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Abstract. This paper proposes two methods of traffic regulation of public underground 
transportation systems during transients, for example during the modification of the 
intervals between the trains. Both methods are based on optimal control theory for 
linear systems with quadratic criterion. In the first approach the system is controlled 
with respect to a new nominal time schedule to be generated accordingly to the new situation 
while the second method realizes interval control without reference to a nominal schedule. 
The properties of both methods are analyzed and simulation results are discussed and compared. 
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1. INTRODlJrTION 

An undprground public transport.ation syste'm is 
known to have an intrinsically un~lable 
behaviour. Consider, for instance', a delayed 
train arriving at a station. Because of this 
delay the time interval since the last train 
departure is increased and more passengers have 
to get on thp vehicle, with a reSUlting 
increasing delay. In order t.o restore a disturbo"d 
traffic to the nominal situat.ion control if, 
therefore necessary . For man operated systems as 
well as for fully automati sed systf'ms the cont.rol 
act .ions ('onsist of inst.ruct .ions (spc.~d during the 
stations, waiting t.ime modification) elaborat.ed 
by the centralizcd controller on the basis of t.he 
available information (i.e. the situation of the 
other trains). Several const.raints must of course 
be satisfied, such as speed limits, miminum 
waiting times at the stations or the other 
security rules. 

On the basis of a linear model int.roduced by 
Sasama and Okhawa [1], we have proposed in [2] 
and [3] a particularly attract.ive state-space 
formulation making posslble thp impleme ~ L . ~jcn of 
an optimal control minimizing a quadratic 
performance index. The properties of this policy 
as well as simul a tion rcsul Is .:an be found in 
these papers but only in steady statl! nominal 
situations, i.e. in case of constant nominal time 
intervals bctween trains, in correspondanre with 
a given nominal time sch~dule. 

On the other hand as the passengers " flow at the 
station varies significantly from one hour to t.he 
other (consider for instance the rush ·hours of 
the morning or t.he evening) the nominal time 
interval during the successive trains, and 
therefore the number of trains exploited 
simultaneously on thl' line, have to be modified 
from time to time, in order to be adapted to the 
passengers affluence at the stations: several 
transient periods have therefore to be 
considered, corresponding to these frequency 
modifications. Without control these transient.s 
lead t.o a grneralized unstable behaviour of the 
system. The purpose of the prP' 5l~nl paper is t.o 
propose two different methods for the traffic 
control during these transients. In the first one 

267 

a new nominal time schedule is generatcd, 
corresponding to the m~w frequency, and the 
system is controlled during the transient in 
order to converge t.o the new schedule. This 
control policy appears therefore as the extension 
to the transient. casc of the control proposed in 
[2] and [3] for th e r.teady -s tate situation. In 
the second method no reference at all if, made to 
a new nominal schedule and thl' system is 
control] cd in order to impo"e to th(' ti me 
intervals between successivr trains to be equal 
tn t.h e dcsired steady state value. This original 
control, based on a new state space formulation, 
realizes time interval control without. reference 
to a nominal schedule. 

In 50"(:t ion ? wc descr,; be br iefly the linear model 
of the traffic dynamics. In section 3 and 4 we 
det.ail the two state -space representations, as 
well as the corresponding control policies, for 
the two proposed methods, respectively with or 
without reference to a nominal ~,('hedule. In 
~ec tion 5 we present a case study of frequency 
modi ficiJtion dnd w,' give simulation resulls 
relatively to the proposed method s. 

