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ABSTRACT Fairly simple " ad hoc " adaptive estimation and control 
algorithms for bioreactors can be shown to be stable. We illustate our 
approach with four different examples of adaptive observers and 
adaptive regulators . For three of them a stability or convergence 
proof is given. The effectiveness of these algorithms is ~llustrated 

by simulation results . 

1. INTROOUCTION 

The aim of thi s paper i s to present 
stable adaptive algorithms f o r parameter 
estimation ,s tate estimation and regula
tion of fermentation processes . 

We consider fermentat~on plants described 
by the following 2nd order s tate - sp a ce 
model 

d X 
at 
dS 
at 

/l(t)Xlt)-O(t)Xlt) I 1. a ) 

where X, S , S in represent the biomass 
concentration, the limiting substrate 
concentration and the inlet substrate 
concentration respectively . The parameter 
~ represent the yield coefficient and the 
parameter /lIt) the specific growthrate. 
The dilution rate is Olt) 1>0) . 

It is well known that model 11 , a-b) i s 
valid for continous stirred tank IC S T) 
bioreactors Iwith a constant volume of 
culture) and for stirred tank fed batch 
bioreactors as well . In this later case , 
the volume of culture Vlt) is variable 
and described by 

dV 
dt 

FIt) = O(t)Vlt) 

with F(t) the input flow rate . 

Throughout the paper , the specific growth 
rate /lIt) is assumed to be a completely 
unknown time varying parameter , in line 
with a number of recent works on estima
tion and control of fermentation 
processes IHolmberg and Ranta, 1982; 
Oekkers , 1983 ; Holmberg, 1983 ; Stephano
poulos and San, 1983 ; Nihtila et al . , 
1984; Oochain and Bastin, 1984 ; Stephano
poulos and San, 1984; Bastin and Oochain, 
1985) . 

In case of aerobic fermentation proces
ses, an additional equation is needed to 
describe the dynamics of the dissolved 
oxygen lOO) concentration (e . g . Olsson 

:1 7 

and Hansson , 1976) 

d C 

dt 

where C represents the DO concentration, 
Co the s aturation DO con c entration , WIt) 
the air flow rate and k2 ' k3 ' k .. are 
co nstant s. 

Ob v iously Ex t e nded Kalman Filter algori
thms c an be used for adaptive parameter 
e s t~mation and state estimation of non 
stationary and n o n linear s ystems like 
11,a-b) , (2) , ( 3) le . g. Stephanopoulos 
and San, 1984 ; Nihtila et al . , 1984) but 
their stability is not easy to analyze . 

In th~ s paper . we show that fairly simple 
" ad hoc " adaptive e s timation land control 
a s we ll) algorithms can be shown bo be 
stable . We illustrate our approach with 
f o ur different e x amples of adaptive 
observers and regulator s lone of them 
being specific to aerobic pr oc esses) . 

In se c tion 2 , we describe two adaptive 
ob s ervers 

1) on line estimation of /lIt) and SIt) 
from noisy measurements of X lt) 

2) aerobic processes on line estimation 
of /lIt) Xlt), S it) from measurements of 
Cl t) . 

In section 3 , we describe two adaptive 
regulators 

1) Adaptive regulation of unstable ana
erobic digestion processes 

2) Adaptive regulation of substrate con
centration in fed batch processes with a 
liquid product 

The stability and/or convergence of three 
of these algorithms are analyzed under 
the following set of Imild and realistic) 
assumptions 

A1 . 1 The specific growth rate is positive 
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and bounded Ithe maximum growth rate 
JJ.* is unknown) 

14 ) 

Al.2 The inputs Dlt). Sinlt). 
the state var1ables Xlt) 

Wit) and 
Sit). Cl t ) 

are pos1tive lin accordance w1th the 
physical sltuation) 

Al . 3 The inlet substrate concentration 
Sinlt) 1S bounded 

DC; Sinlt) C; Smx 

Al.4 "It)=O when Slt)=O or Clt)=O 16) 

15) 

