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1. Introduction

We are concerned with hyperbolic systems of two linear
conservation laws over a finite interval in one spatial dimension
of the general form:

atH + BXQ == 07
0rQ + AA20H + (A1 — 22)0,Q = 0,

where t € [0, +00), x € [0, L], A; and A, are two real positive
constants. In these equations H(t, x) is the density and Q (t, x) is
the flow density of some extensive quantity of interest. Therefore,
this system is called a “density-flow” system.

The model (1) may be used to represent many physical systems.
A very simple and relevant engineering example is given by distri-
bution networks of liquid fluids which are made of pipes intercon-
nected by pumps as shown in Fig. 1. Under the assumptions that
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o the flow is normal to the cross section,

e the pressure and the fluid velocity are uniform in a cross-
section,

e the sound velocity in the fluid is much larger than the flow
velocity,

o the friction is negligible,

the dynamics of the fluid in a pipe of the network are described by
the following hyperbolic system:

oH+0,Q =0,
8:Q +c*3,H =0,

where H is the piezometric head and Q is the flow rate, while
A1 = Ay = c is the sound velocity. A detailed justification of this
model is nicely presented by Nicolet in his Ph.D. thesis (see Chapter
2 of Nicolet, 2007). In such networks, it may be relevant to provide
the system with feedback controllers that regulate the piezomet-
ric head at certain places in order, for instance, to prevent water
hammer phenomena.

The system (1) may also be used as a valid approximate lin-
earized model for many other engineering applications where dis-
sipation is neglected, such as for example gas pipelines where H is
the gas density and Q is the gas flow rate (see e.g. Banda, Herty, &
Klar, 2006), open channels where H is the water depth and Q is the
water flow rate (see e.g. Bastin, Coron, & d’Andréa-Novel, 2009) or
electrical transmission lines where H is the charge density and Q
is the current density.
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Fig. 1. A density-flow system.

In this paper, we are concerned with the solutions of the Cauchy
problem for the system (1) under an initial condition:

H(0,%),Q(0,x), x¢€][0,L],
and two boundary conditions of the form:

Q, 00 =Q(), QL =0Q®), tel0,+00). (2)
Since any pair of constant states H*, Q* can be a steady-state, it is
clear that the system has a continuum of non-isolated equilibria
which are not asymptotically stable.

It is therefore relevant to study the boundary feedback stabi-
lization of the control system (1)—(2). Our main concern in this pa-
per is to give explicit stabilizability conditions in the particular case
where Proportional-Integral (PI) boundary control is used for stabi-
lization and disturbance attenuation. The analysis is in the continu-
ation of previous contributions on PI control of hyperbolic systems
by Dos Santos, Bastin, Coron, and d’Andréa-Novel (2008), Dos San-
tos Martins and Rodrigues (2011) and Xu and Sallet (1999) where
conservative sufficient stability conditions are given using respec-
tively spectral, Lyapunov and LMI approaches. In the present paper,
our main contribution is to give complete and explicit necessary
and sufficient conditions.

The motivation for using a PI control structure is addressed
in Section 2. In Section 3, the necessary and sufficient stability
conditions in the frequency domain are provided (Theorem 1 and
Corollary 1). Finally in Section 4 we show how the stability analysis
can be extended to (acyclic) networks of density-flow systems.

2. The PI control structure

We consider the situation where there is only one boundary
control input, say Qq(t), available for feedback stabilization. The
other boundary flow Q, (t) perturbs the system in an unpredictable
manner. It is assumed that this so-called “load disturbance” cannot
be measured and cannot therefore be directly compensated in the
control.

We assume that, in addition to stabilization, the control objec-
tive is to regulate H(t, x) at the “set point” H* and to attenuate the
incidence of the load disturbance Q,(t) by using on-line feedback
measurements of H(t, 0).

In such case, it is well known that it is useful to implement
an “integral” action in addition to the proportional action. The PI
control law may be of the following form:

t
Qo(t) £ Qe + kp(H* — HL(t, 0))+k,/ H* — Ho.0)do.  (3)
0

The first term Qg is a constant reference value for the flow which
is arbitrary and freely chosen by the designer. The second term is
the proportional correction action with the tuning parameter kp.
The last term is the integral action with the tuning parameter k;.
The control structure is illustrated in Fig. 2. In the specific case of a
constant disturbance Q; (t) = Q*, it is readily seen that the closed-
loop system has a unique steady-state (H*, Q*).

