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In this paper, we study the exponential stabilization of a shock steady state for the
inviscid Burgers equation on a bounded interval. Our analysis relies on the construction
of an explicit strict control Lyapunov function. We prove that by appropriately choosing
the feedback boundary conditions, we can stabilize the state as well as the shock location
to the desired steady state in H?-norm, with an arbitrary decay rate.
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1. Introduction

The problem of asymptotic stabilization for hyperbolic systems using boundary
feedback control has been studied for a long time. We refer to the pioneer work
due to Rauch and Taylor®® and Russel?? for linear coupled hyperbolic systems.
The first important result of asymptotic stability concerning quasilinear hyperbolic
equations was obtained by Slemrod®! and Greenberg and Li™ These two works
dealt with local dissipative boundary conditions. The result was established by
using the method of characteristics, which allows to estimate the related bounds
along the characteristic curves in the framework of C! solutions. Another approach
to analyze the dissipative boundary conditions is based on the use of Lyapunov
functions. Especially, Coron, Bastin and Andrea-Novel™ used this method to study
the asymptotic behavior of the nonlinear hyperbolic equations in the framework of
H? solutions. In particular, the Lyapunov function they constructed is an extension
of the entropy and can be made strictly negative definite by properly choosing the
boundary conditions. This method has been later on widely used for hyperbolic con-
servation laws in the framework of C! solutions™ 2021 or H? solutiongZ 502722
(see Ref. Blfor an overview of this method).

But all of these results concerning the asymptotic stability of nonlinear hyper-
bolic equations focus on the convergence to regular solutions, i.e. on the stabilization
of regular solutions to a desired regular steady state. It is well known, however, that
for quasilinear hyperbolic partial differential equations, solutions may break down
in finite time when their first derivatives break up even if the initial condition is
smooth.2? They give rise to the phenomena of shock waves with numerous impor-
tant applications in physics and fluid mechanics. Compared to classical case, very
few results exist on the stabilization of less regular solutions, which requires new
techniques. This is also true for related fields, as the optimal control problem 257
For the problem of control and asymptotic stabilization of less regular solutions, we
refer to Ref. [7 for the controllability of a general hyperbolic system of conservation
laws, Refs. 6] and for the stabilization in the scalar case and Refs. [7 and [14]
for the stabilization of a hyperbolic system of conservation laws. In Refs. [6l, 14]
and [35] by using suitable feedback laws on both sides of the interval, one can steer
asymptotically any initial data with sufficiently small total variations to any close
constant steady states. All those results concern the boundary stabilization of con-
stant steady states. In particular, as the target state is regular there is no need to
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stabilize any shock location. In this work, we will study the boundary stabilization
of steady states with jump discontinuities for a scalar equation. We believe that our
method can be applied to nonlinear hyperbolic systems as well. While preparing
the revised version, our attention was drawn to a very recent work Ref. [36]studying
a similar problem in the bounded variation (BV) norm. The method and the results
are quite different and complementary to this work.

Hyperbolic systems have a wide application in fluid dynamics, and hydraulic
jump is one of the best known examples of shock waves as it is frequently observed
in open channel flow such as rivers and spillways. Other physical examples of shock
waves can be found in road traffic or in gas transportation, with the water hammer
phenomenon. In the literature, Burgers equation often appears as a simplification
of the dynamical model of flows, as well as the most studied scalar model for trans-
portation. Burgers turbulence has been investigated both analytically and numer-
ically by many authors either as a preliminary approach to turbulence prior to an
occurrence of the Navier—Stokes turbulence or for its own sake since the Burgers
equation describes the formation and decay of weak shock waves in a compressible
fluid 26B2H4 From a mathematical point of view, it turns out that the study of Burg-
ers equation leads to many of the ideas that arise in the field of nonlinear hyperbolic
equations. It is therefore a natural first step to develop methods for the control of
this equation. For the boundary stabilization problem of viscous Burgers equation,
we refer to works by Krstic et al2##2 for the stabilization of regular shock-like
profile steady states and Refs. [8 and [27 for the stabilization of null-steady-state. In
Ref. 42| the authors proved that the shock-like profile steady states of the linearized
unit viscous Burgers equation are exponentially stable when using high-gain “radi-
ation” boundary feedback (i.e. static boundary feedback only depending on output
measurements). However, they showed that there is a limitation in the decay rate
achievable by radiation feedback, i.e. the decay rate goes to zero exponentially as
the shock becomes sharper. Thus, they have to use another strategy (namely back-
stepping method) to achieve arbitrarily fast local convergence to arbitrarily sharp
shock profiles. However, this strategy requires a kind of full-state feedback control,
rather than measuring only the boundary data.

In this paper, we study the exponential asymptotic stability of a shock steady
state of the Burgers equation in H2-norm, which has been commonly used as a
proper norm for studying the stability of hyperbolic systems (see e.g. Refs. [16]
and 43), as it enables to deal with Lyapunov functions that are integrals on the
domain of quadratic quantities, which is relatively easy to handle. To that end,
we construct an explicit Lyapunov function with a strict negative definite time
derivative by properly choosing the boundary conditions. Though it has been shown
in Ref. that exponential stability in H?-norm is not equivalent to C'-norm,
our result could probably be generalized to the C''-norm for conservation laws by
transforming the Lyapunov functions as in Refs. [[1 and 20.

The first problem is to deal with the well-posedness of the corresponding initial
boundary value problem (IBVP) on a bounded domain. The existence of the weak
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solution to the initial value problem (IVP) of Burgers equation was first studied
by Hopf by using vanishing Viscosity. The uniqueness of the entropy solution was
then studied by Oleinik 2% One can refer to Ref. for a comprehensive study of
the well-posedness of hyperbolic conservation laws in piecewise continuous entropy
solution case and also to Ref. in the class of entropy BV functions. Although
there are many results for the well-posedness of the IVP for hyperbolic conservation
laws, the problem of IBVP is less studied due to the difficulty of handling the
boundary condition. In Ref. [T}, the authors studied IBVP but in the quarter plane,
i.e. x > 0,t > 0. By requiring that the boundary condition at z = 0 is satisfied in
a weak sense, they can apply the method introduced by LeFloch2? and obtain the
explicit formula of the solution. However, our case is more complicated since we
consider the Burgers equation defined on a bounded interval.

