KATO’S INEQUALITY UP TO THE BOUNDARY
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ABSTRACT. We show that if Au is a finite measure in  then, under suitable
assumptions on u near 99, Aut is also a finite measure in Q. We also study

; S +
properties of the normal derivatives % and % on 99).
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1. INTRODUCTION

Let Q C RY be a smooth bounded domain. Given u € L*(Q) with Au € L1(1),
Kato’s inequality (see [9]; see also [4]) asserts that

(1.1) Aut > xpsoAu  in D'(Q).

In particular, (1.1) implies that Au™ is a locally finite measure in . Our goal in
this paper is to address the question whether Au™ is a finite measure up to the
boundary of 2, i.e., whether
/ |Aut| < oo.
Q

In general, the answer is negative: one can even construct harmonic functions
u € C(2) N HY(Q) such that Aut is not a finite measure in Q; see Proposition A.1
below. With further assumptions on u (for instance if u € W21(Q) or if u vanishes
on the boundary) we will see that the answer is positive.
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The following class of functions will play a central role. We say that v € X if
u € WH1(Q) and if there exists a constant C' > 0 such that

(1.2) ‘/ Vu- V| < C|Yllpe Yo € Cl(ﬁ),
Q
in which case we set
[ulx = sup / Vu - V.
PpeCt ()
lllLee <1

Note that if u € X, then there exists a unique 7 € [C(Q)] " = M(Q) such that
(T,) = / Vu-Vy Yo eCl(Q).
Q

On the other hand, by the Riesz Representation Theorem any 7' € M(Q) admits a
unique decomposition

Ty = [ wdvs [wdu v e,
o0 Q

where p € M(Q) and v € M(9Q). As usual, M(Q2) and M(9Q) denote the
spaces of finite measures in Q and 99, respectively, equipped with the norm || - || o¢;
measures in M () are identified with measures in Q which do not charge 9€2. When
u € X, we will denote

uw=—Au and y:%.
on

Throughout the paper, whenever v € X we use the notation Au and % in the
above sense. If u € X, then

Vu- -V = w /¢Au V¢€Cl(§),
Q Fs19) 3” Q

and consequently,

/ / A = w——/qmu Vih € C%(Q).
F[9) 3" IL9)
Also, note that if u € X, then

In particular, [-]x defines a seminorm in X and [u]x = 0 if, and only if, u is
constant in Q. In order to verify this last assertion, one may use the fact that for
every h € C°°(Q) with [, h = 0, there exists ¢ € C°°(2) such that —A) = h in Q
with g—f: =0 on 0N.

u
onl|

Clearly, any function u € W2!(Q) belongs to X and our notation is consistent
with the usual meaning of Au and g—z. Recall that, for any function u € L'(Q),
Au is well-defined as a distribution. When u € X, the distribution Au belongs to

M(£), but the converse is not true; see, e.g., Proposition A.1 below.

We now present our main results.
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Theorem 1.1. Ifu € X, then ut € X and
(1.3) [ ]x < [ulx.

In other words,
out
o §/|Au|+/
on Q a0

(1.4) /Q\Auﬂ +/89

Our next result gives additional properties when u vanishes on the boundary:

Theorem 1.2. If u € Wy () and Au € M(Q) (in the sense of distributions),
then u € X (hence u™ € X). Moreover,

(1.5) /Q|Au+\§/Q|Au|.

In addition, 2% ¢ L*(99) with
§/|Au|.
Q

7 on
(1.6) /
o0
Note that assertions (1.5)—(1.6) fail if u does not vanish on 9€; simply take
Q) = By, the unit ball in RY and u(z) = ;.

We now state our extension of Kato’s inequality up to the boundary:

Theorem 1.3. Let u € X be such that Au € L*(Q) and 3% € L*(9Q). Then,

ou

onl|

ou
on

(1.7) vﬂ-vwg/ Hw—/Gw Vip € CH(Q), 1 > 0 in Q,
a0 a0 Q
where G € L' () and H € L'(99Q) are given by
9u on [u > 0]
A 0 on ’
(1.8) g=1-" [v> 0], and H=1<0 on [u < 0],
0 on [u < 0], ou
min {§%,0}  on [u=0]
Thus,
Aut>G inQ,
(1.9) out

We conclude this introduction with the following problems:

Open Problem 1. Let u € X. Is it true that
out ou

<

on 00 ?

This problem is open even under the additional assumption that u € WO1 1((2)

Open Problem 2. Assume that u € X and % € LY09Q). Is it true that % €
LY (09Q)? More precisely, does one have
ou™
on
where H is the function given by (1.8)%

(1.11) — H,
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The answer to both Open Problems 1 and 2 is positive if v € W2(Q); see
Theorem 7.1 below.

Addendum. Recently, A. Ancona informed us that he gave a positive answer to
Open Problems 1 and 2 in full generality. His argument strongly relies on tools
from Potential Theory; see [2].