~. THE MATHEMATICAL MODEL FOR TRAFFIC DYNAMICS 

We now briefly summarize the mathemat.ical model 
for traffic dynamics proposed by 5asama and 
Okhawa [1]. 
Consider I trains (upper index i = 1, . .. , I) on 
a line with K + 1 stations (lower index k ~ 0, 
...• K ). Thr dcpartul r time tlk.t of the i - th 
train from station (k+l) can be expressed as 

where 

i 
t k+1 

tik + i i i r k + s k+1 + w k (1) 

rlk i~ the running 
fr om the k-th stat.ion 
s~+t is the staying 
station (k+1) 

t.imR for i - th train 
to (k+1)th station 
time of \'.railJ i at 

and Wlk is a dist.urbance term affecting train i 
between the stations k and (k+1) 

i The running time r k can be modelled further as 
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(2 ) 

wher e R. i s the nominal running time from k to 
k+l, ilnd \11" i~ I-he portion o f the, ,"ontrol 
act jon applied to t-rdirl i, b0tw0qn s t ~ltiol1~ k and 
(kl)), in order to increase (ul.>O) or decrease 
(11 '. (0) the runni.ng time. 

The staying time 5' •• , depends on 
int0Tval between the Jrpallur~ of the 
train and the arrival of the present 
dep0l1da ncp is modelled linea rly by 

the t i me 
PH'('(:d i 'F) 

train. Thi s 

~-; k+ 1 
I J 

.. 1 kt 1 (t k'll 
I i 1) D 2 i 
ek J 1 1 k+ 1 + U k :~ k + 1 

(3 ) 

where "k., is the minimal staying time at 8 
station and \12'. i0 the portion ,-, f t h" ,"on tr ol 
action applied to the i - Ih train at station k. 
Equation (3) constitutes the basic assumption of 
this traffic dynamic model the staying time 
incrca5~s linearly with the number of passengers 
getting on th e train, and therefore to the time 
elapsed since the departure of the last train. 

In these relations, Ok' R. and the coefficients 
d ~ ;Ut' chilr;lc t e rist ic parameters of the line to 
be esti mated from statistical data (see ref.[I]). 

equation (1) ~a n b0 r~written as 

t-'k+l .c t i + Rk + c i (t
i

k+1 - t
i

-
1

) k k+l -k+l 

i i + i 
+ b k+l 0kll + w k u k (4 ) 

where u'. ~ ul'. 1 b'. u2 1 • represents the global 
control action applied to the i - tb train betw(, 0n 
its departures from stations k and (k+l). 
Equation (4) characterizes the transfer of the 
, I'll trdin from Cot.lt i on k to th e station (k-ll). 

3. TRAFFIC CONTROL WITH REFERENCE TO A NOMINAL 

SCHEDULE 

3.1. The "ti.e schedule" equation 

Accordingly to ('qllation (4) Cl n(>!n .ini'll 
,,('h"dll l e, Icpre"cnting the evo lll tiolJ (I f 
"ys t. em without di s t-urban('e" a nd cnn tr ol (i C'. 

: w. 0) Cdn b~ d~fin~j by 

T 
i T i R. i (T i r i - 1 ) 
k-t 1 k 

+ 1 (' 
1:11 kll J( k+l 

+ i 
b k+l °k+l 

time 
the 
111 k 

(5 ) 

Dri ini ng 
d('pa rtur e 
i . .. :-. 

x'. as the 
time t'. 

d (, V.lil t ion of the ~1chlfl. ] 

fr om th~ nomina l va lue T'. , 

Ti 
k. 

(6 ) 

we obtain t.he followi ng bas lC transfer Hlllatioll 

i i i i-I 
(l -c ktl) x k+l -I c k+l u k+ 1 

2. The "real time model" (RTM) 

S('v('ral state s pare rpprc sentations ~orresponding 
to ('1. (7) ca n be found in [1]. In the original 
.rcprc·s('nt;.lti')n Icff.'TrC'(1 I,') .is ih (' UReal time 
Model" in [2] and [3], th p state ve ctor, the 
co ntrol and the-> di,;lllrban(',· vc·r· t or " .-:r(' defined 
respectively as 

x. 
] 

v. 
] 

;': 1 

j - 1 

j -KI 1 
wK_ 1 

U . 
J 

j Kll 
lIK -- 1 

(Sa ) 

