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Abstract.

The adaptive external linearization control proposed in [2] , [3] was

designed for a rigid link manipulator and was proved to be convergent and robust
against external input disturbances. Our contributions, in the present communication,
is to analyse its robustness against "unmodelled" high frequency modes (which can

arise from flexibility, for instance).
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INTRODUCT ION

A well known approach to improve the control of
robotic manipulators is "the computed torque method"
where the control law is designed explicitely, onm
the basis of a detailed non linear dynamical model,
in order to compensate the robot non linearities
and to guarantee a desired linear closed loop
behaviour. (sec. e.g.[1]).

However, this method requires an accurate knowledge
of the physical parameters of the manipulators and
instability of the control algorithm can occur in
case of uncertainty of the parameters.

A possible way to handle with parameter uncertainty

is to implement an adaptive control law as follows:

- to adopt a suitable parametrization of the robot
model

- to perform on line estimation of the parameters
(to cope with parameter uncertainty)

- to apply the computed torque control law with
the parameters substituted by their on line
estimates.

We have proposed an "adaptive computed torque"
control law of this kind in a previous paper (see
[2] and [ 3]). Another exemple can be found in [4].

The algorithm proposed in [ 2], [3] was designed for
a rigid-link manipulator and was proved to be
convergent and robust against external input
disturbances.

Our contribution, in the present communication, is
to analyse its robustness against "unmodeled" high
frequency modes (which can arise from flexibility,
for instance).

THE DYNAMICAL MODEL

The general dynamical behaviour of a (n-degrees-of-
freedom) manipulator, with n fast "parasitic"
stable modes (one for each arm) is described as
follows, using the Lagranpian formalism.

269

M(q,p)d + £(q,q4,p) = v (§D]

uzclﬁ + uCEG +v=u (2)
where q is the n-vector of generalised coordinates
p is the N-vector of pseudo physical para-
meters (that will be defined hereafter)
M(q,p) is the (nxn) inertia matrix
f(q,4,p) is the n-vector which accounts for
coriolis and centripetal accelerations,
torques generated by gravity, springs and
(viscous or coulomb) friction
u is the n-vector of torques developped by
the actuators
v is the n-vector of the torques which are
actually applied to the robot arms.
u is a small positive scalar
CI and C., are diagonal nxn matrices describing
tﬁe dynamics of each stable parasitic mode.

The high-frequency modes are modelled by equation
(2) which can be interpreted as a flexible trans-
mission between the developped and the applied
torques, whose eigenfrequencies are of the order
of 1 .

H

The limit as u * O clearly corresponds to the
special case of a completely rigid-link manipulator,
described by the following equation :

M(q,p)d + f(q,q4,p) = u (3)

In [ 2],[ 3] we proposed an adaptive control algorithm
designed for the rigid-link model (3) which was
proved to be globally stable in case of external
input disturbances.

Our purpose, in this paper, is to analyse the sta-
bility of that algorithm when it is applied to the
actual flexible-link manipulator (1)-(2).

THE PARAMETRIZATION

It can be easily shown that the inertia matrix
M(q,p) and the torque vector f(q,q,p) are linear
with respect of a suitable set of "pseudo-physical”
parameters p. (i=l,...,N) which are, in turn, non
linear functions of the physical robot parameters
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(like mass, inertia moment, center of mass, friction
coefficients, etc...). Several examples of such
parametrizations can be found in [2] [3] [4].

This means that M(q,p) and f(q,q,p) may be written
in the following form :

N
M(q,p) = M (@) + £ p.M (q) (4a)
i=1
N
f(q,q,p) = fo(q,ﬁ) + Z pifi(q,d} (4b)
i=1

where M. (q) and f.(q,q) are known functions of g
and § while the pis are unknown but constant
coefficients.

We assume however, in accordance with the usual
reality, that the physical bounds on the parameters
p; are known by the user :

ng =p. Sp

imin i imax

with p.

imax P " % (3)

imin i

In addition, we shall restrict ourselves to robots
with revolute joints for which the matrix M(q,p)
is bounded for any q .