2. PROPERTIES OF FUNCTIONS IN X

In this section, we investigate properties satisfied by elements in X. We first
show that condition (1.2) required for a function to belong to X can be replaced by

(2.) [ uad <cicle- v ecz@.
Q
where
25 25y, ¢

(2.2) CR(Q) = ¢ e C*(Q); e 0 on 09 p.
Proposition 2.1. Let u € LY(Q)). Then, u € X if, and only if,
(2.3) sup / uAQ’ < 00.

ceck (@ 1/@

l[¢llLoe <1
Moreover,

(1) the quantity in (2.3) equals [u]x;
(i1) u € WHP(Q) for every 1 < p < 2= ; moreover, ||Vu| o) < Clulx.
In the proof of Proposition 2.1, we need the following variant of the classical
De Giorgi-Stampacchia estimate (see [7,8]) for the Neumann problem:
Lemma 2.1. Given F € C$°(Q;RY), let w be the unique solution of

—Aw=divF inQ,

2.4

24) 6—w =0 on 09,
on

such that fQ w = 0. Then, for every ¢ > N we have

(2.5) [w][ o < C|IF|La-

We present a sketch of the proof of Lemma 2.1 in Appendix C.

Proof of Proposition 2.1. Note that if u € X, then

(2.6)

/mc\ _ ’/ wvc\ < [ [Cle V€ CA@).
Q Q

This gives the implication “=”. We now assume that (2.3) holds. We split the
proof of the converse into two steps:

Step 1. u € WHP(Q) for every 1 < p < % and
[Vul[zr(o) < CK,
where K denotes the quantity in (2.3).
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Clearly, we may assume that 1 < p < 2=. Given F € Cg°(2;RY), let w be the
unique solution of (2.4) such that [, w = 0. By (2.3) and (2.5), we have

/udivF ‘/qu
Q Q

The conclusion follows by duality.

Step 2. u € X and [u]x = K.
It suffices to show that

/Qvu-vw’ < K¢~ Vo € CHQ).

Indeed, this implies v € X and [u]x < K. Since by (2.6), K < [u]x, equality must
hold. We now turn ourselves to the proof of (2.7). Given ¢ € C?(Q), we first show
that there exists a sequence ({j) such that

< K|wl|p~ < KC||F||» VF € C5°(RY).

(2.7)

(2.8) G € CE(), |VCkllze <C, ¢ — 1 uniformly in Q

and

(2.9) V{, — V¢ ae. in (.

Indeed, let ® € C§°(R) and n € C?(Q) with n = 0 on 99 be such that
O(t)y=t¢t Vte[-1,1] and Z—Z = g—lﬁ on Of.

Take

1 o
Go= 00— B(ky) D
Clearly, (2.8) holds. On the other hand,

1 .
\Y [@(kn)] = ' (kn)Vn — Xpp=oVn in Q.

k
Since Vi = 0 a.e. on the set [n = 0], (2.9) follows. For every k > 1, we thus have
fvuva] = | [ waa] < kil
Q Q
As k — oo, we obtain (2.7) with test functions ¢ € C?(Q). Using a density
argument, one then gets (2.7). The proof is complete. O

Remark 2.1. Using Proposition 2.1, one deduces that given measures p € M(2)
and v € M(99), the Neumann problem

—Au=pu in Q,
2.10
( ) % =v on J,
on
has a solution u € X if, and only if,
(2.11) w(Q) +v(0Q) = 0.

The solution is unique up to an additive constant and belongs to u € W1P(Q) for
every 1 <p< % In particular, if fQ u = 0, then

lullwr(@) < Clulx.

The following result complements Proposition 2.1:
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Proposition 2.2. Let u € LY(Q) be such that

(2.12) —/uAgg/ Cdu+/§du V¢ eCq(Q), >0 Q
Q a0 Q
for some p € M(Q) and v € M(OQ). Then, u € X,
(2.13) fulx < 2( Il laacey + 17 | mgom )
and
—Au<p in,
2.14
( ) % <v on 0f.
on
Proof. By (2.12), we have
(2.15) —/uAgg/ Cdu++/Cd,u+ V¢ e CE(Q), ¢>0in Q.
Q aQ Q
For every ¢ € C(f2), we apply (2.15) with test functions ||¢|[z~ & ¢ to get

(2.16) [ wad <21 aaen + 1 o) I

By Proposition 2.1, it follows that u € X and (2.13) holds. Proceeding as in Step 2
of the proof of Proposition 2.1 (more precisely, using (2.8)—(2.9)), one deduces from
(2.12) that

/Vu-V’l/JS wdl/—l—/z/zdu vy € C*(Q), ¥ > 0 in Q.
Q 2Q Q
Therefore,
/ a—u—/wAug/ wdu+/1/)du Vi € C*(Q), ¢ > 0 in Q.
o On Q o0 Q
This gives (2.14). O