The organization of the paper is the following. In Sec. B, we formulate the
problem and state our main results. In Sec. [3, we prove the well-posedness of the
Burgers equation in the framework of piecewise continuously differentiable entropy
solutions, which is one of the main results in this paper. Based on this well-posedness
result, we then prove in Sec. @] by a Lyapunov approach that for appropriately
chosen boundary conditions, we can achieve the exponential stability in H?-norm
of a shock steady state with any given arbitrary decay rate and with an exact
exponential stabilization of the desired shock location. This result also holds for
the H*-norm for any k > 2. In Sec. Bl we extend the result to a more general
convex flux by requiring some additional conditions on the flux. Conclusion and
some open problems are provided in Sec.[6l Finally, some technical proofs are given
in Appendices A and B.

2. Problem Statement and Main Result

We consider the following nonlinear inviscid Burgers equation on a bounded domain:
2

ye(t, ) + (%) (t,z) =0 (2.1)

with initial condition

y(0,2) = yo(x), =z € (0,L), (2.2)
where L > 0 and boundary controls
y(t,07) = uo(t), y(t, L) =ur(t). (2.3)

In this paper, we will be exclusively concerned with the case where the controls
uo(t) > 0, ur(t) < 0 have opposite signs and the state y(¢,-) at each time ¢ has a
jump discontinuity as illustrated in Fig. [l The discontinuity is a shock wave that
occurs at position z4(t) € (0,L). According to the Rankine-Hugoniot condition,
the shock wave moves with the speed

o Ytz ()T) +yt s () 7)
Zs(t) = 5

(2.4)
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Fig. 1. Entropy solution to the Burgers equation with a shock wave.

which satisfies the Lax entropy conditior2?:

y(tzs(t)) < @s(t) <ylt,zs(t)7), (2.5)

together with the initial condition
z5(0) = @s0. (2.6)
Under a constant control ug(t) = —ur(t) = 1 for all ¢, for any zo € (0,L), the

system (2.1)), 23), (2:4) has a steady state (y*,z*) defined as follows:
. 1, xel0,x0),

y(x) =

_]-7 S (x07L]7 (27)
Ty = xo.

These equilibria are clearly not isolated and, consequently, not asymptotically
stable. Indeed, one can see that for any given equilibrium y* satisfying (21, we can
find initial data arbitrarily close to y* which is also an equilibrium of the form (27).
As the solution cannot be approaching the given equilibrium when ¢ tends to infinity
as long as the initial data is another equilibrium, this feature prevents any stability
no matter how close the initial data is around y*. With such open-loop constant
control another problem could appear: any small mistake on the boundary control
could result in a non-stationary shock moving far away from xg. It is therefore
relevant to study the boundary feedback stabilization of the control system (21,
23, @9.

In this paper, our main contribution is precisely to show how we can exponen-
tially stabilize any of the steady states defined by (2.7) with boundary feedback
controls of the following form:

ug(t) = kry(t, zs(t)") + (1 — k1) + b1 (w0 — 25(2)),

(2.8)
ur(t) = kay(t,zs()) — (1 — ko) + ba(wg — w4(t)).
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Here, it is important to emphasize that, with these controls, we are able not only
to guarantee the exponential convergence of the solution y(t, z) to the steady state
y* but also to exponentially stabilize the location of the shock discontinuity at the
exact desired position zg. In practice, if the system was used for instance to model
gas transportation, the measures of the state around the shock could be obtained
using sensors in the pipe. Note that if the control is applied properly, sensors would
be only needed on a small region as the shock would remain located in a small region.

Before addressing the exponential stability issue, we first show that there exists
a unique piecewise continuously differentiable entropy solution with x4(t) as its
single shock for system (21)-(24), [2:6), @) provided that yo and x4 are in a
small neighborhood of y* and =z, respectively.

For any given initial condition (2:2) and (2:G)), we define the following zero-order
compatibility conditions:

Yo(07) = kryo(yy) + (1 — k1) + ba(zo — x50),
Yo(L™) = kayo(zly) — (1 — ka) + ba (o — 240).

Differentiating ([2.9) with respect to time ¢ and using ([2.4)), we get the following
first-order compatibility conditions:

(2.9)

- _ _yol(rs) +volzd
(01902 0°) = g e (370) — Ry () 2220+ $0lZa0)

(250) + yo(z )
2 b

4 b5 2

(2.10)

B - - Ty) + xj
yo(L 7 )yor (L) = kayo (o) you () — k2y0$(x30)y0( o 2 tolZen)

(z50) + yo(z3)
5 :
The first result of this paper deals with the well-posedness of system (2.11)-(24),

28), @8) and is stated in the following theorem.

+ by PO

Theorem 2.1. For all T > 0, there exists 6(T) > 0 such that, for every xso € (0, L)
and yo € H?((0,24);R) N H?((xs0, L);R) satisfying the compatibility conditions
E9)-@.10) and

[y = L m2((0,2.0)) + 190 + L H2((200,0)) < (1),

(2.11)
|zg0 — xo| < 0(T),

the system ZI)-@4), @8), @8) has a unique piecewise continuously differen-
tiable entropy solution y € C°([0,T]; H2((0,zs(t));R) N H?((z5(t),L);R)) with
xs € CL([0,T7; (0, L)) as its single shock. Moreover, there exists C(T) such that the
following estimate holds for all t € [0,T]:

[y(t, ) — a2 (0.0.0)):r) T 1Y) + a2, ¢),0)r) + |2s(t) — 0]

< C(T)(lyo — Ua2((0,200)®) T 1¥0 + L H2((we0,0)R) + [Ts0 = To]).  (2.12)
The proof of this result is given in Sec.
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Our next result deals with the exponential stability of the steady state ([2:7) for
the H2-norm according to the following definition.

