SEMILINEAR ELLIPTIC EQUATIONS AND SYSTEMS WITH
DIFFUSE MEASURES

LUIGI ORSINA AND AUGUSTO C. PONCE

A Lucio

“Tu se’ lo mio maestro e ’l mio autore”
(Dante, Inferno, I, 85)

ABSTRACT. We study the equation —Au + g(z,u) = p, where g(-, s) is finite
outside sets of zero H'-capacity, Vs € R, and p is a diffuse measure. As an
application, we provide a positive answer to a question of Lucio Boccardo
concerning existence of solutions of an elliptic system with absorption.
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1. INTRODUCTION AND MAIN RESULTS

Let © ¢ RN, N > 2, be a smooth bounded domain. The original motivation
of this work was a question of L. Boccardo concerning the existence of solutions of
the system

—Au+uPv? = f; in Q,
(1.1) —Av +uP20? = f5 in Q,
u=v=0 on 99,

where fi, fo are given nonnegative functions in L!'(Q) and p;,q; > 0 for i = 1,2.
We prove in this paper that (1.1) always has a solution; see Theorem 1.1 below.
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More generally, we show that (1.1) still has a solution if fi, fo are not necessarily
L!-functions, but diffuse measures.

We recall that a finite measure p in 2 is diffuse if for every Borel set £ C 2
cap(E) =0 = [ul(E) =0,
where “cap” denotes the Newtonian H '-capacity. According to a result of Boccardo-
Gallouét-Orsina [2], p is diffuse if, and only if, u € L*(Q) + H~1(Q), i.e.
(1.2) pw=f—Au inD'(Q),
for some f € L'(Q) and u € H}(Q).
One of our main results is the

THEOREM 1.1. Assume that jq, po are diffuse measures in 2 and g1, g2 € C(RxR)
satisfy

(a1) for everyt € R, g1(-,t) is nondecreasing and g,(0,t) = 0;
(a2) for every s € R, ga(s,-) is nondecreasing and go(s,0) = 0.

Then, the system

—Au+gi(u,v) = in Q,
(1.3) —Av + go(u,v) = p2  in Q,
v=0 on 09,

u =
has a solution (u,v) € L'(Q) x L*(Q).

Our proof of Theorem 1.1 is based on Schauder’s fixed point theorem. Some
important tools are the notions of “quasi-L' functions” and “equidiffuse sequences”
(see Sections 2 and 3 below) as well as the following result concerning the existence
of solutions of the scalar equation
{ —Au+g(x,u) =p in Q,

(1.4) u=0 on 0.

THEOREM 1.2. Let g : Q2 x R — R be a Carathéodory function such that

(1.5) g(z,5)s >0 forae x€Q,VseR

and

(1.6) sup |g(z,s)| < Gi(z) + He(x)  for a.e. x € Q, Vt >0,
[s|<t

where Gy : Q — R is quasifinite and Hy, € LY (). If u is a diffuse measure in €,
then there exist a smallest and a largest solution of (1.4).

We recall that a measurable function G : 2 — R is quasifinite if for every € > 0
and every K C ) compact there exist M > 0 and an open set w C €2 such that
cap (w) < e and |G| < M a.e. on K\ w (see [13]).

The study of the equation (1.4) with datum g in L'(Q) was initiated by Brezis-
Strauss [7]. Later, Gallouét-Morel [11] studied the existence of solutions of (1.4)
when p € L1(Q2) and

sup |g(-,8)| € L*(Q) V¥t > 0;
Is|<t

in other words, when (1.6) holds with G; = 0.
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REMARK 1.1. Quasifinite functions need not belong to L'(Q); for example, 1/||z||"Y
is quasifinite in By but 1/||z||¥ ¢ L'(B;). Conversely, L'-functions need not be
quasifinite; for instance, 1/|z1|* € L'(B;) for any 0 < a < 1 but this function is
not quasifinite since the set [z; = 0] N By has positive H!-capacity. This explains
the presence of both G; and H; in (1.6). The possibility of allowing the term Gy is
needed in the proof of Theorem 1.1.

It follows from Theorem 1.2 that (1.4) always has a solution with

a(s
g(xz,s) = ||a£||i V(z,s) € RV x R,

for every o > 0 and a € C(R), where a(s)s > 0, Vs € R. On the other hand, the

function g given by

g(z,s) = ﬁ V(z,s) € RV xR

does not satisfy condition (1.6) if & > 1. Actually, for such g we prove the following
THEOREM 1.3. Let 1 < a < 2. Ifu € L'(By) is such that u/|x1|* € L*(By) and

wn [ wack [ oczo wedB) cz0mb,
B B, |w1]®
then
(1.8) u=0 a.e in Bj.
Hence, according to Theorem 1.3 the equation
—Au+ Y =u in By,
(1.9) BN

u=0 on JBy,

has no solution if 1 < o < 2 and p is a nonnegative measure, unless p = 0. If
a > 2, then we show in Section 9 below that there do exist functions u € L(Q)
satisfying (1.9) for every p € L*(By), in the sense that u/|z1|* € L'(B;) and

(1.10) —/B uA<+/B Y= c¢du v¢eCR(By).

|z1]® B

In [8], Dal Maso-Mosco studied the question of existence and uniqueness of so-
lutions for problems of the form
{Aqul/uf in Q,

(1.11) u=0 on 99,

where v is a nonnegative diffuse Borel measure (possibly with infinite mass) and
f € L?(Q). Given a > 1 and Q = By, take

1

1.12 Vo =
( ) @ |£171|O‘

dr and X, = H}(By)N L*(By;vs).

It follows from [8] that for every f € L?(Bj) there exists a unique u € X, such
that

(1.13) Vu~VU+/
B B

v = fv Yve X,.

e B,
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We point out that their result does not contradict Theorem 1.3 above. In fact, it
follows from Proposition 9.1 below that (1.13) holds for some u € X, if, and only
if,
(1.14) / Vu-Vap—i—/ Lago: fe VeeCs(Bf UBY),
B B, |21 By

where

Bfr:{xEBl; x1>0} and Bf:{xeBl; x1<0}.
Moreover, for every function u € X,
(1.15) u € Hy(Bf)UHy(By);

see Lemma 9.1 below. Hence, for every o > 1, to find a solution of (1.11) in
B in the sense of [8] amounts to solve two independent Dirichlet problems on
Bf" and By, for which we know there is a solution. Indeed, it suffices to apply
Theorem 1.2 in B]” and B; with G(z) = t/|z1|* and F,(z) = 0. Note that in
this case the parameter o plays no role whatsoever. The fact that the solution w
obtained this way satisfies (1.15) when f € L%(Bj) follows from standard elliptic
estimates (see [8,14]).