THE ADAPTIVE CONTROL LAW

Suppose that the control purpose is to track a
"desired" linear dynamical behaviour described by

a reference model which relates a reference input r
to the desired generalised coordinates qq as
follows :

g _
g qud qud r (6)
where Kv and Kp are design parameters at the user's

disposal, but chosen such that the following matrix

élis strictly stable :

A, =1{9 IH] (7

Our adaptive control law is then obtained by using
a standard "computed torque" control law, based

on the rigid-link model (3), but with the parameters
p; substituted by their on line estimates :

u(q,q,p) = f(q,q,p) + M(q,p) [ﬁd+Kp(qd-q)
+ K (44-0)] (8)

The on line parameter estimation is carried out
as follows :

2 T -
i =05 95 [P(a mq) + P,y (q,-9)]

Py = o if Pi® Pimax and p = o (9)
or if P; = Pimin and p = o
éi = p; otherwise

Where the regressor L is the solution of the
linear system

M(t:],p)na‘1 = [Hi(q)& + fi(q.ﬁ)l (10}

The coefficients a, are design parameters and

the (nxn) matrices P, and P, are solution of the

1
following Lyapunov equations :

K P + PIKP = Ql (1la)

pl

KP. +PK =0, +P
v

2 . 2 1 (11b)

with Ql,Qz arbitrary constant symmetric definite

positive matrices.

THEORETICAL PROPERTIES FOR A RIGID-LINK MANIPULATOR

The adaptive control law (8), (9), (10), (11), when
it is applied to a rigid-link manipulator, can be
shown to be globally stable and to ensure the
convergence of the tracking errors to zero, i.e.

lim (q—qd) =g line (ﬁ-ﬁd) =0 (12)

£+ £t +™

Furthermore, the same control law remain globally
stable in case of external non measured bounded
disturbances. These properties are demonstrated
in [3].

ROBUSTNESS ANALYSIS FOR A FLEXIBLE-LINK MANIPUlATOR

We now investigate the stability properties of the
proposed adaptive control algorithm, when applied
to flexible link manipulators, as modelled in (1)-
(2), with u>o0

We first introduce some useful notations :

X = qud-q] and z =|v
|n nI -
lqd'qj U
and the N-vector of the parameter estimation errors
p as
P,7B,
P .
PNPy
With u given by (8), equations (1) and (2) are

rewritten as follows :

k= A%+ 05+ A,z + Bula,d,p) (13a)

uz = Az + Bzu(q,q,p} (13b)

where =x AI

- AIZ =0 O|,B, =| O

L=l
-M(q,p) O

is defined in (7)

depend on gq and P
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x & is a 2nxN matrix of the form

The state z 1is formed by a "transient" term and
a quasi steady-state term z defined as the solution
of (13b) with ¢ =0, i.e.

= -1 .

z = -A, B,u(q,4,p) (l4a)
We therefore define the "transient" y as

i z+A;]EZu(q,c'1,ﬁ) (14b)

On the other hand we define the n-vector £ as
. -1
£ =% UAIZAI y (14c)

With the transformations (14), the following
expressions derive from (13) :

£ = A+ O+ ug (15a)

uy = Ayy + ugy (15b)

; =1 =12 o
where g, = (AA|,A, -A LA, )y - A, (A, )7B,0(q,q,p)
(16a)
=1, . P
g, = A, B,0(q,q,P) (16b)

Now it can be easily shown that the adaptation law
(9) can be written in the following form :

p = soTpe - use»Tmlza;ly an

where 5 = diag [n?

