
85

[Journal of Human Capital, 2010, vol. 4, no. 2]
q 2010 by The University of Chicago. All rights reserved. 1932-8575/2010/0402-0003$10.00

Would Empowering Women Initiate the
Demographic Transition in Least Developed
Countries?

David de la Croix
Center for Operations Research and Econometrics and Institut de Recherches
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We examine the pathways by which several dimensions of gender inequality
affect fertility and growth in a model with nonunitary households. This approach
allows for a corner regime with maximum fertility, the absence of women from
the labor market, and gender inequality in education. Policies to ease countries
out of the corner regime are promoting mothers’ survival and curbing infant
mortality, while reducing the social and institutional gender gap (SIGG) is use-
less. In the interior regime, parents consider the impact of their children’s
education on their future marital bargaining power, and reducing the SIGG
lowers fertility and fosters growth.

I. Introduction

The drop of fertility close to—or below—replacement level has accom-
panied all developed countries along the transition toward faster growth.
Many less developed countries have now started their demographic tran-
sitions, and fertility is sharply decreasing there too. Still a group of
countries seems not to have started its demographic transition yet, with
the regions of sub-Saharan Africa and South Asia dominating this group.
Alongside high fertility, these countries are characterized by gender
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TABLE 1
The Global Gender Gap Index 2007: Iran and Mozambique

Educational
Attainment

Political
Empowerment

Economic
Opportunity

Births per
Woman

Iran .96 .03 .40 2.07
Mozambique .75 .23 .80 5.30

Source.—Global Gender Gap Report 2007 and World Bank World Development Indicators
(2005).

inequality in education, with women enjoying lower levels of schooling
than men.1

Apart from being valuable on its own, a range of socioeconomic vir-
tues are widely attached to gender equality. These include improved
children’s development (through better health and education), reduced
poverty, and the promotion of long-term economic growth. In response
to the positive link between the status of women in a country and its
economic development, programs aiming at the promotion of gender
equality have emerged. Two emblematic examples are the World Bank’s
Gender Action Plan as Smart Economics and the United Nations third
Millennium Development Goal, which is explicitly concerned with the
promotion of gender equality and women’s empowerment.

Gender equality is clearly a multidimensional concept that encom-
passes many other aspects as well as access to education. Any compre-
hensive measure of gender parity in a society should include a range
of indicators capturing such features as women’s access to economic
resources, women’s access to health programs, and women’s legal rights
and civil liberties. In line with this mind-set, the World Economic Forum
has implemented the Global Gender Gap (GGG) index, which provides
a concise measure of gender equality for a list of 128 countries. This
index sums up a large variety of gender-based equality indicators along
four main dimensions: “economic participation and opportunity,” “ed-
ucational attainment,” “political empowerment,” and “health and sur-
vival.”2

The usefulness of embracing multiple dimensions when considering
the issue of gender equality is best disclosed by comparing the four
GGG subindex scores of specific countries. Scores for Iran and Mozam-
bique are displayed in table 1 for illustration.3 Despite being relatively

1 See United Nations Statistics Division’s country data on total fertility rates and edu-
cation indicators for women and men (http://unstats.un.org/unsd/databases.htm).

2 See the Global Gender Gap Report 2007 (Hausmann, Tyson, and Zahidi 2007). An al-
ternative to this index of gender disparity is the very rich Gender, Institutions and De-
velopment Database from the OECD.

3 Subindex scores range between 0 (inequality) and 1 (equality). The index is built
from female-to-male ratios in order to capture the gender gaps independently of the
absolute women’s and men’s attainment levels (which would not be independent of the
level of resources available). This makes intercountry comparisons possible regardless of
the general level of development of the countries.
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Figure 1.—Female-to-male education and fertility: cross-country plot

more egalitarian in the educational attainment dimension, Iran scores
lower than Mozambique in terms of women’s political empowerment
and women’s economic participation and opportunity. In addition, the
number of births per woman illustrates the negative relationship be-
tween fertility and the gender gap in education: Iran, where gender
parity is nearly completed in education, has births per woman of only
2.03, whereas Mozambique combines an educational attainment female-
to-male ratio well below unity with a high number of births per woman
but gives more political and economic power to women than Iran does.
This observation raises the question of the pertinence of the various
gender equality concepts when considering the issue of the economic
development process.

Broader evidence for the negative link between female access to ed-
ucation and fertility comes from a cross-country data analysis. Figure 1
depicts the gender gap scores for the educational attainment GGG sub-
index and the total fertility rate for a list of 128 countries. The corre-
lation coefficient between the two variables is 2.76 (significant at the
.005 probability level).

In this paper, we want to formally clarify the role of various dimensions
of gender equality in fostering the transition toward faster growth. Ac-
knowledging the enhancing effect of a reduced population growth in
the shift toward faster growth, we especially want to examine the path-
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ways by which increases in gender equality may affect fertility. We do
so by means of a household bargaining model in which we explicitly
distinguish between the following gender-based gaps: the survival gap,
the wage gap, the social and institutional gap, and the educational gap.
The latter is endogenous to our analysis and the first three gender-based
concepts are exogenous. Specifically, we integrate a collective represen-
tation of household decision making into a two-sex overlapping-
generations (OLG) model with endogenous fertility and parental in-
vestment in children’s human capital.4 In this model, agents of both
sexes are assumed to be identical except in their time constraint since
women bear a higher time cost of child rearing. Fully abstracting from
allegedly socially ascribed gender roles, this assumption is grounded on
the inherent biological differences between the sexes that entail a higher
time commitment to child care for women during pregnancy, childbirth,
and breast-feeding.5

In addition, parents are assumed to care for the well-being of their
children without favoring boys or girls a priori. A distinctive feature of
the model comes with our specification of household decision making.
It is based on the notion of intrahousehold bargaining power: pursuant
to the collective household model, the welfare function of the couple
is represented as a weighted sum of individual utilities, where the weights
can be interpreted as the bargaining power of the spouses in the
decision-making process. We assume that these weights depend on the
earning abilities of the spouses and, in particular, on the spouses’ relative
levels of human capital. Altruistic parents make decisions on individual
consumption levels, fertility, and the education of their children. Hence,
parents face an intertemporal arbitrage problem that involves decisions
on consumption across generations with the double peculiarity of a
quality-quantity trade-off with respect to the offspring and a gender
power variable that evolves over time. As in the standard model of
parental investment in children’s human capital, our model predicts
that parents invest less, ceteris paribus, in the education of their daugh-
ters because of the lower amount of time devoted to labor market ac-
tivities by women, which reduces the returns to girls’ education relative
to that of boys (see, e.g., Becker 1991; Davies and Zhang 1995). However,
an additional consideration enters this investment decision as parents

4 Initiated by Chiappori (1988, 1992), collective models of household behavior emerged
in response to the lack of both theoretical foundations and empirical support for the
unitary—or “head of household”—representation of family decision making. See Chiap-
pori and Donni (2006) for a survey of the literature on nonunitary models of household
behaviors.

5 Albanesi and Olivetti (2007) provide evidence for the time cost associated with breast-
feeding. Combining information from the National Association of Pediatrics charts on
the number of daily feedings by age of infant with an estimated duration of 20–30 minutes
for each feed, the authors evaluate that a woman spends on average 13.6–17.3 hours per
week breast-feeding. On the basis of this analysis, they conclude that, on average, a woman
spends up to 43 percent of her working time nursing during the first 12 months of life
of the child, given an average workweek of 40 hours.
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recognize that the equilibrium share their children, as adults, will extract
from the household decision is linked to the human capital they have
been endowed with, and this may affect the direction of the gender gap
in education.

In spite of the relatively abundant empirical literature on the impact
of gender inequality on economic growth (e.g., Knowles, Lorgelly, and
Owen 2002), macroeconomic studies that formally explore the role of
gender heterogeneity remain relatively sparse.6 Examples of dynamic
models with endogenous fertility that explicitly embody a nonunitary
model of household behavior are Echevarria and Merlo (1999) and
Iyigun and Walsh (2007). In both studies, prior gender asymmetries are
limited to biological disparities, and gender differences in education
are the equilibrium outcome of intrahousehold bargaining. However,
since growth is exogenous in both models, the authors do not use their
model to investigate how these gender disparities may affect the long-
run pattern of economic development. Echevarria and Merlo are in-
terested in deriving a measure of the cost of having children that they
estimate in a cross-country analysis. Iyigun and Walsh assume that ed-
ucation is not chosen by parents but is a premarital strategic investment
decision that an agent makes taking into account its implications in
terms of the future intrahousehold allocation of resources.

By relating changes in gender discrimination in education to long-
run economic and demographic development in Europe, the work of
Lagerlöf (2003) borders on our research program. The author develops
a two-sex dynamic model with endogenous fertility and household for-
mation. Without assuming gender asymmetries in preferences and abil-
ities, differences in parental investment in human capital between boys
and girls may arise as a Nash equilibrium of a coordination game be-
tween families: when all other families discriminate, it is optimal for an
atomistic parent to do the same. The author assumes that economies
recoordinate on more gender-equal equilibria over time without ana-
lyzing the driving forces toward gender equality. In addition, although
integrating gender variables, the model builds on the unitary approach
of the family. In that sense, the model does not respond to the call for
multiperson representation of the household. As the author notes, the
model captures the concept of gender stereotypes, but it does not cap-
ture the notion of gender decisional empowerment.