2. CHARACTERIZATION OF QUASI-L! FUNCTIONS
In this section we discuss the concept of “quasi-L' functions” presented below:

DEFINITION 2.1. A measurable function F : Q — R is quasi-L' if for every e > 0

and every K C 0 compact there exists an open set w C ) such that cap (w) < €
and F € LYK \ w).

The motivation of Definition 2.1 comes from the well-known notion of quasicon-
tinuity, which we recall below:

DEFINITION 2.2. A measurable function G : Q — R is quasicontinuous if for every
€ > 0 there exists an open set w C Q such that cap (w) < & and G is continuous on

0\ w.

For example, if u € L'() is such that

\/Qumo\ < Clolli~ Vi € (),

then by the Riesz Representation Theorem Aw is a finite measure in §2; hence,
there exists a quasicontinuous function G : @ — R such that G = u a.e. (see
e.g. [4, Lemma 1]). In particular, u is quasi-L?.

Clearly,
(2.1) F quasicontinuous == F quasifinite = F quasi-L'.

Simple examples show that the reverse implications are not true. Note in addition
that

(A7) If Fy, F5 : Q — R are measurable functions such that F; = F5 a.e. and if
F, is quasi-L', then F), is also quasi-L';

(Ag) If F is quasi-L! in Q and u : Q — R is a measurable function such that
|u| < F a.e., then u is also quasi-L*.



SEMILINEAR ELLIPTIC EQUATIONS AND SYSTEMS WITH DIFFUSE MEASURES 5

Similar properties also hold for quasifinite functions, but their counterparts for
quasicontinuous functions are false.

We prove the following characterization of quasi-L' functions:

PROPOSITION 2.1. A measurable function F is quasi-L' in Q if, and only if, there
exist G quasifinite in Q and H € L*(Q) such that

(2.2) |F| <G+ H a.e

Proof. The implication “<” is clear since G + H is quasi-L! by (2.1), and so F is
quasi-L! by (As). Conversely, assume that F :  — R is a quasi-L* function. We
split the proof in two steps:

Step 1. Assume in addition that F' has compact support in 2. Then, given € > 0,
(2.2) holds for some G quasifinite and H € L*(2) such that |H|p: < e.

Since F' has compact support, for each k£ > 1 one can find an open set w, CC €2
with

1
(2.3) cap (wg) < o and F € LY(Q\ wg).

We can assume that the sequence (wy) is non-increasing. For otherwise, we could
take @ = szozﬂ wj, Vj > 1; then, (&) is non-increasing and still satisfies (2.3).
For every k > 1, choose My, > 0 sufficiently large so that

3
[ w< g

Q\wk
[|F]>M;]

For every x € (), let
G(z) = Z M, Xwp—1\wr (2),

E>1
H(x) =Y (1F@)| = M) Xop 1 \or (@),

E>1

where wg := 2. Then,
|F|<G+Hae, HeL'(Q) and ||H|: <e.

Since G is uniformly bounded on Q2 \ w; for every j > 1, it follows that G is
quasifinite. This concludes the proof of Step 1.
Step 2. Proof of Theorem 2.1 completed.

Write Q@ = J,,»; 2 as an increasing union of open sets Q,, CC €, and define
Qo = 0. Applying the previous step to Fxq,, one finds a quasifinite function
Gp:Q— R and H, € L'(Q) supported in ,, such that

1
[F| < G+ Hy ace.in Q and || Hyllz < o
The functions
G(z) = Z Gn(z) X0, 1\, (z) and H(z)= Z H,(z) VzeQ
n>1 n>1

satisfy all the required properties. The proof is complete. (I

We warn the reader of the following facts:
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(A3) If G is quasifinite, then G need not belong to L'(Q). Indeed, G(z) = Hwﬁl“
is quasifinite in the ball B; C R¥ for every a > 0, but G € L*(By) if, and
only if, @ < N.

(A4) If G and G are quasifinite functions in §2 such that G; = G2 a.e., then
it need not be true that fQ G1dp and fQ G- dp coincide for a given diffuse
measure p, even if G, G2 are bounded functions; indeed, let S be a segment
in R?2, G; = 0, G2 = xg, and i be the restriction of the 1-dimensional

Hausdorfl measure to S.

3. PROPERTIES OF EQUIDIFFUSE SEQUENCES

We denote by M () the space of finite measures p in 2 equipped with the norm

(3.1) il = lul(@) = /Q 1l
We recall the (see [6])

DEFINITION 3.1. Given a sequence of finite measures () in , we say that (uy,)
1s equidiffuse if

(1) () is bounded in M(Q);

(74) Given € > 0, there exists § > 0 such that for every Borel set E C §)

(3.2) cap(F) <d = |unl(E)<e Vn>1.

If a sequence (u,) is equidiffuse, then each measure p, is diffuse in view of the
following

LEMMA 3.1. Let u be a finite measure in Q). Then, u is diffuse if, and only if,

lim E)=0.
cap(E)—>0pJ( )

Proof. (<) Given € > 0, let 6 > 0 be such that
cap(F)<d = |p|(F)<e.

If Ey C Qis a Borel set such that cap (Ep) = 0, then |u|(Ey) < ¢, Ve > 0. Thus,
|| (Eop) = 0 and p is diffuse.