Definition 2.1. The steady state (y*,20) € (H2((0,70);R) N H?((z0,L);R)) x

(0, L) of the system 1), 23), @4), [23J) is exponentially stable for the H?2-
norm with decay rate ~, if there exist 6* > 0 and C' > 0 such that for any yo €

H?((0,24);R) N H?((z50,L); R) and x4 € (0, L) satisfying
190 = 10, )| r2((0,0.0)%) + Y0 = ¥2(0, )2 (o0, L)) < 0
(2.13)
|zso — 20| < 07

and the compatibility conditions (Z3)-@I0), and for any 7' > 0 the system

D)3, 1), (Z3) has a unique solution (y,zs) € C°([0, T); H2((0,z5(t)); R) N
H2((z,(t), L); R) x C}([0, T R) and

|y(tv ) - yf(ta ')|H2((0,w5(t));]R) + |y(t7 ) - y;(t7 ')|H2((a:3(t),L);]R) + |1’5(t) - 1’0|
< Ce™(|yo — 470, ) 52 ((0.000):R) + [Y0 = Y30, )| 2 (00, L):m) + |50 — o)),

Vte0,T).
(2.14)

In @13) and @.14),

0 =y (a:205).

ot x) =y (f(_t)iL—)xLo) '

Remark 2.1. At first glance it could seem peculiar to define y; and y3 and to
compare ¥(t,-) with these functions. However, the steady state y* is piecewise H?>
with discontinuity at xo, while the solution y(t, x) is piecewise H? with discontinuity
at the shock (), which may be moving around xg. Thus, to compare the solution
y with the steady state y* on the same space interval, it is necessary to define such
functions yi and y3.

(2.15)

Remark 2.2. We emphasize here that the “exponential stability for the H2-norm”
is not the usual convergence of the H2-norm of y — y* taken on (0, L) as y and y*
do not belong to H?(0, L). This definition enables to define an exponential stability
in H?-norm for a function that has a discontinuity at some point and is regular
elsewhere. Note that the convergence to 0 of the H2-norm in the usual sense does
not ensure the convergence of the shock location x4 to xg. Thus, to guarantee that
the state converges to the shock steady state, we have to take account of the shock
location, which is explained in Definition ZT].

Remark 2.3. Note that this definition of exponential stability only deals a priori
with ¢ € [0,7T) for any T" > 0. However, this together with Theorem 21l implies
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the global existence in time of the solution (y,xs) and the exponential stability on
[0, +00). This is shown at the end of the proof of Theorem [.1]

We can now state the main result of this paper.

Theorem 2.2. Let v > 0. If the following conditions hold:

—Yo —¥(L—mo)
b e <ve—m’L>’ by € <76—“/(L—r0) 767> (2.16a)

1—ero "1 — e~v(L—z0)
b 1—e %0 1 — e~ (E—@o)
2 —yz _ _1
ki <e 0 (1 5 <b1 P + bs ,yef'y(wao) )), (2.16b)
b 1 — e~ 7%0 1 — e~ v(L—o)
2 —v(L—wo) (1 _ 22
k3 <e 0 <1 S (bl T + by PO )), (2.16¢)

then the steady state (y*,zo) of the system 1), 3), @4), ) is ezponentially
stable for the H?-norm with decay rate /4.

The proof of this theorem is given in Sec. [l

Remark 2.4. One can actually check that for any v > 0 there exist parameters
b1, by and ky, ko satisfying (2.16) as, for by = ve~ 7% and by = ye~7L=%0)  one has

b1 1—e %0 1 — e~ (E—@o)
(v

1-— 2

— 1 _ o YT0(9 _ p—T0 _ ,—Y(L—x0)
v fye_"/mo fye_"/(L_mO) ) 1 ¢ (2 € ¢ )

= e 210 (v _ )2 4 e 5,

(2.17)
Similarly, we get
by 1 — ¢~ 7%0 1 — ¢ (L—z0)
el (s 2 e (L—=0)
Y e e
= e_QV(L_zO)(e“’(L_EO) —1)24eE>0. (2.18)

Therefore, by continuity, there exist by and by, satisfying condition (ZIGal) such
that there exist k1 and ks satisfying (ZI6D) and ([2I6d). This implies that v can
be made arbitrarily large. And, from (ZIGa)—-(ZIGd), we can note that for large ~
the conditions on the k; tend to

k2 < e, |2 < (o),

Remark 2.5. The result can also be generalized to H*-norm for any integer k > 2
in the sense of Definition Il by replacing H? with H*. This can be easily done by
just adapting the Lyapunov function defined below by (E3)—(Z3) as was done in
Secs. 4.5 and 6.2 of Ref. 3l

Remark 2.6. If we set ky = kg = by = by = 0, then from ([Z8), ug(t) = 1 and
ur(t) = —1. Thus it seems logical that the larger v is, the smaller k1 and ko are.
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However, it could seem counter-intuitive that b; and by have to tend to 0 when ~
tends to 400, as if one sets by = 0 and by = 0, one cannot stabilize the location
of the system just like in the constant open-loop control case. In other words, for
any vy > 0 the prescribed feedback works while the limit feedback we obtain by
letting v — 400 cannot even ensure the asymptotic stability of the system. The
explanation behind this apparent paradox is that when  tends to infinity, the
Lyapunov function candidate used to prove Theorem [£1] is not equivalent to the
norm of the solution and cannot guarantee anymore the exponential decay of the
solution in the H2-norm. More precisely, one can see, looking at ([69) and (E71),
that the hypothesis ([@I0]) of Lemma ] does not hold anymore.

