ®(r) — 0 as  — oo and (16.11) holds.
Step 3. Let wg be the (unique) radial solution of
—Awy+ (A+ ®(z))wy =0  in R*\ Bg,

(16.12) wo=M on OBg,
lim wo(z) =0,
|z]— o0
where M := max |u(z)| and ®(z) := ®(|x]) is given by (16.10). Then,
z€R?\Bg
(16.13) lu| <wy in R?*\ Bp.

The existence and uniqueness of wqy follows from Proposition 16.1. Given € > 0,
take R’ > R sufficiently large so that

lu(z)] <e VreR?*\ Bg.
Thus, by (16.9) the function Z = |u| — wy — ¢ satisfies
(16.14) —AZ 4 xe’le* — 1] — (A+ ®(z))wo <0 in B \ Bg,
. Z <0 ondBgrUOJBp.
More precisely,
- / ZACdz < / {()\—i— ®(x))wo — Ae"le” — 1|}Cdx
BR/\?R BR/\BiR
for every ¢ € C2(Bg:\ Br), with ¢ > 0 in Bg/\ Bg. Thus, by [14, Proposition B.5],
- / ZHACdr < / {()\ +@(x))wp — At — 1|}Cdx

Ba\Br (lul>wo+e]

le" — 1]

< / {0+ o@) = e ” Juo¢dz <o,

[lu|>wo+e]

since the term in brackets is nonnegative and wg, ¢ > 0. Therefore, ZT < 0; hence,
|u| < wp+e in Br \ Bg.

As R — oo, we get o
lul <wp+¢ in R?\ Bg.
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Since € > 0 is arbitrary, we conclude that (16.13) holds.
Step 4. Proof of Theorem 16.1 completed.
By (16.5) and (16.13), u satisfies
e~V lz|

|$‘1/2

lu(z)| < C Vo € R?\ Bg.

A similar estimate holds for v. This implies (16.2). It then follows from (16.2) that

(16.15) e”le" — 1| +e"le" — 1| < C(Ju(z)| + |v(z)]) < C’e;\f/:l Vr € R?\ Bg.
We now recall the following (see e.g. [9, Lemma A.1])
Lemma 16.1. Let u, f € L>(B) be such that
—Au=f inD(By).
Then,
(16.16) IVullZo s, 5y < C(lullpomyy + 1l ) ullosy)-

Applying Lemma 16.1 to u and v on balls By(x) for || > R+ 1, we get
e_\/x(lxl_l) e_\/Xlx|
<C .
(le| =1)1/2 =7 a2
The proof of Theorem 16.1 is complete. U

|Vu(z)| + |[Vo(z)] < C

APPENDIX A. STANDARD EXISTENCE, COMPARISON AND COMPACTNESS RESULTS
In this appendix we gather some known results related to the equation

{ —Au+ g(z,u) =p in Q,

(A1) u=~h on 0,

where Q € RY, N > 2 is a smooth bounded domain, u € M(Q), h € L'(99Q),
and g : & X R — R is a Carathéodory function. The statements presented here
complement Appendix B in [14].

We begin with the following generalization of the classical method of sub and
supersolutions. This theorem extends previous results of Clément-Sweers [25] and
Dancer-Sweers [26]:

Theorem A.1 (Montenegro-Ponce [51]). Let u1,us € L*(2) be a sub and a super-
solution of (A.1), respectively, such that

(A.2) up <uy ae.

and

(A.3) g(-,v)po € L*(Q)  for every v € LY(Q) such that u; < v < uy a.e.
Then, (A.1) has a solution u such that

wu <u<uy a.e.
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Here, po(x) = dist (z,09), Vo € Q. We recall that v € L'(Q) is a subsolution of
(A1) if g(-,v)po € L'(Q) and

0 = .
—/QUACdx—&-/Qg(x,v)Cde/QCd,u— thagdf V¢ e CE(Q), ¢>0in Q.

The notion of supersolution is defined accordingly.

We next present the following

Lemma A.1. Let v € LY(Q), f € LY (Q;podx), p € M(Q), and h € L*(9) be
such that

¢ 25
A. — Ald dz = dp — h—d/ Q).
(A4) [oacars [ gear= [ cau= [ b veeci@
Then, for every ¢ € CZ(Q), ¢ >0 in Q, we have
¢
A. — TACd d dpt — ht=—=de
(A5) K Cfﬂ+[zo]fcw</QCu | w5
and thus
_ _ 48
(A.6) /Q|U|ACdx+/Qfsgn(v)Cd$§/QCd\,u| /(m\h|6nd€.