Asitis explained in detail in Chapter 11 of the textbook Feedback
Systems by Astrom and Murray (2009), PI control is by far the most
popular way of using feedback in engineering systems because it
is the simplest way to cancel offset errors and to attenuate load
disturbances in a robust way. The integral gain k; is a measure
of the disturbance attenuation but a too large value of k; may
lead to instability in some instances. It is therefore of interest to
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H ——»(34—
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Fig. 2. Block diagram of the closed-loop system with a Proportional-Integral
control.
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characterize the range of values of k; for which the closed loop
system is guaranteed to be stable.

3. Stability conditions
The Riemann coordinates are defined around a steady-state by
the following change of coordinates:
Ri=Q — Q"+ A(H —HY),
R, =Q — Q" — A (H —H").
The inverse change of coordinates is:

H=H*—|—R1_R2
A+ Ay
0=0"+ ARy + ARy

A+ Ao
With Riemann coordinates, the system (1) is written in character-
istic form:

Ry 4+ MR =0, 3R, — A20xRy = 0. (4)

In these coordinates, the control law (3) provides a first boundary
condition atx = 0:

Ri(t, 0) = kiRy(t, 0) + ko (A1 + A2)Z (D), (5)
kp — A k
with k; £ i 2, S il and
kp + )\1 kp + )\.1
QR —QF

A 1 ‘
Z(t) 2 +k]+A2/O(Rz(a,O)—R1(o,O))do.

ki

The specific case of a constant disturbance Q; (t) = Q* gives a sec-
ond boundary condition at x = L:

A
Ry(t, L) = koRy(t, L) withk, = _Tl' (6)
2
From (6), since Ry (t, x) and R, (t, x) are constant along their respec-
tive characteristic lines, we have that

L L
Ry(t + 7,0) = kaRy(t,0) witht & — 4+ — (7)
A A
and therefore that
dRy(t + 7, 0) dR,(t, 0)
=k . 8
dt 2 dr ®
Moreover, by differentiating (5) with respect to time, the first
boundary condition is rewritten as:

dRi(t, 0) dR,(t, 0)
1dt =k zdt + ko (Ry(t, 0) — Ry(t, 0)). 9)

Then, by eliminating R, (t, 0) and dR(t, 0) /dt between (7)-(9), we
get that R, (t, 0) is the solution of the following delay-differential
equation of neutral type:

dRy(t + 7,0) dR,(t, 0)
de > dt

Yk (Rz(t +1,0) — kaRy(t, 0)) —0. (10)

k] k
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The Laplace transform of this equation is:

[(e“ — kiky)s + ko(eF — kz)]Rz(s, 0) =0. (11)

This is a so-called neutral delay-differential equation. The roots of
the characteristic equation

(€ — kiky)s + ko(e™ — k) =0 (12)

are called the poles of the system (4), (5), (6).

In the next theorem, we give necessary and sufficient con-
ditions to have stable poles, i.e. poles located in the left-half
complex plane and bounded away from the imaginary axis. The
stability of the poles implies, in the time domain, the exponential
stability of the equilibrium (when the disturbance Q;(t) = Q* is
constant) and therefore the input-to-state stability (when the dis-
turbance Q, (t) is bounded time-varying) for the L°°-norms (see e.g.
Hale & Verduyn-Lunel, 2002, Section 3 and Michiels & Niculescu,
2007, Section 1.2).

In the proof of the theorem we use a variant of the Walton-
Marshall procedure (see Silva, Datta, & Bhattacharyva, 2005, Sec-
tion 5.6 and Walton & Marshall, 1987).

Theorem 1. There exists 5 > 0 such that the poles of the system
(4),(5), (6) are located in the half plane (—oo, —§] x R if and only if
e when iy < Ay (ie. —1 <k, <0),

|k1k2| <1 and 0 < kg;

e when Ay > Ay (ie. kp < —1),

ka(1+kq) .
lkika] <1 and 0 <ko < wo% sin(wot)
)
. .. 1+kk3
where wyq is the smallest positive w such that cos(wt) = LTk