3. PROOF OF THEOREM 1.1
We begin by establishing the following lemma:
Lemma 3.1. Ifu € C?(Q), then

(3.1) /Vu+-V1/J§ ¢——/¢Au Vip € CH(Q), o > 0 in Q.
¢ [u>0] [u>0]
Proof. We first prove the
Claim. If u € C%(Q) and ® € C*(R ) is convex, then
32) [ Vo -ve< [ pd@ /M) JAu Vo e CY(@), v > 0 in .
Q oQ
Note that

= @’(u)% on 0N
and, by the convexity of P,
A®(u) > ' (u)Au  in Q.
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Thus, for every ¢ € C*(Q), ¢ > 01in Q,

P
vow) Vo= [ 22 [ yas < [ vo @ [ e wa
Q a0 on Q a0 on Q

This establishes the claim.

We now apply (3.2) with & = @, where (®;) is a sequence of smooth convex
functions such that ®4(0) = 0, ||®} ||z~ < 1 and satisfying

LR P,
As k — oo, we obtain (3.1). O
We now prove a special case of Theorem 1.1 for functions in C2(Q):
Lemma 3.2. Let u € C?(Q). Then, ut € X and
(3.3) [ut]x < [u]x.

Proof. Note that u™ € WH1(Q). In order to establish the lemma, it thus suffices
to show that

(3.4)

[ v vw\ dx lli= Yo € CL (@),

For this purpose, given ¢ € C1(Q) we apply (3.1) with ¢ = [|¢)||z~ + 1. We then
get

(3.5) /vawk(/ng— /QAu)w?llm /wf—/wu

[u>0] [u>0] [u>0] [u>0]

Au = — / Au,
15)9) 8n / aQ

[u>0] [u>0] [u<0] [u<0]

Since

estimate (3.5) becomes

[u<0] [u<0] [u=0] [u=0]

) . _
“e [ |AU|)1/)||L°° = (s [
Q

< ([,

This relation holds for every ¢ € C*(€2). Replacing ¥ by —t, we obtain (3.4). This
establishes the lemma. O

Proof of Theorem 1.1. Since u € X,

/Qvu-w: w—f/ipAu Vi) € C1(9).

Taking ¢ = 1 as a test function, we get

(3.6) 5 an / Au.
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Let (ux) C C*°(Q) and (v3) C C°°(99Q) be two sequences such that

ik — —Au  weak”® in M(Q) and eellLro) = N1Au]| a0,
* 8714

v — n weak™ in M(99Q) and Hl/k||L1(aQ) — H@n

M(09) .

In view of (3.6) we may also assume that

/Vk:_/ﬂk V/{ZZI
[5}9)

For each k > 1, let ux, € C?(Q) be the unique function such that
—Auy = pg in Q,

8uk =v, on 0f),

Q Q

Then, by Remark 2.1 applied to uj — fQ u, the sequence (uy) is bounded in WP (Q)
for every 1 <p < % Since up, — u a.e., one deduces that

and

Vui — Vut  weakly in L'(Q).
On the other hand, applying Lemma 3.2 to uy, we get

/ wzw| < [t [l < [l o= Vo € €1 (@),

As k — oo, we obtain

/QVuJr -V

from which the conclusion follows. O

< [ulx [¥llL~ Vi € CH(Q),

4. PROPERTIES OF g%
We start with a result which seems intuitively true, but still requires a proof:
Proposition 4.1. Let u € WH°°(Q). Then, u € X if, and only if, Au € M(Q) (in
the sense of distributions). In this case, 3% € L*(9Q) and

(4.1) < Vull e gy -

H&‘n Lo (892)
Ifu e CY Q) NX , then “  coincides with the standard normal derivative on 0.

Proof. We first assume that u € WH°(Q) and Au € M(Q). Given a sequence of
mollifiers (pg) such that supp pr, C By, let

up(x) = / pe(z —yuly)dy vz € Q.
Q
Note that if d(x, 0Q) > 1/k, then

Vug(z) = /ka(x —y)Vu(y)dy and Aug(z) = /ka(x —y)Au(y) dy
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Denote
(4.2) Qs = {z € Q; d(z,09) > 6};

for 6o > 0 small enough, Qs is smooth for every § € (0, ).
For every k > 1 and § € (0,dp) such that 1/k < § we then have

8uk

(4.3) o

< IVukl Lo g < IVUll o (g -
L= (0%s)

Thus, for every ¢ € C*(Q),

(4.4) ‘ Y Auy, +/ Vb - Vug| < [Vl Lo ) 191 21 (9025) -
Qs Qs
Note that for a.e. ¢ € (0, dp)
(4.5) / |Au| = 0;
Qs

hence, for any such § > 0,
/ P Aug, — Y Au as k — oo.
Qs Qs

Indeed, this is a general fact (see, e.g., [5, Theorem 1, p.54]): if p € M(Q) and
1l(095) = 0, then

Vppkp) — [ vdu Vip e COQy).
Q,; Q(S

For any § € (0,0¢) verifying (4.5), as k — oo in (4.4) we get

(4.6) <\ Vullpe @)Yz 05 Vo € CHQ).