3. An Equivalent System with Shock-Free Solutions

Our strategy to analyze the existence and the exponential stability of the shock
wave solutions to the scalar Burgers equation (2.0) is to use an equivalent 2 x 2
quasilinear hyperbolic system having shock-free solutions. In order to set up this
equivalent system, we define the two following functions:

n(tz)=y (t,xx;it)), yolt, ) =y <t,L + xw) (3.1)

o

and the new state variables as follows:

- z1(t, x) B y(t,x) — 1
z(t,x) = (zz(tmc)) = (yg(t,x) N 1), x € (0,z9). (3.2)

The idea behind the definition of ¥, ¥ is to describe the behavior of the solu-
tion y(t, z) before and after the moving shock, while studying functions on a time
invariant interval. Observe indeed that the functions y; and ys in ([B) correspond
to the solution y (¢, z) on the time varying intervals (0, z4(t)) and (xs(t), L) respec-
tively, albeit with a time varying scaling of the space coordinate x which is driven
by z(t) and allows to define the new state variables (z1,22) on the fixed time
invariant interval (0, zo). The reason to rescale y2 on (0, x¢) instead of (zg, L) is to
simplify the analysis by defining state variables on the same space interval with the
same direction of propagation.

Besides, from (B2), the former steady state (y*,x¢) corresponds now to the
steady state (z = 0,x5 = x¢) in the new variables. With these new variables, the
dynamics of (y,zs) can now be expressed as follows:

j?s ZTo
zie+(1+21—x— | 21— =0,
Zo Ts

Zot + <1 — 22+ xﬁ> zgz—xo =0, (3.3)
To L — x4

z1(t, x0) + 22(t, x0)
2 b

Ts (t) =
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with the boundary conditions:

Zl(t, 0) = klzl(t,.’lio) + bl({L‘o — xs(t)),

(3.4)
Zg(t, 0) = kQZQ(t, xo) + bg({L‘o — xs(t)),
and initial condition
2(0,z) = 2°(z), z4(0) = x40, (3.5)
where z° = (29, 29)T and
(x) =y (xﬂ;soo) -1,
(3.6)

s0 — L
29(x) = yo (L—Fxxoxio) + 1.

Furthermore, in the new variables, the compatibility conditions (Z9)-(210) are
expressed as follows:

20(0) = k129 (20) + b1(zo — 2s0),

(3.7)
25(0) = k29 (o) + ba (w0 — 0),
and
(14 29(0))29,(0) =%
Ts0
2(x0) + 29(x T 20(z0) + 29(x
= (1 o) - L) o 20 o) £ ),
(1 — 29(0))22,(0) —2
? 2 L — Ts0
0 0 0 0
= ko (1 — 33(1’0) + M) ng(xO)L fOx - t by 21 (1’0) ‘|2’ 22(1’0)'

(3.8)

Concerning the existence and uniqueness of the solution to the system (B3)—(B.X),
we have the following lemma.

Lemma 3.1. For all T > 0, there exists 6(T") > 0 such that, for every x5 € (0, L)
and z° € H*((0,z0); R?) satisfying the compatibility conditions (B1)—BR) and

12° 12 (0,20)22) < O(T),  |s0 — 20| < 8(T), (3.9)

the system B.3)-B.5) has a unique classical solution (z,zs) € C°([0,T); H?((0,z0);
R2))xCL([0,T7; (0, L)). Moreover, there exists C(T) such that the following estimate
holds for allt € [0,T]

|2(t, )| 112 ((0,20):82) + |25(1) — xo| < C(T)(|12°| 112 ((0,20):22) + |50 — o) (3.10)

Proof. The proof of Lemma Bdlis given in [Appendix Al |
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From this lemma, it is then clear that the proof of Theorem 1] follows imme-
diately.

Proof of Theorem 2.1l The change of variables (3), (32) induces an equiva-
lence between the classical solutions (z, xs) of the system (B3)—(B30) and the entropy
solutions with a single shock (y,zs) of the system ZI)-24), 0), 23J). Con-
sequently, from (B:2) and provided |ZO|H2((0@O);R2) and |xs9 — x| are sufficiently
small, the existence and uniqueness of a solution with a single shock (y,zs) to the
system (Z.I)-(24), 28), @) satisfying the entropy condition (21]) when (yo, zs0)
is in a sufficiently small neighborhood of (y*, z¢) follows directly from the existence
and uniqueness of the classical solution (z, ;) to the system (3:3)—([35) which is
guaranteed by Lemma [3:1] O

Remark 3.1. Under the assumption in Lemma 3] if we assume furthermore that
z° € H*((0,20); R?) with k > 2 satisfying the kth order compatibility conditions
(see the definition in p. 143 of Ref. ), then (z,z5) € C°([0,T]; H*((0,z0); R?)) x
C*([0,T];R) and (EI0) still holds. This is a straightforward extension of the proof
in [Appendix A], thus we will not give the details of this proof here.

4. Exponential Stability for the H2-Norm

This section is devoted to the proof of Theorem concerning the exponential
stability of the steady state of system 2.1)), 23), 24), 28). Actually, on the basis
of the change of variables introduced in the previous section, we know that we only
have to prove the exponential stability of the steady state of the auxiliary system
(B3)—-B4) according to the following theorem which is equivalent to Theorem 22

Theorem 4.1. For any vy > 0, if condition (ZI0) on the parameters of the feedback
holds, then there exist §* > 0 and C > 0 such that for any z° € H*((0,z0); R?) and
20 € (0, L) satisfying

2% 112 (0,20)k2) < 07, |@s0 — mo| < 0* (4.1)
and the compatibility conditions B)-BS), and for any T > 0 the system

B3)-EBF) has a unique classical solution (z,xs) € C°([0,T]; H?((0,z0); R?)) x
CL([0,T);R) such that

|2(t, ) 12 ((0,m0)5%2) + |25 (t) — w0l
S Cei’yt/4(|Z0|H2((07$0);R2) + |1’50 - IO|)a Vit € [O,T) (42)

When this theorem holds, we say that the steady state (z = 0,z5 = x¢) of the
system (B3)-(B4) is exponentially stable for the H?-norm with convergence rate
~/4. Recall that, from Remark [24] there always exist parameters such that (2.16)
holds.

