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Molecular phylogenetics studies the hierarchical evo-
lutionary relationships among organisms by means
of molecular data. These relationships are typically
described by means of weighted trees, or phylogenies,
whose leaves represent the observed organisms, internal
vertices the intermediate ancestors, and edges the evolu-
tionary relationships between pairs of organisms. Molec-
ular phylogenetics provides several criteria for selecting
one phylogeny from among plausible alternatives. Usu-
ally, such criteria can be expressed in terms of objective
functions, and the phylogenies that optimize them are
referred to as optimal. One of the most important criteria
is the minimum evolution (ME) criterion, which states that
the optimal phylogeny for a given set of organisms is the
one whose sum of edge weights is minimal. Finding the
phylogeny that satisfies the ME criterion involves solving
an optimization problem, called the minimum evolution
problem (MEP), which is notoriously NP-Hard. This arti-
cle offers an overview of the MEP and discusses the
different versions of it that occur in the literature. © 2008
Wiley Periodicals, Inc. NETWORKS, Vol. 53(2), 112–125 2009
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1. INTRODUCTION

One of the most important aims in systematics, the science
that studies the diversity of life on Earth, is to estimate the
evolutionary relationships of a given set of organisms (usu-
ally referred to as taxa). These relationships are described
by means of a weighted tree (called a phylogeny, see Fig. 1)
whose leaves represent taxa, internal vertices the intermedi-
ate ancestors, edges the evolutionary relationships between
pairs of organisms, and edge weights the evolutionary dis-
tances (i.e., measures of the dissimilarity) between pairs of
organisms [36].
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Phylogenetic estimation has been practiced since Darwin
[44]. Initially, physical characters of taxa, such as morphol-
ogy or physiology, were used to estimate the corresponding
phylogeny [89]. Nowadays, phylogenetic estimation can also
be carried out through the use of molecular data extracted
from taxa, such as protein fragments, DNA and RNA
sequences, or (less frequently) the whole genome [89].

Since no one can practicably observe the real evolution-
ary process over thousands or millions of years, there is no
way to empirically validate a candidate phylogeny for a set of
taxa [44]. For this reason, different researchers have proposed
various criteria for selecting one phylogeny from among plau-
sible alternatives [36]. These criteria can usually be expressed
in terms of objective functions, and the phylogenies that opti-
mize them are referred to as optimal [44]. Each criterion
adopts a set of assumptions whose ability to describe the real
evolutionary process determines the gap between the real
and the true phylogeny, i.e., the phylogeny that one would
obtain under the same set of assumptions if all the molecular
data from the (set of) taxa were available [36]. If the optimal
phylogeny approaches the true phylogeny as the amount of
molecular data analyzed increases, then the corresponding
criterion is said to be statistically consistent [44].

The first criterion to be proposed was the parsimony cri-
terion [12]. This criterion states that under many plausible
explanations of an observed phenomenon, the one requir-
ing the fewest assumptions should be preferred [89]. Hence,
under the parsimony criterion, a phylogeny is defined to be
optimal (or the most parsimonious) if the sum of edge weights
of each path (see Section 2) from one taxon to another in the
phylogeny is minimal [50]. However, finding the most par-
simonious phylogeny for a set of taxa is NP-Hard [50]; a
further drawback is that, in some circumstances (see [36], p.
113), this criterion may be statistically inconsistent [32, 81].

Two alternative families of phylogenetic estimation crite-
ria [44] were then proposed: the likelihood criterion [33] and
the distance-based criterion [36].

The likelihood criterion states that under many plausi-
ble explanations of an observed phenomenon, the one with
the highest probability of occurring should be preferred
[33]. Hence, under the likelihood criterion, a phylogeny is
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FIG. 1. An example of a phylogeny.

defined to be optimal (or the most likely) if it has the highest
probability of explaining the observed taxa [33]. In contrast
to the parsimony criterion, the likelihood criterion has the
important benefit of being statistically consistent ([44], p.
50). Again, however, the problem of finding the most likely
phylogeny is NP-Hard [17, 82]. A recent extension of the
likelihood criterion, Bayesian inference [27, 58, 68], uses
prior and posterior probabilities to measure the quality of the
phylogeny provided ([44], p. 67-69). Just as with the likeli-
hood criterion, however, finding the optimal phylogeny using
Bayesian inference is NP-Hard [36].

The distance-based criterion aims to find a phylogeny that
best fits a given matrix of evolutionary distances among pair-
wise molecular data [36]. Different definitions of “fitting”
give rise to different distance-based criteria [36]. One of the
most important distance-based criteria is that of minimum
evolution (ME). This criterion states that the optimal phy-
logeny for a set of taxa is the one whose sum of edge weights,
estimated from the corresponding evolutionary distances, is
minimal [43,85]. Phylogenies satisfying the ME criterion are
determined by solving a minimum evolution problem (MEP);
versions of this problem depend on how the edge weight
estimation is performed. The ME criterion has the benefit of
generally being statistically consistent. It also requires little
computational effort to estimate the edge weights of a phy-
logeny compared to other statistically consistent criteria such
as the likelihood criterion [33] or the Bayesian inference cri-
terion [27, 58, 68]. On the other hand, finding the phylogeny
that satisfies the ME criterion is generally NP-Hard [22].

Here, we provide a review of the available literature on
the MEP. In Section 2 we state the ME criterion and the
corresponding MEP in its most general form. In Section 3
we propose a possible taxonomy of the different versions of
the MEP; specifically, we classify these versions according to

the type of objective function, constraints, and methods used
to estimate edge weights. We then present a synopsis of the
MEP in Section 4. In Section 5 we review the most widely
used approaches to solving the various versions of the MEP;
and finally, in Section 6, we discuss the statistical consistency
of the phylogenies they provide.

2. THE MINIMUM EVOLUTION PROBLEM

In this section, we formally state the minimum evolution
criterion and the corresponding minimum evolution problem
in its most general form. To this end, we first introduce some
preliminary definitions that will prove useful throughout the
article.

Denote � as the set of n organisms (taxa) to be analyzed,
and consider an unweighted graph G = (V , E) (namely, a
phylogenetic graph), where V = Ve ∪Vi is the set of vertices.
Ve is the set of n leaves representing the n taxa in �, and Vi

the set of (n − 2) internal vertices representing the common
ancestors. By analogy, E = Ee ∪ Ei is the set of 3

2 (n − 1)(n −
2) edges, where Ee is the set of external edges, i.e., the set
of edges with one extreme being a leaf, and Ei is the set
of internal edges, i.e., the set of edges with both extremes
being internal vertices. Then a phylogeny of the set � is any
spanning tree T of G such that each internal vertex has degree
three, and each leaf has degree one.