Al.5 The init1al conditions fulfill the 
following inequal1ties 

17 ) 

Al . 6 The time der1vat1ve of "It) is 

Then the following adaptive observer can 
be used 

A. 
dX 
at 

- to est1mate on llne the specific 
growth rate "It) 

- to estimate on line the substrate 
concentrat10n Sit): 

d~ 
at 111. b) 

A 
dS 
dt 

k 1 > 0 

Convergence analys1s ------------------------

A 
Dlt)[Sinlt)- S lt)) 

111 . c) 

Oef1n1ng the estimat10n err o rs: 

ex 
es 

..-
Xltl-Xlt) 
Sltl-Slt) 

we have the followlng convergence re
sults: 

(12) 

bounded Assumptions 82.1 

17 ) 

Then. we have the follow1ng preliminary 
result I Goodwin et al., 1983; Oochain and 
Bastin, 1984) 

Lemma Under assumptions Al 
the state variables Xlt), Sit) 
bounded for all t 

1 to Al. 5 , 
Clt) are 

o C; Sit) C; Smx 

(9) 

It must be emphasized that, from lemma 1, 
the states of the process are bounded 
without imposing any upper 
inputs Olt) and Wit). 

bound on the 

For the readibility of the paper, the 
theoretical proofs are relegated 1n 
Appendix. 

2. ADAPTIVE OBSERVERS 

2 . 1 . Example On line estimation of 

"It) and Sit) from noisy measure

me n t s 0 f X It) . 

Statement of the algor1thm 

Consider a bioractor described by equa
tions 11.a-b). 

Assume that 

- the inputs Olt) and Sinlt) are known. 

- the yield coefficient k, is known 

- a noisy measurement Xm of the biomass 
concentration X is available 

Xm 1 t) = XI t) + Elt) 110) 

with E the measurement noise . 

a) Xmlt) 15 str1ctly positlve 

b) 

Xmltl ;> .,,;> 0 

The mea s urement n01se 1S bounded 

d) the dilut10n rate is bounded: 

o C; Olt) C; Om 

Theorem 2.1. 

I 13) 

Under assumptions Al toAl .6 and B2.1 

al llm I ex I C; I~ + .8 2 )H 2 + ~H 116 ) 
k 1 k 1 

t~= 1 

b) llm le"1 C; 1.8 .. k , + .8 5 )H 2 + ~H G 
k 1 

t~= 1 I 17 ) 

c) llm le 5 I C; .8 7 G I 18) 
t~= 

with .8 i I i = 1 , 7 ) poslt1ve constants inde-
pendent of H 1 ' H2 ' k 1 . 

Comment 

From expreS Slons (16) and (17), it fol
lows clearly that there exists an opt1mal 
value of the deslgn parameter k

" 
m1n1ml

zing the asymptotic upper bounds on le"1 
and lesl: 

Simulat~on results. 

A simulation experiment has been perfor
med for an anaerobic digestion process 
with a Honod specific growth rate and 
with a square wave lnput Sinlt). Fig.l 
illustrates the effectiveness of the 
method. 
An application of this algorithm to real 
life data can be found in Bastln and 
Oochain (1985). 
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ri~,,:. I . Es t iPl.1 ti on of i . .... .' i th no i sy r.1f'as ur e ments 
of X(t ). 

2.2, Example 2 (Aerobic processes) On 

1 i nee s t i m a t ion 0 f !L ( t ) .c,_X--,(_t_) -,-_S_(_t_) 

from measurements of ((t). 

Statement of the algorithm . 

(ons1der a (ST aerobic bioreactor descri
bed by equations (l.a-b) and (2) . 

Assume that 
- the 1nputs Sin(t), WIt) and D(t) are 

known 
- the parameters k i (i= 1,4) and the 

saturation DO Co are known 
- the DO concentration ((t) is availa

ble from measurement. 