(=) We may assume that p > 0; the case of signed measures then follows by
applying the conclusion to |u|. Reasoning by contradiction, suppose that there
exist g > 0 and a sequence (E,,) of Borel subsets of Q such that cap (F,,) tends to
zero but u(E,) > g for every n > 1. If the sequence (E,,) is decreasing, then the set
E= ﬂj;z E,, has zero capacity and is such that u(E) > €¢, a contradiction. If the
sequence ([, ) is not decreasing, consider a subsequence (E,, ;) such that cap (E,;) <
277 for every j > 1. Then, the sequence (F}) given by Fj = U;_:OZ+1 E,, is
decreasing, with capacity smaller than 27%, and is such that u(F)) > 9. The
conclusion then follows as before. O

A first example of an equidiffuse sequence (uy,) is the
(B1) pn = p, where p is a given diffuse measure.
This follows from Lemma 3.1 above. Other examples are

(B2) pn = pn * i, where p is diffuse and (p,,) is a sequence of mollifiers;
(B3) pin = fn, where (f,) is an equi-integrable sequence in L'(Q);
(B4) pn = Au,, where (u,,) is a bounded sequence in Hg ().
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Clearly, sums of equidiffuse sequences are still equidiffuse. In view of (B3)—(B4),
one deduces that if (u,) is a bounded sequence of measures such that
(3.3) fn = fn — Au, in D'(Q),

where f,, and u,, are as above, then (u,) is equidiffuse. It would be interesting
to have a characterization of equidiffuse sequences in the spirit of the Boccardo-
Gallouét-Orsina decomposition (1.2):

OPEN PROBLEM 1. Let (u,) be an equidiffuse sequence converging weakly* in Q.
Can one find (f,) C LY(Q) and (u,) C HL(Q) such that

(b1) pin = fn — Auy in D'();

(b2) (fn) converges strongly in L*(S2);

(b3) (uy) is bounded in H}(Q)?

A connection between Definitions 2.1 and 3.1 is provided by the following

LEMMA 3.2. Let (f,) be a sequence in L*(Q) such that
(c1) fn— [ a.e;

(c2) |ful £ F a.e., ¥n > 1, for some quasi-L* function F in Q;
(c3) (fn) is equidiffuse.
Then,

(3.4) foo £ in LNQ; po da),
where po(x) = dist (z,082), Vo € Q.

A variant of this result was established by Lin-Ponce-Yang [13]. If F is a (gen-
uine) L!-function in Q, then Lemma 3.2 just follows from Lebesgue’s dominated
convergence theorem (in which case (c3) is not needed). For general quasi-L* func-
tions F, the conclusion (3.4) need not be true if (¢3) fails.

Proof. Replacing f,, by f, — f if necessary, we may assume that
(3.5) fn—0 a.e.

For every open set A CC €2, we show that

(3.6) fn— 0 in L'(A).

By (c3), for every € > 0 there exists § > 0 such that

(3.7 cap(E)<d = /|fn|<€ Vn > 1.
E

Since F is quasi-L', one finds an open set w C  such that cap (w) < & and
F € L'(A\ w). Thus, by (c1), (c2), and dominated convergence,

JnXaw — 0 in Ll(A).
Moreover, since we have cap (w) < 4, it follows from (3.7) that
/|fn|<5 Vn > 1.
w
Thus,
limsup/ [fn| <e.
A

n—oo
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Since € > 0 is arbitrary, we deduce that

lim |fn] = 0.

n—oo A
This establishes (3.6) for every A CC €. Since (f,,) is bounded in L*(€), (3.4)
follows. O

4. STABILITY OF SOLUTIONS OF (1.4)

We recall that a function u € L' () is a solution of
—Au=p in Q,
(4.1)
u=0 on Jf,
for a given finite measure y in €2 if

- [unc= [ can e i@,
Q Q
where
CE(Q) = {¢ € C*(Q); ¢ =0o0n0Q}.
We say that u € L'(f2) satisfies
{ —Au+g(z,u) =p in Q,

(4.2) u=0 on 09,

where g : Q x R — R is a Carathéodory function, if g(-,u) € L*(Q) and

- [uwacs [ g [ can vee @,

The main result of this section is the
PROPOSITION 4.1. Let g, : 2 X R — R be a sequence of Carathéodory functions
such that
(i) gn(z,8)s >0 for a.e. x € N, Vs € R;
(ii) gn(-,sn) — g(-, 8) a.e. whenever s, — s in R;
(iii) for everyt € R, there exists a quasi-L* function Fy in Q such that

sup |gn(z, s)| < Fi(x) for a.e. x €, Vn>1.
|s|<t

Given a diffuse measure p in ), assume that

—Au, + gn(x,uy,) = n €,
(43) gn(@,un) =
u, =0 on 0.

has a solution u,, Yn > 1. Then, up to subsequences, u, converges strongly in
LY(Q) to a solution u of (4.2).

In order to prove Proposition 4.1, we first recall some known results. We start
with the uniform estimates for (4.1) (see [17]):

LEMMA 4.1. Every solution u of (4.1) belongs to Wy9(Q), for 1 < q < &=, and

N-1’
(4.4) lullyo < Collllan.

The analog of Lemma 4.1 for the semilinear problem (4.2) is the following (see [3,
Proposition B.3])
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LEMMA 4.2. Let g: Q2 x R — R be a Carathéodory function such that

(4.5) g(x,8)s >0 forae x€Q,VseR.
Then, every solution u of (4.2) satisfies
(4.6) lg( Wl < [[pllm-

In particular, (4.4) holds.

The notion of (weak) sub and supersolutions of (4.2) we consider in this paper
is given below:

DEFINITION 4.1. A subsolution of (4.2) is a function u € L'(Q) such that g(-,u) €
LY() and
@n - [uac [gwwes [Can weci@, czome.

Q Q Q

Analogously, a supersolution of (4.2) is a function w € L'(Q) such that g(-,u) €
LY(Q) and

(4.8) —/QEAC—&—/Qg(x,H)CZ/QCd,u V(e C3(Q), (>0 in Q.

We show that if g satisfies (4.5), then sub and supersolutions of (4.2) have
“bounds” from above and from below:

PROPOSITION 4.2. Let i1 be a finite measure in 0, and let U and U be the (unique)
solutions of

—AU = —p~ 9, —AU =upt inQ,
U=0 on 01, U=0 on 0N.

If (4.5) holds, then any subsolution w of (4.2) satisfies w < U and any supersolu-
tion W of (4.2) satisfies U < w.