This definition of the state s pace ve~tor is 
based on the structure of the basic transfer 
('(Ilia tion (7) it ,'an be observed that the 
deviation X i .' 1 depends on control and 
pertllrbation terms, bill. on two deviations 

(-' • . " a!:d x .) characteriz,>d by the same value for 
t he, ~: \lm of their upper _wd lower indices. It is 
th erefore natural to dpfin e as the state vector, 
with index j, the set of the K deviations Xl. 
with i + k = j. The set of the transfer equations 
(7) fer all thr t rai ns and all the stations can 
thC'1I be rewri tten under 'J~ctorial furm 

(9 ) 

whe re A and B are two (KxK) malri~r~ 

A '- i~· · 
I 

o 

c 
1--t-2 . 

o 

B o 

o 

On the otlt<:' r hand, itS the set of t l • 

correspond i ng to the compo nents of Xl a re nearly 
::;~ ;l ; ~ ! . 'tIi '"(: II . ;/ ~. hp ind~~ x j can be interpreted as 
lh~ time index f or a disc r ete li me diff erence 
(>qilati OilS system . 

For a loop line (where the same l r .-, j ns arc 
operated) the definition s of the s tate and 
,-(Hl t IO} v('ctors I ;rs w,>ll '.1S th p dynamical 
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matri ces have to ~e adapted. Consider, for 
inst.ance, a loop line with K stations, where I 
trains (ICK) are operated. At a given station the 
sequence of trains is periodic, from circuit to 
c.ircuit 

1,2, ... ,1- 1, 1,1,2, .. . ,1-1, I, 1, 2, ... 

For train number 1, the preceding train has index 
I. To takr into account thiR periodicity we 
define an augmented state vector (dimension K) Xj 
as 

X. I , 
J x j _: k 

I: (K-I) 
x

j
_

I
_

1 components 

I 
Xj _

I 

I 
Xj~I+1 I I components 
I: 

x j ·· 1 

Th~ Aj ~nd Bj matric0s become 

A.= 
J 

and 

B. 
) 

o 
o 

0 

0 

0 

0 

o 

-

-ilK 

0 

0 

1+a t 

0 

o 
o 

0 

(1+a t ) -a1 
0 1+[" 

0 

0 

0 

1+a
k 

3.3. Traffic Regulation 

0 

0 

-a 2 

I 
I 

0 

0 

0 

K-1 

where the 10-
wer index 
(station index) 
.is defin ed mo-
dulo K. 

1+a
k

_
1 

0 

( Ab) 

o 
o 

o 
o 
o 

-a
k

_
1 

1+a
k 

The proposed control is based on linear quadrati c 
optimal control theory. The performance cri terion 
has to take into account the two regulation 
objectives regularity with re spect to the 
nominal schedul e and regularity of the time 
interval between successive trains. We select the 
following quadratic criterion penalizing the 
deviations with respect t o t he nominal schedule 
as well as the interval deviations 

J = 1 
1 , 

or, equivalently, 

1 
J 1 = L 

( 10a) 

(10b) 

where P and Q are two diagonal matrices 

p = diag (Pt' P2' ... PK) and Q = diag (q1' q2' 

... , qK) 

The optima l control for thr l i near quadratic 
problem defined by (9) a nd (10) is known to he a 
state-feedback control, which takes a 
particularly simple form, when the problem is 
restricted to a one step optimization problem 
(i.e. t.he sum in (10b) is restricted to only onc 
term) 

i 
u k (11) 

The expressions of gk+1 and f k+1 as well as a 
dis cussion of the stability properties of the 
dosed - l oop "ystems can bp f ound in [ 2] . 