Before proving Theorem [I1] let us give an overview of our strategy. We first
introduce a Lyapunov function candidate V' with parameters to be chosen. Then, in
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Lemma [Tl we give a condition on the parameters such that V' is equivalent to the
square of the H2-norm of z plus the absolute value of x5 — 2o, which implies that
proving the exponential decay of V' with rate /2 is enough to show the exponential
stability of the system with decay rate /4 for the H2?-norm. In Lemma B2 we
show that in order to obtain Theorem ET it is enough to prove that V' decays
along any solutions (z,z5) € C3([0,T] x [0, z0]; R?) x C3([0,T]; R) with a density
argument. Then in Lemma we compute the time derivative of V along any C?
solutions of the system and we give a sufficient condition on the parameters such
that V satisfies a useful estimate along these solutions. Finally, we show that there
exist parameters satisfying the sufficient condition of Lemma 4.3. This, together
with Lemma 4.2, ends the proof of Theorem [41]

We now introduce the following candidate Lyapunov function which is defined
for all z = (21, 20)T € H?((0,20); R?) and x4 € (0, L):

V(z,zs) = Vi(z) + Va(z,xs) + Va(z, 25) + Vi(z, 25) + Vs(2z, 25) + Vs(z, 25)

(4.3)
with
ple 2 22 4 poe i Zad, (4.4)
0
(z,x5) / pre” i 22, + poe” 7z z2tdx (4.5)
0
(z,x5) / ple I zm —l—pge s zmdx (4.6)
0
—pz o —pz
(z, ) / prem zi(x —wo)d$+/ p2e "2 za(xs — o) dT
0 0
+K(xs — 20)?, (4.7)
*o _ —_pz . . 2
(z,x5) ple e Z1tTs dT —|—/ Dae 2 zoydg da + K(Ts)7, (4.8)
0 0

—ue o pe . 9
Vo(z,x5) = ple M 142 dr + pae "2 zopls dr + K(Zs)“. (4.9)
0 0

In (ED)-ED), u, p1, p2, D1, P2 are positive constants. Moreover
Ty
L — i)

m=1 mn= (4.10)

and
k> 1. (4.11)

Actually, in this section, we will need to evaluate V(z,z,) only along the sys-
tem solutions for which the variables z; = (214, 22t), Zee = (211, 22tt), &
and s that appear in the definition of V' can be well defined as functions of
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(z,75) € H*((0,20); R?) x (0, L) from the system (33)—(B.4) and their space deriva-
tives. For example, z1; and z9; are defined as functions of (z, ) by

S (1 o xM) .y (4.12)
2x0 Ty
e (1 - xz1($0)21-0z2(x0)) s Jio , (4.13)

and z1 and zg4 as functions of (z,z,) by

= (1 A M) (zuui—o
- (th -2 + 2u(to) - thM7 (4.14)
21,
Zott = — (1 L G )+Z2($0)> (290)s iox
" (Z% - xZIt(xO)Q—atozzt(xO)) P :iox + 22t Zl(;(ol)z—i__? ()xO) (4.15)

The functions z1; and z9; which appear in (BEI4l) and (&IH) are supposed to be
defined by ([EI2) and [I3), respectively.

Remark 4.1. When looking for a Lyapunov function to stabilize the state (z1, z2)
in H?-norm, the component (Vi + Vo + V3) can be seen as the most natural and
easiest choice, as it is equivalent to a weighted H?-norm by properly choosing
the parameters. This kind of Lyapunov function, sometimes called basic quadratic
Lyapunov function, is used for instance in Ref. [2 or Sec. 4.4 of Ref. 3l However,
in the present case one needs to stabilize both the state z and the shock location
x4, which requires to add additional terms to the Lyapunov function in order to
deal with . Besides, as we have no direct control on x4 (observe that none of the
terms of the right-hand side of (2:4)), or equivalently of the third equation of (B:3),
is a control), we need to add some coupling terms between the state z on which
we have a control and the shock location x4 in the Lyapunov function. Thus, Vj is
designed to provide such coupling with the product of the component of z and x4,
while V5 and Vi are its analogous for the time derivatives terms (as V2 and V3 are
the analogous of V; respectively for the first and second time derivative of z).

We now state the following lemma, providing a condition on pu, p1, p2, p1 and
P2 such that V(z,z,) is equivalent to (|z|3: (g u,)m2) + 25 — 20[?).

Lemma 4.1. If
max(@h @2) < 2, (416)

where

=2 —pax =2 na
0, =L ey @y = 2R (15, (4.17)
p1 p P2 p
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there exists B > 0 such that

1
B2l 32 ((0,00)r2) + 75 = 20[?) <V < Z(12[52 (0,00)m2) + 175 — w0[*)  (4.18)

5
for any (z,xs) € H*((0,20); R?) x (0, L) satisfying
121572 ((0,20)m2) T 125 — zo|* < 2. (4.19)

Proof of Lemma [4.1]1 Let us start with

*o —ux *o —ux
Vi :/ pre ™ zi(xs — wo)dw +/ Pae 2 zo(xs — x0)de + K(Ts — T0)%.
0 0

(4.20)
Using Young’s inequality we get
1 (/z e )2 (zs —x0)> 1 (/z R )2
i piem zydr | — ——F"— — — pae 2 zZodx
2 \ o 2 2 \Jo
)2
_ (s 2$0) + k(zs — $0)2
1 o —px 2 s — 21 *o —ux 2
<V <: / pre7n 2 de +M+— / p2e 72 zpdx
2\ /o 2 2 \Jo
2
+w +/€($s —1‘0)2. (421)

Hence, using the Cauchy—Schwarz inequality and the expression of V] given in (£4)),

1 O —pe 1 O —pe 5
D1 1—561 e zidr + po 1—562 e zydr+ (xs —x0)°(k — 1)
0 0

1 O s 1 O _pe
SV1+V4SP1<1+§@1>/ e m zfdx+p2<1+§@2>/ e 2 zgdaz
0 0

+ (zs — 20)*(k + 1), (4.22)

and similarly

1 O e 1 O e
p1 <1 - 5@1)/0 e zftdac +pa(1 — 5@2)/0 e 2 zgt dr + (i‘s)Q(H— 1)

]- *o —_mz 1 Zo —px
<V+Vs<m <1+§91>/ emn Z%tdx+p2 (14’5@2)/ e Z%tdx
0 0

+ () (5 + 1), (4.23)

and also
1 O e 1 O e . \9
p1|1-— 5@1 e zigdr+pa | 1— 5@2 e zyy, dr + (£5)°(k — 1)
0 0