Proof. A fundamental property in the stability analysis of this
neutral delay-differential equation is that |k1k,| < 1is a necessary
condition to have stable poles i.e. i(s) < —& for some § > 0 (see
e.g. Hale & Verduyn-Lunel, 2002 and Michiels & Vyhlidal, 2005).
From now on, we therefore assume that |k1k,| < 1. Then for every
ky and k,, for every n > In(|k;kz|)/t and for every Cy > O, there
exists C; > 0 such that

[Ikol < Co. 151 > € and (12)] = {91(5) < n}. (13)
Indeed the existence of C; results from rewriting (12) under the
form
kikys + kok,
= W
which implies
kikas + kok
s+ ko

where the convergence is uniform for |ko| < Co.
With the notation s £ o + iw, the poles satisfy the following
equation:

(Esr — klkz)S

ST

(14)

|s|]—o00

0(s) = In In |kqk,|

ko = et —ky
[wa(o, w) — ob(o, w)] —iloa(o, w) + wb(o, w)]
- 207 + k3 — 2kye°7 cos(wt) (15)
with
a(o, w) £ kye°*(ky — 1) sinwt and (16)
b(o, w) £ e* " — ky(1+ ki)e°" cos wt + kik3. (17)

Since the left-hand side of Eq. (15) is real, it follows that the
imaginary part of the right-hand side must be zero. Therefore we
are looking for the values of o and w such that

oa(o, w) + wb(o, w) = 0. (18)

Let us now consider the poles with non-positive real parts, i.e.
o <0.

(1)Ifkg = 0, we see that the poles are roots of (e’ —kqky)s = 0.
This means that there is a pole s = 0 at the origin and the other
poles are stable if and only if |[kik,| < 1. Now for small non-zero
ko, we have:

(1 — kqiky)s + ko(1 — ky) = 0,
that is

1—k
1 —kiky”

This approximation is justified by using the implicit function the-
orem applied to the map

s~ —k

(s, ko) € C x R —> F(s, ko) = (€7 — kiky)s + ko(e°F — k3)

since dF/9s(0,0) = 1 — kik, # 0. Then, since |k{k;| < 1 and
ko, = —A1/Az < 0, it follows that for small ky > 0 the pole at zero
moves inside the negative half-plane while the other poles stay in-
side the negative half-plane. Moreover, for small k; < 0, the pole
at zero moves inside the right half plane. As ko decreases, this sim-
ple pole cannot come back on the imaginary axis (since k; # 0)
and therefore it remains in the right half plane for all ky < 0.

(2) Now, in order to analyze what happens when kg > 0 be-
comes larger, we consider the conditions for having poles on the
imaginary axis, i.e. 0 = 0. Since ky # 0, thecaseoc = 0,w =0
is excluded. Therefore 0 = 0 implies b = 0 from (18), which to-
gether with (17) gives:

1+ kqk2
ka(14+ k1)

In this case, it can be readily verified that, since |kk;| < 1,

cos(wt) = (19)

)\1 <)\,2 p= |k2| <1

S 1-k>0

S (1-k)(A—Kk) >0

& 143K 4 2kiI2 > K21+ K2) + 2kik2

1+ kqk?

ko (1 + kq)
This implies that, if A; < A,, there are no eigenvalues on the imag-
inary axis (since | cos wt| < 1 obviously).

Then, using also (13), we can conclude, using a standard defor-
mation argument on ko, that, when |k;| < 1 and |k{k;| < 1, the
poles remain stable for every ko > 0.

(3) Let us now consider the case where A1 > Ay ie. ky < —1

(the case A1 = A, is discussed later). In this case, it can be readily
verified that

1+ kqk2
—| <
kz(l +k1)

Therefore, from (15) and (17) with o = 0, there is a pair of poles
+iw on the imaginary axis for any positive value of @ such that:

> 1

1+ kik3
ko (14 kq)

ko(k3 — 1)
Cke(1+k)

cos(twt) =

and wsin(wr) = (20)
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Let wg be the smallest value of w such that (20) is satisfied. Now, if
iwg is a pole on the imaginary axis, the corresponding value of kg
computed from (20) with w = wy is:

ko (14 kq)

sin(wgt) > 0.
- (woT)

kg = o
Then, using again (13), we can conclude, using a standard defor-
mation argument on ko, that the poles are stable for any ko such
that 0 < ko < k. In order to determine the motion of the pole on
the imaginary axis for small variations of ko around k3, we consider
the root s of the characteristic equation as an explicit function of k.
Then, by differentiating the characteristic equation (12), we have
the following expression for the derivative of s with respect to ky:

, . ds ky, — "

£ — = . (21)

dko e“(l + 'L'(S + ko)) — k]kz

We now evaluate this expression at iw:

L kz _ eiwr

eiwr(] + T(iw + ko)) — k]kz '

Using (20), after some calculations, we obtain that the real part of
s’ atiw is given by:

‘Cko(k% — ])

N

R = 2’
eiwr(] + T(l(O —+ ko)) - kaZ

Hence, since kg > 0 and k% > 1 by assumption, R (s’) is a positive
number. It follows that any pole reaching the imaginary axis from
the left when kq is increasing will cross the imaginary axis from
left to right. This readily implies that, as soon as ko > kj, there is
necessarily at least one pole in the right half plane.

(4) Let us finally consider the case where Ay = A, (i.e.k, = —1).
In that case, it follows directly from (19) that cos(wt) = —1 and
sin(wt) = 0 for any pole iw on the imaginary axis. Therefore the
characteristic equation (12) reduces to

(ki — Diw = 0

which is impossible if @ # 0 because the conditions k, = —1 and
|kika| < 1imply that [kq| < 1. Hence there is no imaginary pole
when )»1 = )»2.

This completes the proof of Theorem 1. O

In the previous theorem, for the clarity of the proof, we have
carried out the analysis in terms of the parameters kg, k; and k.
However, from a practical viewpoint, it is clearly more relevant and
more interesting to express the stability conditions in terms of the
control tuning parameters kp and k;. Replacing kg, k1 and k; by their
expressions in function of kp, k;, A1 and A, as given in (5)-(6), the
conditions of Theorem 1 are translated as follows.

Corollary 1. There exists § > 0 such that the poles of the system
(4), (5), (6) are in the half plane (—o0, —&] x R if and only if the
control tuning parameters kp, k; are selected such that:

e when Ay < Ay,

2MA
kp >0andk; >0 or kp <— 172

and k; < 0;
2= M
e when Ay = Ay, kp > Oand k; > 0;
e when Ay > Ay,
(2kp + A1 — A2)A1Az
(A1 —22) (A1 + 22)
where wy is the smallest positive w such that
A3(kp + A1) + A5 (kp — A2)
Atd2(Aa — Aq — 2kp)

kp >0 and 0 <k < wy sin(woT)

cos(wt) =

Fig. 3. Physical network of density-flow systems.

4. Networks of density-flow systems

In this section, we examine how the previous stability analysis
can be extended to acyclic networks of density-flow systems.
Depending on the concerned application, there are different ways
of designing such networks. Here, as a matter of example, we
consider a specific structure which leads to a natural generalization
of the control problem addressed in the previous section. But other
structures could be dealt with in a similar way (see e.g. Engel,
Fijavz, Nagel, & Sikolya, 2008 and Marigo, 2007 for relevant related
references).

The network has a compartmental structure illustrated in Fig. 3.
The nodes of the network are n storage compartments having the
dynamics of density-flow systems (e.g. the pipes of an hydraulic
network):

0:H; + 0,Q; = 0,
0rQj + AjAntjoxH; + (Aj — Angj)0xQ; = 0, (22)
j=1,...,n

Without loss of generality and for simplicity, it can always be
assumed that, by an appropriate scaling, all the pipes have exactly
the same length L.

The directed arcs i — j of the network represent instantaneous
transfer flows between the compartments. Additional input and
output arcs represent interactions with the surroundings: either
inflows injected from the outside into some compartments or
outflows from some compartments to the outside. We assume that
there is exactly one and only one control flow, denoted as Uj, at the
input of each compartment. All the other flows are assumed to be
disturbances and denoted by D, (k = 1, ..., m).The set of 2n PDEs
(22)is therefore subject to 2n boundary flow balance conditions of
the following form fori =1, ..., n:

Q(t, 0) = Ui(t) + ) BuDi(®),
k=1

Q. L) =Y eUi(t) + Y vuDi(®).
j=1 k=1

In the summations, the coefficients a;;, By and yj are equal to 1 for
the existing links between adjacent compartments of the network
and 0 for the others (see Fig. 3 for illustration).