Then, the following adaptive observer can 
be used 

... 
d( 

dt 

" dX 
dt 

" dp 
err 

" dS 
err 

- to estimate on line the spec1fic 
growth rate !L(t) 

- the state var1ables X(t) and SIt) : 

" - k .. X(t) 

... ... 
pIt) o ( t) X ( t) 

" ~3(C(t)-C(t)] 

... " p(t)/X(t) 

D ( t ) ( ( t) - k 31> ( t ) 

( 19 . a ) 

" k 2 (((t)-C(t)] 
( 19 . b) 

( 19. c) 

( 19. d) 

( 19 . e) 

Clearly, the parameter pIt) is an on line 
estimate of the "biological activity" 
pIt) = !L(t)X(t) . 

Stab1lity analysis, 

We define the following estimation 
errors : 

ex 
,.. 

X(t)-X(t) ep p ( t ) -~ ( t ) 

ec 
.. 

C(t)-C(t) " S(t)-S(t) es 

Assumptions 82.2 

a) D(t) is strictly pos1t1ve 

o ( t) .. T/ > 0 for all t 

Theorem 2.2 

( 20) 

Under assumpt10ns Al . 1 to Al.6 and 82.2, 
there eX1sts a pos1t1ve fin1te constant ~ 
such that the estimation errors ex, ep, 

ec and es are all bounded by ~H3' 

3. ADAPTIVE REGULATORS. 

3 . 1 . Adapt1ve regulation of unstable 

anaerobic dlgestion processes . 

Statement of the algorithm. 

We cons1der a CST anaerob1c d1gestion 
process where the methanization step is 
rate limiting . The bacter1al growth is 
assumed to be described by (1. a-b) while 
the methane gas production rate 1S ex
pressed as follows: 

( 27) 

It is a well known fact that this process 
ca be unstable. due to inhibitory effects 
at high substrate concentrations (e . g . 
Antunes and Install€!, 1981). We consider 
the problem of regulating the reactor 
when it 1S used for waste water treat
ment. The control Ob]ect1ve 1S to regu
late the output pollution concentration 
SIt) at a prescribed level S', desp1te 
the fluctuations of the input pollution 
level Sin(t), by using the dilut10n rate 
D(t) as control input . 

From equat10ns (l,a-b) and (27), we have: 

dS 
dt 

w1th 

- KO (t) 

K ~ 
ks 

+ D(t)(Sin(t)-S(t)] ( 28) 

( 29 ) 

Equation (28) can be v1ewed as a 1st 
order dynam1c model of the system w1th a 
bounded time varying parameter O(t) (the 
boundedness of O(t) results from assump
tion Al. 1 and Lemma 1). This equation is 
the basis for the derivation of the 
control algorithm. 

Assuming that 

Sin(t), SIt) 
line 

O(t) are measured on 

- the parameter K is a priori unknown; 
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Then, the following self-tuning algorithm 
can be used to regulate Sit) at the level 
So : 

Let 
~ 

C)lt)[S*-Slt)) + KltlOlt) 
DOl t) 

Sinlt) Sit) 129. a ) 

with Cllt) a strictly positive function 
ICllt»O) and Kit) an adaptive estimate 
of K. 
The control 1nput Dlt) and the parameter 
estimate Kit) are calculated as follows: 

D It) DOl t ) 1f 0 .; DOlt) .; Om 

1 
D It) 0 if DOlt) .; 0 129 . b) 

01 t ) Om if DOlt) ~ Om 

~ 

K I 0 ) 0 

{ 
dK 

C
2
Oltl[S*-Slt)) 129. c) 

dt 
except" if Klt)=O and Slt»S* 

dK ... 
then dt = 0 Ito en~ure Klt)~O vt) 

If we define 

es=S*-Slt) and ek = K - Kit) 

the closed-loop system (28) 129) can be 
written, when Dlt) D'lt) 

d 

dt [ :: 1 = [ 

01 t) 

o 1 [ :: 1 
130 ) 

1.e; as a linear time varying un forced 
system, with a bounded coefficient ma
trix. 

Convergence analysis. 

Assumptions B3.1. 

a) The input pollution level is bouded as 
follows 

b) S * < Srnn 

IJ.*S 
"---lIU<. 
S -So rnn 

Theorem 3.1. 