1 o _pe 1 o _pa
<Vs+ Vs <pm <1 + 5@1> / e m zfttdac + po <1 + 5@2) / e s zgtt dx
0 0

+ (&9)%(k + 1) (4.24)
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Hence, from (Z1d]), x > 1 and ({I0) is satisfied, there exists o > 0 such that
1
2 2 2 2
0'(|Z|Ht2((07g;0);]R2) + |ws —20]7) <V < ;(|Z|th((0,w0);R2) + s — zo|), (4.25)
where, for a function z € H?((0,20); R?), |2| g2 ((0,00)r2) 15 defined by

121112 (0,00)%2) = (12172 ((0,00):R2) + |Z¢172((0,00):m2) + |Ztt|2L2((0,zo);R2))l/27 (4.26)

with z; and z defined as (Z12)-(I5). Let us point out that from (@I12)-EIH),

there exists C > 0 such that
1
a2l (a0 < 12lu2(0,20)m2) < Clalm2(0.00)72); (4.27)

if (|z|§{2((0,z0);R2) +|zs — x0|?) < 1/C. It follows from [@2F) and (@27) that 5 > 0
can be taken sufficiently small such that inequality ([AI8]) holds provided [@I9) is
satisfied. This concludes the proof of Lemma 411 |

Before proving Theorem 1] we introduce the following density argument, which
shows that it is enough to prove the exponential decay of V along any C* solutions
of the system.

Lemma 4.2. Let V be a C' and nonnegative functional on C°([0,T]; H*((0, zo);

R?)) x CY([0,T);R). If there exist § > 0 and v > 0 such that for any (z,xs) €

C3([0,T] x [0, z0); R?) x C3(]0, T); R) solution of (B3)—(EA), with associated initial
condition (2", x40) satisfying |2°| g2 ((0,20)m2) < 0 and |xs0 — x| < 6, one has

dV(Z(t, ~),:L‘s(t)) < 7

dt -2

then ([E2R) also holds in a distribution sense for any (z,zs) € C°([0,T); H2((0,x0);

R?)) x C1([0,T]; R) solution of B3)—B4) such that the associated initial condition
(2°, w50) satisfies |2°| g2 ((0,20)m2) < 0 and |xs0 — x| < 6.

V(z(t, ), zs(1)), (4.28)

Proof of Lemma .2} Let V be a C! and nonnegative functional on CY([0, T7;
H?((0,20); R?)) x CL([0,T];R) and let (z,zs) € C°([0,T]); H*((0,70);R?)) x
CH[0,T);R) be solution of [@B3)-(B4) with associated initial condition
|2°] 112 (0,20);k2) < 6 and |@g0 — wo| < 8. Let (2, 2%)) € H*((0,20); R?) x (0,L),n €
N be a sequence of functions that satisfy the fourth-order compatibility conditions
and

|27 112 ((0,00)R2) < 6, |20y — 20| <6, (4.29)

such that z°" converges to z° in H?((0,z0); R?) and 27 converges to zsp. From
Remark [B1], there exists a unique solution (z",27) € C°([0,T]; H*((0, z0); R?)) x
C4([0,T);R) to (B-3)—([B-4) corresponding to the initial condition (z°",27,) and for
any t € [0,7], we have

2" (£, )| 12 (0,w0)iR2) + |22 (t) — w0l < C(T)(|12°" | 2 ((0,00)ir2) + 128 — Tol).  (4.30)
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Hence, from (£29) and the third equation of (B:3)), the sequence (z", %) is bounded
in C°([0,T7]; H?((0,20); R?)) x C*([0,T];R). By Corollary 4 of Ref. [40, we can
extract a subsequence, which we still denote by (z", z%) that converges to (u,ys)
in (C°([0, T); CL([0, zo]; R?)) N CL([0,T]; C°([0, z0]; B?))) x C1([0, T]; R), which is a
classical solution of [B3)-(E3). If we define

+oo ifu¢ L=((0,T); H2((0, z0); R2)),
Sy $LEO. D000 ), 2 o
[a| Loe (0,7 52 ((0,20)5r2))  if w € L>®((0,T); H*((0, z0); R?)),
then J is lower semi-continuous and we have
J(w) < lim [2"|co(jo,11m2((0,20)82)) (4.32)

n—-+oo

thus from [@30) and the convergence of (z°",27,) in H?((0,x0); R?) x R, we have
J(u) € R and u € L®((0,T); H*((0,z0); R?)). Moreover, as (u,ys) is a solu-
tion to B3)-(EH), we get the extra regularity u € C°([0,7]; H2((0,z0); R?)).
Hence, from the uniqueness of the solution given by Lemma BIl u = z
and consequently y; = s, which implies that (z",z7) converges to (z,x)
in (C°([0, T]; C*([0, z0); R?)) N CH([0, T]; CO([0, z0]; R?))) x CL([0,T]; R). Now, we
define V™ (¢t) := V(z"(t,-),z7(t)). Note that V(t) = V(z(t,-),zs(t)) is continuous
with time ¢ and well-defined as, from Lemma[B] z € C°([0, T]; H2((0, z0); R?)). As
(z",z") belongs to C°([0, T]; H4((0,x0); R?)) x C*([0, T]; R) and is thus C3, and as
it is a solution of (B:3))-(34) with initial condition satisfying (£29), we have from

E23)

%;S—;ﬂ, (4.33)
thus V" is decreasing on [0, T]. Therefore,
V() — VR (0) < —%tV"(t), Vi eo,T], (4.34)
which implies that
(1 + %t) V() < VM0), Vite[0,T). (4.35)

Using the lower semi-continuity of J, by the continuity of V' and the convergence
of (z°",27) in H2((0,70); R?) x R, we have

(1 + g) V() <V(0), Vielo,T]. (4.36)

Note that instead of approximating (z°,24), we could have approximated
(z(s,-),z5(s)) where s € [0,T") and follow the same procedure as above. Therefore,
we have in fact for any s € [0,7)

(1 + @) V() <V(s), Vtels T, (4.37)
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thus for any 0 < s <t <T
Vi) -V(s) _ 7

vt 4.38
=) < Ty, (1.39)
which implies that (28] holds in the distribution sense. This ends the proof of
Lemma 21 |

We now state our final lemma, which gives a sufficient condition so that V'
defined by [E3)-(@3) satisfies a useful estimate along any C?3 solutions.