With the matrix notations

H; Q U, Dy
H2 Q=] jus| D] |,
H, Qn Uy, D
AT =diag{r1, ..., An}, A™ =diag{Ans1, - - -, Aon),

the system (22) is written

dH+9,Q=0,
Q+ATATHH+ (AT — A7)9,Q = 0.
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The boundary conditions (23) are written

Q(t, L) = AU(t) + BD(¢), (25)

with appropriate matrices A, By, B;. Since the network is acyclic,
the nodes of the network can be numbered such that the square
matrix A; is strictly upper triangular. Therefore the matrix A; has
the property that

Al =0, (26)

where p is the length of the longest path in the network.
A steady state for the system (24)-(25) is a quadruple

{H*, Q", U*, D"}

which satisfies the boundary conditions:
Q,* — U* + BoD*,

Q" = A,U* + B,D".

The network has an infinity of non-isolated steady states which are
not asymptotically stable. In order to stabilize the network, each
control input is endowed with a PI control law of the form:

Ui(t) £ Uri + kei(H — Hi(t, 0)) +’<n/ (H{ — Hi(o, 0))do, (27)
0

where Uy is an arbitrary scaling constant, H;* is the set point for the
ith compartment, kp; and kj; are the control tuning parameters. In
matrix form, the set of control laws (27) is written

U=Ug+K (H* —H(G, 0)) 1K fot(H* — H(o, 0))da, (28)

with Kp =S diag{km, ey kpn} and K; =S diag{k,l, ey k[n}.

We shall now examine how the stability analysis of Section 4
for the “single pipe” case can be generalized to the closed-loop
network (24)-(25)-(28) for constant unknown disturbances D*.
The Riemann coordinates are defined as follows:

Ri £ Qi — Q" + Anyi(Hi — HYY)
Roti 2 Qi — QF — Ai(H; — H)

Using this definition, the following equalities hold at the bound-
aries:

Gu + 2ns) @, 0) = Q)
= (i + has) [k (H = Hi(E, 0)) + kiZi(0)]

= kp,(Ru4i(t, 0) — Ri(t, 0)) + (A + Anyi)kiZi(t),
(i + ) (Qi(t, L) — Q) = ARi(t, L) + ApyiRnyi(t, L),

with Z;(t) such that

az;
— =H — A0 =

i=1,...,n,.

Ry1i(t, 0) — Ri(t, 0)
Ai + Angi

Since R;(t,x) and R,4;(t,x) are constant along their respective
characteristic lines, we have that

L
R; <f + *,L) = R;(t, 0)
Ai

L
and Ry (t +—, 0) = Rn4i(t, D). (29)
)‘n+i

Then, combining appropriately these equalities, it can be shown
after some computations that, in the frequency domain, the

transfer function between (Q;(t, L) — Q;*) and (Q;(t, 0) — Q) is

given by:

Qi(s, 0) — Q

Qs, L) —Qf

_ 1 S()fiki — Anti) + Gi(A - Anti) e%, (30)
Anyi (57 — kikny)s + (€57 — knyi)

with the following notations:

Gi(s) =

k a kp,‘ — )\n—o—i A )\,‘
Yokt . Anyi’
ki Ll L
4 , 52— .
kpi + A YA s

It follows that the poles of the transfer function G;(s) are the roots
of the characteristic equation

(€ — kiknyi)s + ¢i(€ — knyi) =0

which is, as expected, identical to the characteristic equation of the
simple case of Section 3.

Let us now consider the closed-loop system (24)-(25)-(28) as
an input-output dynamical system with input D and output U.
Then, by iterating Eq. (25) p-times and using property (26), it can
be shown that the transfer matrix of the system is as follows:

p—1
H(s) 2 ) (G()A)' (G(s)B, — Bo),

i=0
with G(s) £ diag{G(s), ..., Gn(s)}.It follows readily that the poles
of H(s) are given by the collection of the poles of the individual
scalar transfer function G;(s). Consequently, the system is stable if
and only if the conditions of Corollary 1 hold for each PI controller
of the network.

5. Conclusion

In this paper we have addressed the issue of feedback
stabilization and load disturbance attenuation for hyperbolic
density flow systems under PI boundary control. Explicit necessary
and sufficient stability conditions in the frequency domain have
been provided. It has also been shown how the stability analysis
can be extended to acyclic networks of density-flow systems.
Finally, let us also point out that the control system (1)-(2) subject
to Proportional-Integral-Derivative (PID) boundary controls is
known to be always unstable (see e.g. Coron & Tamasoiu, in press).
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