Under assumptions AI . 1 to Al . 5 and 63.1, 

a) all the closed-loop system variables 
are bounded ; 

b) 11m Sit) = S * 
t~~ 

c) 

d) 

e) 

,. 
lim Kit) K 
t~~ 

there exists tl such that olt) 
for all t ~ t l ; 

if Cl't) = aOlt) 1«>0), then the 
sed oop system is exponentially 
ble . 

Comments. 

DO It) 

clo
sta-

1) This theorem is based on the assump
tion that the methane flow rate Olt) is 
strictly positive for all t. Within the 

context of our previous assumptions , it 
is not possible to prove that Olt) > 0 
since Olt) depends on IJ.lt) and since we 
do not specify IJ.lt). However for simple 
models of IJ.lt), it is fairly easy to show 
that Olt) is effectively> 0 for all t. 

2) It is worth noting that the regulator 
achieves a zero steady-state error even 
with a varying input disturbance Sinlt), 
s1nce the algorithm includes a feedfor
ward action Isee the simulations in the 
next section). 

Simulation results . 

A simulat10n experiment has been perfor
med for an unstable biomethanizat10n 
plant with a Haldane specific growth rate 
Ifig . 2). A pulse of toxic substance is 
introduced after 1 day . Fig 2 . shows 
clearly the stabilization of the plant by 
the adaptive controller Iwhile 1n open 
loop it is led to wash-out) . 
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Fi g. 2. Adap ti ve control of an uns t able 
anaerobic dip,estion process . 

3 . 2 . Adaptive regulation of substrate 

concentrat10n in a fed batch reactor 

with a liquid product . 

Statement of the algorithm. 

We consider a fed batch bioreactor des
cribed by equations 11 ,a-b) and (2), with 
a reaction product, in liquid phase, 
whose production dynamics is described by 
the following equation : 

dP 
dt 

-yISlt))Xlt) - olt)Plt) 131 ) 

where Pit) is the concentration of the 
reaction product. The specific production 
rate -yISlt)) is assumed to be a non 
linear function of Sit), inhibited at 
high concentrations : 
taken from Takamatsu 
shown in fig.l . 

a typical example, 
et al. (1974), is 

Our conjecture is then that adaptive 
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Then, the following self-tuning algorithm 
can be used to regulate Sit) at the level 
So : 

Let 
~ 

C)lt)[S*-Slt)) + KltlOlt) 
DOl t) 

Sinlt) Sit) 129. a ) 

with Cllt) a strictly positive function 
ICllt»O) and Kit) an adaptive estimate 
of K. 
The control 1nput Dlt) and the parameter 
estimate Kit) are calculated as follows: 

D It) DOl t ) 1f 0 .; DOlt) .; Om 

1 
D It) 0 if DOlt) .; 0 129 . b) 

01 t ) Om if DOlt) ~ Om 

~ 

K I 0 ) 0 

{ 
dK 

C
2
Oltl[S*-Slt)) 129. c) 

dt 
except" if Klt)=O and Slt»S* 

dK ... 
then dt = 0 Ito en~ure Klt)~O vt) 

If we define 

es=S*-Slt) and ek = K - Kit) 

the closed-loop system (28) 129) can be 
written, when Dlt) D'lt) 

d 

dt [ :: 1 = [ 

01 t) 

o 1 [ :: 1 
130 ) 

1.e; as a linear time varying un forced 
system, with a bounded coefficient ma
trix. 

Convergence analysis. 

Assumptions B3.1. 

a) The input pollution level is bouded as 
follows 

b) S * < Srnn 

IJ.*S 
"---lIU<. 
S -So rnn 

Theorem 3.1. 

Under assumptions AI . 1 to Al . 5 and 63.1, 

a) all the closed-loop system variables 
are bounded ; 

b) 11m Sit) = S * 
t~~ 

c) 

d) 

e) 

,. 
lim Kit) K 
t~~ 

there exists tl such that olt) 
for all t ~ t l ; 

if Cl't) = aOlt) 1«>0), then the 
sed oop system is exponentially 
ble . 