Lemma 4.3. Let V be defined by @3)-E9). If the matriz A defined by (E59)-
(@54)) is positive definite, then for any T > 0, there exists 61(T) > 0 such that for
any (z,z5) € C3([0,T] x [0, zo]; R?) x C3(]0, T]; R) solution of B3)—BH) satisfying
|ZO|H2((0,m0);R2) < (51(T) and |.%'50 — .%'0| < 61(T),
dV(Z(t, ')a T (t))
dt

< —gV(Z(t, ')7$8(t)) + O((|Z(t, ')|H2((O,z0);R2) + |xs - :L‘o|)3), Vit e [07T]'
(4.39)

Here and hereafter, O(s) means that there exist € > 0 and C > 0, both inde-
pendent of z, s, T and ¢ € [0, 7], such that

(s <) = (10(s)] < C1s).

To prove this lemma, we differentiate V' with respect to time along any C?® solu-
tions and perform several estimates on the different components of V. For the
sake of simplicity, for any z € C°([0,T]; H?((0, z); R?)), we denote from now on

|Z(ta ')|H2((0,w0);R2) by |Z|H2~

Proof of Lemma Let V be given by (@3)-E9) and T > 0. Let us assume
that (z,7s) is a C® solution to the system (E3)-(BJH), with initial condition
|Z0|H2((0,a:0);R2) < 61(T) and |1‘50 - 1‘0| < 51(T) respectively with 51(T) > 0 to be
chosen later on. Let us examine the different components of the Lyapunov function.
We start by studying V7, V5 and V3 which can be treated similarly as in Sec. 4.4
of Ref. [3 Differentiating V7 along the solution (z,z,) and integrating by parts,
noticing (E210), we have

av; o —uw Ts\ @
1= —2/ pie 0 (142 —2=2) 22,
dt 0 Zo /) Ts

+ pae iz %2 (1 — 2 +JJ$—S> 7 Ox zzm) dx
0 — 4ds

x x o
U] — 0 2
—puVi — |p1ie " —2z7 + pae 2 25

T L — x4 0

+O(l2l 2 + s — wol)?). (4.40)
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From (B23), we have

fi;s o fi‘s o :ts
zig+ |\ 1+z1—2— ) 214e— + | 21t —2— | 21— + 21.— =0,
Zo Ts ZTo €T

S S
fi;s Zo fi‘s Zo jf's
2z l—zmto—)2opp——— (22t —2— | 2oy —— — 2 =0
2tt+< 2+ x()) AT <2t x0> T S
(4.41)
Therefore, similarly to (-40), we can obtain
dVQ z X —HT Zo o
e —pVa — [ple m x—Zu tpe e . 25 . +O((|2] > + |5 — 2o])?).

(4.42)
From (EAT) and using (33), we get

j?s Zo i‘s ZTo i‘s i‘s
2+ | 1+ 21 —2— ) 2ippe— + 2 | 210 — 22— | 2100 — + — | 2106 + 214 —
Zo Zs Zo Ts g x

S

e . . . 2

X g Zo Ts Tsls — (xs)
tl2ue—2— | 21— + 20— +t2u——5—— =0,
Zo T T T

s c

fi;s Zo fi‘s Zo
2ottt + | 1 — 22 + 72— | 22144 —2| 2t —x— | 2262
To L— x4 To L—=x
T

J}s xs Zo
—Zout + 2ot — | 2ott —x— ) Zop 7 —
L — x4 L — x4 To L — x4

Ts Fs(L — xs) + (i5)?
~Aam T P Zot (L —2.)° =0. (4.43)

+

Then differentiating V3 along the system solutions and using (EA3)), we have

dVs R s\ ]
o < - {ple n x—s(zm) <1 + 21 — acx—o)]o

_kz Zo 2 j?s o J?o L— Zo
— |p2e ™2 i3 Zopp |1 — 220 +2— — g min T V3
— s Zo 0 Zs —Ts
€T
0 Jy) t“: 2 L — X L2
— 1 p T e Z pae & 23,20 | dx
0 s

To .
To _nw s L —xg T
+ Zpre” mari, =t — ——pae” " ngtt dz
0 T zo L — x4 To

o _nr oy Cmr oy
-3 pie M Ziy—— —P2E "2 2oy T — 2. dx
0 Ts — T

zo b, Zo be Zo J
- pie ™ thtzlw —p2e 2 ZQttZ2IL— v
0 Ts — Ts
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o — bz .’Z‘S i)
-4 pre "z | 216 — T— | Z14a—
0 To Ts
_pz j’s Zo
—pae 2z | 2o — X | 22pp— | dx
To L — x4
ro _uz Ts\ Tg _nw
-2 p1e "M zig | 2t + 21— | — — P26 12 2oy
0 Ts Ts
.’I.;s j;s o Bz ",.U.S.’I;S — ($S)2
X | zott — 22t de —2 pie MR ———
L—xs) L — x4 0 T

C

_us Zs(L — xs) + (@5)* o _pe T
—p2e "2 ZotrZot o (L Sl )2( 3 ) dac—Q/ <p16 M2t (Zut —$$—S>
— 4ds 0 0

ZTo _ BT .’IJS Zo
X Zla—— —p2e "z | Zam — T~ | Zoap—— dr.
0 s

s —

(4.44)