It is worth noting that there is no biological reason for
imposing the degree constraint on the internal vertices of a
phylogeny. Nevertheless, the constraint is usually imposed
as it simplifies the formalization of the MEP [94]. Moreover,
the constraint is not an oversimplification because any m-ary
tree can be transformed into a phylogeny by adding “dummy”
vertices and edges (e.g., see Fig. 2 and [94]).
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FIG. 2. The 4-ary tree (on the left) can be transformed into a phylogeny
by adding a dummy vertex and edge (dashed, on the right).

We denote E(T) as the set of edges of a phylogeny T , T as
the set of all the possible (2n − 5)!! phylogenies of � (where
n!! is the double factorial of n) [36], and we assume that a
weight function f : E(T) → � is given. We denote w as
the (2n − 3)-vector of edge weights associated to T , and let
L(T) be the length of T , i.e., the sum of the associated edge
weights. We define a phylogeny T with weights w as a tree
metric if all the entries of w are nonnegative [99].

We assume that a n × n distance matrix D = {dij} of
evolutionary distances [11] between each pair of taxa i and j
in � is given a priori. Such evolutionary distances measure
the dissimilarity between pairwise molecular data, and are
usually computed on the basis of a given Markov substitution
model of molecular evolution (e.g., those described in [11,
36,52,60,62,67,83,98]) or, more rarely, by means of metric
models (e.g., those described in [5,61]). We say that a distance
matrix D is a dissimilarity matrix if for each pair of distinct
taxa i and j, dij > 0, dij = dji, and dii = 0 [99]. In addition,
we say that a dissimilarity matrix D is metric if the triangle
inequality also holds [34]:

dij ≤ dik + dkj ∀i, j, k ∈ �. (1)

Metric distance matrices are more likely to be generated
when, for example, covarion models [37,39,57,70] of molec-
ular evolution (see [25]), or the models described in [5, 61]
are used.

We say that a dissimilarity matrix D is additive if there
exists a tree metric phylogeny such that the sum of edge
weights along the path between leaves i and j is equal to dij,
for all i, j ∈ � [99] or, equivalently (see [10,26]), if the four-
point condition ([89], p. 146) holds, i.e., for any four taxa i,
j, k, and z

dzi + dkj ≤ dzj + dik = dkz + dij. (2)

In fact, by referring, for example, to the phylogeny shown
in Figure 3, if a phylogeny is a tree metric then the following
inequality holds:

dAB + dCD = eA + eB + eC + eD

≤ dAD + dBC = eA + eB + eC + eD + 2e1

FIG. 3. An example of a phylogeny with four leaves.

(because e1 by hypothesis is a nonnegative quantity). On the
other hand, since dAD = eA + e1 + eD, dBC = eB + e1 + eC ,
dAC = eA +e1 +eC , and dBD = eB +e1 +eD then the relation
dAD + dBC = dAC + dBD holds, and the four-point condition
follows.

We say that an additive distance matrix D is ultrametric
if the following inequality holds for any triplet of taxa i, j, k
[29]:

dij ≤ max{dik , dkj}. (3)

Additive distance matrices, respectively ultrametric dis-
tance matrices, are generated when, for example, the Markov
substitution model of molecular evolution described in [51],
respectively the model described in [29], is used. As observed
by Farach et al. [29], ultrametric distance matrices are
highly desirable in biology because evolutionary distances,
as measured in time, satisfy (3).

In accordance with the literature [36], we represent a phy-
logeny by means of a particular network matrix called an
edge–path incidence matrix of a tree (EPT) ([76], p. 550).
An EPT matrix X of a phylogeny T is characterized by hav-
ing a row for each path between two leaves and a column for
each edge. The generic entry xij,e is then equal to 1 if edge e
belongs to the path pij from leaf i to leaf j and is 0 otherwise.
As an example, Table 1 shows the EPT matrix corresponding
to the phylogeny shown in Figure 3.

The one-to-one correspondence between a phylogeny T
and the associated EPT matrix X induces a bijection between
the set of all the possible phylogenies T and the set of all the
possible associated EPT matrices X . Hence, given a distance
matrix D, the problem of determining a phylogeny that sat-
isfies the ME criterion can be formalized, in its most general
form, as follows:

TABLE 1. The EPT matrix corresponding to the phylogeny shown in
Figure 3.

eA eB eC eD e1

AB 1 1 0 0 0
AC 1 0 1 0 1
AD 1 0 0 1 1
BC 0 1 1 0 1
BD 0 1 0 1 1
CD 0 0 1 1 0
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TABLE 2. References classified by perspective.

Perspective References

Version [4, 5, 8, 9, 13, 14, 24, 25, 29, 38, 42, 44–46, 53]
[55, 61, 65, 72, 74, 79, 84, 85, 90, 94, 96, 97, 99]

Approach to solution
[1, 7, 15, 16, 18–21, 25, 28, 29, 31, 41–43]
[44, 48, 59, 66, 71, 80, 84, 85, 87, 88, 91–93, 95]
[99, 101, 102]

Statistical consistency [2, 23, 25, 45, 47, 54, 56, 61, 69, 75, 85, 100]

Minimum Evolution Problem

min
(X,w)

L(X, w)

s.t. f (D, X, w) = 0

X ∈ X , w ∈ �(2n−3)
0+

where L(X, w) indicates the length of a phylogeny X with
associated edge weights w, and f (D, X, w) is a function
correlating the distance matrix D with the phylogeny X
and edge weights w. Thus, any version of MEP is com-
pletely characterized by defining the functions L(X, w) and
f (D, X, w).

Apart from some polynomial cases [29, 99], each
version of MEP has been proved to be NP-Hard
[22, 29, 63, 71, 74, 101]. In the next three sections, we pro-
pose a possible taxonomy of these versions and discuss the
main approaches proposed to solve them.

3. A POSSIBLE TAXONOMY OF THE LITERATURE

We classify the literature on MEP according to three main
perspectives: version, the approach used to solve it, and the
statistical consistency of the phylogeny provided. Here, we
briefly introduce each perspective and we list in Table 2 the
corresponding references.

From the first perspective, we classify the literature based
on the type of function f (D, X, w) and the structure of objec-
tive function L(X, w) used. The function f (D, X, w) imposes
conditions on the differences (incongruences) between the
evolutionary distances derived using the weights w of phy-
logeny X and the distances defined by matrix D. Some
versions in the literature, the so-called least-squares mod-
els, require that the sum of the squares of these differences
be minimized. Other versions, typically based on linear pro-
gramming, require that the sum of only these differences be
minimized, and, further, that entries of w be nonnegative and
satisfy the triangle inequality (1). In turn, the least-squares
models can be further differentiated based on the presence
(or absence) of the positivity constraint, i.e., the nonnegativ-
ity of edge weights. The positivity constraint has important
biological implications; we discuss these, together with the
versions of MEP, in Section 4.