Proof. Estimate (A.5) is established in [50, Lemma 1.5] when y = 0. The same
strategy can also be used to prove (A.5) for any u € M(Q). Applying (A.5) to v
and —v, one obtains (A.6). O

Proposition A.1. Suppose that g1, g2 : xR — R are two Carathéodory functions
satisfying

(A1) g(x,-) is nondecreasing for a.e. x € Q;

(A4%) g(x,0) =0 for a.e. x € Q.
Let u; be a solution of (A.1) associated to g; and (u;, hi), i =1,2. If

g1 > 92, p1<p2, and hy < ha,

then
(A7) up <ugy ae.
In particular, if g satisfies (A1) and (A5), then (A.1) has at most one solution.

Proof. Apply Lemma A.1 to v = u3 — ug. By (A.5) and (A;1)—(A45), we have
—/(u1 —up)tACzr <0 Ve e C2(Q), ¢ 0in Q.
Q

Thus, (u1 — u2)™ < 0 a.e.; in other words, u; < ug a.e. O

Proposition A.2. Let g : 2 x R — R be a Carathéodory function satisfying (A1)
and (A%Y). If u solves (A.1), then

o
(a8) = [ placds+ [ lgtaicas < [ cal- [ g ac

for every ¢ € CZ(Q), ¢ > 0 in Q. Let u; be the solution of (A.1) associated to
(i, hi), i =1,2. Then,

(A.9) HU1_U2||L1+H9('7u1)—9('7u2)HL;O < C(Hﬂl—M2||M(Q)+th—hQHLl(aQ))«
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Proof. Estimate (A.8) follows from (A.6) applied to v = v and f = g(-,u). The
proof of (A.9) follows along the same lines by taking ¢ = (o, where (y satisfies

—ACO =1 in Q,
{ CO =0 on 9.

O

Proposition A.3. Suppose that g satisfies (A1) and (AL). Let u be the solution of
(A.1) with h = 0. Then,

(A.10) [ oGl de <l and [ 180 < 2l
In particular, g(-,u) € L' () and Au € M(Q).
Proof. By (A.8), for every superharmonic function ¢ € C3(Q), we have
(A1) [ lotewicas < [ caul
Q Q

Apply (A.11) to a sequence of superharmonic functions ({,) in C2(Q) such that
0<(,<land(, — 1in L2 (). As n — oo, we obtain

loc

[ late.wlas < [ dlul =l
Q Q

—Au=p—g(x,u) inQ,
we deduce that Au € M(Q) and (A.10) holds. O

Since

We recall the following compactness result:

Proposition A.4. Let u € L*(Q) be such that Au € M(Q). Then, for every
wCCQand1§p<%,
(A.12) lullwrrw) < C(lullz@) + 1Aullme),

for some constant C > 0 depending on w and p. In particular, if (uy,) is a bounded
sequence in L*(2) such that (Auy,) is bounded in M(Q), then (u,) is relatively
compact in Li(w) for every 1 < ¢ < %
Proof. Clearly, it suffices to establish (A.12). Let v € L'(Q2) be the solution of
Av =Au in Q,
{ v=20 on 0f).

By standard elliptic estimates (see [59]),

(A.13) [vlwre@) < CpllAul| pmee),

for every 1 < p < % On the other hand, since u — v is harmonic in 2, we have
(A.14) [u = vller@) < Collu — |1 < Cu(llullLi@) + vllie)),

for every w CC Q. Combining (A.13)—(A.14), we obtain (A.12). O

We conclude this section with the following “global” companion of Proposi-
tion A.4:
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Proposition A.5. Let (u,) C L'(Q) be such that

(A.15) \ /Q unACda| < K| polli~ VC € C2(),

for every n > 1. Then, (u,) is relatively compact in LP(Q) for every 1 < p < %

Proof. We split the proof in two steps:
Step 1. For every 1 < p < =, (up,) C LP(€2) and there exists C}, > 0 such that

(A.16) [t rr < CpK.

By duality it suffices to show that, for every w € C°°(Q),

/ upw de
Q

For this purpose, let ( € C2(2) be the solution of

(A.17) < CpK||wly ¥Yn>1.