1/1Au+/ Vi - Vu
Qs

Qs

From this estimate, one deduces that for every 1 € C1(9),

Vi - Vu

‘ . < N Aull a1l oo (5) + VUl oo () 1] 21 (0025)
S5

< ([Aul meey + VUl Lo () [096]) |4 Lo (o) -
As § — 0, we conclude that u € X.

In order to prove that % € L>(09), we return to estimate (4.6). Given ¢ €
C1(09), we fix an extension 1 € C*(Q) of ¢; note that

1 21 00s) < 19llz100) +C Vo € (0,6),

for some constant C' > 0. Insert this test function ¢ in (4.6). As § — 0 we obtain,
by dominated convergence,

/¢Au+/V¢-Vu
Q Q

ou
/m%

Therefore, by duality % € L>°(0R2) and (4.1) holds.

<Vl g9l L1 (00) -

Hence,

< | Vullz=@ll¢llzioo) Vo € CH(09Q).
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We now assume that v € C'(Q)NX and we denote by h the normal derivative of
u in the standard sense. By Lemma B.1 and Remark B.1, there exists a sequence
(ug) C C*=(Q) satistying (B.2)—(B.3) and such that

up —u in CH(Q).

In particular,

% — h uniformly on 0.
on
Thus,
(4.7) /vu~vw+/¢Au:/ hi Vi € CH(Q).
Q Q oN

Hence, the normal derivative g—z in the sense of the space X coincides with h. [

When u € X the measure %

always true if v vanishes on 9:

need not be an L!-function. Surprisingly, this is

Proposition 4.2. Let u € Wol’l(Q). Then, u € X if, and only if, Au € M(Q) in
the sense of distributions. Moreover, g—z € LY(09) and

(4.8) < [|Aullmee

H on L1(09)

Proof. We split the proof into two steps:

Step 1. Proof of (4.8) if u is smooth in a neighborhood of 0£2.

Under this assumption, % is a smooth function on 0f2. Denote by v; and wvs

the solutions of

—~Avy =pt inQ, —Avy =p~  in Q,
v =0 on 0f), vy =0 on 0,
where = —Auwu. In particular,

uw=uv; —vy Iin

Since p is smooth in a neighborhood of 99, ut and pu~ are Lipschitz continuous
near ). Hence, v; and vy are of class C? near 0Q). Moreover, v; > 0 in  and
v1 = 0 on 99; thus,

% <0 on 9N
on
It follows that
/ Oui| _ [ / o
o0 | On a0 On o
Similarly,
L
o0 | On Q .
Therefore,
ou ovy Ovy
— < — A
Lolan = Lo 5l + Lo e = Lo+ = [ 1l

Step 2. Proof of the proposition completed.
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Let (¢r) C C§°(2) be a sequence of test functions such that

0<¢r<1 inQ and ¢i(z)=1 ifd(x,00) >

= =

Take pp = —¢ Au, Yk > 1. Then, (ui) C M(Q) is a sequence of measures such

that supp ux C Q and, by dominated convergence,
(4.9) pr — —Au  strongly in M(Q).
For each k > 1, let uj be the unique solution of
—Aug = pp  in Q,
{ u, =0  on €.
Note that wu is harmonic in a neighborhood of 9€2. We claim that

Oouy, ou
4,10 / 6% [ 2% e oo,
( ) oo On oo On (06
Indeed, since u, — u in L'(Q) and (Vuyg) is bounded in Wy ?(Q) for every 1 < p <
5, (see [10]) we have

(4.11) /Qw.vukﬂfﬂvq/;.w Vi € CH(Q).

Assertion (4.10) then follows from (4.9) and (4.11).
Applying Step 1 to the function u; — u;, we have

’ aul 8uj
auk

-5 <lpi = wjllme  Vi,j > 1.
on On |11 (p0)

In view of the strong convergence of (p) in M(Q), (%%) is a Cauchy sequence in

L'(99). Hence, this sequence converges in L*(99) to some function h. By (4.10),

h = g—z; hence,

0uk 811, . 1
— = — L*(09).
on on (9)
Moreover, since (4.8) holds for every uy, it also holds for u. The proof is complete.

O

We now show that if u € W(Q) and Vu € BV (Q) then the normal derivative
% in the sense of the space X coincides with the function n - Vu on 02 defined in
the sense of traces:

Proposition 4.3. Assume that u € WH1(Q) and Vu € BV (Q); hence,

Ay = div (Vu) € M(Q).
Then, u € X and % coincides with n - Vulgq on 09, where Vu|sq is understood
in the sense of traces. In particular, % € LY (09) and

ou

(4.12) o

< ClIVullpv (-
L1(9)

In the proof of Proposition 4.3 we use the notion of strict convergence in BV (A),
where A C RY is a Lipschitz domain. We recall that a sequence (f,,) C BV (A)
converges strictly to f € BV (A) if

fn — f strongly in L'(A) and /A|Dfn|—>/A|Df|.
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By [1, Theorem 3.88], the trace operator
f € BV(A) — flaa € L*(0A)

is continuous from BV (A) (under strict convergence) into L'(9A) (under strong
convergence).