Comments. 

DO It) 

clo
sta-

1) This theorem is based on the assump
tion that the methane flow rate Olt) is 
strictly positive for all t. Within the 

context of our previous assumptions , it 
is not possible to prove that Olt) > 0 
since Olt) depends on IJ.lt) and since we 
do not specify IJ.lt). However for simple 
models of IJ.lt), it is fairly easy to show 
that Olt) is effectively> 0 for all t. 

2) It is worth noting that the regulator 
achieves a zero steady-state error even 
with a varying input disturbance Sinlt), 
s1nce the algorithm includes a feedfor
ward action Isee the simulations in the 
next section). 

Simulation results . 
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plant with a Haldane specific growth rate 
Ifig . 2). A pulse of toxic substance is 
introduced after 1 day . Fig 2 . shows 
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the adaptive controller Iwhile 1n open 
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Fi g. 2. Adap ti ve control of an uns t able 
anaerobic dip,estion process . 

3 . 2 . Adaptive regulation of substrate 

concentrat10n in a fed batch reactor 

with a liquid product . 

Statement of the algorithm. 

We consider a fed batch bioreactor des
cribed by equations 11 ,a-b) and (2), with 
a reaction product, in liquid phase, 
whose production dynamics is described by 
the following equation : 
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dt 

-yISlt))Xlt) - olt)Plt) 131 ) 

where Pit) is the concentration of the 
reaction product. The specific production 
rate -yISlt)) is assumed to be a non 
linear function of Sit), inhibited at 
high concentrations : 
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shown in fig.l . 

a typical example, 
et al. (1974), is 

Our conjecture is then that adaptive 
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regulation of Sltl at values correspon
ding to a maximum production rate should 
contribute to a maximization of the yield 
of the reactor Iwithout any modelling of 
~Itl or ~ISltl I being necessary, unlike 
earlier optimal control studies, e . g . 
Oh no et al., 19751 

In accordance with assumption Al . 4, we 
define the specific growth rate as 
follows : 

~Itl = pltlSltl 

Then, equation 11 . b I is rewritten : 

dS 
<IT - pltlSltl + Dltl[Sinltl-Sltl] 

with pltl 

132 I 

133 I 

134 I 

This equation is the basis for the deri
vation of the regulation algorithm . 

Assuml.ng that 

- the flow rate i s constant : Fltl = Fo 
luntil the tank is full , of coursel ; 

- the inlet substrate concentration 
Sinltl is the control input; 

- the concentration Sit I is measured on 
line . 

Then the f o llowing adaptive algorithm can 
be used to regulate Sltl at a reference 
level S * 

* ~ S Itl= - ( C ,[ S - S ltl]+[Do+pltl]Sltl) 
l.n Do 

C,> 0 

where pltl is an on line estimate of pltl 
updated as follows 

dp 
dt = CzSltl[S* -S ltl] 

except if pltl=O and Sltl >S*, 

then dp = 0 Ito ensure pltl>O ytl. 
dt 

S imulation results. 

On fig.4, we compare closed loop and open 
loop performance of a fed batch process 
with a Monod specific growth rate and the 
spe c ific produ c tion rate of fig . 3 . In 
both cases the reactor is fed with the 
same amount of substrate. In open loop , a 
constant input S inltl is used , while in 
closed loop the input S inltl is computed 
by the control algorithm. Fig . 4 show that 
the closed loop operation increases the 
final product concentration by nearly 
407.. 
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Fig . 4 . Adaptive control of a f ed- batch 
process. 

APPENDIX. 