We present a proof of Proposition 4.2 based on the following version of Kato’s
inequality (see [3, Proposition B.5]):

LEMMA 4.3. Let w € LY(Q) and f € L*(Q; po dz) be such that
—/wAgg/fg V(e CE(Q), (=0 in Q.
Q Q
Then,
- [wracs [ g weci@, czome.
Q

[w=>0]

Proof of Proposition 4.2. If w is a subsolution of (4.2), then for every ¢ € C3(Q)
with ¢ > 0 in 2 we have

_A@hﬁwxg_ém%@<+ﬁcw—4<w+

:—AMa@c—LCW*

sfﬁma@c
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Therefore, by Lemma 4.3,

@9 - [w-Dracs- [ gew weG@ czomn
? [w>U]

Being U > 0, we have w > 0 on the set [w > U]; hence, by (4.5),

(4.10) g(z,w) >0 ae. onw>U|.

Combining (4.9)-(4.10), we deduce that

—/(Q—U)wggo Ve € C2(@), ¢ >0 in Q.
Q

Therefore, (w — U)* = 0 a.e. in Q; equivalently, w < U a.e. The inequality w > U
is proved in the same way. (I

The following result will be useful in the sequel

LEMMA 4.4. Let (u,) be a sequence of measures in ) such that
(4.11) fn = fn — Au, in D'(Q)
for some f, € L*(Q) and u,, € Wol’l(Q) such that fouy, >0 ae., Vn > 1. If (uy)
is equidiffuse, then (fy) is also equidiffuse.

We refer the reader to [6] for a proof of Lemma 4.4; see also [15].

We now present the
Proof of Proposition 4.1. Using (i) and Lemma 4.2, we deduce that (u,,) is bounded
in Wy (Q) for every 1 < ¢ < 5. Therefore, by the Rellich-Kondrachov theorem,

there exists a subsequence of (u,) (still denoted by (u,)) which converges strongly
in LY(2), and almost everywhere, to a function u. In particular, by (ii)

(4.12) In(un) — g(-,u) ae.

We claim that (g, (-, un)) also satisfies assumptions (c2)—(c3) of Lemma 3.2. In
fact, by Lemma 4.4, this sequence is equidiffuse. By Proposition 4.2, we know that

U<u,<U a.e., Vn>1.

Let V = max{ -U ,U}; V is quasicontinuous since U and U are quasicontinuous.
In particular, V' is quasifinite and |u,| <V a.e. Let

W(x) =sup sup |gn(z,s)| forae. ze€Q.
neN|s|<V (z)
Claim 1. W is measurable.
Indeed, note that for each n > 1

Gp(x,t) = sup |gn(z,s)] V(z,t) e 2 xR

Is|<t

is a Carathéodory function (see e.g. [10]). Since V is measurable, it follows that
G, (-, V) is measurable as well. Hence, W is also measurable being the supremum
of countably many measurable functions.

Claim 2. W is quasi-L*.
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Given K € Qand € > 0, let M > 0 and w; C 2 be an open set such that
cap (w1) < €/2 and
|[V(z)| <M ae. on K\ w.

Let we C 2 be such that cap (w2) < /2 and
Fy € LMK\ wy).
Take wg = w1 Uws. Then, cap (wp) < € and

0 <Wi(x) <sup sup |gn(z,s)| < Fy(z) a.e.on K\ wp.
neN [s|<M

Thus, the function W belongs to L'(K \ wp), and is therefore quasi-L'. This
establishes Claim 2.

Since W is quasi-L?,
lgn (- un)| S W ace., Vn>1,
and (gn(', un)) is equidiffuse, by Lemma 3.2 we have
gn (s un) — g(-u)  in LN(S; po da).
Note that for every function ¢ in CZ(Q) there exists a constant C' > 0 such that

|{| < C po. Hence, the convergence of (g, (-, uy)) in L*(Q; po dz) is enough in order
to pass to the limit in the weak formulation of (4.3) and we get

,/QuAgjL/Qg(x,u)C:/QCdM V¢ € C3(Q).

In view of the pointwise convergence (4.12), by Lemma 4.2 and Fatou’s lemma we
have g(-,u) € LY(Q). Thus, u is a solution of (4.2). O

5. A VARIANT OF THE METHOD OF SUB AND SUPERSOLUTIONS

Thanks to the stability result in the previous section, we can now establish the
following version of the method of sub and supersolutions for problem (1.4):

PROPOSITION 5.1. Let g : Q@ x R — R be a Carathéodory function satisfying (1.5)-
(1.6). Given a diffuse measure p in €, assume that (1.4) has sub and supersolutions
w < W a.e. Then, there exists a solution u of (1.4) with w < u <W a.e.

In Appendix B below, we show that the conclusion need not hold if the measure
1 is not diffuse. The main difference between Proposition 5.1 and [16, Corollary 5.4]
(whose conclusion is true for every finite measure p) is that in the statement above
it need not be true that

w<v<w = g(-,v) €LY (Q).
Proof. Let
hx) = |g(z, w(@))| + |g(z,w(z))| + 1;
then h belongs to L!(Q). Let
—nh(x) if g(z,s) < —nh(z),
gn(z,s) =1 g(z,s) if —nh(z) < g(z,s) <nh(z),
nh(z) if g(z,s) > nh(x).
In particular,
(5.1) gn(~8)| <nh VseR, vn>1,
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where n h € L*(£2). Since
gn(z, W) = g(z,w) and  gn(z,w) = g(z,w),
it follows that w and w still are sub and supersolutions of

—Au+ gp(z,u) =p in Q,
(52) { u=0 ondN.

Since, by (5.1),

IA

—  gu(,v) € LY(Q),

w w
deduce that equation (5.2) has a solution u, such

v <
we

[N

]

applying [16, Corollary 5.
that

w< U, <W a.e.
Clearly, the sequence (g,,) satisfies assumptions (i)—(ii) of Proposition 4.1. Observe
now that, by construction, |g,| < |g| in Q x R; thus, by (1.6),

sup |gn(x,s)| < Gi(x) + He(x) ae. Vt>0.
s <t

By Proposition 2.1, Gy + H; is quasi-L'. It thus follows from Proposition 4.1 that
(up to a subsequence) (u,,) strongly converges in L!(Q) to a solution u of

—Au+ g(z,u) =p in Q,
u=0 on JN.