Second, we classify the literature based on the approach
used to solve the various versions of MEP. In general,

the approaches used are either exact or nonexact. The for-
mer includes algorithms based on exhaustive enumeration
and on branch-and-bound. The latter can be further divided
into approximation algorithms and heuristics. In turn, the
approaches based on heuristics can be subdivided into con-
structive, clustering, and constructive/clustering. We discuss
this classification in Section 5.

Finally, we classify the literature based on the statistical
consistency of the phylogenies provided by different versions
of MEP. In Section 6, we show that some versions of MEP
may lead to statistically inconsistent results; for this reason,
they are generally frowned upon by the scientific community
[23].

4. VERSIONS OF THE MINIMUM EVOLUTION
PROBLEM

The MEP can be divided into two subproblems: (i) deter-
mining the structure of the optimal phylogeny (i.e., the entries
of matrix X), and (ii) finding the associated optimal edge
weights (i.e., the entries of w) that best fit the distance matrix
D. Historically, the latter subproblem was among the first
aspects of molecular phylogenetics to be studied, and is at
the core of MEP. In fact, the edge weight estimation sub-
problem influences directly the choice of the type of function
f (D, X, w) and of the structure of function L(X, w), and hence
the version of MEP.

The literature proposes two main families of edge weight
estimation models (whose references are listed in Table 3):
the least-squares models and the linear programming mod-
els. The former are discussed in Section 4.1 and the latter
are discussed in Section 4.2. Throughout this section, if not
explicitly stated, we will always intend that phylogeny X is
assigned.

4.1. The Least-Squares Models

The least-squares models were first introduced by Cavalli-
Sforza and Edwards in 1967 [13]. The authors considered
each evolutionary distance dij among pairwise molecular data
as uniformly distributed independent random variables satis-
fying the additive property (2). In other words, Cavalli-Sforza
and Edwards assumed that each entry dij could be thought of
as the resulting sum of mutation events we accumulated on

TABLE 3. References classified by type of edge weight estimation model.

Edge weight estimation model References

Least-Squares
OLS [8, 13, 42, 45, 61, 84, 85, 96, 97]
WLS [38, 72]
GLS [9, 14, 53]
BLS [24, 25, 44, 79, 90]
Least-squares with positivity constraint [4, 29, 35, 46, 55, 74]

Linear programming [5, 99]
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each edge e belonging to the path pij linking taxa i and j on
X, i.e., in matrix form:

Xw = D� (4)

where D� is the n(n − 1)/2 vector whose components are
obtained by taking row by row the entries of the strictly upper
triangular matrix of D. In general, Equation (4) may not admit
solutions. For this reason, the authors proposed the use of
the ordinary least-squares (OLS) to find the entries of vector
w. Specifically, the authors suggested that the values ρij =∑

e∈pij
xij,ewe, called expected distance estimates [36], should

minimize the function:

n∑
i=1

n∑
j=1:j �=i

(dij − ρij)
2 =

n∑
i=1

n∑
j=1:j �=i


dij −

∑
e∈pij

xij,ewe




2

.

Some authors disagreed with Cavalli-Sforza and Edwards’
model. Specifically, Fitch and Margoliash [38] observed that,
due to the common evolutionary history of the taxa ana-
lyzed and the presence of sampling errors in molecular data,
the assumption that the evolutionary distances {dij} are uni-
formly distributed independent random variables cannot be
considered generally true. Therefore, the authors proposed to
modify Cavalli-Sforza and Edwards’ model by introducing
the quantities {ωij} representing the variances of {dij}. Fitch
and Margoliash called the new model weighted least-squares
(WLS) and proposed to minimize the function:

n∑
i=1

n∑
j=1

ωij


dij −

∑
e∈pij

xij,ewe




2

.

Fitch and Margoliash [38] proposed to set ωij = 1/d2
ij,

whereas with analogous arguments, Beyer et al. [5] set
ωij = 1/dij. Under WLS, the function f (D, X, w) of MEP
becomes:

(Xt�X)w = Xt�D� (5)

where � is a diagonal matrix with diagonal entries equal to
{ωij}.

Subsequently, Bulmer [9], Chakraborty [14], and
Hasegawa et al. [53] noted that the weights {ωij} account
for the variance of {dij}, but not for their dependencies. Con-
sequently, they proposed to substitute the values {ωij} with
the covariances of {dij}, and called the new model gener-
alized least-squares (GLS). Specifically, Chakraborty [14]
modeled molecular evolution as a Poisson process in which
mutations are random events occurring along each path in the
phylogeny, and derived the covariances of the evolutionary
distances by considering path-per-path the number of muta-
tion events observed between pairs of molecular data. A very
similar approach was used by Bulmer [9] and Hasegawa et al.
[53]: the former used an approximation of the Poisson pro-
cess to compute the covariances of the evolutionary distances,
whereas the latter used a Markov model [52]. Under GLS, the
function f (D, X, w) of MEP becomes:

(Xt�−1X)w = Xt�−1D� (6)

where � is the covariance matrix of the evolutionary
distances.

The computational complexity required to solve by means
of matrix formulae the above models (respectively O(n4) for
the OLS and WLS models, and O(n6) for the GLS model [8])
represented in the 1970s and 1980s a serious bottleneck for
their empirical application. For this reason, several authors
investigated alternative strategies to reduce the computational
effort required to implement them.

Vach [96] noted that the bipartition (also called split [3])
induced by any edge of a phylogeny can be used to approx-
imate the OLS model. Specifically, given a phylogeny X
and assuming the OLS edge weight estimation model, Vach
proved that: (i) the value of an edge weight we is a function
of the average distance between the leaves belonging to a
bipartition induced by edge e, and (ii) such a value does not
depend on the phylogeny but only on the leaves contained in
the bipartition [97].

This result was reached independently by Rzhetsky and
Nei [85] who provided an O(n3) algorithm to solve the OLS
model [86]. This algorithm was further improved by Gascuel
[42] who decreased its order of complexity to O(n2). Finally,
Bryant and Waddell in [8] proposed a unified and generalized
framework to speed up the solution of the OLS, WLS, and
GLS models. Specifically, the authors provided an optimal
algorithm to solve the OLS model, an O(n3) algorithm to
solve the WLS model, and an O(n4) algorithm to solve the
GLS model.

Finally, Makarenkov and Lapointe [72] have recently
introduced a particular WLS model usable in all cases in
which some evolutionary distances are partially given or
uncertain (cases usually met, for example, when dealing with
fossil data [72]). The model assumes that properties (2–3)
hold for the distance matrix D, and assigns {ωij} ∈ {0, 1/2, 1}
as a function of the uncertainty degree of the entries {dij}. The
authors proved that solving this particular version of MEP is
NP-Hard.