Proof of Proposition 4.3. By Lemma B.1 and Remark B.1, there exists a sequence
(ug) C C=(Q) satisfying (B.1)—(B.3) and (B.12). Since (Vuy) converges strictly to
Vu in BV (Q), we have

(4.13) V’uk‘ag — V’u|ag in Ll(aQ).
Hence,

/Vu-Vz/;—!—/@/}Au:/ (n-Vu|aQ)w Vi € CH(0Q).
Q Q 0

This implies that %Z € LY99Q) and equals n - Vu|pg. By the BV-trace theory,
(4.12) holds. O

5. PROOF OF THEOREM 1.2

We first establish Theorem 1.2 for functions in C3 (), where

(5.1) C2(Q) = {ce(ﬂ(ﬁ); ¢=0on 89}.
Lemma 5.1. Let u € C3(Q). Then, Aut € M(Q) and
(5.2) [Au™[|ag < [|Aul| 2.
Proof. Apply (3.3) with u + a, where a > 0. We deduce that
(5.3) [(u+ a)ﬂX < [u+alx = [u]x.
Since (u + a)t = u + a in a neighborhood of 992,
(5.4) %(u +a)t = g—z on ON).
Note that
0
[(u-‘ra,)"‘]xz |‘A(u+a)+HM(Q)+Han(u-i-a)—&- ) 7
1(09)
e = lauliw + | 52|

“@ on L1(09)

By (5.3)—(5.4) we then have
| A(u+ a)+HM < ||Au|lpr  Va > 0.

The result follows from the lower semicontinuity of the norm || - || o4 with respect

to the weak® convergence as a — 0.

Proof of Theorem 1.2. Since u € X, Au € M(f2). Take a sequence () C C*(Q)
such that
pr — —Au  weak® in M(Q) and ||pxllzr — [|pllm-

For each k > 1, let u, € C3(Q) be the solution of

—Auyp = pg in Q.
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Then, by standard elliptic estimates,
up — u in L'(Q).
On the other hand, it follows from Lemma 5.1 that Au; € M(Q) and
INT IR VO
Thus,
[ ot 8| < 1wl Gl = sl ldle= V6 € B

As k — oo we obtain

/ umc] < Aulaicllz= VC € CEE).

This gives (1.5). From Proposition 4.2, we know that %, % € LY(99) and (1.6)

holds. [l
6. KATO’S INEQUALITY UP TO THE BOUNDARY

Before proving Theorem 1.3, we first present some variants of Kato’s inequality

when Au and g—z are not necessarily L'-functions but only finite measures. We

prove for instance the following companion to [3, Proposition 4.B.5]:

Proposition 6.1. Let u € L'(Q) be such that

(6.1) —/uA(S/ h(—i—/g( VCECR(), ¢>0inQ
Q ro) Q

for some g € LY () and h € L*(0). Then, w € WHY(Q) and

+ 10 ,
(6.2) /QVu Vzﬁﬁ/@ﬂhz/}—&—/ﬂgw Vi € CH(Q), ¥ >0 in Q.

[u=0] [u=0]

Proof. By Proposition 2.2, u € X. Moreover,

—Au<g in Q,
6.3
(6.3) @ < h on 0N.
on

We now split the proof into two steps:
Step 1. Let ® € C%(R) be a nondecreasing convex function such that ® € L>(R).
Then,

(6.4) Ve(u) Vi < [ @' (uh+ [ ' (u)g
Q o0 Q

for every v € C1(Q) such that 1 > 0 in Q.
Let (gr) C C*(Q) and (hy) C C°°(09) be such that
gk — ¢ in L'(Q) and a.e. and hy — h in L'(09) and a.e.
Next, take (ux) C C(Q) and (1) C C°°(09) such that

pr — —Au weak® in M(Q) and v, > ? weak™ in M(09Q).
n
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Ju
L3
aq On Q
we may assume that

e < gp in Q, vy < hg on 9 and /z/kz—//dt;C Vk > 1.
o0 Q

In view of (6.3) and

Let up € C*°(Q2) be the unique solution of
—Aug =y in §,

8u;€

—-— = 09,

5, — Yk OB
such that [, up = [, u. By Remark 2.1, the sequence (uy) is bounded in W'?(Q)
for every 1 <p < % Passing to a subsequence if necessary, we have

V®(ugp) — VO(u) weakly in L'(Q).
Let v € C1(Q), ¢ > 0in Q. As in Lemma 3.1, for every k > 1 we have
Q 0 Q

Oux
on

< 1/J‘I>/(Uk)hk+/¢‘1>'(uk)gk-
o0 Q

By dominated convergence we obtain (6.4) as k — oo.