Furthermore, w < u < w a.e. as desired. O

6. PROOF OF THEOREM 1.2

In order to apply the results of the previous section, we first need to show that
for any given diffuse measure p equation (1.4) does have sub and supersolutions
associated to p in the sense of Definition 4.1. This is established in our next

LEMMA 6.1. Let g: Q2 xR — R be a Carathéodory function satisfying (1.5)—(1.6).
Given a diffuse measure p on ), then equation (1.4) has sub and supersolutions
w < W a.e. such that any solution u of (1.4) satisfies

w<u<w a.e.

Proof. We first show the existence of w. For this purpose, let

xz,s) if g(x,s) <n,
gn(ZL',S) = g( ) . g( )
n if g(z,s) > n.

Since gy, is bounded from above, by [16, Corollary 5.4] applied with sub and super-
solutions 0 < U, the equation
{ —Au+ gn(xa U) = ,LL+ in Q,

.1
(6.1) u=20 on 09,

has a largest solution u, in [0,U]. Since
gn—l(xaun) < gn(l‘aun) a.c.,

Uy, is a subsolution for the problem solved by w,_;. By Proposition 4.2 and the
maximality of u,_1, this implies that u,_1 > u, a.e. In other words, the sequence
(uyn) is non-increasing and bounded from below by 0. Let @ be the limit of (uy,).
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By Proposition 4.1, W is a solution of (1.4) with datum p*.
We claim that any solution u of (1.4) satisfies
(6.2) u<wW ae.
Indeed, w is a subsolution of (6.1). By maximality of u,, we have
u<u, a.e., Vn>1.
As n — o0, we deduce (6.2). The existence of a subsolution w is established in a

similar way using —u~ as datum. O

Remark that in the proof @ has been chosen as the largest solution of (1.4) with
datum pT and w as the smallest solution of (1.4) with datum —p~.

Proof of Theorem 1.2. Applying Lemma 6.1 and Proposition 5.1, we deduce that
(1.4) has a solution. We now show that (1.4) has a largest solution. Before pro-
ceeding, we first establish the following

Claim. Given two solutions u; and ug of (1.4), there exists a solution u such that
u > max {uj, us}.

By [16, Corollary 3.1], for any two solutions u; and ug of (1.4) the function
max {uy,us} is a subsolution of the same problem. Applying Proposition 5.1 with
sub and supersolutions max {uy,us} < W, one finds a solution u such that

max {ug,us} <u<wW ae.
This establishes the claim.

In order to prove the existence of the largest solution of (1.4), we follow the lines
of [16]. Let

A =sup {/ u; w is a solution of (1.4)} .
Q

By Proposition 4.2, U < u < U a.e. for every solution of (1.4); thus, since U and U
are in L1(£2), A is finite. By the claim above, we can find a nondecreasing sequence
(uy,) of solutions of (1.4) such that

/un—>A.
Q

By monotone convergence, there exists ug in L*($), limit of u,, such that

(6.3) /Q "o = A.

Applying Proposition 4.1, we deduce that ug is a solution of (1.4). Hence, by the
claim up must be the largest solution of (1.4). The existence of the smallest solution
is achieved in the same way. O

7. PROOF OF THEOREM 1.1

Let U and U be the solutions of
{ —AU =p* in Q, { —AU =—p~ in Q,
U

U=0 ondQ,
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Similarly, let V' and V be the solutions of the same problems with data vt and
—v~. Define

KM:{wELl(Q);QSwSU} and KV:{zeLl(Q);K§z§V},

so that both K, and K, are closed convex subsets of L'({2). Since U, U, V and
V are quasifinite, then any function in K, and K, is quasifinite. Given z € K,,
consider

hi(z,s) = g1(s,2(x)) V(z,s) € QA xR.

Then, h; is a Carathéodory function which satisfies (1.5)—(1.6) (the latter holds
since g is continuous and z is quasifinite). Therefore, by Theorem 1.2 there exists
a solution u of
—Au+ g1(u, z(x)) = in Q,
(7.1) 91(u, 2(z)) = p
u=0 on 0.

Since hi (z, -) is nondecreasing, the solution of (7.1) is unique (see [3, Corollary B.1]).
Given w in K, define

hao(z,t) = go(w(z),t) VY(z,t) € QA xR.
In the same way as before, there exists a unique solution v of

{ —Av + go(w(z),v) =v in,

(7.2) v=0 on 0.

By Proposition 4.2, u belongs to K, and v belongs to K,,. Thus, the map
T:-K,xK, — K, xK,
(w, 2) — (u,v)
is well-defined. By Lemma 4.2, we have

Jullyo.a < Cllall, and ol < I,

for every 1 < g < % Hence, by the Rellich-Kondrachov theorem, T'(K,, x K,)
is bounded and relatively compact in L*(Q) x L' ().
We now show that T is continuous. For this purpose, let (z,,) be a sequence of

functions in K, such that z,, — z in Ll(Q). Let u,, be the corresponding solutions
of

—Aup, +gl(unvzn(x)) =pu in Q,
u, =0 on O0f.

By Proposition 4.1, there exists a subsequence (u,, ) such that u,, — u in L'(Q),
where wu is the solution of

—Au+ g1 (u,z(z)) = p in Q,
u=0 on 0f.
By uniqueness of u, the whole sequence (u,) converges to u. Analogously, if the

sequence (wy,) in K, strongly converges in L'({2) to w, then the sequence (v;,) of
solutions of

—Avy, + g1 (wp(2),v,) =v  in Q,
v, =0 on 09,
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strongly converges in L'(f2) to the solution of

—Av+ ga(w(x),v) =v inQ,
v=0 on .

Hence, T is continuous. Therefore, by Schauder’s theorem, there exists a fixed
point (u,v) of T, that is, a solution of (1.3). O

REMARK 7.1. We do not know whether Theorem 1.1 still holds if (a1)—(az) are
replaced by the weaker assumptions:

(@1) g1(-,t)t > 0 for every t € R;

(a2) g2(s,-)s > 0 for every s € R.
Note that (a;)—(az) guarantee the existence of solutions of (7.1)-(7.2) (via Theo-
rem 1.2), but in this case u and v need not be unique. One could define for example
T:K,xK, - K, xK,asT(w,z) = (u,v), where u and T are the maximal so-
lutions of (7.1) and (7.2), respectively. However, we do not know whether this
compact operator T is continuous.