Our study also relates to the contribution of Doepke and Tertilt
(2008), which explicitly addresses the issue of the change in women’s
status during the development process. Their work differs from other
studies in its angle of inquiry as the authors look at the opposite di-
rection of causality in the relationship between women’s empowerment
and economic development. That is, they examine what economic forces

6 Here, we refer in particular to dynamic models with gender discrimination that does
not result from supposed asymmetries in terms of preferences or abilities.
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may have induced the progressive extension in women’s rights during
the industrialization process. They propose an OLG model with a qual-
ity-quantity trade-off on children and some political process to explain
the distribution of power between men and women. As they rely on the
assumption of greater male physical strength, political power in this
economy is initially concentrated in the hands of men. However, tech-
nological progress that augments the return to human capital may in-
duce men to give more rights to women since this will allow for higher-
quality children and faster economic growth. We do not look at the
political process through which advances in technology lead to women’s
empowerment. Rather, we focus on the reverse direction of causality.
The specific question here can be summarized in the following terms:
what are the dimensions of gender inequality that are important for
growth, and through what mechanisms do they affect the economic
development process?

By introducing several dimensions of gender inequality into a two-
sex OLG model that encompasses a nonunitary representation of house-
hold decision making, we are able to characterize a corner regime in
addition to the interior growth regime. The low-growth corner equilib-
rium is characterized by strong gender inequality in education and high
fertility. The model displays this low-type equilibrium without the need
to assume nonconvexities in the returns to human capital (as is generally
the case in human capital–driven growth models following Becker, Mur-
phy, and Tamura [1990]). Indeed, while these authors required this
assumption in order to produce the inferior equilibrium, the introduc-
tion in our setup of gender heterogeneity in parental time requirements
suffices to introduce a motive for discrimination in the minds of the
parents and so to admit a corner equilibrium.

We also derive the model’s implications in terms of the impact of the
various dimensions of gender disparity in shaping the economic devel-
opment process. In particular, we show that reducing the social and
institutional gender gap in economies in the corner regime does not
help to escape from it. Reducing the wage gender gap does not help
either. The key policy measures that are most likely to succeed are
promoting mothers’ health and survival probability and curbing infant
mortality. As we will argue when discussing the results, these facts are
consistent with existing empirical findings. In addition, we find both in
theory and in the data that reducing the gender gap in wages lowers
fertility only in countries that have already escaped from the corner
regime.

The remainder of the paper is organized as follows. Section II sets
out the model and outlines some broad implications of the intrahouse-
hold allocation process. Section III describes the corner equilibrium
with high fertility and gender disparities in education. It also discusses
the condition on the different gender gaps to escape this corner equi-
librium. The modern growth balanced growth path (BGP) is in turn
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presented in Section IV. Section V provides a numerical analysis of this
interior regime. In Section VI, we confront the testable implications of
the model to empirical evidence. Section VII presents conclusions.

II. The Model

We assume an OLG model in which individuals are either males or
females and live for two periods: childhood and adulthood. Men and
women are assumed to be identical except for the biologically founded
difference of a longer child-rearing time for women. In the first period
of life, children simply accumulate human capital, and their consump-
tion level is set to zero. At the beginning of adulthood, men and women
are randomly matched into married couples. Adults are altruistic as they
care for the well-being of their children. Subject to the household re-
source constraint, married couples make decisions on the spouses’ con-
sumption levels, the number of children, and the amount of educational
spending on daughters and sons. The preferences of the representative
agent i, , in period t are given by the utility functioni P { f, m}

f m(1 2 v )V 1 v Vt11 t11 t11 t11i iV p u(c ) 1 b(n )n , (1)t t t t 2

where is the consumption level, and the function characterizesic b(n )t t

the degree of altruism toward children (following Barro and Becker
[1988]).7 The term is the number of children, half of whom are girls.n t

That is, if single, individuals do not have children and derive utility only
from consumption; if married, individuals have preferences over con-
sumption, the number of children, and the utility of their children.

Notice that weights are attached to the welfare of daughters and sons
via the variable . This variable is an agglomerate that captures bothvt11

“social norms” toward gender equality and some balance-of-power mea-
sures grounded on the distribution of human capital between men and
women. In the household decision process, this welfare weight v Pt

for all t will be interpreted as the bargaining power of the husband.[0, 1]
According to equation (1), parents evaluate the welfare of their chil-

dren through the lens of their expected bargaining position in their
future marriage. Put differently, parents’ preferences are affected not
only by the consumption of their adult child but also by the future
bargaining position of that adult. This preference specification ensures
that the maximization problem can be written in a recursive way, that
the chosen policy is time consistent, and that the intrahousehold dis-

7 Adopting a log utility specification with separability between n and as in DoepkeVt11

and Tertilt (2008) is of little help in getting sharper analytical results because of the way
we choose to model the cost of education. In our specification, education carries both a
fixed cost (expressed in terms of the consumption good) and a time cost (measured in
terms of the mother’s forgone labor income). We therefore choose to retain the usual
Barro-Becker specification of preferences.
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tribution of resources in all future generations indeed depends on the
distribution of power.8 As to the substantive justification, there are sev-
eral reasons to believe that parents value their children’s marital bar-
gaining position per se. Parents may get satisfaction from the intergen-
erational transmission of sociocultural norms they deem as valuable,
which would be facilitated if their children had marital bargaining
power.9 Old-age support and companionship, as introduced by Ehrlich
and Lui (1991), are additional motives of parental “preferences” for the
intrafamily bargaining power of the children: if financial support, in-
formal caregiving, and emotional gratification provided by the adult
children to their old parents are expected to depend on the bargaining
position of the adult children, parents will value their children’s future
bargaining power.

Adults live for one period, during which they have children and work
in the labor market. The effective time endowment, , represents theipt

number of years an adult may expect to live over his or her labor-active
life span. To put it differently, can be thought of as the survivalipt

probability from ages 20 to 50 (a working life that coincides with
women’s reproductive period). We allow this parameter to be gender
specific in order to examine the impact of survival probability differ-
entials between men and women on the intrahousehold resource al-
location and on economic dynamics. Men inelastically supply their time
endowment to the labor market. Women are constrained in the amount
of time they can devote to the labor market since they are assumed to
provide the whole time requirement associated with child rearing. With
f representing the fixed time cost per child, women are left with

units of time to supply to the labor market. Labor earnings offp 2 fnt t

an individual i depend on the current wage rate, , and on his or heriwt

productivity as measured by the stock of human capital, . This is aih t

result of the parents’ decision on education expenditures. Therefore,
men’s and women’s total labor incomes are, respectively, andm m mp w ht t t

.10f f f(p 2 fn )w ht t t t

In the following, we assume that everybody gets married. In order to

8 Dropping the v’s in the individual utility specification could result in a time incon-
sistency problem. As the time inconsistency is not central to our question, we would like
to abstract from it here.

9 Forums on marriage relationships, divorce, and family talk are full of anecdotal evi-
dence that bargaining power per se matters for the families. For example, a Briton com-
plains: “My wife chooses her parents’ happiness over mine. . . . My family is British whereas
hers is Italian. . . . The situation is that my family and hers do not get along and my wife
constantly chooses her family’s beliefs and her family’s traditions over mine without any
concern for my feelings or what I want for us or for my child.”

10 Allowing for gender-specific wage rates is consistent with the well-documented per-
sistence of a gender wage gap in competitive labor markets even after controlling for
hours of work, labor market sectors, and human capital characteristics. There exists a
literature showing that unequal treatment in pay may arise as a coordination equilibrium
between firms in competitive labor markets even under the assumption that women and
men are identical ex ante. See Francois (1998) and Francois and van Ours (2000).
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capture the multiperson dimension of the household, decisions are
made by maximizing the weighted welfare function

h f m m f m f f mV (h , h ) p vV (h , h ) 1 (1 2 v)V (h , h ). (2)t t t t t t t t

The welfare weight , for all t, can be interpreted as thev v P [0, 1]t t

bargaining power of the husband in the household decision process. It
is assumed to be a function of the human capital stock of the spouses
with the specific representation

m m(h )t f m¯v p (1 2 g)v 1 g { V(h , h ), (3)t t tm m f m(h ) 1 (h )t t

where . This parameter measures the marginal impact of theg P [0, 1]
man’s relative human capital intensity on his intrafamily bargaining
power.11 When , bargaining power is exogenous and equal tog p 0

. The ratio on the right-hand side of this expression showsv̄ P [0, 1]
how human capital affects bargaining power, with the parameter m ≥

describing the sensitivity of the function to relative human capital. It0
is equal to one-half when , and as , it approaches unity asm p 0 m r `

soon as the human capital of i surpasses that of j, , even veryj ( i
slightly.12

We see education as taking place outside the family in a formal ed-
ucation sector and requiring some amount of expenditure by the par-
ents. Let and denote the amounts of education parents providef me et t

to daughters and sons. Total parental education expenditure on chil-
dren is then equal to . If we assume income pooling andf m(e 1 e )(n /2)t t t

denote income net of education spending by , the budget constraintyt

of the couple is

n tf m f f f m m m f mc 1 c p (p 2 fn )w h 1 p w h 2 (e 1 e ) { y . (4)t t t t t t t t t t t t2

In accordance with the presumption of men and women having identical
abilities, we assume the same human capital technology for both gender
groups:

i i d 12d¯h p (e ) (h ) , (5)t11 t t

where d is the human capital elasticity with respect to education, and
is the average level of human capital in the parents’ generation thath̄t

captures a positive intergenerational externality in the process of human
capital accumulation, which could, for example, reflect the quality of

11 The specification of individual human capital as a determinant of intrahousehold
decision power is consistent with recent empirical findings. Lührmann and Maurer (2007)
found that education was associated with more individual decision-making power in the
couple. In addition, Friedberg and Webb (2006) found that the effect of skill, measured
by education and occupation, on bargaining power raised individual and reduced spouses’
relative decision-making power. Oropesa (1997) found that education was a determinant
of marital bargaining power.