4.1.1. The Positivity Constraint. The additive property of
the distance matrix D in Cavalli-Sforza and Edwards’ model
guarantees that the phylogeny provided by (4), (5), and (6)
is a tree metric [29], i.e., implicitly imposes the constraint
w ≥ 0. Unfortunately, when the distance matrix D is generic
(e.g., it is obtained by means of Markov models, see Section
2), all the least-squares models considered so far may lead
to the occurrence of negative entries in the vector w, i.e., to
a phylogeny that is not tree metric [44, 65]. Negative edge
weights are infeasible both from a conceptual point of view
(a distance, being an expected number of mutation events
over time, cannot be negative [61]) and from a biological
point of view (evolution cannot proceed backwards [77,94]).
For the latter reason at least, nontree metric phylogenies are
generally unacceptable to biologists [45].

In response, some authors investigated the consequences
of adding or guaranteeing the positivity constraint in the least-
squares models. Gascuel and Levy [46] observed that the
presence of the positivity constraint transforms ([6], p. 187)
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any least-square model into a nonnegative linear regression
problem which involves projecting the distance matrix D onto
the positive cone defined by the set of tree metrics associated
to a given phylogeny X [45]. Therefore, the authors proposed
an algorithm to generate a sequence of least-squares projec-
tions of the distance matrix D onto the convex set of the
tree metrics until an additive distance matrix (and the corre-
sponding phylogeny) is obtained [46]. A similar approach had
previously been provided by Hubert and Arabie [55]. Both
algorithms are characterized by a computational complexity
of O(n4).

Farach et al. [29] proposed a number of models to per-
turb a distance matrix D to achieve additive or ultrametric
matrices. Specifically, the authors proposed a first model in
which, given an upper and lower bound for the evolutionary
distances, an additive (ultrametric) distance matrix between
these two bounds must be found. In a second model, the
authors assumed a distance matrix D in which some evolu-
tionary distances are partially given or uncertain, and studied
the possibility of assigning these entries to obtain a new
distance matrix that satisfies the additive (ultrametric) prop-
erty. They proposed the L∞-norm and L1-norm to constrain
the entries of D to satisfy the additive (ultrametric) prop-
erty. The authors proved that both models can be solved in
O(n2 + n log n) time when an ultrametric distance matrix is
required under the L∞-norm. By contrast, the authors proved
that both models become hard when an ultrametric or an
additive distance matrix is required under the L1-norm. How-
ever, to the best of our knowledge, nothing is known about
the hardness of finding an additive distance matrix under the
L∞-norm in either model.

Barthélemy and Guénoche [4] and Makarenkov and
Leclerc [74] proposed two iterative O(n4) and O(n5) algo-
rithms which exploit the Lagrangian relaxations of the OLS
and WLS models to find a phylogeny that satisfies the
positivity constraint. Specifically, starting from a leaf, the
algorithms generate iteratively a phylogeny with a grow-
ing number of leaves by solving an optimization problem
which finds the best non-negative edge weights that mini-
mize the OLS (respectively WLS) model. A previous and
similar algorithm, called FITCH, was also proposed by
Felsenstein [35].

A different approach from those described earlier is fol-
lowed in the balanced least-squares (BLS) edge weight
estimation model [24, 25]. The BLS model is based on a
seminal work of Pauplin [79] in which the author modifies
Equation (4) by requiring that all edges of a phylogeny X be
weighted in the same way (see Section 4.1.2). As a result, the
new model allows the positivity constraint to be satisfied if the
triangle inequality holds for the distance matrix D [25]. Des-
per and Gascuel proved that the BLS model is a special form
of the WLS model in which the variances of the evolution-
ary distances are proportional to their topological distance
(i.e., the number of edges belonging to the path between the
corresponding endpoint taxa), and inversely proportional to
the length of the molecular data [25]. Solving a BLS model
requires a computational complexity of O(n2 + n log n).

4.1.2. The Objective Function in the Least-Squares Mod-
els. Under the least-squares edge weight estimation model,
several objective functions have been proposed in the liter-
ature. Later, we just give an overview of them, postponing
to Section 6 our discussion of the impact that each objective
function has on the statistical consistency of MEP.

Rzhetsky and Nei showed that if the entries of the distance
matrix D were not subjected to sampling errors and all the
molecular data from the (set of) taxa were available, then the
total length of the true phylogeny must be the shortest [84].
Therefore, the authors suggested the use of the following
objective function:

L(X, w) =
2n−3∑
e=1

we. (7)

Some authors proposed modifications to (7) to deal with a
non-perfectly additive distance matrix D. Specifically, Kidd
and Sgaramella-Zonta [61] suggested the use of the following
objective function:

L(X, w) =
2n−3∑
e=1

|we|,

whereas Swofford et al. [94] and Gascuel et al. [45] proposed:

L(X, w) =
2n−3∑
e=1

max (we,o).

Specifically, this last function is used in a well-known phy-
logenetic software package called PAUP 4.0* [93]. Farach
et al. [29] and Argawala et al. [1] proposed the function:

L(X, w) = ‖w‖∞ = ‖X†D�‖∞ = max
e=1,...,2n−3

|we|,

where ‖ · ‖∞ is the L∞-vector norm and X† is the Moore-
Penrose generalized inverse of X. This function is particularly
related to the statistical consistency of MEP and will be
discussed in Section 6.

Under the BLS model, the following objective function
was proposed [44]:

n−1∑
i=1

n∑
j=i+1

21−τij dij (8)

where

τij =
2n−3∑
e=1

xij,e.

This particular form derives from the seminal works of
Korostensky and Gonnet [49, 64] and Pauplin [79]. In the
following we will give an intuition behind Equation (8) by
referring to the phylogeny shown in Figure 3.

Korostensky and Gonnet [49, 64] introduced the con-
cept of a circular order induced by a phylogeny X,
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i.e., any tour through X where each edge is traversed
exactly twice, and each leaf is visited once. As an exam-
ple, a possible circular order of the phylogeny shown in
Figure 3 is {eA, e1, eD, eD, eC , eC , e1, eB, eB, eA}. Korostensky
and Gonnet observed the existence of a link between the OLS
model and the set of circular orders induced by a phylogeny,
but did not investigate the issue any further.