PROOF OF THEOREM 2.1 . 

step 1: Defining et = lex , e~lt the following error 
system" derives from 111 . a-bl : 

de 
X.ltlAeltl + Bltlultl I A 1 I 

dt 

with A = [ -k , ] IA2 I 
-k 2 

Bit I 

[ 
DI t I - ~ I t I - k 1 X .. I t I 

IA31 
-k2X .. ltl 

ultl 

[ 
Elt I 

I d~ 
I A4 I 

dt 

step 2 : The matrix A is stable Isince k
"

k 2 are >01 
and we denote its eigenvalues by -P" -P 2 1<01. 

step 3: The solution of system IA11 ca be written 

eltl 

t 

exp[X.ltlAt] + I PR-lltlRlslP-1Blslulslds 
o IA5 I 

with P = matrix of eigenvectors of A and 

RI t) 

with Cltl 

diag ( exp[p,Cltl] , exp[p 2Cltl] 

f! X.I rl dr 
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step 4 : exp(Xmlt)Atl tends exponentially to 2ero , 
by assumption 82 . I and step 2. 

step 5: 8y calculating the last term of IAS), one 
obtains 

t 

11m ex : lim J 
t~GO t ... CII:t 

[

1-", 
( -",--2 , 1 s) 1 +'" ] '" 2 21s) (Ols)-)<Is) 

o 

- ~ 1 X .. Is) lE Is) + (2 2 Is) - 2 1 Is) ]( - ~ 2 X .. Is) EIs) + dd)<S 1 } d S 
~,'" 

lAB) 

+ [1 :,'" 1-"'] d)< ~ 2 , ls) - '" 2 2 1s) [-~2Xmls)Els) + as]}dS I A9) 

wit h '" : v.,.-:(i 

2ilt) : expl-Pi,lt)) I i: 1 ,2) 

step 6: then by comput1ng the asymptotic bounds of 
lAB) and IA9) one obtains: 

Dra c; .u*·~lHo Om > ttl'+).,lH
O 

Il, 4)<*111'" Il, 40 m11l'" 

112 6M011l'" 112 2M 011l'" 

11) BllIa", p) BllIa", 

11. I 4-a)M OI1l'" 11. 12 - a)M o I1l'" 

115 2)<*111'" Ps 2M o11l'" 

110 4 I 2-a lilla", Po 412 - a)/lIa", 

Then the asymptotic upper bound on es 
follows immediately with P7 : 0m/k,n . 

'<7"1''1 

PROOF OF THEOREM 2 . 2. 

step 1: Defining et: lec,ex,ep)t the following 
"error system" derives from equations 119.a-c): 

de 
dt 

with 

Alt)elt) + SuIt) 

A I t) 

u I t) dpldt 

step 2 : Let the following Quadratic function 

This function is positive definite, since by as
sumption 82,2 we have: 

Now :~ 

which is negative definite , by assumption 82 . 2. 
de . 

Hence the free system dt:Alt)elt) 1S exponentially 
stable. 

step 3 : Then lt is a standard result of stability 
theory I Willems , 1970, theorem 3.1) tha t there 
eX1sts a positive constant P such that: 

and the boundedness of es follows readily. 

PROOF OF THEOREM 3.1 . 

a) trivial from lemma 1 and by the definltion of 
the control algorithm . 

b) see Oochain and 8astin, 19B4b. 

c ) and d) Since SIt) is cont1nuous and derivable, 
we have from b) : 

dS KQlt) 
0 and l1m 01 t) lim llm at S:-~ 

t~~ t~~ t~~ 1n 

KE KQlt) KQ 
Om Now 0< s-.:5* 

C; C; --""'-- < 
Sinlt) - S* S -S* mx .an 

Hence l1m 01 t) lim DOlt) l1m 
Klt)Qlt) 

t~~ t~~ t ~~ 
Sin 1tl - s* 

and c) and d) follows readily . 

e) for t ) t
" 

the closed loop system is equivalent 
to th system (30) . We prove that th1S system is 
exponentially stable when C, lt) : aQlt) and a > 
C2 > 1 : let the following positive definite 
function 

Vles,ek) a 
les 2 +ek2) - esek rrc;:-rr 

then 

dV 
dt 

a 2 
- Qlt) (1(:1 - C2 )es 2 + ek 2 l 

2 

1S clearly, a negative definite function and the 
system (30) is exponentially stable for t ) t , . 
And, from a) , the closed loop system is exponen
tially stable for all t ) o. 
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