12 Our representation of bargaining power shares its ratio functional representation
with the contest success function presented by Skaperdas (1996).
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the teacher.13 According to this production function, a gender gap in
human capital can arise solely from a parental bias in the education
expenditure decision toward children of a specific sex.

Below, we make additional assumptions on functional forms: we chose
a constant intertemporal elasticity of substitution specification with pa-
rameter j for the inverse of the intertemporal elasticity of substitution,
which governs how much inequality individuals are willing to tolerate
between their sons’ and daughters’ consumption. For the degree of
parental altruism, we adopt the functional constant elasticity form

, with denoting the psychological discount factor2eb(n ) p bn b P [0, 1]t t

and representing the elasticity of altruism with respect to thee P [0, 1]
number of children.14 It is such that for a given utility per pair of children

, parental utility increases at a diminishing rate with thef m(V 1 V )/2t11 t11

number of children . In order to have a positive number of children,n t

we need the following parametric restriction.15

Assumption 1. .j 1 e

This requires that the exponent of consumption is smaller than1 2 j

that associated with children, . If this did not hold, parents would1 2 e

always prefer consumption to having children.
In all periods t, the couple solves the following optimization pro-

gram:

f 12j m 12j(c ) (c )t th f m f m f mV (h , h ) p max [1 2 V(h , h )] 1 V(h , h )t t t t t t{f fm m 1 2 j 1 2 j{c ,c ,n ,e ,e }t t t t t

1
12e f m f f m˜ ˜

1 bn {[1 2 V(h , h )]V (h , h ) (6)t t11 t11 t11 t112

f m m f m˜ ˜
1 V(h , h )V (h ,h )}t11 t11 t11 t11 }

subject to (3), (4), and (5) and to the following inequality constraints:
fpt f m
2 n ≥ 0, e ≥ 0, e ≥ 0. (7)t t t

f

The tilde variables in the objective function, and , represent thef m˜ ˜h ht11 t11

13 In eq. (5) we have not included a specific effect of mother’s human capital. Recent
empirical evidence reported by Cunha and Heckman (2008) shows that the mother’s
education per se plays no role in the skill formation of the children after controlling for
parental investment, . Even if it does and if we include in the production of education,i fe ht t

the results would not change unless were an indispensable input. If is requiredf fh h 1 0t t

to get positive human capital for the children, then one would have to educate the girls
even in the corner regime in order to build boys’ future human capital. In that case,
propositions 1 and 2 would be more intricate, and the scope of the corner regime is likely
to be reduced.

14 We chose here the standard assumption on . An alternative suggested by Jones ande
Schoonbroodt (2010) is to have , which would allow a lower intertemporal elasticitye 1 1
of substitution to be used (see assumption 1).1/j

15 For further discussion of this result, see Barro and Becker (1988, 1989).



Demographic Transition in Least Developed Countries 95

stock of human capital of the male and female children’s future wife
and husband, respectively. These are taken as given as they result from
the human capital investment choices made by the parents of the chil-
dren’s future spouses. Hence, the decision on children’s education by
parents configures a strategic game played among families: when choos-
ing the amount to spend on children’s education, parents need to solve
the intrahousehold allocation problem their children will encounter as
adults, recognizing that both the total amount of resources to bargain
over and the relative bargaining power of their own children will be
functions of the human capital of the children’s spouses. Therefore,
the decision by parents on the education level of their own children is
a best response to the other parents’ educational decision about their
children.

Later on, we will consider a symmetric equilibrium in which all house-
holds behave in an identical manner so that perfect homogeneity within
gender groups holds in every period and the issue of assortative mating
does not come into play.

Let us now look at the first-order conditions of the household prob-
lem, which will allow us to identify some properties of the solution.

A. Consumption

The optimality condition with respect to the spouses’ consumption is
such that the consumption levels of the husband and the wife are pro-
portional:

f j m jv(c ) p (1 2 v)(c ) .t t t t

By combining this with the budget constraint, we obtain the individual
consumption levels,

mc p c y ,t t t (8)
fc p (1 2 c)y ,t t t

with being the intrahousehold distribution variable:ct

1/jvt
c p . (9)t 1/j 1/jv 1 (1 2 v)t t

As well as the spouses’ relative bargaining powers, and , thev 1 2 vt t

inverse of the intertemporal elasticity of substitution j also affects the
final intrahousehold distribution of resources. When this elasticity is low
(high j), the final distribution is less sensitive to any imbalance between
the individual bargaining powers. In the limit case in which j becomes
infinitely large we have , and the distribution of con-lim c p 1/2j r` t

sumption between the spouses is perfectly equal whatever the level of
. Conversely, a high elasticity renders the distribution of consumptionvt

very sensitive to an unbalanced distribution of the spouses’ bargaining
powers.
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Our model implies complete compensation by the husband for the
wife’s labor income loss due to the presence of children in the house-
hold. Each spouse receives a fraction of the total household labor earn-
ings and contributes the same fraction to the education expenditure.
When and , both spouses get exactly half of the¯g p 0 v p v p 1/2t

household resources over and above education expenditure.

B. Education

Regarding optimal education levels, we obtain the set of first-order con-
ditions

m f m˜v ­V (h , h )t t11 t11en ≥ b , (10)tm j m(c ) ­et t

f f m˜v ­V (h , h )t t11 t11en ≥ b , (11)tm j f(c ) ­et t

where

m f m f m m˜ ˜­V (h , h ) ­V (h , h ) v ­ht11 t11 t11 t11 t11 t11 t11m m m
p V 1 p w (12)t11 t11 t11m m m j m[ ]­e ­h (c ) ­et t11 t11 t

and

f f m f m˜ ˜­V (h , h ) 2­V (h , h )t11 t11 t11 t11 t11 f
p Vt11f f[­e ­ht t11 (13)

fv ­ht11 t11f f
1 (p 2 fn )w .t11 t11 t11m j f](c ) ­et11 t

At an interior solution, the optimality conditions hold as equalities. The
left-hand side in expressions (10) and (11) represents the cost of an
additional unit of education and the right-hand side is the associated
marginal benefit. As in the standard model of parental investment in
children’s human capital, the higher the marginal productivity or “earn-
ing ability” of the son or daughter, the higher the marginal utility for
the parents from investing in their education. This is captured by the
second terms on the right side of expressions (12) and (13). The first
term on the right side captures the additional effect of the impact of
the education decision on the next generation’s distribution of bar-
gaining power. Indeed, within this framework, parental decisions on
investment in human capital of sons and daughters will tilt the intra-
household allocation of their children’s future marriages.
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C. Fertility

The first-order condition with respect to the number of children is given
by

2ebn v 1t th f m f m f f(1 2 e) V (h , h ) ≥ (e 1 e ) 1 fw h , (14)t11 t11 t t t tm j [ ]2 (c ) 2t

with strict equality at an interior solution. The left-hand side represents
the marginal gain for parents from an additional pair of children, and
the right-hand side corresponds to the effect of children on utility in
terms of forgone individual consumption for a given quality of children.
It includes both the direct education cost and the opportunity cost in
terms of lost earnings for the mother.

In the strategic game played by families in choosing their children’s
human capital given that of children in other families, parents simul-
taneously face a perfectly symmetric decision problem resulting in the
best-response functions (10) and (11). At equilibrium, all parents choose
the same level of education for their sons and their daughters so that

and in a symmetric pure strategy Nash equilibrium. Asf f m m˜ ˜h p h h p ht t t t

a result, the household welfare at equilibrium can be computed as

f 12j m 12j 12e(c ) (c ) bnt t th f m h f mV (h , h ) p (1 2 v) 1 v 1 V (h , h ),t t t t t11 t111 2 j 1 2 j 2

where are the optimal policy choices resultingf m f m{c , c , n , h , h }t t t t11 t11 t ≥ 0

from the maximization program (6).
Let us conclude the presentation of the model by highlighting the

different concepts of gender inequality embedded in it. Three of them
are exogenous: we define the survival gap by the ratio of total time
endowments, . Second, the wage gap is measured by . The lastm f m fp /p w /w
exogenous indicator is our so-called social and institutional gap embodied
in the parameter . This concept captures the societal and institutionalv̄

propensity of a country toward higher gender equality (think of it as a
compound indicator encompassing a wide set of elements ranging from
family norms and codes, physical integrity, and civil liberties to women’s
open access to political decision making). Additionally, the following
gaps are endogenous to our model: the educational gap, ; the par-m fe /e
ticipation gap, ; and the distribution gap, which we define asm fp /(p 2 fn)
the ratio of individual consumption levels, . Note that by expressionm fc /c
(8), the distribution gap is also measurable by the ratio of the distri-
bution factors, . Interestingly, the above list of gender gapc/(1 2 c)
concepts can be reframed in the four-pillars structure of the GGG in-
dicator. There are elements falling into each of the four categories
defined by the World Economic Forum: the ratios andm f m fw /w p /(p 2

pertain to the economic participation and opportunity category,fn)
the ratio to the educational attainment indicator, and health andm fe /e
survival is captured by our . Finally, could be classified as politicalm f ¯p /p v
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empowerment. While characterizing the various possible regimes of our
model economy, we will pay special attention to the relationship between
these different measures of gender inequalities.