Almost simultaneously, Pauplin [79] proposed a modifica-
tion to the OLS estimation method. Specifically, for any pair
of adjacent vertices x and y of a phylogeny, Pauplin defined
the average distance between x and y as:

d̂xy = 1

|�(x)||�(y)|
∑

i∈�(x),j∈�(y)

dij

where �(x), respectively �(y), indicates the set of leaves of
the subtree of X having x, respectively y, as its root and is
such that �(x) ∩ �(y) = Ø. As an example, if x = P and
y = Q in Figure 3 then �(x) = {A, B} and �(y) = {C, D}.

Pauplin then observed that, under the OLS estimation,
each weight of an internal edge of a phylogeny (e.g., the
we1 in Fig. 3) can be computed through the formula:

1

2
[λ(d̂AD +d̂BC) + (1 − λ)(d̂AC +d̂BD) − (d̂AB +d̂CD)]

where in principle A, B, C, and D can be either leaves or
internal vertices, and where

λ = |�(A)||�(C)| + |�(B)||�(D)|
|�(A) ∪ �(B)||�(C) ∪ �(D)| .

Similarly, each weight of an external edge having z as its
terminal leaf and x as its internal vertex can be computed
through the formula:

1

2
[d̂zx +d̂xy −d̂zy]

where y is any vertex adjacent to x and different from z.
In our example, if z = A, x = P, and y = B, then eA =
1
2 [d̂AP +d̂BP −d̂AB]. Then, the author proposed a new edge
weight estimation model in which the value of λ in (9) is
independent of the cardinalities involved, and fixed to 1/2.
Pauplin proved that under this condition the length of the
resulting phylogeny is (8).

The link between Korostensky and Gonnet’s intuition and
Pauplin’s new estimation method was recently noted by Sem-
ple and Steel [90]. The authors proved that, if C(X) is the set
of circular orders associated to a given phylogeny X, and with
C(X)i the i-th circular order, the length of the phylogeny X
computed through (8) is exactly the average length of the cir-
cular orders induced by X i.e., 1

|C(X)|
∑

i∈C(X) length(C(X)i)

[73, 90].

4.2. The Linear Programming Models

Linear Programming (LP) models are currently the only
alternatives to the least-squares models. The earliest article

using a LP model was proposed by Beyer et al. [5]. The
authors observed that if the evolutionary distances between
pairs of molecular data have to reflect the number of mutation
events required over time to convert one molecular sequence
into another, then the evolutionary distances must satisfy the
triangle inequality (1) [31]. Moreover, since any edge weight
of a phylogeny is de facto an evolutionary distance, also the
entries of vector w must satisfy the triangle inequality [5].
Hence, Beyer et al. proposed a LP model in which, for a
given phylogeny, (2n − 3) nonnegative edge weights must
satisfy n(n − 1)/2 triangle inequalities.

An analogous model was proposed by Waterman et al.
[99], where the authors studied the case in which the additive
property (2) also holds for the distance matrix D. Waterman
et al. mixed the additive property of the distance matrix with
the triangle inequality and modified Beyer et al.’s model by
imposing that:

we ≥ 0 e = 1, . . . , 2n − 3
∑
e∈pij

we ≥ dij ∀i < j, i, j ∈ �

The authors were able to prove that the assignment of edge
weights by LP yields at least (n−1) of the 2n triangle inequal-
ities as equalities, and at most (n − 1) edge weights equal to
zero.

4.2.1. The Objective Function in the LP Models. Under
the LP edge weight estimation models, Beyer et al. [5]
and Waterman et al. [99] suggested the following objective
functions:

L(X, w) =
2n−3∑
e=1

we, (9)

L(X, w) =
n−1∑
i=1

n∑
j>i

∑
e∈pij

we − dij

dij
, (10)

and

L(X, w) =
n−1∑
i=1

n∑
j>i

∑
e∈pij

we − dij

d2
ij

. (11)

The objective function (9) is analogous to Rzhetsky and Nei’s
(7) in the least-squares model [5]. On the other hand, the
objective function (10) represents the overall sum of the
deviations between the path that connects leaves and its cor-
responding evolutionary distance, whereas objective function
(11) differs from (10) only in the use of a χ2-type weight-
ing [99]. Waterman et al. noted that both (10) and (11) can
be considered as analogous LP versions of the WLS when
ωij = 1/dij or ωij = 1/d2

ij, respectively [99].

5. APPROACHES TO SOLVING THE MEP

The MEP, as formulated in MEP, is an NP-hard problem
[22] for which the literature provides both exact and nonexact
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TABLE 4. References classified by approach to solution.

Approach to solution References

Exact
Polynomial-time algorithms [15, 20, 88, 99]
Brute-force enumerations [93]
Branch-and-bound algorithms [15, 16, 71, 101, 102]

Nonexact
Approximation algorithms [1, 16, 29, 71, 101]
Heuristics

Constructive [18, 19, 25, 28, 31, 95]
Clustering [7, 20, 41–43, 48, 87, 91]
Constructive/clustering [21, 66, 80, 84, 85]

solution algorithms. Exact algorithms have been developed
much more recently and are far less numerous than nonexact
algorithms. Later, we discuss both classes of algorithms and
list the respective references in Table 4.

5.1. Exact Algorithms

Waterman et al. [99] proved that MEP becomes easy when
the distance matrix is additive and a tree metric phylogeny
is required to satisfy (4). In this case, the authors showed
that the solution is unique and, to determine it, provided an
O(n2) algorithm, called sequential algorithm. Culberson [20]
improved the algorithm by decreasing its order of complexity
to O(n log n). A slower version of Culberson’s algorithm,
called ADDTREE, was proposed by Sattah and Tversky [88].

When dealing with generic distance matrices and using
the OLS edge weight estimation model, the only program
able to provide exact solutions to the instances of MEP is, to
the best of our knowledge, PAUP 4.0* [93]. PAUP 4.0* com-
bines an ingenuous exhaustive enumeration of the possible
phylogenies X with an efficient computation of edge weights
w. Specifically, PAUP 4.0* implements Bryant and Waddell’s
algorithms (see [8] and Section 4.1) which can be used to esti-
mate the edge weight vector w of a given phylogeny with an
overall O(n2) computational complexity. PAUP 4.0* is able
to solve instances containing no more than a dozen taxa.

Wu et al. [101] studied two families of instances of MEP,
called the minimum ultrametric tree (MUT) problem and the
metric minimum ultrametric tree (MMUT) problem. As their
names suggest, the first set of instances is characterized by
ultrametric distance matrices, and the second by metric ultra-
metric distance matrices which differ from the first only in
the presence of the distance metric property. The authors
proved that both the MUT and the MMUT problems are NP-
hard [29,101], and provided an exact algorithm based on the
implicit enumeration of all phylogenies, able to find optimal
solutions for datasets containing up to 25 taxa. Wu et al.’s
algorithm was then improved by Chen and Chang [15] who
provided a tighter lower bound for the MUT problem, and by
Yu et al. [102] who provided a parallel version of the algo-
rithm. The latter improvement allowed the authors to find the
optimal solutions for datasets containing up to 38 taxa.