8. PROOF OF THEOREM 1.3

We first prove the following

LEMMA 8.1. Let u € LY(Q). Assume that u/px € L'(2) for some compact set
K C Q, where pg(z) = d(z, K), Vx € Q. Then,

1
(8.1) lim — lul =0 H¥"-ae onK.
=0 |Br| /B, (z)

Proof. Let x € K. For every y € B,.(z) we have px(y) < r. Thus,

L e
™ Iy ™V B PE

By [9, Theorem 3, p.77], we have HY~1(X) = 0, where

1
E:{xeK; lim sup Nl/ |u|>0}.
r—0 T 7 JB,.(2) PK

1
lim—N/ luf =0 Vre K\ZX,
r—0 7 BT(I)

Therefore

and the result follows. O
We now present the

Proof of Theorem 1.3. Assume by contradiction that there exists some function
u #Z 0 satisfying (1.7). Applying Lemma 4.3 with w = —u, one deduces that u > 0
a.e. in €. Since a < 2, by the strong maximum principle (see Lemma A.2 below), we
must have [ By U > 0. Applying Proposition A.1 to suitable smooth subdomains
w C [z >0]N By and w C [z1 < 0]N By such that [z; = 0]N By, C dw, we deduce
that there exists € > 0 such that

(8.2) u(x) > elri| Vo € Byjs.
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By Lemma 8.1, we have u = 0 KN ~!-a.e. on [x; = 0] N B;. Since u is quasicontin-
uous, this implies that u = 0 q.e. on [z; = 0] N B;. Applying [5, Corollary 1.3], it
follows from (8.2) that
(Au)q > e Alzy| =2 HN™' on [z1 = 0] N By 2,
where the subscript “d” denotes the diffuse part of the measure Au. On the other
hand, by (1.7),
Au<0 on [z =0]NDBs.
In particular,
(Au)g <0 on [z =0]N Bys.

This gives a contradiction. (I

9. STUDY OF A LINEAR PROBLEM

In this section, we study the following problem

—Au—&-% =pu in By,

(9.1) |21
u=0 on 0B,

where @ > 0 and p is a diffuse measure in B;. The existence (and nonexistence) of
solutions of (9.1) is provided by the following

THEOREM 9.1. Let a > 0 and u be a diffuse measure in 2. We have

(1) if a <1, then (9.1) has a solution;
(#7) if 1 < a <2, then (9.1) has no solution if up > 0 and u # 0;
(#i1) if « > 2, then (9.1) has a solution if, and only if, p does not charge the set
[1’1 = 0] n Bl.

Proof of (i). This case is already covered by Theorem 1.2 since 1/|z1|* € L*(By) if
O0<a<l

Proof of (ii). Let p > 0 be a diffuse measure such that (9.1) has a solution. In
particular,

—/ uAC—l—/ ng Cdp>0 Y¢eC2Q), ¢>0in By.
By B, |z1|* B
Thus, by Theorem 1.3, v = 0 a.e. We conclude that p = 0.

Proof of (ii). (=) Assume that (9.1) has a solution . In particular, we have

(9.2) —/ uAs0+/ uaso= / pdu,
By By |z1]

Bl\[m1:0]

for every ¢ € C2(Q) such that supp¢ N [#1 = 0] = 0. Given ¢ € C§°(R) such that
¥(t) =11if |¢] <1/2 and suppy C [—1,1], let

Yn(x) = Y(nxy) Voe By, Vn>1.

Since u/z3 € L*(By), we have

nz/ lu| < / |iJHO as n — oo.
B B 11

llz11< 4] llz11< 5]
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Thus,
(9.3) [ v <en [ o
B1 B
(lz1]< L]
and
(9.4) /|u||A¢n\§On2/ lu| — 0.
Bl Bl
[lz1|<2]

Apply (9.2) with test function ¢ = (1 — 1),,), where ¢ € C2(2). As n — oo, it
follows from (9.3)—(9.4) and dominated convergence that

—/ uAC+/ %C = / Cdp V¢ e CE(Q).
B B, |71
Bl\[m1:0]
In other words, u also satisfies (9.1) with datum p| g, \[z,—0. Therefore,
/LL[:m:O]: 0
and the result follows.

(<) Let u be a measure in By which does not charge the set [z; = 0] N By. For
every n > 1, let u,, be the solution of

—Au, + auin —
(9.5) |lz1]* 4+ 1/n

u=0 on 0B;.

© in By,

Passing to a subsequence if necessary, we have u,, — u in L'(B;). Moreover, by
Lemmas 3.2 and 4.4,

Unp, *
AN
[z1]|*+1/n |z

+o0  weak® in M(Q)

for some diffuse measure o concentrated on the set [z; = 0] N B;. Thus, u is a
solution of (9.1) with datum g — o. By the implication “=" u — o cannot charge
the set [x; = 0] N B;. Therefore, 0 = 0 and u is the unique solution of (9.1)
associated to p. The proof of Theorem 9.1 is complete. (]

We conclude this section by showing the equivalence between (1.13) and (1.14):

PROPOSITION 9.1. Let a > 1 and f € L?(Q2). Then, u € X, satisfies

(9.6) Vu-Vv+/ “ U:/ fv YveX,
By B, |z1|* By
if, and only if,
(9.7) Vu-V<p+/ —p = fe VeeCse(Bf UBYT).
B B, |1 B

We first show the following
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LeEmMMA 9.1. For every v € Xy,

(9.8) v=0 in[zy =0]N By in the sense of traces.
Hence,
(9.9) v € Hy(B)UH(BY).