III. The Corner Equilibrium

Before defining the BGP equilibrium, let us characterize the dynamics
of our economy in terms of stationary variables. The stationary variables
are defined as , , , ,f f m m f f m¯ ¯ ¯ ¯ ¯ˆ ˆ ˆ ˆ1 1 g p h /h c p c/h c p c /h e p e /h e pt t11 t t t t t t t t t t t

, , , , , ,m f f m m 12j m m 12j f f 12jˆ ˆ ˆ ˆ ˆ¯ ¯ ¯ ¯ ¯ ¯e /h h p h/h h p h /h V p V /h V p V /h V p V/ht t t t t t t t t t t t t t t t t

and .¯ŷ p y /ht t t

Definition 1. Given initial conditions , an equilibrium is af m(h , h )0 0

vector , , , , , , , , , , , , , satisfying thef m m f m f f mˆ ˆ ˆ ˆ ˆˆ ˆ ˆ ˆ ˆ{v y g h h V V V c c c e e n }t t t t11 t11 t t t t t t t t t

conditions given in Appendix A for .t p 0, … , `

Along a BGP, we assume that all the exogenous variables are constant:
f f m m f f m mp p p , p p p , w p w , and w p w Gt ≥ 0.t t t t

The stationary variables are con-f m m f f mˆ ˆ ˆˆ ˆ ˆ ˆ ˆ{v , y , g , h , h , V , c , c , c, e , e , n }t t t t11 t11 t t t t t t t

stant, which implies that the original variables , , , , , andf m m f f mh h c c e et t t t t t

grow at rate and V grows at rate .g P R (1 2 j)g

A. Exogenous Bargaining Power

Different types of dynamic paths are possible, depending on which con-
straint binds. We first focus on a situation in which the constraint

is an equality; that is, women spend all their time having andfn ≤ p/ft t

raising children. We start by analyzing the simple case in which bar-
gaining power is exogenous, that is, and for all . In¯g p 0 v p v t ≥ 0t

this case, the only motive for educating children is to provide them with
a higher labor income in the future. When the entire female time en-
dowment is devoted to child-rearing activities, the motive for educating
daughters based on higher labor market returns fades away. In such a
world, the incentive to educate girls is limited: with human capital not
being rewarded in the labor market, its only interest lies in the increase
of the bargaining power of daughters in their future marriage. However,
this motive does not apply here since we have assumed that bargaining
power is not influenced by relative human capital. Therefore, we also
have at equilibrium , and the first-order condition with respectfe p 0t

to the education of girls (11) holds with strict inequality.
Let us stress one important difference from the existing literature.

Becker et al. (1990) show that a poverty trap obtains as the consequence
of a threshold effect in human capital accumulation. By adding a con-
stant term to equation (5), they obtain an equilibrium with low edu-
cation and economic stagnation as well as the usual sustained growth
equilibrium. Here, the mechanism is different: education expenditure
on girls is low because it is not worthwhile to invest in female human
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capital when women do not spend time in the labor market (because
fertility is maximum). Moreover, as education expenditure on boys re-
mains positive in this high-fertility regime, we obtain sustained growth
driven by male human capital accumulation. In this, our results also
depart from those of the Becker et al. model, where the economy stag-
nates in the high-fertility/low-education regime.

We can now characterize the long run in this case, which we label
the “corner regime BGP.”

Proposition 1. Assume . Along a corner regime BGP, whereg p 0
fertility is constrained by the biological maximum, that is, , itfn p p/f

is optimal for households not to educate the girls, that is, . Growthfe p 0
is driven by men’s human capital, with a growth rate given by

d/[12d(12j)]
m mbdp w

M1 1 g p .
(12d)/d f e[ ]2 (p/f)

The proof is in Appendix B.
The growth rate depends positively on the time survival probability

of male workers. This is a Ben-Porath (1967) effect, where education
investment depends positively on the time span during which this in-
vestment pays off. In an endogenous growth model, this translates into
higher growth (Boucekkine, de la Croix, and Licandro 2002).16 Growth
also depends positively on the cost of rearing children. In countries
with higher costs (e.g., where infant mortality is high), the net number
of children per woman is lower, which promotes growth per capita.

For this equilibrium to hold in the long run, two conditions should
be met. The first is

b
12e M 12j1 2 n (1 1 g ) 1 0.

2

This condition is necessary and sufficient for the value function to be
defined. The second condition is that fertility is indeed constrained by
the biological maximum ; that is, inequality (14) holds strictly. Anfp/f

analysis of these two conditions is detailed in Appendix C and leads to
the following result.

Proposition 2. Assume . Then a corner regime BGP exists ifg p 0
there is an equilibrium in which maximum fertility is binding, that is,

f 12{e/[12d(12j)]} m m [d(12j)]/[12d(12j)]b p bdp w
1 1 .( ) [ ](12d)/d2 f 2

The proof is in Appendix C.

16 This departs from the neutrality result in Hazan and Zoabi (2006) according to which
greater longevity has no effect on optimal investment in human capital and thereby neither
on growth. The reason we do not find such a result follows from our specific functional
choice, which is such that the condition of homothetic preferences of parents with respect
to the number and the level of education of their children required to obtain the neutrality
result does not hold.
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This inequality defines a threshold such that the conditionf mp̄ (p )
is a necessary condition for the corner regime BGP to exist.17f f m¯p ! p (p )

Four important implications derive from proposition 2.

• First, low survival probability for women is associated with the cor-
ner regime. If women have a better chance of survival, it is more
likely that they will be active in the labor market, and this makes
girls’ education worthwhile. Hence, high survival probability is in-
compatible with the corner regime, and empowering women by
augmenting their survival probability, , that is, reducing the sur-fp
vival gap, is a promising way of escaping from the corner regime.

• Second, lowering the cost of children, for example, by reducing
child mortality, may also help a country to escape from the corner
regime. Shortening the time needed to raise one living child also
increases women’s presence in the labor market and the return to
girls’ education. Hence, active implementation of policy measures
aimed at reducing the total parental time requirement per living
child will help countries in a corner regime. This implication can
also be found in Soares (2005).

• Third, observe that the female wage, , does not appear in thesefw
conditions. Since women’s human capital is zero in this corner
regime, their income is nil, whatever the wage per unit of human
capital they could earn. Acting on the wage gap is of no help.

• Finally, the parameter driving societal and institutional gender
equality does not appear in the above condition. From this wev̄

may conclude that, in the event of initial gender inequality in social
institutions, empowering women by reducing the social and insti-
tutional gap toward a balanced level does not allow an escapev̄

from the corner regime. It would, however, allow women to enjoy
a larger share of household consumption.

Let us conclude this section by a clarification remark on the scope
of proposition 2. For given parameters and other players’ actions, there
is a unique consumption, education, and fertility policy maximizing
households’ objectives, because the value function of the households
exists and is bounded. At the (Nash) equilibrium, though, we cannot
rule out the possibility of multiple equilibria. Indeed, both the human
capital technology and, in the endogenous bargaining power case, the
dependence of the bargaining power on other players’ actions introduce
externalities: more education for one household’s children affects the
utility of all other households. In turn, these externalities generate some
strategic interdependencies in the education choices, which can be at
the root of multiple equilibria. Given the high degree of complexity of
our model and the intractability of the first-order conditions in the

17 Note that the function is decreasing in under assumption 1 since it impliesf m mp̄ (p ) p
that the inequality on parameters is satisfied.1 2 d(1 2 j) 1 e
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interior regime (mainly due to the fertility choice), we cannot analyze
the conditions under which multiplicity occurs. Still, in proposition 2,
we are able to specify the conditions under which a corner regime BGP
is an equilibrium. This condition leads to interesting insights into what
is needed to sustain such an equilibrium characterized by a high degree
of imbalance between the education of boys and girls. We are also able
to study the comparative static properties of this particular equilibrium.
The results should be interpreted with caution, though. Nothing says
that the corner equilibrium can be seen as the limit of the interior
equilibrium when some parameters reach a certain threshold. Carrying
out a global analysis of the interactions between the education choices
of different households is unfortunately not possible here but could
perhaps be achieved in a simpler model with exogenous fertility.

B. Endogenous Bargaining Power

We now lift the assumption of exogenous bargaining power and read-
dress the condition for the corner equilibrium to prevail. With ,g ( 0
the bargaining power is a function of the relative human capital levels
of the spouses as described by expression (3). For the corner regime
BGP to prevail in this context, we need the education of girls to be nil,
requiring expression (11) to hold with strict inequality. Once fh p

, we are back to the previous case with exogenous bargainingfe p 0
power with

m m(h )¯ ¯v p (1 2 g)v 1 g p (1 2 g)v 1 g
m m f m(h ) 1 (h )

from expression (3). Let us now find a condition under which the above
is true. For expression (11) to hold with strict inequality, a sufficient
condition is that in expression (13) is equal to zero (recallf

­(1 2 v )/­et11 t

that the upper bound on fertility is binding, ). Writing the firstfn p p/f

derivative of the bargaining power variable with respect to education
and looking at the limit when girls’ education tends toward zero gives
the expression

m m
­(1 2 v ) m(h )t11 t11 m(12d) f dm21¯lim p d(h ) (e ) ,t tf m m f m 2

f ­e [(h ) 1 (h ) ]e t t11 t11t

which is equal to zero whenever . Hence is suffi-dm 2 1 1 0 dm 2 1 1 0
cient to have . At low levels of human capital, this requirementfe p 0
of a nil effect of education on future bargaining power is satisfied under
the following condition.

Proposition 3. If the conditions of proposition 2 are met in ad-
dition to , the corner equilibrium is a BGP of the model withm 1 1/d

.g 1 0
The proof is in Appendix D.
When human capital is very low and , bargaining power ism 1 1/d



102 Journal of Human Capital

insensitive to human capital. As a result, in equilibrium as bothfe p 0
motives to educate girls vanish (no labor market return and no bar-
gaining power distribution effect). The model thus comes closer to the
unitary model of the family. This model thus seems more defensible
when it represents economies in the corner regime than those in the
interior regime.