Lu et al. [71] introduced a version of MEP in which the
input is represented by a metric distance matrix and the solu-
tion is required to be a Steiner tree of the phylogenetic graph
G. They proved that such a problem is MAX SNP-Hard.
Chen et al. [16] even formulated a more particular case, called
the bottleneck steiner tree (BST) problem, where the solution
of MEP is a Steiner tree in which the greatest edge weight
is minimized. The authors provided an exact algorithm of
complexity O(n log n) to solve the BST problem, but unfortu-
nately, neither Lu et al. nor Chen et al. provided any relation
to previous analogous versions of MEP, or any biological
interpretation of the resulting phylogeny.

Finally, to the best of our knowledge, there are no exact
algorithms able to tackle instances of MEP under any other
least-squares or LP edge weight estimation model.

5.2. Nonexact Algorithms

In contrast to exact algorithms, nonexact algorithms gen-
erally date back further and are more numerous. Nonexact
algorithms are typically heuristics, i.e., algorithms that pro-
duce reasonably good solutions in short computing time
([78], p. 401). Although in general heuristics do not provide
any formal guarantee of the quality of the solution found,
for some of them (hereafter referred to as approximation
algorithms), it is possible to prove that the solution found
is optimal up to a small constant factor ([78], p. 409).

Before describing the main heuristics, we need to intro-
duce some definitions. Define a partial phylogeny Xm of
a set of taxa � as an m-leaf phylogeny whose leaves are
taxa of a subset �′ ⊂ �, with m = |�′|. Given a partial
phylogeny Xm of �, denote VXm and E(Xm) as the corre-
sponding set of vertices and edges of Xm, respectively. We
say that we insert a leaf i /∈ �′ into an edge e = (r, s)
of Xm when we generate a new partial phylogeny X′

m of
� with vertex-set VX′

m
= VXm ∪ {i, t} and edge-set EX′

m
=

EXm ∪ {(r, t), (t, s), (t, i)} \ {(r, s)}. In other words, we insert
a leaf i into the partial phylogeny when we divide edge
e = (r, s) with the new vertex t and we join the leaf i to t.

5.2.1. Approximation Algorithms. The family of approx-
imation algorithms is relatively recent: to the best of our
knowledge, the first works are dated 1999. The first approxi-
mation algorithm for MEP under a least-squares edge weight
estimation model was provided by Argawala et al. [1]. The
authors studied a particular version of MEP which minimizes
the L∞-vector norm of the differences between the entries of
vector w and the entries of an ultrametric distance matrix
D. Argawala et al. provided for such a problem an algorithm
characterized by an approximation ratio ([40], p. 128; [78], p.
409) equal to 3. Their work is at the core of Atteson’s article
[2] which has strong implications for the statistical consis-
tency of a number of versions of MEP. We discuss this issue
more extensively in Section 6.

More recently, Wu et al. [101] provided a 1.5(1+�log n�)-
approximation algorithm for the MUT problem (see Section
5.1), and Lu et al. [71] studied a particular case of MEP in
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FIG. 4. Clustering heuristics: initially a graph-star is considered; subse-
quently two vertices (circled) are selected, marked (white vertices) and
joined by an internal vertex. The algorithm is iterated on the remaining
black vertices.

which edge weights are restricted to the values {1, 2}. Lu et al.
proved that this particular case of MEP can be approximated
with an error ratio of 8/5, but did not provide any biologi-
cal interpretation for the resulting phylogeny. Similarly, Chen
et al. [16] provided a 2r-approximation algorithm for the BST
problem (see Section 5.1), where r is the best-known approx-
imating ratio for the Steiner tree problem, but in this case also,
the authors failed to provide any biological interpretation of
the resulting phylogeny.

5.2.2. Heuristics. Heuristics can be classified according to
the edge weight estimation model used and the strategy pro-
posed to build a phylogeny. Specifically we can distinguish
between classes of clustering, constructive, and construc-
tive/clustering heuristics. The idea at the core of the class of
clustering heuristics is the so-called star decomposition algo-
rithm (see Fig. 4 and ([36], p. 48)). The algorithm starts from
a graph-star containing n leaves and one internal vertex and
then iteratively joins any pair of vertices with a new internal
vertex until a phylogeny is obtained. By contrast, the idea at
the core of the class of constructive heuristics is to start from
a partial phylogeny of the set � and then to insert iteratively
a new leaf until a phylogeny of the set � is obtained. Finally,
the class of constructive/clustering heuristics combines the
two previously cited approaches by generating typically a
first phylogeny with a clustering and/or constructive heuris-
tic and then applying a local search to it. Later, we discuss the
main heuristics available in this area, postponing to Section
6 the analysis of their statistical consistency.

Heuristics Using Metric Properties. Heuristics using
metric properties (triangle inequality, additive, and ultra-
metric properties) are typically constructive in nature. The
earliest heuristic exploiting this strategy was provided by Far-
ris in 1972 [31]. At each iteration, this heuristic computes all
the possible insertions of a new leaf into a partial phylogeny
and chooses the one whose length is minimal. Farris’s heuris-
tic requires metric distance matrices and exploits the triangle
inequalities to compute edge weights of a given phylogeny.
Tateno et al. [95] and Faith [28] extended Farris’s heuristic
by introducing techniques to handle ambiguities and errors
in the input molecular data.

Csűrös et al. [18] improved the speed performances of
Farris’s heuristic by substituting its edge weight estimation
with a new one exploiting the harmonic mean of a triplet of

taxa. Csűrös [19] also showed that when the additive property
holds for distance matrix D, his heuristic, called HGT/FP, is
characterized by an order of complexity of O(n2).

Heuristics Using the OLS Model. Sneath and Sokal
in 1963 [91] provided an O(n2) clustering heuristic called
UPGMA to deal with instances of MEP under OLS edge
weight estimation [30, 36]. UPGMA requires the distance
matrix to be ultrametric to estimate the edge weights of a
phylogeny. At each iteration, the algorithm joins the pair
of vertices whose distance is minimal, and recomputes, by
means of specific OLS formulae for ultrametric distance
matrices, the distance between the new internal vertex and all
other vertices not subjected to a joining process. This process
is iterated until a phylogeny is obtained.

A similar clustering heuristic, called UNJ, was proposed
by Gascuel [42,43]. Unlike UPGMA, UNJ uses generic OLS
formulae to estimate the edge weights of a phylogeny, so it
can be applied to a distance matrix which is not necessarily
ultrametric. The UNJ heuristic shares similar statistical con-
sistency performances (see Section 6) with UPGMA but is
characterized by an order of complexity of O(n3).