Step 2. Proof of the proposition completed.

Apply (6.4) with & = ®y, where (Py) is a sequence of smooth convex functions
such that ®;,(0) =0,0 < ®; <1 and

1 ift>0
@/ t - Y
’“()_’{0 if t < 0.
The result follows as we let k — oo. ([l
The following variant of Proposition 6.1 will be needed below:

Proposition 6.2. Let u € L'(Q) be such that

(6.5) —/uACS/ hC—i—/Cdu V¢ eCi(Q),¢>01inQ
Q o0 Q

for some p € M(Q), p >0, and h € L*(09). Then, u € WH(Q) and

) t. h d LQ in Q.
(6.6) /Qw wg{/@g}w/ﬁwu e O, v > 0 in

Proof. One can proceed as in the proof of Proposition 6.1. In Step 1, one should
replace (6.4) by

(6.4) /Q Vb(u) - Vi < /8 D+ ] /Q bdy.

Inequality (6.47) is easily obtained by approximation, where the sequence (gx) C
C>(Q) is chosen so that

gr — p weak® in M(Q).
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The rest of the argument remains unchanged. O
We now prove the

Proposition 6.3. Let u € X. If 9% € L1(99Q), then

Sut % on [u > 0],

(6.7) — <<0 on [u < 0],
min{g—Z,O} on [u=0].

Proof. Denoting by = (—Au)™ and h = g—z, we have

—/uAgg/ h(+/§du V¢ e C4(Q), ¢>0in Q.
Q Gle) Q
Therefore, by Proposition 6.2, u™ satisfies
(6.8) /w*vwg/ hw+/¢du v € CH(Q), ¢ > 0in Q.
Q a0 Q
[u>0]
By Theorem 1.1, we know that ™ € X. It thus follows that
out
on
Given a > 0, we now apply (6.8) with u replaced by v — a. As a — 0, we obtain
0 _

(6.10) / u+—w—/u+Aw§ / h’l/)—i—/’t/]dﬂ Vi € CH(Q), ¢ > 0in Q.

o0 on Q o0 Q

[u>0]

ou
(6.9) < Xuxoh = X[uz05  On o€

Hence,
dut Ou
5 = Xw>0h = X015 on oN.
n n

In particular,

+
(6.11) %Ln <0 onfu=0]
Assertion (6.7) follows by combining (6.9) and (6.11). O

We state the following consequence of Proposition 6.3:

Corollary 6.1. Letu € XN Wol’l(Q). If u >0 in Q, then

@ <0 onof.
on
Proof. Since u =" in Q and u = 0 on 91, applying Proposition 6.3 above we get
Ou  OuT ou
=2 <min{—,0} < .
7 o _mm{an,O}_O on 0f) [l

We now present the

Proof of Theorem 1.3. By Theorem 1.1, u* € X. Applying Kato’s inequality to
u — a, we have

(6.12) Alu—a)t > XjusqAu in Q
for every a € R. As a | 0in (6.12) we get
Aut > Xju>0Au =G in (.
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By this estimate and (6.7), for every ) € C'(Q) with ¢ > 0 in €,

/Qvu+~w: mqpa(;‘;—/ﬂqug/mfw—/ﬂcw.

The proof is complete. U

N
7. COMPUTING ‘98% FOR W21 FUNCTIONS

Our goal in this section is to give a positive answer to Open Problems 1 and 2
under the additional assumption that u € W(Q):

Theorem 7.1. If u € W21(Q), then Vu™ € BV (Q) (so that, ut € X by Proposi-
tion 4.3) and

Sut 2—2 on [u > 0],
(7.1) =40 on [u < 0],

s
" min{g—Z,O} on [u = 0].

We first prove the
Lemma 7.1. Ifve WHL(Q) and Vv € BV (Q), then
w v(z) —v(z — tn(z))

(z) = lim

N-1
o i n H -a.e. on OS2.

(7.2)

In (7.2), we identify v with its precise representative, which is well-defined out-
side a set of zero H™~!-Hausdorff measure; see [5, Section 4.8, Theorem 1 and
Section 5.6, Theorem 3.

Proof. Since v € WH1(Q), for HN"1-a.e. € 9Q the function
t € (0,6) — v(z — tn(z))

is well-defined for some § > 0 and belongs to W11(0,4). Thus,

v(z —tn(z)) — v(z)

1
; = —n(x)- / Vo(z — stn(x)) ds.
0
Moreover, since Vv € BV (Q), for H¥ ~t-a.e. x € 9 the function
r € (0,6) — Vu(z — rn(z))
belongs to BV (0,6) C L*>(0,d) and (see [1, Theorem 3.108])

(7.3)

(7.4) 1&8 Vo(z — rn(z)) = Vulsa(z).