IV. Modern Growth Equilibrium

We complete the theoretical analysis by considering the interior regime
in which all inequality constraints in expression (7) are nonzero. In this
regime, fertility is strictly below the upper fertility bound, , andfp/f

women allocate their time between child rearing and labor market ac-
tivities. Education expenditure on boys and girls is strictly positive.

A. Exogenous Bargaining Power

Let us again start with the exogenous bargaining power case in which
and for all t.¯g p 0 v p v ≥ 0t

In this setup, the human capital of men and women grows at the
same rate g along a BGP. The system of equations characterizing the
steady-state vector {v, , , , g, , , , , , , n} is presented inf m f m f mˆ ˆ ˆˆ ˆ ˆ ˆ ˆy h h V c c c e e
Appendix E. This system can be simplified so that the BGP is fully
characterized by a vector {g, , , n} that satisfiesm fˆ ˆe e

• the equality between boys’ and girls’ marginal return on education,
m m m d21 f f f d21ˆ ˆp w (e ) p (p 2 fn)w (e ) ;

• the equality between the marginal return and the marginal cost
of education for boys,

e 2j m m m d21ˆn p b(1 1 g) p w d(e ) ;

• the equality between the marginal cost and the marginal benefit
of children,

1
f m f f dˆ ˆ ˆ(e 1 e )(1 1 g) 1 fw (e ) p

2

(1 2 e)b n
f f f d m m m d f mˆ ˆ ˆ ˆ(p 2 fn)w (e ) 1 p w (e ) 2 (1 1 g)(e 1 e ) ;

j21 e [ ](1 1 g) n 2 (b/2)n 2

• the definition of the growth rate,
f d m dˆ ˆ2(1 1 g) p (e ) 1 (e ) .

We have then the following result.
Proposition 4. Along a BGP in the interior regime, the vector {g,
, , n} does not depend on when .m f ¯ˆ ˆe e v g p 0
Hence, we find that the social and institutional gap matters neitherv̄
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for fertility decisions nor for education choices; it affects only the al-
location of consumption within the couple. The impact of the other
exogenous gender gaps (the survival gap and the wage gap) on the
interior BGP cannot be assessed analytically and is evaluated through
numerical simulations in Section V below.

B. Endogenous Bargaining Power

The last case to consider is the interior regime with endogenous bar-
gaining power. In this case, parameter g is nonzero in expression (3).
In contrast to the previous cases, we do not have any analytical results.
Applying the implicit function theorem to the system described above
to get comparative static results would also be too much involved. There-
fore, in the next section, we rely on numerical simulations to investigate
some properties of this equilibrium.

V. Numerical Illustration

This section provides a numerical illustration of the model. The sim-
ulation exercise is aimed at evaluating the impact of changes in exog-
enous gender-related variables on the long-run interior equilibrium.
Emphasis is laid on the joint development of fertility, education, and
growth.

A. Calibration

At this stage, we do not aim to reproduce the demographic transition
in any particular country. An empirical evaluation of the model impli-
cations using cross-country data is deferred to the next section. However,
the parameter values are chosen to be consistent with the characteri-
zation of a stylized industrialized economy along its BGP. The param-
eters are of three types. The first set are fixed at values similar to their
accredited values in the macro literature. The second set, on which
there is a prevailing lack of consensus, are arbitrarily chosen. The model
robustness will be assessed in a sensitivity analysis based on these pa-
rameter values. The remaining free parameters are chosen so as to
generate a number of assumptions on empirical moments featuring our
benchmark model. Table 2 summarizes the procedure.

The model is calibrated under the assumption that a period lasts for
30 years. For the time cost parameter f associated with children, we
follow de la Croix and Doepke (2003) and choose .f p 0.075

Consistent with U.S. data for 2008 based on the Current Population
Survey, we set the female-to-male wage ratio to 80 percent.18 Gender-
specific survival probabilities from ages 20 to 50 are based on U.S. life

18 Data are issued in U.S. Bureau of Labor Statistics (2009).
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TABLE 2
Calibration

(1) (2) (3) (4)
Calibration

Set

Parameters set in accord with the
literature:

f .075 .075 .075 .075 de la Croix and
Doepke (2003)

fw m.8w m.8w m.8w m.8w Bureau of Labor
Statistics

fp .9645 .9645 .9645 .9645 Human Life-Table
database

mp .9315 .9315 .9315 .9315 Human Life-Table
database

Parameters set a priori:
j 1/4 1/3 1/3 1/3
e 1/4 1/4 1/3 1/4
g 0 0 0 .1
m . . . . . . . . . 2
v̄ 1/2 1/2 1/2 1/2

Parameters calibrated to match
moments:

d .525 .610 .525 .494 Education exp. (%
of GDP) p 6%

mw 67.4 57.9 67.4 71.5 n p 2
b .084 .075 .094 .083 Annual growth p

2%

tables for 2000 published in the Human Life-Table Database (http://
www.lifetable.de). The resulting values for men and women are mp p

and .f0.9315 p p 0.9645
As our starting set of simulations assumes exogenous intrahousehold

welfare weights, we set . As a result, the social and institutionalg p 0
parameter strictly determines the intrahousehold distribution ofv̄

power, and we fix it at 0.5. The altruism elasticity with respect to the
number of children embodied in the parameter is set to 1/4.19 Ac-e

cording to our model specification, the parameter j is the inverse of
the intertemporal elasticity of substitution. We choose a value of 1/4
for it so that assumption 1 holds. Below, we also calibrate the model
under the alternative assumptions that and that bothj p 1/3 j p

and .1/3 e p 1/3
The remaining set of parameters are pinned down as follows. First,

we assume that output growth per capita is 2 percent per year. To tally
with the observed fertility rates, which are close to the replacement level
in many industrialized countries, we impose two children per household.
Moreover, the education expenditure to GDP ratio is set to 0.06. This
set of assumptions enables us to pin down three parameters: the elasticity

19 Doepke (2005) provides a sensitivity analysis of the Barro-Becker model to this pa-
rameter.
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Figure 2.—Effect of on fertility n, education (dashed) and , and growthf f mw e e 1 1 g

of education in human capital production, the male wage rate, and the
discount factor.

B. Simulation Results with Exogenous Bargaining Power

The purpose here is to analyze how fertility and other characteristics
of the economy adjust to changes occurring along various dimensions
of gender inequality. In particular, we successively look at the impact of
changes in the female wage rate and in the female total time endow-
ment. A sensitivity analysis closes this section.

First, we consider the impact of changing relative wages by considering
improvements in the wage rate of women keeping that of their male
counterparts unchanged. More specifically, under calibration set 1, we
let range from 90 percent to 120 percent of its initial value. Thefw
results, displayed in figure 2, indicate that an upward shift in the wage
rate of women relative to that of men has a fertility moderating effect.
As the female wage rate increases, parents reduce the number of chil-
dren they have, which enables women to increase their labor market
supply. Education in both gender groups increases as parents substitute
quality for quantity in the quantity-quality trade-off with respect to chil-
dren. However, the increase is steeper for girls because of improved
labor market returns to female human capital investment. Lower fertility
and higher education have an enhancing effect on growth.

The next numerical exercise evaluates the effect of a rise in the time
endowment of women. Recall that is a survival probability. Morefp
specifically, given our assumption that one period of life lasts for 30
years, is the probability that women survive from age 20 to age 50.fp
In the numerical simulation, we let this probability range from 0.9 to
1. As depicted in figure 3, the relationship between and n is downwardfp
sloping: the demand for children decreases and education spending
increases as parents substitute quality for quantity. Driven by higher
investment in female human capital relative to their male counterparts,
a female-to-male catch-up in human capital is observed and average
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Figure 3.—Effect of on fertility n, education (dashed) and , and growthf f mp e e 1 1 g

Figure 4.—Effects of and on fertility under calibration set 1 (solid), calibration setf fw p
2 (dashed), and calibration set 3 (dot dashed).

education in the economy increases. This translates into an upward-
sloping curve for the growth rate.

C. Sensitivity Analysis

We will close this section by assessing the sensitivity of the simulation
to changes in the free parameters. We first look at the impact of choosing
different values for the elasticity of intertemporal substitution, j. Figure
4 reports the results of simulations with the model with (cal-j p 1/3
ibration set 2). As before, an upward shift in the female wage rate has
a negative impact on fertility. There is a female-to-male catch-up in
education, and growth increases. The positive impact on growth is
strengthened under this new calibration: when the wage rate is allowed
to vary from 90 percent to 110 percent of its initial value, the fertility
drop is sharper in the case than in the case (calibrationj p 1/3 j p 1/4
set 1). Simulation results in the context of improving female survival
probability also remain consistent under the various calibration scenar-
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ios. As the right-hand side of figure 4 shows, an increase in is asso-fp
ciated with a downward-sloping fertility pattern. The decrease in the
demand for children results from the substitution effect in which parents
choose to increase the amount of education on girls substantially, which
in turn augments the opportunity cost of having children. We again
find that improvements in women’s survival probability have a positive
effect on growth.

As well as affecting the intertemporal allocation of resources, the
parameter j also affects the intratemporal allocation of resources. Recall
from equation (9) that the effective intrahousehold distribution de-
pends on the value of j: a low intertemporal elasticity of substitution
(high j) implies a willingness to distribute resources more equally be-
tween the spouses. On the contrary, a smaller j exacerbates the imbal-
ance in the intrahousehold distribution of resources between the
spouses.

Finally, observe that changing the value of the altruism elasticity with
respect to the number of children, , from 1/3 to 1/4 does not altere

the results (right side of fig. 4).