Desper and Gascuel [25] proposed an O(n2) construc-
tive heuristic called greedy minimum evolution (GME). This
heuristic is conceptually similar to Farris’s [31] except that
the type of edge weight estimation model is obtained through
the OLS model. By means of particular formulae, the GME
heuristic is able to increase the speed of computing the
edge weight of the newly inserted leaf. Desper and Gas-
cuel showed, through numerical experiments, that in terms of
speed, GME is well suited to analyzing datasets containing
thousands of taxa.

Rzhetsky and Nei [84, 85] proposed the first construc-
tive/clustering heuristic to tackle instances of MEP under the
OLS model. Starting from an initial phylogeny, the authors
showed that the length of the best-so-far phylogeny could be
improved by applying a local search that iteratively swaps any
two leaves not linked to the same internal vertex. Rzhetsky
and Nei’s algorithm was subsequently improved by Kumar
[66] who proposed selecting at each iteration a leaf i, and
then trying all its possible (n − 1) leaf-swaps on the phy-
logeny. Kumar showed that although his neighborhood is
larger than Rzhetsky and Nei’s neighborhood, as it involves
the examination of a number of phylogenies that is at most an
exponential function of the number of leaves n, the new algo-
rithm provides results faster and better than that of Rzhetsky
and Nei.

Heuristics Using the WLS Model. Some clustering
variants of the UNJ heuristic, called BIONJ and Weigh-
bor, were proposed by Gascuel [41] and Bruno et al. [7]
respectively to provide a solution to MEP under the WLS
model. These heuristics share a similar order of complex-
ity and similar statistical consistency performances with the
UNJ heuristic (see Section 6). However, they differ from UNJ
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TABLE 5. Statistical consistency of different versions of MEP.

Objective function

Estimation model
∑

e we
∑

e |we| ∑
e max (we,o)

Least-squares
OLS Consistent Consistent Consistent/unknown under p.c.
WLS Partially consistent Partially consistent Partially consistent/inconsistent under p.c.
GLS Inconsistent Inconsistent Inconsistent/inconsistent under p.c.
BLS Consistent n.a. n.a.

Linear programming
∑

e we
∑

i,j

∑
e∈pij

we−dij

dij

∑
i,j

∑
e∈pij

we−dij

d2
ij

Beyer et al.’s model Unknown Unknown Unknown
Waterman et al.’s model Unknown Unknown Unknown

p.c.: positivity constraint.

mainly in that the variances and covariances of the evolution-
ary distances are exploited to estimate edge weights of the
resulting phylogeny.

Heuristics Using the BLS Model. Saitou and Nei
[87, 92] introduced an O(n3) clustering heuristic, called
Neighbor-Joining (NJ), which is at the core of the previously
cited UNJ, BIONJ, and Weighbor heuristics. The NJ heuristic
defines absolute distance between any leaf i and all the others
as ui = ∑

j dij/(n−2). Then, at each iteration, the NJ heuris-
tic joins the pair of vertices (i, j) whose quantity dij − ui − uj

is the smallest and recomputes the distance between the new
internal vertex and any other vertex k, not subjected to a join-
ing process, as (dik + djk − dij)/2. The joining step is then
iterated until a phylogeny is obtained.

When Saitou and Nei introduced NJ, it was unclear which
kind of edge weight estimation model was implemented by
the NJ heuristic (although it was commonly accepted to be the
OLS model [36]). Only recently, Desper and Gascuel [44,48]
showed that the NJ heuristic greedily optimizes MEP under
the BLS model.

Desper and Gascuel [25] also proposed an O(n3) construc-
tive heuristic called Balanced Minimum Evolution (BME).
Like the GME heuristic, the BME heuristic is conceptually
similar to Farris’s heuristic previously cited [31], except that
edge weight estimation is obtained though the BLS model.
Desper and Gascuel showed that, in terms of speed, BME
is outperformed by the NJ algorithm when analyzing small
datasets, but is well suited to analyzing datasets contain-
ing thousands of taxa. BME returns tree-metric phylogenies
when the triangle inequality holds for the distance matrix.

Da Silva et al. [21] proposed a more sophisticated con-
structive/clustering version of NJ. Specifically, the authors
replaced the original vertex selection step of NJ with a local
search. Da Silva et al. proved that the new algorithm is still
comparable in terms of speed with the original version of NJ
and pointed out that the new heuristic notably increases the
probability of recovering optimal phylogenies of MEP under
BLS edge weight estimation [21]. An earlier and very similar
variant of this algorithm was proposed by Pearson et al. [80].

6. STATISTICAL CONSISTENCY OF THE MEP

Supposing that the assumptions adopted by a given crite-
rion properly describe the real evolutionary process of a set
of taxa (i.e., assuming that the real and the true phylogenies
coincide), it is desirable to find a method that measures the
ability (consistency) of a version of MEP to recover the true
phylogeny as the amount of molecular data from the taxa
increases.

In this section we discuss the statistical consistency of a
number of versions of MEP. The results currently reported in
the literature are summarized in Tables 5 and 6; Table 7 lists
references dealing with the statistical consistency problem.

6.1. Statistical Consistency of the Edge Weight
Estimation Models

Statistical consistency of the edge weight estimation mod-
els is defined as follows [45]. Assume a set � of n molecular
data (e.g., a set of n DNA sequences) from taxa is given, and
that each molecular data is characterized by a length l. Let X∗
be the true phylogeny of �, � = {ρij} = {∑e∈pij

xij,ewe} the

TABLE 6. Statistical consistency of a number of approaches to solving
MEP.

Approach to solution Safety radius

ADDTREE ε/2
Argawala’s 3-approximating algorithm ε/8
BME Unknown
BIONJ ε/2
GME Unknown
ALSAD ε/4
ALSPC Unknown
ALP Unknown
NJ ε/2
Sequential algorithm ε/2
UNJ ε/2
UPGMA ε

ALSAD, algorithms requiring additive distance matrices and using a least-
squares model; ALSPC, algorithms using a least-squares model under the
positivity constraint; ALP, algorithms using a linear programming model.
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TABLE 7. References concerning statistical consistency classified by issue
treated.

Issue References

Statistical consistency of the edge weight
estimation models

[23, 45, 53, 61, 85]

Bounds on the approach to the solution [2, 25, 47, 54, 56, 69, 75, 100]

associated matrix of expected distance estimates (see Section
4.1), and Dl = {dl

ij} the distance matrix, whose superscript ‘l’
means that its entries are estimated from pairwise molecular
data having length l. We say that Dl is a consistent estimate
of � if the greater the amount of molecular data of taxa we
have (e.g., the longer the DNA sequences), the closer Dl is to
�: i.e.,

lim
l→∞

Pr
{
dl

ij = ρij
} = 1 ∀i, j ∈ �.