4. TRAFFIC CONTROL WITHOUT REFERENCE TO A NOMINAL 

SC HEDULE 

4.1. The "interval equation" 

Con,id'cr lhe equations descri bi ng respcC'ti vel y 
t he transfer of the trains (i · 1) ~nd i from the 
k · t h station to t he (k+1)th "tation 

l1 
k+1 

I i 
k 

I Rk + c i 
k+1(t k+1 

l i - 1) 
k+1 

., bkDk t 
i 

U k 
i 

+ w k ( 12d) 

i-1 i-1 
Rk + 

i - 1 t i -2) t k+1 t k + ck+1 (tk+1 k+1 

+ bkDk+ 
i - 1 i-1 

uk 
+ w

k 
( 12b) 

Defining 6ti 
t\ 

i-1 
the time k t k , . c. 

i nterval between (i -1 ) ilnd i at stat.ion k, (1 3a) 

ou i i - i-1 ( 13b) 
k u k u k , 

and ow i i i-1 
(D c ) 

k -- w k w k , 

we obtain from (12a) and (12b) 

In t his formulati on w~ h ~ v0 neglec ted th~ 

variation of Ct , at il given station between two 
success ive trains. 
It must be noticed that the structure of C'q . (14) 
is the same as for the basic "time schedul c " 
transfer equation (7) but it has been derived 
without itny reference to a nomin.ll time schedule. 
This equa tion describes the evolution of the time 
int plvals between successive trains and will be 
~ ~ f c; r cd to a~ the 'intrrva l 0q ~ Ati on" . 

4. 2. State Space Representation 

Taki ng benefit from this similarity of structu r e , 
wc define, as f or the 'time schedule" approach a 
r ea l - time model : 

(15 ) 
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wh~rc the state vector at, the control and the 
disturbance v~c tor ~ ar c defined similarly to (8) 

A and B have the same st.ructure as thf! matricf!s A 
and B characterizing the 't.ime schedule" RT 
Model, for loop line~ as well as for open lines. 
Using (13b) the control vector can be related to 
aU

j 
by 

Uj +l L Uj + aU j (17) 

where L is a (IxI) matrix 

L = o 
o 

o 

o 
o 

o 

o 
o 

o 

Equations (15) and (17) constitute the complet e 
description of the system, without reff!T f! nCe to 
a nominal s chedu] ,.. 

4.3. Traffic Regulation 

a) As we now consider a time interval model the 
only control objective is to ensure interval 
regularity, i.e. to impose to the time interval 
to be as close as possible to the desired time 
interval, aT. We define therefore a new slate 
vector whose components arc the differ ences 
between the intervals Btl. and aT, i.e. 

Yj at j - IKaT where IK is the (KxK) unity 

matrix 

Equation (15) is then rewritten as 

Yj +l (A-IK)Y j + B aU j (IR) 

For the linear ~ystem (17) - (IB) wc introdu ce a 
quadratic performance index, as in (10) 

J 2 = ~ E [Y~+1 P Yj +l + U~+1 Q Uj +l ] 
) 

(19 ) 

h) By restri c tion to a 
problem, the optimal aU j 

one s tep optimi zation 
is linear in Yj and Uj 

aU j = K1Yj + K2 Uj ( 20) 

For open lines the eigenvalues of the c losed­
loop system are inside the unit circle, ensuring 
the convergence to the steady s tate situation 
characterized by Y = 0 and U = O. 
For loop lines, all the eigenvalues are inside 
the unit circle, except one, which is equal t.o 
one . The closed - loop system convprges therefore 
to a stable situation character i zed by steady 
st.ate Y' and U'. If aT is chosen equal to the 
natural period of the system (i.e. the period 
assuring the periodicity without control action) 
this steady state solution corresponds to 
Y' = 0 (i.e. all the intervals are equal to at ) 
and U' = 0 (i. e . the control actions are zero). 
The natural period, aT', of the loop lines with I 
trains is charact f! rized by 

K K K 
IaT' E R. + [ 0 .+ ( E c.)aT' 

j=1 ) j=1 ) j=1 ) 

5. CONTROL OF THE TRANSIENTS - CASE STUDY 

(21 ) 

In [2] and [3] simulation results relative to 
steady -state disturbed situa tions are given a nd 
the efficiency of the proposed control, 
corresponding to the "time schedule" approach is 
pointed out. In this section we are interested in 

the traffic control during transients of the 
systems, namely during frequency modifications. 