D. Simulation Results with Endogenous Bargaining Power

Proceeding to the numerical evaluation of the model with endogenous
gender power requires us to revise the parameterization. This is done
by dropping the assumption of and setting instead (ag p 0 g p 0.1
conservative value so as not to overestimate the effect of endogenous
bargaining power). Recall from expression (3) that parameter m is a
sensitivity measure of the bargaining power distribution with respect to
relative human capital. We set this parameter at 2. Given these changes,
we obtain new calibrated values for the male wage rate ( ),mw p 71.5
the elasticity of education ( ), and the discount factor (d p 0.494 b p

).0.083
From a theoretical perspective, the main effect of adding the endog-

enous bargaining power specification in the model is to introduce a
further motive for parents to educate their children: as well as the
traditional labor market return on the investment in human capital,
parents now also ascribe to it an “intrahousehold return” formulated
in terms of enhanced intrahousehold bargaining power. This effect is
distinctly evidenced in our next numerical experiment in which a fa-
vorable exogenous shift in the bargaining position of women is consid-
ered (i.e., we let the social and institutional parameter, , decrease inv̄

eq. [3]).
Figure 5 depicts the shift in the equilibrium values of the model

variables following an increase in from to 0.275 to 0.75. The de-¯1 2 v

creases in the educational gender gap and in fertility are particularly
noteworthy. Subsequent to an exogenous amelioration of the bargaining
position of women, parents begin to increase education spending on
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Figure 5.—Effect of on fertility n, education (dashed) and , growth , and welfaref mv̄ e e 1 1 g
V.

girls in order to grasp their future utility gain. Notice, however, that the
shifts in , , and are nonmonotonic in . In a first stage,f m ¯e e 1 1 g 1 2 v

the demand for children decreases sharply, whereas education for both
girls and boys increases: parents substitute quality for quantity. However,
after some threshold, growth starts to swell. Indeed, when too great a
weight is put on women, the incentive to invest in male human capital
falls, which hampers growth. We find that the growth-maximizing level
of is around 0.65. This growth-maximizing v does not maximize1 2 v

the welfare V of the household. As the term 12jv(cY ) 1 (1 2 v)[(1 2

is U-shaped in v at given Y, the welfare-maximizing v is likely to12jc)Y ]
be zero or one, as we find in our numerical examples.

In our last two numerical experiments, we examine the impact of
exogenous shifts in and , respectively. The direction of the shiftsf fw p
is in line with the exogenous bargaining case: an improvement in the
female wage rate leads to a smaller number of children per household,
who get more education on average, and to higher growth. Moreover,
a rise in the female survival probability causes the education gap to



Demographic Transition in Least Developed Countries 109

decrease and growth to fasten. However, as regards the amplitude of
the results, we find that the shifts are more limited. In particular, the
changes in the gender gaps are more limited as parents also take into
account the “intrahousehold motive” in their investment decision.

VI. Empirical Analysis

The above theoretical model yields a number of predictions. Economies
can be in a corner regime, characterized by strong gender inequality
in education and high fertility, or in an interior regime. In the corner
regime, fertility is at its maximum, . Neither a narrower social andfp/f

institutional gap nor a higher wage for women (closing the wage gap)
affects fertility in this regime. However, in the interior regime, countries
with more social and institutional gender parity and/or with more bal-
anced wages should display lower fertility and faster growth. In this
section we will evaluate the pertinence of the model empirically using
cross-country data. The main data sources are briefly outlined, and a
description of the empirical strategy and associated results follows.

A. Data

This study examines the relationship between gender equality in its
various dimensions and fertility for a sample of 157 countries. The data
used are listed in Appendix F (table F1); unless otherwise stated, data
refer to the year 2005. Country-specific births per woman are published
by the World Bank in its World Development Indicators. This same
source of information provides us with a first indicator on education
gender gap by country. It is measured as the girls-to-boys primary com-
pletion ratio. As a second indicator, we refer to the GGG educational
attainment subindex 2007 compiled by the World Economic Forum.
This is a weighted combination of the ratios of female-to-male enroll-
ment in primary-, secondary-, and tertiary-level education and of the
female-to-male adult literacy rates. Wherever needed in our computa-
tions, survival probabilities are taken from life tables available from the
World Health Organization.

B. Methodology, Cross-Country Evidence, and Related Results

1. The Maximum Net Fertility Rate

It was shown in Section III that a low female survival probability and
an extensive fixed time cost per surviving child, possibly due to high
infant mortality, are more likely to be typical of countries in the corner
regime. Let us first define the maximum net fertility rate that captures the
maximum number of living children women can consistently have over
their entire fecund life span. This concept of maximum net fertility is



110 Journal of Human Capital

contingent on the overall health condition in a society: in a country
with high infant mortality and a short fecund reproductive period for
women (due to low female survival probability, for instance), the max-
imum number of surviving children that a woman can give birth to will
be smaller than in a country with lower rates of infant and adult mor-
tality. From this, we define, country by country, an upper frontier on
the maximum average number of living children per woman, and we
then gauge how close to this frontier the observed number of children
per woman is. For ease of description, we will henceforth term the
difference between maximum net fertility and actual fertility the “fertility
margin.” A country that has a fertility margin approaching zero is a
country in which observed fertility is high, given the prevailing overall
health and survival conditions.

Specifically for the measurement approach, the maximum net fertility
is computed as the ratio of the expected number of years a 20-year-old
woman will live over a 30-year period ( in our model) to the totalfp
time cost associated with every surviving child (f in the model). For-
mally, the maximum net fertility, , is written asn̄

fp (L50f/L20f) # 20
n̄ p p , (15)

f [a/(1 2 IMR)] 1 b

where L20f and L50f represent the proportion of women surviving to
ages 20 and 50, respectively. Hence, the distance ratio givesL50f/L20f
the fraction of 20-year-old women who reach the age of 50. Multiplying
this figure by 30 produces the average number of years a woman entering
adulthood may expect to live over her fertile life span.

The denominator captures the net parental time cost per surviving
child, with a standing for the fraction of time spent by a mother raising
each newborn child during its first year of life and b representing the
additional time cost associated with surviving children. The term 1 2

is the proportion of newborns who survive the first year of life.IRM
Infant mortality rates are directly available from survival tables. To fix
the value of parameters a and b, we follow the methodology presented
by Bar and Leukhina (2010). They introduced the ratio of the total
parental time cost of a surviving child to that of a nonsurviving child
and set it to 4, that is, .20 This equation, combined with(a 1 b)/a p 4
the expression of net parental time cost per surviving child,

a
f p 1 b,

1 2 IMR

forms a system that can be solved for a and b. In order to do this, we
set (sample average). In addition, following the discussionIMR p 0.04

20 See Bar and Leukhina (2010) for a detailed explanation of the calibration strategy
for this ratio. Briefly, it involves using the data on age-specific mortality and the assumption
that the instantaneous cost function of raising a child is a decreasing linear function of
the child’s age.
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TABLE 3
Maximum Net Fertility: Iran, Mexico, and Mozambique

L20f
(1)

L50f
(2)

fp
(3)

1 2IMR
(4)

f
(5)

n̄
(6)

n
(7)

n̄ 2 n
(8)

f me /e
(9)

Iran .96 .92 28.64 .97 2.24 12.76 2.01 10.75 1.00
Mexico .97 .94 28.90 .98 2.24 12.91 2.06 10.84 1.01
Mozambique .83 .42 15.22 .90 2.29 6.65 4.77 1.88 .66

in de la Croix and Doepke (2003), it is supposed that the opportunity
cost of a child is equivalent to about 15 percent of the mother’s total
time endowment and that children live with their parents for 15 years.
This allows us to set . Thus, we obtainf p 0.15 # 15 p 2.25 a p

for the time cost per newborn child and as the ad-0.5567 b p 1.6701
ditional cost per child who reaches adult age. By way of example, table
3 reports the computational steps of the maximum net fertility for Iran,
Mexico, and Mozambique.

We see that, given the parameter choice and the countries’ data on
survival rates, a woman devoting all her time to raising children could
have, on average, over 12 living children in Iran and Mexico but only
somewhat fewer than seven in Mozambique. In column 8, we report the
fertility margin, , with n being the observed number of living chil-n̄ 2 n
dren per woman in the 20–50 age bracket. It is computed as the number
of births per woman from the World Development Indicators adjusted
for the infant mortality rate associated with the first year of life.

Interestingly, Mozambique is the country for which the distance be-
tween actual fertility and maximum net fertility rates is smallest. That
is, despite having the lowest maximum net fertility, due to the low female
survival rate and the high cost of having living children, Mozambique
has the highest fertility rate out of the three countries. As a result, we
can say that Mozambique has a higher fertility rate in both absolute and
relative terms (i.e., in distance terms) than either Iran or Mexico. Mex-
ico has a higher fertility rate in absolute terms, but in relative terms,
Mexico’s fertility is lower (the fertility margin is larger) than Iran’s.

Figure 6 displays the fertility margin for the countries sorted in as-
cending order of maximum net fertility. As we move from left to right
along the x-axis, maximum net fertility and the observed number of
living births per woman first increase together up to some break point
beyond which the distance between the two variables starts to widen.
This provides us with a good illustration of what constitutes the essence
of proposition 2: countries with high infant mortality and low female
survival probability (resulting in a low maximum net fertility) are more
likely to be in the corner regime. In figure 6, we indeed observe that
countries with a lower also tend to display a smaller fertility margin,n̄

, than countries that enjoy a larger because of longer female¯ ¯n 2 n n
survival probability and lower infant mortality rates.