Proof. By Holder’s inequality, for every x € By and r > 0 such that B,.(z) C By,

1/2
0< lv| < ! 2
e V|l = —_ v .
|Br| JB,(z) |Br| JB, ()

Applying Lemma 8.1 with function v? and K = [z; = 0] N B,, with any a € (0, 1),
we deduce that

1
lim —— o] =0 HN"'-ae. on [z, =0]NB;.
r—0 |B,,| B, (z)

Thus, (9.8) follows. Since v € Hg(By), then v belongs to Hi (B ) U HY(By). O
The main ingredient in the proof of Proposition 9.1 is the following

LEMMA 9.2. If o > 1, then C§° (B UBY) is dense in X, with respect to the norm

(9-10) [0lla = [IV0l[ L2 + [[0][ L2 () -

Proof. Let v € X,. By the previous lemma, v = 0 on [x1 = 0] N By in the sense of
traces. Hence, for every e € (0,1) we have

(9.11) / v2§52/ |Vol2.
Bl Bl

[lz1]<e] [lz1]<e]
Let (vx) C X, be the sequence given by
ve(z) = v(z) S(kxy) Vz € By,
where S € C*°(R) is such that
St)=0 if[t|<1 and S(t)=1 iflt >2.
Note that each vy vanishes in a neighborhood of the set [x; = 0]. We now show
that
v — v in X,.
Indeed, by dominated convergence,
v — v in L2(B1;Va).
Also notice that
’Vvk - Vv’ < C|V’U| X[|I1|<%] + Ck|v\ X[%<‘zl‘<%].
Using (9.11), one deduces that
/ |Vvk—Vv]2§C |Vol?.
B1 Bl
[lza]<Z]

Hence,
Vo, — Vo in L*(By).
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Therefore, v, — v in X,.
In order to conclude the proof, take (w,) C C§°(B1) to be a sequence such that
w, — v in Hy(By).
In particular, for every k > 1,
wp, S(kx1) — v S(kzy) in X, asn — oc.

Thus, for each k > 1, one can take ny > 1 sufficiently large so that

[(wn, —v) S(kan)]] ., <

T =

Let
up = Wy, S(kr1) in Bi.
Then, (uy) is a sequence in C§° (BiIr U BT ) and, by the triangle inequality,

1
lur = vlla < lluk = vklla + llor = vlla < £ +lloe = vlla — 0
as k — oo. O
We now present the

Proof of Proposition 9.1. The implication “=" is trivial, while the reverse implica-
tion “<” can be easily deduced from the density of C*°(B U By ) in X,. O

APPENDIX A. A COUNTERPART OF THE HOPF LEMMA FOR WEAK
SUPERSOLUTIONS

In this appendix we prove the following counterpart of the Hopf lemma for the
linear operator —A + b in the case of a (possibly) unbounded coefficient b near 9€2:

PROPOSITION A.l. Let u € L*(Q), u > 0 a.e., and b € L(Q) be such that
bu € LY(Q) and

(A1) —/uAgp—l—/bungO Yo € C5°(2), ¢ >0 in Q.
Q Q
Assume that

(A.2) bpy € L*°(Q)  for some a < 2.

Then, for every w CC § there exists C' > 0 such that
(A3) essinf — > C/ u.
Q £o w
We first prove the

LEMMA A.1. Let u € LY(Q) and f € L*(Q; po dx) be such that

(A.4) —/uAgoz/fgo Yo € C5°(2), ¢ >0 in Q.
Q Q

If u>0 a.e., then

(A.5) f/QuAgz/Qfg V¢ € C3(9Q), ¢ >0 in Q.
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Proof. Clearly, (A.4) still holds if ¢ € C%(Q) and suppy C . Let H : R — R be
a smooth convex function such that

Ht)=0 Vt<1 and H'(t)=1 Vt>2.

Given ¢ € CZ(R2), ¢ > 0in Q, then H(n¢) € C%(Q) and supp H(n¢) C § for every
n > 1. Moreover,

AH(n¢) = nH'(n¢)AC + n* H" (n¢)|V([* = nH' (n¢)AC.
Applying (A.4) with test function ¢ = H(n(¢)/n, we then obtain

—/QuH%nc)Acz/QfH(fo.

As n — oo, (A.5) follows. O
We shall also need the following version of the weak Harnack inequality:

LEMMA A.2. Letu € LY(Q), u >0 a.e., and b € L2, (Q) be such that

loc

(A.6) —/uAgp—F/bugon Yo € C5°(2), ¢ >0 in Q.
Q Q

Then, for every w CC § there exists Cy, > 0 such that

(A.7) essinfu > C’w/ U.

In particular, if u =0 a.e. on a set of positive measure, then u =0 a.e. in €.

Proof. Taking Q smaller if necessary, we may assume that b € L*°(£2). We can also
suppose that w is path connected. We proceed in two steps:

Step 1. Proof of (A.7) when u is smooth.
By the weak Harnack inequality (see [12, Theorem 8.18]), we have

(A.8) inf UZQN / u

B..(z) r
Ba,(x)

for every x € Q with By, (z) C Q; thus,

(A.9) [uzc [

B, (z) Bz ()

Iterating (A.9) four times, one obtains

(A.10) /u>C’ / U

Br(x) B@(:p)

r
5

for every x € 2 with Baz. () C Q.
Given zp € w and j > 1, let r = d(w, 9Q)/7, and

(A.11) A = {w €Q

there exists y € w such that
d(z,y) <rand d,(zo,y) <jr [’

where d,, is the geodesic distance in w. We shall establish the following



SEMILINEAR ELLIPTIC EQUATIONS AND SYSTEMS WITH DIFFUSE MEASURES 21

Claim.
(A.12) / u > C’/ u Vj>1
Aj Aj1

By the Vitali covering lemma, there exists a covering (Br(xz)) ¢ of the set

&= {x € w; dy(x,x0) < jr}
such that z; € £, Vi € I, and the balls (Bz (2;))icr are disjoint (all balls are defined

s
in terms of the standard Euclidean distance in RY). Clearly,

(A.13) Bg (:CZ) C .Aj Vi e 1.
We now show that
(A.14) (BgT(xi))iE[ is a covering of Aj41.

Indeed, given z € A4 let y € w be such that
d(z,y) <r and d,(zo,y) < (j+1)r.
Since w is path connected, there exists x € w such that
dy(z,y) <r and dy(x,zg) < jr.
In particular, « € £;. Thus, there exists ¢ € I such that « € B,(x;). We then have
d(z,z;) < d(z,y) +d(y,z) + d(x, ;)
<d(z,y) +du(y, ) + d(z,z;) <r+r+r=23r
Hence, z € Bs,(z;) and (A.14) follows.
Applying (A.10) and (A.13)-(A.14), we obtain

/AvuZ /uzZ/uZC’Z / wsC / UZC/U.