5.1. State.ent of the proble. 

We consider a luop lIne with 30 s tations . Thp 
system parameters are chosrn as follows 

, the c k are equal and constant (c k = 0.02) 

, the minimal staying time in station, 0, is 
constant and the same for eilch st.ation (D 15 
sec) 
, the standard runni.ng t i m,' s bet.ween stations ar c 
assumed to be known (of the order of 60- 100 
sec) . 

We impose several constraints : 
the security r equirement~ of a real 

implemented in the simulation program 
lights) 

line are 
(tra ffic 

the control actions 
relative variation of the 
staying times cannot 
nominal values. 

are bounded and the 
running times and the 

exceed 10% of their 

Assume that the frequency has to be modified : we 
consider a first nominal natural steady-stair 
schedule with constant t.ime intervals of 300 sec 
and we want to increase these intervals up to 400 
s ec . According to the first nominal schedule 9 
trains are op~rated on the line. In order to 
achieve the new frequency only 7 trains have to 
be operated so two trains are suppressed. This 
maneuver occurs at a given "taking-off" station. 
The choicf! of the suppressed train is arbitrary 
and has of course an influence on the system 
performance. 

5.2. Traffic regulation with reference to a 

no.inal schedule 

a) The new no.inal schedule 

A new nominal steady- state schedule corresponding 
to the modified time interval (400 sec) has first 
to be generated and the selection of the 
suppress~d t.rains to be made . Before starting the 
operations the conditions of impl ~mentation of 
thi s new schedule are de fined as follows the 
new schedule is in application for a given train 
at its first stop at the "taking off" station 
occuring after the "taking off" hour and we 
considpr, in addit i on, that for thA first train 
for which the new st eady ~ s tHt r s chedule iR in 
~ppli cation the i nitial deviati on is zero, i.e . 
this train is on s chedul e. In addition the 
s tandard staying time s (D k ) n I P modified in such 
a way that 400 sec be comes the natural period for 
the loop line with 7 trains, accordingly to 
equation (21) . 
This rule is clearly arbitrary and other nf!W 
schedule impl emen t ation poli ci es can be applied. 
In our simulations the suppressed trains are the 
6th one and the Bth one stopping at the "taking 
off" station after th p "taking off" hour. 

b) Si.ulation results 

Th r s imulati on r esults ar e summari zed, for ea ch 
case, in two diagrams giving respectively the 
dAviations of the trains at the taking off 
station, with respect to the new nominal 
schedule, and the time intervals between trains 
starting from t.hi s s tation (the new nnmina l valu e 
is 400 sec). In order to show clearlY the 
evolution from these characteristics from one 
circuit to the next one, vertical dotted lines 
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separate the different 
remaining trains. 

circuits of the 7 

Case 1 : Free system (no control) Fig . 1 and 2 
ConsIder the departures of the 7 remaining trains 
after the taking off hour . For the first five 
trains the deviations are negative with 
i ncr easing abso lute values (these trains are in 
advance with rpspec t to t he new schedule) and the 
intervals are 300 sec. For the next train, 
following the first suppressed trains, the delay 
is -200 sec, with an i nterval of 600 sec, and for 
the last train, following the second suppressed 
trains, th e deviation i s zero , with an i nterval 
of 600 sec. This situation at the first crossinc 
over the taking off station is the initial 
condition for the next ci r cui t, and it can be 
seen that without regulation the deviations as 
well as the differ~nce s of intervals increase 
from circuit to circuit. 