We deduce from (7.3)—(7.4) that
v(z — tn(z)) — v(z)

li =— . )
i ” n(z) - Vulaa(z)
By Proposition 4.3 above, % =n - Vv|sq and the conclusion follows. ([l

We also need the following elementary lemma whose proof is left to the reader:
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Lemma 7.2. Let v : [0,6] — R be such that

(7.5) im 2O = _ g
’ £10 t '
Then,
« if v(0) > 0,
(7.6) lim M =<0 if v(0) < 0,
min {e,0} 4f v(0) = 0.

‘We now present the

Proof of Theorem 7.1. We split the proof into three steps:
Step 1. Proof of the assertion: Vu™ € BV (Q).
Extending u to RV, we may assume that u € W21 (RY). We claim that

O?ut Pu . N
(7.7) a2 > Xu=0l g5 11 D'(R™)
for every e € RV \ {0}. Indeed, let (®;) be a sequence of smooth convex functions

such that ®(0) =0, ||®} ||z~ <1 and

1 ift>0,

(7.8) i(t) = {0 it <0.

Then,

PPp(u)  _,,  0%u " ou\? PN

As k — oo, we obtain (7.7).
2, +

It follows from (7.7) that 86:2 € M(Q) for every e € RV \ {0}. Applying the

conclusion with e = e;,e;,e; + e; for every 4,7 € {1,..., N} we deduce that D?u™
is a finite measure in Q. Thus, Vut € BV (Q).

Step 2. Proof of (7.1).
By Lemma 7.1, for HV"l-a.e. x € 99, u satisfies

(7.9) lim u(@) = “(f (@) _ g—Z(m).

Hence, by (7.2) applied to u™ and by (7.6) applied to v(t) = u(z — tn(z)),

Q—Z(x) if u(z) >0,
a;%(x) _ 13?3 ut(z) — u""t(x — tn(z)) _ g i u(z) < 0,
min {g—Z(x), 0} if u(z) =0,

for every x € 9Q for which (7.9) holds. Since this is true HV " 1-a.e. on 9Q, (7.1)
follows. The proof of Theorem 7.1 is complete. (]
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APPENDIX A. THE MEASURE Aut NEED NOT BE FINITE

In this appendix, we construct a harmonic function in dimension 2 such that
+| —
JolAut] =00

Proposition A.1. Let
Q={(z,y) eR?* 2 +y* <1 and z > 0}.

There exists a harmonic function u € C(Q) N HY(Q) with ulsq € WH(9Q) such
that
(1) ugX and u™ € X;
(it) Aut >0 in the sense of distributions;
(#5i) Au™ is not a finite measure in Q.

Proof. Let u be the function in © given in polar coordinates by
(A1) u(r, ) = Z 7% sin (a0)

where (ax) C (0,1) is a sequence such that

o0
Z kay < oo.
k=1

Since

o0
7r
|u(r, 9) |<kzl|sm (ar)| §§Z
it follows that u € C(Q) and u is harmonic in  (u is a series of harmonic functions).

Note that

oo
|Vu|* = Z a;apr® T2 cos ((a; — ay)0).
7,k=1
Thus,
o~ aja > aja
j Ok Ak
|Vul? <7 ! <2 ——— <2y kag < oo
/Q j;l a; + ag j;l a; + ay ;
J<k

in other words, u € H'(Q). Denoting by 7 the tangential unit vector of u on 9%,

we have
o0 T o0
= 4;&11 (akg) < 277;% < 00;

ou
/ag 87'
hence, u € WH1(99).
Since u is harmonic in €, u™ is subharmonic. Thus, Au™ > 0 in . We show that
Au™ is not a finite measure in Q. Note that u vanishes only on the z-axis. Denoting
by dx (= dr) the 1-dimensional Lebesgue measure on the segment (0,1) x {0}, we
then have

_@ 18u

ae(r 0) derakr“’“ Ldr.

k=1

oo 1 oo
[t =3 [ =31 -
k=1 k=1

Therefore,
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Hence, u™ ¢ X and, by Theorem 1.1, this means that v ¢ X. O

Remark A.1. This example also shows that given ¢ € W11(9Q), it is in general
not possible to construct a function v € W21(Q) such that v|gg = ¢. This is in
contrast with the well-known result of Gagliardo [6] which asserts that the map

w e Wl’l(Q) [ — w‘agg € Ll((f?Q)

is surjective.
Indeed, take ¢ = ulgn, where u is given by (A.1). Suppose by contradiction that
there exists some v € W21(Q) such that v|pq = ¢. Applying Proposition 4.2 to
u—v e Wy (Q), we would deduce that a@n(u —v) € LY09Q). But v € W21(Q)
implies 92 € L'(9Q) and therefore

g—z = %(u —v)+ % € L' (09),

a contradiction.