P is the solution of the Lyapunov equation :

_Q O
AP+ PA| - ' QZJ= -q (18)
0 -

P can also be written :

0 1
By Py
with PI, P2 defined in (11) and P0 given by
P0 = P]KV + KVPI + PZKp + KPP2
We define a Lyapunov function V(Z,y,p)
i I =T 1 T I 2Tl
V(E,y,P) = 2 £ PE + 7 My P3Y + il p's p (19)

where P is the solution of the Lyapunov equation
T
+ = =
A Ryl R oy

with QS arbitrary symmetric definite positive

matrix. The time derivatives of V along
the trajectories of(15)with the adaptation law (9)-
(17) satisfies

1T 1 T T
VS-3E8Q -3yQqy+unh (20)
with n = [ﬁ]
y
and h = PfI
P.f, + A_'P_oSp
32 2 73

As shown in [ 3] the strict inequality in (20)
corresponds to the case where at least one of

the éi is set equal to zero, accordingly to (9).

The robustness result is based on the following
technical lemma :

Lemma :
Consider a n order differential equation :

X = f(x,t} 21

and a definite positive function V(x), with
V(o) = 0. i
Assume there exist two bounded domains in R,
DI and D2

- containing the origin
= DF D2
-v<0 on D2\DI

Let V, be the maximum of V on the boundary of D

and V2 the minimum of V on the boundary of D2

If Vl =V

1

2 »
there exist 2 bounded domains BI and B,

B { x such that V(x) = v }

1

B, = { x such that V(x) = v, }
such that all the trajectories of (21) with initial
conditions in B, enters B, in a finite time to,

and do not leave” B, for t 2 ty e

Proof :

As D\ B, and BéﬁDz, V is strictly negative on
Bz\B] . The proof follows immediately.

Our robustness result can now be expressed as :
Theorem :
Under the assumptions

Hy | hl is bounded uniformly in § and t by

|nl< K +K [ nf

9 2
H ﬁ] | lzka
LT e e e
i=1 a? 2
where 1, is the smallest eigen value of Py
13 is the smallest eigen value of Q

and Q3
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There exist twoe bounded domains B, and B, the result follows immediately by application
f the lemma, the boundedness in (£,y) implies
B u. >0 h that for u<u < » : o T
(B 2)' and ‘0 B k 0 the local aymptotic boundedness in % and z.
the trajectories of (15) with Lnltlal conditions Remarks
in B, enter B, in a finite time and do not
o : o I. From the form of £ and 1,5) :
leave B for t ot . . From t e form of ,and u(g,q,p) (presence of
1 0 quadratic terms in ¢ introduced by the centri-
petal and Coriolis accelerations) it can be
Proof : verified that H, is satisfied for revolute joint
e | nl manipulators if =t (or equivalently'q; ) is
a; From H, , U=<0 for u<-—_-— =o (n]) uniformly bounded, which is a rather realistic
1 2 R+ | 3 :
1 requirement.

the function | nl resents a maximum equal to F 2
o ( )P um eq 2. For given §, , the a., can always be chosen

Ky /2 to satisfy Great values of af guarantee
A (557—) therefore the %ocal asymptotic boundédness but
I 32K K 1/2 = y i
grmsm s P s i [l (__L_) can be lead to unacceptable transient behaviour.
2 K, 3/2 2K,
Ky K, ()
2 CONCLUSTON

For every u = ¢ there exist therefore 2

This communication presents a robustness analysis
of the proposed adaptive algorithm ([2],B ]) in
presence of unmodelled high-frequency parasitic

values of n, n and My s characterized by

AN R
i 1 3“1(U) i=1.2 modes. It has been shown that local asymptotic
2 K 4K na(u) ? boundedness of the error system is ensured under
1 7274 restrictions on the parasitic modes and the assump-—

tion of boundedness of the time derivative of the

and such that
reference input.

K
1. 1/2 ‘
ﬂl(h) = (EE;_ = nz(u)
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where A is the largest eigen value of P.

Defining 4 bounded domains

=
[}

L= UGy Ll <) gyl < 5 )

1

Dy = Leuysd) | Il <n(u) , Ip,] < 8, )

-]
I

& & % 1 2 1
1 {(C-)",P) I V(E-}'lp) gf"]”l(u) +* ir 7
and |[§i| = 55_ }

By = (6,0 | V(&,y,B) < hnic)

and |§i| <6}