To provide further evidence that, in countries in the corner regime,
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Figure 6.—The fertility margin: cross-country data

fertility is constrained by the supply side, we categorize countries into
corner and interior regimes. Fixing our separation criterion at a fertility
margin of 1.96 standard deviations, we find that 20 countries can be
listed in the corner regime category. In other words, in 20 countries,
the difference between the computed maximum net fertility and the
observed fertility is lower than 1.96 standard deviations. In all other
countries, there is a bigger positive distance between the maximum net
and the effective fertility. Within the corner regime category, we com-
pute the correlation between observed and maximum fertility. It stands
at .85, which is not significantly different from one (p-value p .66).

2. Fertility and Gender Power

In table 4, we present the correlations between the fertility margin and
various measures of the gender gap. The first row shows these corre-
lations for the entire cross-country sample. In line with other research-
ers, we find a positive relationship between our measures of gender
equality in education and the fertility margin (see, e.g., Dollar and Gatti
1999; Klasen 2002). The fertility margin relates noticeably less strongly
to the other dimensions of the gender gap. However, interesting patterns
in these correlations emerge when we consider the two groups of coun-
tries. We observe that in the corner regime group, no correlation is
significant. This is perfectly in line with the model, where the fertility
margin is always equal to zero in this regime. In the interior regime
group of countries, the correlations with the various dimensions are
always stronger than in the full sample. As well as the strong correlation
between the gender gap in education and the fertility margin, we find
a positive correlation with our two measures of women’s political power.
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TABLE 4
Correlations with the Fertility Margin

Educational
Attainment

Education
Gap (WDI)

Economic
Participation

and Opportunity
Political

Empowerment

Women in
Parliament

(UN)

All countries .616
(.00; 128)

.515
(.00; 146)

.069
(.44; 128)

.141
(.11; 126)

.158
(.04; 163)

Corner 2.242
(.47; 11)

2.220
(.40; 17)

.393
(.23; 11)

2.117
(.73; 11)

.190
(.47; 19)

Interior .730
(.00; 117)

.657
(.00; 129)

.285
(.00; 117)

.229
(.01; 117)

.303
(.00; 144)

Note.—p-values and degrees of freedom (observations 2 2) are in parentheses.

If we accept that these are an indicator of the social and institutional
gender gap, it may be that reducing the gender gap along this dimension
would help to speed the demographic transition. This is in line with
our result in Section IV when bargaining power is endogenous. In a
similar vein, the correlations between the fertility margin and the eco-
nomic participation and opportunity gender gap index are positive.21

That the female-to-male wage gap is an important built-in factor for this
gender equality index22 strengthens the argument that a lower gender
gap is fertility reducing and growth enhancing for economies in the
interior regime (see fig. 3).

Without ignoring the fact that our separation criterion of 1.96 stan-
dard deviations is somewhat arbitrary, we calculated the correlation co-
efficients and their associated p-values for different cutoffs ranging from
one to three standard deviations. In all cases, the results were consistent
with the conclusions above. Regarding the potential problem associated
with the relatively small sample size in the corner group, let us point
out that when we choose three standard deviations as the cutoff value,
we have 38 countries in the corner regime, and the results from the
correlations analysis in this enlarged sample remain fully consistent.

3. Corner Regimes, Interior Regimes, and Growth

Our last empirical exercise looks at the implications for growth of being
in a regime with high fertility and gender inequality in education. When
investment in women’s education is lacking, growth is driven solely by

21 The correlations between the fertility margin and the economic participation and
opportunity gender gap index for the whole sample are noticeably low and not statistically
significant.

22 In the construction of the Economic Participation and Opportunity gender equality
index, the World Economic Forum attributed a weight of 0.310 to the female-to-male wage
ratio (for similar work). The second main component is the ratio of the estimated female-
to-male earned income with a weight of 0.221. The other factors are the ratio of female-
to-male labor force participation; the ratio of female-to-male legislators, senior officials,
and managers; and the ratio of female-to-male professional and technical workers over
the male value.
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the accumulation of the human capital of men. Therefore, we expect
countries in the corner regime to experience a lower growth rate than
countries in which education is provided equally to men and women.
This idea can be assessed by performing a one-sided student test that
compares the average growth rates in the two groups of countries (the
corner regime and the interior regime countries).

More specifically, using historical series on GDP from Maddison
(2010), we computed the average annual growth rates over the period
1976–2006 for our list of countries. Over this 30-year time period, the
mean annual growth rate for the countries categorized in the corner
regime group in 2005 was 0 percent whereas that of the interior regime
group was 1.23 percent. The hypothesis of equal means in the low- and
the high-fertility groups was tested against the alternative hypothesis
that the mean growth in the low-fertility group is larger than in the
high-fertility group. The null hypothesis is rejected at the 5 percent
significance level, which enables us to assert that the data support the
hypothesis of a lower growth rate for countries in the corner regime.
Going beyond this result based on simple bivariate statistics is left for
future research. Promising lines of inquiry have been provided by Ehr-
lich and Kim (2007) on social security and by Ehrlich and Kim (2008)
on inequality and growth.

VII. Conclusion

The promotion of gender equality is endorsed by all the world’s leading
development institutions and has become a major challenge for sus-
tainable development in all regions of the world. In spite of the apparent
consensus on the positive link between gender equality and economic
growth, macroeconomic studies that formally explore the role of gender
heterogeneity remain relatively rare. In this paper, we have tried to
formally clarify the part played by various dimensions of gender in-
equality in fostering the transition toward faster growth. Fully recog-
nizing the economic growth–enhancing impact of a slower population
growth, we especially focused on the pathways by which increases in
gender equality may affect fertility.

To this end, we set up an overlapping-generations model with gender
heterogeneity, endogenous fertility, and parental investment in chil-
dren’s human capital. Distinctive to our model is the specification of a
household decision-making process based on the notion of intrahouse-
hold bargaining power. In this setting we are able to identify three
exogenous dimensions of gender equality (mortality, socio-institutional,
and wage) and to analyze their impact on both demographic and eco-
nomic outcomes. Table 5 summarizes the results.

We first characterized two equilibrium regimes: a corner regime with
low growth, high fertility, and strong gender inequality in education
and an interior growth regime in which low fertility and a more balanced
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distribution of education between men and women prevail. Next, we
derived the condition to escape the corner regime. Reducing the social
and institutional gender gap in economies in the corner regime does
not prove to be the way out. Nor is lowering the gender wage gap. The
key policy measures to ease these countries out of the corner regime
are to promote female survival probability and infant survival rates.
These findings were corroborated by our cross-country data analysis,
which provided evidence that countries with high infant mortality and
low female survival probability were more likely to be in the corner
regime. In addition, the distance between maximum and observed fer-
tility was only weakly correlated with the various dimensions of gender
equality among countries in the corner regime.

We furthered our understanding of how fertility and other charac-
teristics of the economy adjust to changes in gender equality by pro-
ceeding to some numerical simulations of the benchmark interior re-
gime. When bargaining power is exogenous, augmenting the female
wage rate relative to that of men reduces fertility and fosters growth.
We also found that improving female survival probability was positive
for growth. When bargaining power is endogenous, the sole additional
result comes from the social and institutional gender gap: the imple-
mentation of policy measures aimed at strengthening gender parity in
the social and institutional setup of a given economy in the interior
regime promotes economic growth by lowering the population growth
rate.

Let us close by insisting on the fact that, as unsettling as it may sound,
reducing the social and institutional gender gap is of no immediate
help to escape the high-fertility regime in low-income countries. Nev-
ertheless, we do not discard the importance of achieving gender parity.
To start with, it is certainly a worthy objective in itself. More work needs
to be done to obtain a clear understanding of the mechanisms linking
gender equality and economic growth. The present study is just one
step in this direction.

Appendix A

Dynamics with Stationary Variables

Given initial conditions , an equilibrium trajectory is a vector , , ,f m ˆ(h , h ) {v y g0 0 t t t

, , , , , , , , , , satisfying the following conditions for allf m m f m f f mˆ ˆ ˆ ˆ ˆ ˆ ˆ ˆ ˆh h V V V c c c e e n }t11 t11 t t t t t t t t t

:t ≥ 0

m mˆ(h )t¯v p (1 2 g)v 1 g , (A1)t m m f mˆ ˆ(h ) 1 (h )t t
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n
f f f m m m f mˆ ˆˆ ˆ ˆy p (p 2 fn )w h 1 p w h 2 (e 1 e ) , (A2)t t t t t t t t t t 2

i i dˆ ˆ(1 1 g )h p (e ) , (A3)t t11 t

f mˆ ˆh 1 h p 2, (A4)t t

m fˆ ˆ ˆV p (1 2 v)V 1 vV , (A5)t t t t t

m 12jˆ(c ) 1tm 12e 12jˆ ˆV p 1 bn (1 1 g ) V , (A6)t t t t111 2 j 2

f 12jˆ(c ) 1tf 12e 12jˆ ˆV p 1 bn (1 1 g ) V , (A7)t t t t111 2 j 2

mˆ ˆc p cy , (A8)t t t

fˆ ˆc p (1 2 c)y , (A9)t t t

1/jvt
c p , (A10)t 1/j 1/jv 1 (1 2 v)t t

e f m m m21ˆ ˆvn gm(h ) (h )t t t11 t112j mˆ≥ b(1 1 g ) Vt t11m j m m f m 2{ ˆ ˆˆ(c ) [(h ) 1 (h ) ]t t11 t11 (A11)

vt11 m m m d21ˆ1 p w d(e ) ,t11 t11 tm j }ˆ(c )t11

e f m21 m mˆ ˆ(1 2 v)n gm(h ) (h )t t t11 t112j fˆ≥ b(1 1 g ) Vt t11f j m m f m 2{ ˆ ˆˆ(c ) [(h ) 1 (h ) ]t t11 t11 (A12)

1 2 vt11 f f f d21ˆ1 (p 2 fn )w d(e ) ,t11 t11 t11 tf j }ˆ(c )t11

j21v 2(1 1 g ) 1t t f m f fˆˆ ˆ ˆV ≥ (e 1 e ) 1 fw h , (A13)t11 t t t tm j 2e [ ]ˆ(c ) (1 2 e)bn 2t t

f mˆ ˆe , e ≥ 0, (A14)t t

fn ≤ p/f. (A15)t t
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Appendix B

Corner Regime Growth Rate—Proposition 1

In deriving the expression for the growth rate in the corner regime, , weM1 1 g
first use equations (A3) and (A4) with so as to express the educationfĥ p 0
expenditure on boys in an efficient form as a function of the growth rate:

m M 1/dê p [2(1 1 g )] .