Rzhetsky and Nei [85] proved that MEP returns statistically
consistent results when the OLS model and objective function
(7) are used. This result was extended by Denis and Gascuel
[23] where the authors showed that the phylogenies provided
by MEP remain consistent under the OLS model even when
objective functions (8–8) are considered.

Denis and Gascuel also showed that MEP returns statis-
tically consistent results when edge weights are estimated
through the WLS model and when the weights ωij are set to
the inverse of the product of two strictly positive constants
αi and αj. However, in the most general case, the solutions
provided by MEP under the WLS model as well as under the
GLS model are inconsistent [45].

By contrast, the results provided by MEP are always con-
sistent when edge weights are estimated through the use of
the BLS model [24, 25]. Specifically, Desper and Gascuel
[25] proved that the BLS model is a special form of the
WLS model in which the variances ωij are directly propor-
tional to 2τij , where τij is the topological distance between
taxa i and j on the optimal phylogeny, and inversely propor-
tional to the molecular sequence length l. In summary, we
can conclude that the only two known cases in which MEP is
consistent under the WLS edge weights estimation are when
ωij = 1/αiαj and ωij = 2τij l respectively.

No result is known about the statistical consistency of
the solutions provided by MEP when edge weights are esti-
mated through LP. In ([36], p. 161), Felsenstein advances the
hypothesis that when the divergence (and thus the evolution-
ary distance) among molecular data is high, this estimation
method may approximate the parsimony criterion ([36], p. 1–
18) which is notoriously inconsistent. However, to the best of
our knowledge, no one has yet either validated or invalidated
this hypothesis.

6.2. Bounds on the Statistical Consistency of Approaches to
Solving the Minimum Evolution Problem

In his seminal work, Atteson [2] observed that in general
a distance matrix D can be seen as the sum of the matrix � of

expected distance estimate associated to the true phylogeny
X∗ and an error matrix E. Then, the author aimed to find an
upper bound on the absolute value of the entries of E for which
the phylogeny provided by a version of MEP approaches
with certainty the true phylogeny. Atteson indicated with ε

the smallest edge weight of the true phylogeny and defined
safety radius (hereafter indicated with σ ) the greatest entry
of the matrix E (i.e., ‖E‖max) [47]. The author proved that,
if the additive hypothesis holds for the distance matrix D,
an algorithm is statistically consistent if σ ≤ ε/2 [2]. This
result was extended by Gascuel and McKenzie who proved
that, when the distance matrix D is ultrametric, the maximum
value that σ can achieve is ε [47].

Atteson proved that the Neighbor-Joining algorithm and
ADDTREE are characterized by having σ = ε/2, both for
ultrametric and additive distance matrices [47]. The same
result is also valid for Gascuel’s BIONJ [41] and UNJ [42]
algorithms, and Waterman et al.’s Sequential Algorithm [99].
Gascuel and McKenzie [47] further proved that, when the
distance matrix is ultrametric, UPGMA [91] is character-
ized by σ = ε. Moreover, the authors showed that, under
ultrametric distance matrices, when an algorithm makes
use of any least-squares model to estimate edge weights,
the safety radius tends to zero as the number of leaves
increases.

Recently, Willson [100] proved that any algorithm solv-
ing MEP under any least-squares edge weights estimation
model is characterized by a safety radius at most half the
safety radius of the Neighbor-Joining tree for large n. Sim-
ilarly, Argawala et al.’s 3-approximating algorithm [1] is
characterized by σ = ε/8 ([44], p. 28).

To the best of our knowledge, no information about the
safety radius of the BME and GME algorithms or the algo-
rithms using the LP edge weight estimation model is currently
known.

Different authors have studied the statistical consistency
of some approaches that provide approximate solutions
through evolutionary simulations [56], comparisons with
(rare) known phylogenies [54], statistical evaluations [69],
and congruence studies [75]. We refer the reader to Hillis’s
survey [54] about the statistical consistency of methods
assuming the ultrametric hypothesis, and methods comparing
the UPGMA with the Neighbor-Joining algorithm. Here we
focus on the most recent heuristics. Desper and Gascuel [25]
compared the statistical consistency of GME and BME algo-
rithms with those of Bruno et al.’s Weighbor algorithm [7], the
Neighbor-Joining algorithm [87,92], Csűrös’s HGT/FP algo-
rithm [18, 19] and Felsenstein’s FITCH algorithm [35]. The
comparisons were made through simulations. Specifically,
the authors used an artificial phylogeny as a reference point
and computed the proportion of incorrect edges of the solu-
tions provided by the algorithms tested. The authors showed
that on small datasets (less than a few dozen taxa), FITCH
performs better than other methods, but is characterized by
a very slow computing time, whereas on large datasets (hun-
dreds of taxa) Weighbor performs better. The authors also
showed that on very large datasets (containing thousands of
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taxa) GME and BME appear to be the best algorithms in
terms of statistical consistency and computing time.

7. CONCLUSION

Although it is unlikely that evolution proceeds by follow-
ing minimum paths, it is generally accepted that a minimal
length phylogeny may properly fit the real phylogeny of well-
conserved molecular data (i.e., data whose basic biochemical
function has undergone minimal change throughout the evo-
lution of a species) [5,36,44]. Indeed, since parallel mutations
[77] are rare at the molecular level in well-conserved molec-
ular data, in absence of convergent or reverse evolution it is
reasonable to assume that a local minimum path can approx-
imate the evolutionary process from one taxon to another [5].
That evolution follows a local rather than absolute minimum
is due to: (i) the neighborhood of possible alleles that are
selected at each instant of the life of a taxon is finite, and
(ii) the selective forces acting on the taxon may not be con-
stant throughout its evolution [5]. Over the long term (periods
of environmental change, including the intracellular environ-
ment), the local minima will not in general combine to form
an overall minimum. Therefore, a minimal length phylogeny
provides a lower bound on the total number of mutation events
that could have occurred along the evolution of the taxa ana-
lyzed. These are the fundamental considerations at the core
of the ME criterion and of the corresponding MEP.

Here we have presented a general introduction and a
review of the existing literature about the MEP. Our purpose
has been to introduce a classification scheme to provide a gen-
eral framework for papers appearing in this area. In particular,
two main versions of the MEP have been outlined, the first
concerning problems using least-squares edge weight estima-
tion models, and the second concerning problems based on
LP. This division has been further differentiated into different,
approximately homogeneous sub-areas, and the basic aspects
of each have been pointed out. For each, also, the most rel-
evant issues affecting their use in tackling real-world sized
problems have been outlined, as have the most interesting
refinements deserving further research effort.
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