Several regulation policies 
corresponding t o diff erent 
weighting coefficients p and q 
performance index (10) . 
Case 2 p 0.1 and q 0.1 

Case 3 p = 0.0 and q = 1.0 

are impl emented, 
choi ces of the 
chara cterizing the 

(fig. 3 and 4) 

(fig. 5 and 6) 

In these two situations it can be seen that the 
deviations with respect to the new nominal 
schedule decrease from circuit to ci rcui t, a nd 
that the intervals conve rge to the new nominal 
value (400 sec), and at the third crossing over 
the taking-off s tation the new steady-state 
situation i~ nearly reached. By comparing the 
results of case 2 and case 3 it can be ~een that 
if only interval regularity is des ired (p = 0.0, 
i.e. no penalization of the deviations) the 
deviations converge to a constant value which is 
di ffer ent from zero . 

C.:lse 4 

The new nominal schedule is slightly different : 
we consider that the first train crossing over 
the taking off station has a delay of 400 sec 
(translation of the new nominal schedul e). The 
weighting coefficients are p = 0.1, q ~ 0.1. See 
fig. 7 and 8 . The transient is different for the 
deviation evolution but the new steady state 
situation is reached after 3 circuits, as for the 
first nominal schedule. 

5.3. Traffic regulation without reference to a 

no.inal schedule 

As seen in '>.2 t he implementation of the new 
nominal schedule is arbitrary, and the choice of 
a particular poli cy can influence the transient 
behaviour of the system. If we dvo .id the 
reference to the nominal schedule, as it is done 
in t he i nterva l equation approach, this 
difficulty does not more exist. 

We give now simulations results corres ponding to 
the implementation of t he control policy (20), 
independent of a nomina l ~chedule. The suppressed 
trains a r e the sa me 03 in 5.2 the 6th and the 
8th trains crossi ng over the taking-off station, 
after the taking-off hour. The control action is 
applied to each train from its crossing over this 
station. 

Case 5. Time interval approach - p=1.0, q=1.0. 
~ sec is the natural period of the line with 
7 trains the system converges to the stable 
situation with 6T 400 sec and steady state 
control actions equal to zero . Fig . 9 giv~s the 
evolution of the time intervals : in less than 
two circuits the new steady state ~ituation is 
reached . The transient behaviour is much better 

than for case$ 2 and 4 and comparabl e to case 3. 
In f ac t for case 3, as p = 0.0, the control tends 
to minimize the diffe rences of deviatjons between 
successive trains, i . e . 

The criterion J 1 with p=O and q=1 .0 is therefore 
equivalent to J 2 with p=1.0 a nd q=1.0. The 
advantage of the time interval approach is that 
it does not need the generation of a new steady­
stat ,> schedule . 

6. CONCr.USIONS 

1) It is shown t.hat the optimal control mf't hod 
proposed previously for the traffic regulation in 
steady-state situations can easily be extended to 
the transients, by generation of a new nominal 
time schedule. This approach is pa rticularly 
useful I when the system has to reach a new 
specified steady-state behaviour for which a 
nominal schedule can be defined . 

2) We deve loped in this paper our new approach 
f or the modelisation and the traffic regulation 
without reference to a nominal t.ime schedule. 
Thi s method is particularly us efu l I when a 
nominal schedule cannot. be generated and when 
therefore only interval r egulation is des ired . 

3) Both methods have been t.ested for a particular 
transient : the modification of the time interval 
between successive trains. Other transients can 
be regulated . Assume, for instance, that, due t.o 
a technical reason, a given station cannot be 
operated, and that the line has therefore to be 
decomposed into two sublines without connection, 
to be exploited independently . In this case a 
nominal schedule cannot be defined easily and the 
interval regulation without reference to a 
nominal schedule appears to be the bf'st 
regulation policy. 
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Figure 6. Case 3, Time Int.erval between 
successive t.ralns. 
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Figure 7. Csse 4, Deviations of the t.ralns 
at. t.he taking-off station. 
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Figure 8. Case 4, Time Int.erval between 
successive t.ralns. 
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Figure 9. Case 5, Time int.erval bet.ween 
successive t.ra lns. 