APPENDIX B. APPROXIMATION BY SMOOTH FUNCTIONS IN ﬁ
In this appendix, we establish the following

Lemma B.1. Given u € X, there exists a sequence (uy) C C°°(S2) such that

(B.1) Ug — U inWl’l(Q),

. Aug, — Au Vi e CH(Q
(B.2) /Qwuk /Qwuwe()
and

8uk ou 15
(B.3) /091/,%%/897#% v € C1(Q).

Proof. We split the proof into two steps:
Step 1. Given z¢ € 99, there exist § > 0 and a sequence (v) C C*°(Q) such that

(B.4) vy = u in WH(Bs(zo) N Q),

(B.5) /QwAvk — /Q1/)Au Vi € CH(Q) with supp e C Bs(zo).

Since 92 is smooth, there exist §; > 0 and an open cone T C RV (with vertex
at 0 € RY) such that

(B.6) (x+T)N Bs,(x) CQ Va € By, (z0) N Q.
Let 6 = 61/2 and p € C§°(Bs), p > 0, be such that fBa p=1and
(B.7) suppp C —T.

Set

or(z) = kN p(kx) Vo e RV,
We show that the sequence (v,) C C>(Q) given by
(B.3) w@) = [ e puly)dy voed
Q

satisfies (B.4)—(B.5).
Note that given any = € Bs(zo) N, by (B.7) vi(z) depends only on the values of
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u on a compact subset of (x +T) N By, (z). In fact, from (B.6)—(B.7) and a change
of variable, we can rewrite (B.8) as

(B.9) vg(x) = / pr(—2)u(x + 2)dz V€ Bs(xg) NQ.
TABs,(0)

Therefore,

(B.10) Vg = pr* (Vu) and  Avg = pg * (Au) in Bs(xzg) N Q.

In particular, (B.4)—(B.5) hold.

Step 2. Proof of the proposition completed.

By compactness of 92, we can cover this set with finitely many balls Bs(z1), .. .,
Bs(x) such that (B.4)-(B.5) hold on each ball Bs(z;) for some sequence (vi) C
C>(©). We now take (v9) € C=(Q) and w € Q such that Q\ U!_, Bs(z:) C w,

v) —u in WhHw) and  Av) B Au weak® in M(w)

(such sequence can be obtained via convolution of w).
Let (i) be a partition of unity subordinated to the covering w, Bs(21), ..., Bs(zt)
of Q. One verifies that (B.1)—(B.2) hold for the sequence (uy) given by

t
ug = Z VL.
i=0

Assertion (B.3) immediately follows from (B.1)—(B.2). O
Remark B.1. An inspection of the proof of Lemma B.1 shows that

(i) if u € CY(Q), then
(B.11) up — u in C1(Q);

(i7) if Vu € BV(), then
(B.12) 1D?ug|| 1) = 1 D*ull pmeo-

ApPPENDIX C. PROOF OF LEMMA 2.1

The proof of Lemma 2.1 we present below follows the lines of [8, Lemma 7.3] (see
also [7, Theorem 8.15]) with some minor modifications. We first need the following
variant of the Gagliardo-Nirenberg inequality:

Proposition C.1. Let

(C.1) A:{vewl’l(ﬁ); ![0:0}|>|3m}.
Then,
(C.2) ||UHLN111 < C|Vv|lp: Vv e A

We denote by |E| the Lebesgue measure of a set £ C RV,
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Proof. By a variant of the Poincaré inequality (easily proved by contradiction), we
have

(C.3) ollz: < C| Vol Vo € A.

On the other hand, by the standard Gagliardo-Nirenberg inequality and an exten-
sion argument,

(C.4) Hv||L v < CO(IVollpr + [Jvll) Yo e WHEH(Q).

N—-1

Combining (C.3)—(C.4), we obtain (C.2). O

Proof of Lemma 2.1. Replacing w by w — a for some suitable constant a € R if
necessary, we may assume that

(C.5) |[w§0]|2|3ﬂ and |[w20]|2|3ﬂ.
Given t > 0, let
(C.6) vi(z) = [w(z) —t]" Ve e

Using v; as a test function in (2.4), one shows that

Q=

1
Vvl 2 < |Flpa|[w > 1|
On the other hand, by Hélder’s inequality and Proposition C.1,
141
[vellpr < OVl 2 |fw > |2~
Thus,
(C.7) [vel| 1 < C||F||pa|[w > ]|* ¥t >0,

where a =14 & — é. Recall that

00 M
(C.8) lve]l o1 :/0 |[vt>r}|dr:/t |[w>s]|ds7

where M = ||w™||z. Since o > 1, one deduces using (C.7)-(C.8) that

1—1

(C.9) lw* e < CIPIE w12,
From (C.9) and ||w™||p1 < |Q|||wT |1, we then have
lw* ||z < ClIF|za-
Replacing w by —w, one obtains a similar estimate for w™. Thus,

[wllpee < flwtllze + Jw™ e < 2C)F] Lo O
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