; — —
U Br(x:) YL Br(ay) YL Bigr(x:) U Bsr(z:) Aji
i€l ° 2 5 i€l

This proves (A.12).
Iterating (A.12), it follows that

(A.15) / u>C u,
Ay Ap

for some constant C independent of xy € w, where k > 1 is the smallest integer
such that

kr > sup {du(z,y); =,y € w}.
Since A; C Bar(zg) and A, D w, we deduce from (A.8) and (A.15) that (recall
that r = r(w) = d(w, 00)/7 is fixed)

u(xzg) > Cw/ u Yz € w.

This implies (A.7) when u is smooth.
Step 2. Proof completed.

Replacing b by ||b||z~, we may assume that b is constant. Take any domain
Q2 CC Qwithw CC Q. Given p € C§°(By) such that p > 0 in By and fBl p=1,let
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pe(x) = Zwp(%), Vo € RY. Then, for € > 0 small, ue = p. * u is a smooth function
satisfying

—Aug +bus, >0 in Q.
By the previous step,

(A.16) infu. > C’/ Ue.

Since
infu, — essinfu and / Ug — / u,
w w w w
the result follows as € — 0 in (A.16). O
We now establish Proposition A.1:

Proof of Proposition A.1. Replacing b by bt if necessary, we may assume that b >
0. Take ¢ € (0,1/2) small such that pg is smooth on As; and w C 5, where

As = {z € Q; dist (z,00) <0} and Q5 = {z € Q; dist (z,0Q) > 5}.
By Lemma A.2

(A.17) essinfu > C u > C'/ U.
Q‘s QJ w
Moreover, applying Lemma A.1 we have
(A.18) —/uAC+/buC20 V¢ € C3(Q), ¢ >0in Q.
Q Q
Given v > 1, consider

v(z) = po(z) + [po(x)]” Vz € As.
A simple computation shows that Av € L'(As) and

_ _ -1
(A.19) Av = (147 ) Apo + (v — Dpg *|Vpol* = 7(;2_7) - Ch,
0

since |Vpo| =1 in As and Apg is bounded. Let M > 0 be such that
(A.20) bp® <M ae.in Q.
By (A.19), we have

M -1 2M

—A’U+ 704'0 S —’Y(’};i’y ) + o—1 +Cl7
Po Po Po

where we used that v < 2pg since § < 1. We now choose 7 so that 1 <y < 3 — o
this is possible because o < 2. Then, 2—~ > a—1 > 0. Hence, for § > 0 sufficiently
small (possibly depending on « and M) we have

M
—Av+bv < -Av+ —v <0 in 4.
Po

Let

w=u—¢ev in Ag,
where ¢ = C [ w and C' is the constant in the right-hand side of (A.17). Since
v =0 on 99, by (A.18) we get

(A.21) _/ wAY+ [ bwy >0,
A5 A5
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for every 1 € C2(As), 1 > 0 in Ag, such that
supp ¥ C {m € Q; dist (z,00) < 5}.

Since v < 1 in As, it follows from (A.17) that w > 0 a.e. in a neighborhood of
0As N Q. Thus, by Lemma A.1 and (A.21),

—/ wAC—I—/ bw¢ >0 V¢ e C2(As), ¢ >0in As.
As As

Therefore, by Lemma 4.3,
w >0 a.e. in Ag.

In other words,
u>ev>epy ace in Ag
which combined with (A.17) gives (A.3). O

APPENDIX B. FAILURE OF THE METHOD OF SUB AND SUPERSOLUTIONS

Throughout this appendix, we assume that N > 3. It is well-known that problem

(1.4) need not have a solution if the measure p is not diffuse. As an example, if
glz,s) = (s1)¥7 V(z,s) €QXR,
and 0 € Q, then (1.4) has no solution with datum p = dy (see [1]). In this case the
solution of the linear problem
—AU = 50 in Q,
{ U=0 on9dQ,

is not a supersolution of (1.4) since g(z,U) ~ 1/||z||Y is not integrable near the
origin.

One may then wonder whether (1.4) has a solution under assumptions (1.5)-(1.6)
if p is not necessarily diffuse, but U and U are sub and supersolutions (i.e., if both

g(z,U) and g(z,U) belong to L'(€)). This would be an extension of Proposition 5.1
for general measures p. It turns out that this is not true. In fact,

PROPOSITION B.1. There exists a Carathéodory function g : By X R — R such that
(1.5)~(1.6) hold, 0 and k/||z||N =2 are sub and supersolutions of

{ —Au+ g(z,u) =69 in By,

(B-1) u=0 on dB,

but (B.1) has no solution.

Proof. Given h € C§°(R) such that h(t)t > 0, Vt € R, and h(1) =1, let
1
s) Y(z,s) € By xR,

N-2
g(z,s) = h( . VC”N

where 1/cy = (N—2)|0B;| and |0B4] is the (N —1)-dimensional Hausdorff measure
of OBy; thus,

]

x
The function ¢ thus defined satisfies (1.5)—(1.6). Let M > 1 be such that suppg C
[~ M, M]. Then, v(x) = cxM/|z||V~2 is a supersolution of (B.1) since g(-,v) = 0
and
—Av = M50 Z (50 in D/(Bl)
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Clearly, 0 is a subsolution of (1.4).
We claim that (B.1) does not have a solution. Assume by contradiction that (B.1)
has a solution w. It is well-known that

1
(B.2) lim — u= (N —2).
r=071 JoB,
By Proposition 4.2,
cN

Let € > 0 be such that h(t) > % for [t — 1] < e. Set

1
2

E, = {x € 0B,; u(x) > (1 —5)%}.

Thus,
(B.4) g(z,u(z)) > N Va € Ey.
By (B.3), we have
ISR
- U= - u+ — U
ey T e s, 05, \ 5,
SCNTNil +(17€)C T (N 2) T
In view of (B.2) and (B.5), we must have
. |0B,\ E;|
lim ————— =0.
r20 |0B,]
Let rg > 0 be such that
B 1
B. > f .
(B.6) 9B,] = 2 or every 0 <1 <rg

By (B.4) and (B.6), we then have

/ g(:c,u)d:z:Z/ g(z,u) Z/ / (ro,u)
B Bro
/T“ |0B, |6B|/T°d7'_
1 = =

This is a contradiction. O
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