The growth rate in the corner equilibrium is then derived from the optimality
condition for the education of boys, (A11). Bear in mind that the first term in
the right-hand-side brackets of this condition vanishes as (implyingg p 0

) in this regime. Hence, we may writem
­c /­e p 0t11 t

evn v
M 2j m m m d21ˆp b(1 1 g ) p w d(e ) .

m j m jˆ ˆ(c ) (c )

With and , it is straightforward to derive the ex-f m M 1/dˆn p p/f e p [2(1 1 g )]t

pression for the corner regime growth rate:
m m d/[12d(12j)]bdp w

M1 1 g p .[ ](12d)/d f e2 (p/f)

Appendix C

Threshold Determination—Proposition 2

We next direct our analysis to the conditions for such an equilibrium to arise.
The inequality is required to hold in order to obtain a1 12e M 12j1 1 bn (1 1 g )

2
finite objective function. This implies the restriction

f 12e m m d(12j)/[12d(12j)]1 p bdp w
1 1 b ( ) [ ](12d)/d f e2 f 2 (p/f)

f 12{e/[12d(12j)]} m m d(12j)/[12d(12j)]1 p bdp w
⇔ 1 1 b .( ) [ ](12d)/d2 f 2

This defines a threshold such that the condition is a necessaryf m f f m¯ ¯p (p ) p ! p (p )
condition for the corner regime BGP to exist. The term is a decreasingf mp̄ (p )
function of assuming , which always holds under assumptionmp 1 2 d(1 2 j) 1 e

1.
As in the corner equilibrium the upper bound on the maximum number of

children is reached, , the optimality condition with respect to the num-fn p p/f

ber of children (A13) holds as a strict inequality:

M j21 mˆv 2(1 1 g ) e
V̂ 1 .( )m j 2eˆ(c ) (1 2 e)bn 2

We compute the steady-state welfare level using equation (A5):V̂

f 12j m 12jˆ ˆ1 (c ) (c )
12e M 12j ˆ1 2 bn (1 1 g ) V p (1 2 v) 1 v .[ ]2 1 2 j 1 2 j

Since from equation (A4) , income can be derived from equation (A2)mĥ p 2
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as

n
m m mˆ ˆy p 2p w 2 e ,

2

with . Next, the individual demands for private consumption expressedfn p p/f

in terms of the net income, , given by equations (A8) and (A9) are substitutedŷt

into the expression , and the following equation for the welfare sum is thenV̂
obtained:

12j1 n
12e M 12j m m mˆ ˆ(1 2 j) 1 2 bn (1 1 g ) V p k 2p w 2 e ,( )[ ]2 2

with

12j 12jk p (1 2 v)(1 2 c) 1 vc .

Substituting this result into the optimality condition with respect to the number
of children and replacing by its value producesmĉ

m m m 12j M j21 mˆ ˆk[2p w 2 (n/2)e ] v 2(1 1 g ) e
1 ,( )12e M 12j m m m f j 2eˆ(1 2 j)[1 2 (1/2)bn (1 1 g ) ] {c[2p w 2 e (p/2f)]} (1 2 e)bn 2

which can be simplified into

j m m m M j21 mˆ ˆkc 2p w 2 (n/2)e (1 1 g ) e
1 2(1 2 j) .( )12e M 12j 2ev 1 2 (1/2)bn (1 1 g ) (1 2 e)bn 2

Developing the term leads us to conclude that it equals one. Since thejkc/v

inequality is required to hold in order to obtain a finite1 12e M 12j1 1 bn (1 1 g )2
objective function, we can rewrite the above inequality condition as

1 2(1 2 j) 1 n
m m M j21 12e m mˆ ˆ2p w 1 (1 1 g ) 2 bn e 1 e .( )2e[ ]2 (1 2 e)bn 2 2

Rearranging the terms further leads to

m m M j21 e214p w 2(1 2 j)[(1 1 g ) n 2 (1/2)b]
1 1 1.

mˆne (1 2 e)b

Replacing by its value givesmê

22(1/d) m m M j21 e212 p w 2(1 2 j)[(1 1 g ) n 2 b/2]
1 1 1.

M 1/dn(1 1 g ) (1 2 e)b

For ease of notation, let us define . We can then express them m (12d)/dz { bdp w /2
growth rate as

M 2e d/[12d(12j)] d/[12d(12j)] 2ed/[12d(12j)]1 1 g p (zn ) p z n .

Using this in the above inequality conditions, we get

pz
=

m mbdp w2 1
1

1/[12d(12j)] 2e/[12d(12j)] (12d)/dnz n 2 bd

d(j21)/[12d(12j)] 2ed(j21)/[12d(12j)] e212(1 2 j){z n n 2 b/2}
1 1,

(1 2 e)b
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or, equivalently,

2d(12j)/[12d(12j)]2 z
1

[12d(12j)2e]/[12d(12j)]bd n

d(12j)/[12d(12j)] {ed(12j)1(e21)[12d(12j)]}/[12d(12j)]2(1 2 j)(z n 2 b/2)
1 1

(1 2 e)b

2
2d(12j)/[12d(12j)] 2[12d(12j)2e]/[12d(12j)]

⇔ z n 1

bd

2d(12j)/[12d(12j)] 2[12d(12j)2e]/[12d(12j)]2(1 2 j){z n 2 b/2}
1 1,

(1 2 e)b

which can be rewritten as

2 2(1 2 j)Z 2(1 2 j)b/2
⇔ Z 1 2 1 1,

bd (1 2 e)b (1 2 e)b

with

2d(12j)/[12d(12j)] 2[12d(12j)2e]/[12d(12j)]Z p z n .

Rearranging the terms produces

2d(1 2 j) 2bd(1 2 j)
2Z 2 Z 1 bd 2

1 2 e 2(1 2 e)

d(1 2 j) bd 1 2 j
⇔ Z 2 Z 1 1 2( )1 2 e 2 1 2 e

bd
⇔ Z[(1 2 e) 2 d(1 2 j)] 1 [(1 2 e) 2 (1 2 j)].

2

Given that holds under assumption 1, we can write1 2 d(1 2 j) 1 e

bd (1 2 e) 2 (1 2 j)
Z 1 . (C1)[ ]2 (1 2 e) 2 d(1 2 j)

It is easy to show that this condition is always satisfied given our inequality
requirement that , which ensures a finite objective function.1 12e M 12j1 1 bn (1 1 g )2
We previously showed that this latter requirement translates into the condition

f 12{e/[12d(12j)]} m m d(12j)/[12d(12j)]1 p bdp w
⇔ 1 1 b .( ) [ ](12d)/d2 f 2

With our previous notation, this inequality condition reduces to

b b
1 1 ⇔ Z 1 . (C2)

2Z 2

A little side calculation indicates that the inequality

b bd (1 2 e) 2 (1 2 j)
1 [ ]2 2 (1 2 e) 2 d(1 2 j)

is satisfied for , and, as a direct result, we may conclude that wheneverd ! 1
inequality (C2) is satisfied, equation (C1) also holds true.
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Appendix D

Proof of Proposition 3

Writing the first derivative of the bargaining power variable with respect to
education and looking at the limit when girls’ education goes toward zero gives
the expression

m m
­(1 2 v ) m(h )t11 t11 m(12d) f dm21¯lim p d(h ) (e ) .t tf m m f m 2

f ­e [(h ) 1 (h ) ]e r0 t t11 t11t

Clearly this expression is equal to zero whenever . Hencemd 2 1 1 0 md 2 1 1 0
is sufficient to have , which in turn implies exogenous bargaining power.fe p 0

Appendix E

Interior BGP with Exogenous Bargaining Power

¯v p v,

n
f f f m m m f mˆ ˆˆ ˆ ˆy p (p 2 fn)w h 1 p w h 2 (e 1 e ) ,

2

i i dˆ ˆ(1 1 g)h p (e ) ,

f mˆ ˆh 1 h p 2,

f 12j m 12jˆ ˆ(c ) (c ) 1
12e 12jˆ ˆV p (1 2 v) 1 v 1 bn (1 1 g) V,

1 2 j 1 2 j 2

mˆ ˆc p cy,

fˆ ˆc p (1 2 c)y,

1/jv
c p ,

1/j 1/jv 1 (1 2 v)

e 2j m m m d21ˆn p b(1 1 g) p w d(e ) ,

e 2j f f f d21ˆn p b(1 1 g) (p 2 fn)w d(e ) ,

j21v 2(1 1 g) 1
f m f fˆˆ ˆ ˆV p (e 1 e ) 1 fw h .

m j 2e [ ]ˆ(c ) (1 2 e)bn 2
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