—A(=w in Q,
{ (=0 on 9.
By standard Calderén-Zygmund estimates (see [37]),
(A.18) [Cllw2p < Cpllwllper-
Since p’ > N, it follows from Morrey’s imbedding that
(A.19) 1</pollz= < C(lI¢l + [VCIIz) < CpllCllypam-

Combining (A.18)—(A.19), one deduces (A.17) for functions w € C*(Q). A stan-
dard argument implies that w, € LP(Q2), Yn > 1, and (A.17) holds for every
w € LP (). By duality, (A.16) follows.

Step 2. Proof of the proposition completed.

By Step 1, (u,) is bounded in LP(€2) for every 1 < p < . In particular, (uy,)
is equi-integrable in L'(2). On the other hand, by (A.15), (Au,) is a bounded
sequence in Mjoc(2). We deduce from Proposition A.4 that (u,) is relatively
compact in L (w) for every w CC 2. Passing to a subsequence, we have u,, — u
a.e. in . It then follows from from Egorov’s theorem that u,, — wu in L'({).
Since (up,) is bounded in LP(2) for every 1 < p < 2, the conclusion follows by
interpolation. (I

APPENDIX B. EXISTENCE OF SOLUTIONS OF THE SCALAR CHERN-SIMONS
EQUATION

In this appendix, we present a short proof of existence of solutions of the equation
(B.1) —Au+ Xe¥(e* —1) =p in R?,

where A > 0 and p is a given finite measure in R?. Although (B.1) is a special case
of system (1.1), we cannot directly apply Theorem 7.1 here. Indeed, since the proof
of Theorem 7.1 is based on a fixed point argument, it is not clear that the solution
of (1.1) provided by that theorem satisfies u = v when p = v. In any case, as we
shall see below existence of solutions of (B.1) can be established in a much simpler
way.

The main result in this section is the next
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Theorem B.1. Let A > 0 and p € M(R?). Then, (B.1) has a solution u € L*(R?)
in the sense of distributions if and only if

(B.2) p({z}) <27 Vo€ R%

In addition, u satisfies

C c
B3)  ule < SO+ lul3) llllae - and e =1l < Sllufam

We first consider the counterpart of Theorem B.1 on smooth bounded domains
0 CR2%:

Proposition B.1. Given A > 0 and p € M(Q), then
{ —Au+Xe'(e"—=1)=p inQ,

(B.4) u=0 on 99,

has a solution u € L*(Q) if and only if
(B.5) p({z}) <27 VzeQ.

Moreover,
(B1) Ewery solution of (B.4) satisfies (B.3);
(By) There exists U € L'(R?) with eY(eV — 1) € L'(R?) such that uw < U a.e.
for every solution u of (B.4).

Proof. Extend the measure y to R? as identically zero outside €. Since the function
t — et(e! — 1) is increasing for ¢ > 0, we can apply [61, Theorem 2 and Proposi-
tion A.1] to deduce that under assumption (B.2) equation (B.1) with data y™ has a
solution U € L'(R?) such that U > 0 a.e. and eV (e — 1) € L}(R?). Let v € L}(Q)

be the solution of
—Av=—p" in Q,
v=20 on If).

In particular, v and U are sub and supersolutions of (B.4) such that v < 0 < U
a.e. Thus, by Theorem A.1 above, (B.4) has a solution u € L(Q).
We next note that by Proposition A.3 every solution of (B.4) satisfies

A / e"le" —1|dz < |ulae and / IR
Q Q

The second estimate in (B.3) then easily follows. In order to obtain the first one
it suffices to apply Theorem 12.1 (with u = v) and Proposition 12.2. We conclude
that (B7) holds. By Proposition A.1, the supersolution U in the beginning of the
proof satisfies (Bs3).

It remains to show that if (B.4) has a solution, then p satisfies (B.5). For this
purpose, notice that e?* € L'(Q) and then apply Theorem 15.1. This concludes
the proof of the proposition. O

Proof of Theorem B.1. Let (Q,) C R? be an increasing sequence of smooth bounded
domains such that R? = |, Q,. For each n > 1, let u, be a solution of (B.4) in
Q,,. Note that, by (B;) and Proposition A.3,

[unllzr(@.) + 1AU][ M0,y <C VR > 1.
Applying Proposition A.4, one can extract a subsequence (uy,, ) such that
—u in Li(R?).

Uny,
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By Fatou’s lemma, u satisfies (B.3). Finally, since u,, < U a.e., Yk > 1, where
eV (eV —1) € LY(R?), it follows from dominated convergence that u is a solution of

(B.1).
Conversely, proceeding as in the proof of Proposition B.1, one shows that if (B.1)
has a solution, then (B.2) holds. The proof of the theorem is complete. O
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