Observe that, while previously all the cubic terms in z could be bounded by |z[%;2,
here in the last line in ([@44) we have ¥s which is proportional to z:(t,zo) and
cannot be roughly bounded by the |z|g2 norm. To overcome this difficulty, we
transform these terms using Young’s inequality and we get

o _us T o _umw T o
2 pre Mz | T— | 21— — P2e 2 2oy | T— | Z2p dx
0 To T To L — x4

< Clz(t, )| e ((0,20)r2) (2122 (, T0) + Z2tt(t»$0))2
+O(|z(t, )| o1 ((0,20):72) | 2l712), (4.45)

where C' denotes a constant, independent of z, x4, T and ¢ € [0,7]. Note that
the first term on the right is now proportional to z2 (¢, zo) with a proportionality
coefficient C'z(t, -)| o1 (j0,a0):r2) that, by Sobolev inequality, can be made sufficiently
small provided that |z|z2 is sufficiently small and thus can be dominated by the
boundary terms. More precisely, from ({Z4) and ([£45) we have

o o
% < —pVs — [Ple C i_i(zftt)}o - {p2€ s T ioxs Zau .

+0(I2l52) (214 (8, w0) + 23,4 (1, 20)) + O((|zl g2 + s — z0])?).  (4.46)

Let us now deal with the term Vj that takes into account the position of the jump.
In the following, we use notations z(0) and z(zo) instead of z(t,0) and z(t, ) for
simplicity. We have

dV; *o —pw T T *o —pz
1 —/ pire m <1 + 21 — x—s) 21z (x5 — xo)—o dx —|—/ pre m z1ds dx
0 Zo 0

dt s

xo - .
—/ ﬁg@% <1 — 29+ xﬁ) 294 (s — T0) 20 dx
0 To L — x4
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o oz
—|—/ ﬁze#zzis dx + 2kis(xs — x0)
0

To

R T2 i 2 X0

= —(xs — w0) [P1€ " x_zl + p2e 2 I — o 22} —p(Va — k(s — 950)2)
S S 0

o nx
N z1(wo) ‘|2' z2(20) (/ Bre o dm) n z1(2o0) ‘;'32(330)
0

y (/Oz re e 29 dac) + (21 (20) + 2(20)) (s — T0)

+O0((|z|g2 + |25 — xo])?).
(4.47)

According to Young’s inequality, for any positive €1 and ¢4, we have

o -
z1(wo) ;L z2(wo) (/ pre dx)
0

2

2 - )
<& (2l talr))n, 1 / pre madr)
4 2 €1 0

Zl(l‘o)gzz(xo) (/ Boe” M2 2o dx)
0

2 zo )
< £2 (ZA%0) T 22\%0) (z0) + 22(wo) + 1 / ]5267:722’2 dx
4 2 &2 0

Then using the boundary condition ([B4) and Cauchy—Schwarz inequality, ([E47)
becomes

dv, _ g
d—t4 < —pVi—pi(ws — xo)z—o((e "o ki) z1(x0) 4 by (2 — 0))

2

— pa(zs — T0) 7 ioxs ((67;%0 — ko) z2(w0) + ba(zs — 0))
22 ZX Z2 xX 1 2
+(e1 + 62)% + max{?—l, ?—2} Vi + k(zs — x0)(21(0)
T 2a(20)) + (s — 20)? + O((Jalga + s — 0])?). (1.48)

Let us now consider V5. From (E8) and (A7), one has similarly

d‘/5 Zo _ —px ) o B _px -
= p1€ M Zitals— dr + p1€ " 214X dx
dt 0 s 0

S

o ez . Xo o N — LA . .
— poe 2 zgmst dr + Poe M2 291X dx + 2RI sTs
0 - 0

+O ((l2l g2 + w5 — 20])%)
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| zmrxg ] o .\
= —T4 N — n — Ve — s
x [P1€ e +p2e L—xSZQt]O 1(Vs — k(is)7)
z1e(xo) + 22t (T o e z1e(xo) + z9:(w
! 0)2 2t(20) (/ Bre mzltdx)Jr 1( o)2 2:(20)
0

Zxo pa
X (/ Doe 12 zo4 dac) + k(z16(x0) + 226e(20)) s + O((|2] g2 + |25 — x0|)3).
0

By differentiating (34]) with respect to time, we have
211(0) = k1214 (z0) — b1,

(4.49)
22(0) = kazat(z0) — bads,

and therefore using Cauchy—Schwarz and Young’s inequalities, we get
dVs

_nzo

n —ky)ze(wo) + bids)

St (C

At - s
.z _ue .
—2325’55?0%((6 = — k) za(w0) + b
2 2 0, O
+(e1 + 62)Z1t(x0) +2(20) + max{—l, —2} Va
8 €1 €2

+ ks (210(w0) + 220(w0)) + pr(s)” + O((|2l 2 + |25 — w0])®).  (4.50)
Furthermore, by differentiating (£:49)) with respect to time, we have

211¢(0) = k1z1e(20) — b1 s,
(4.51)
291(0) = kozos(20) — bais,

and therefore using also (EE43)), one has

dVs R . To o e o e .
7 pre ™ Zpals = dx + Die ™ Zip s dr — D2€ "2 Zoypds
0 s 0 0

Zo
L — x4

T, g O ue T xg
X | z— | z1po—dx — poe 2 Fg | x— | 29, —— dx
Zo Ts 0 Zo L — x4

+0((|2] 2 + Jzs — 20])*)

—px

xo Zo
dx—|—/ pae 2 zzttxsdx+2/1xsxs+/ pre m @
0 0

X

Zo
JUR [y L 25 _ zuz T .
= —&, {ple "z Pae 2 zm] — (Ve — K(@s)?)
0

S xs

+ O e

+ 16 (20) ! 22tt(20) (/ pre o Z1tt dac)
0

z11e(0) + 2o (T o e
+ 11t(Zo) 5 21t(0) (/ Doe” 2 2oy dac)
0
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. O e il xo
+ k(z10(20) + 221t (20)) L6 +/ pre I (x—s> 21p—dx
0 Zo Ts

— I

o e T Zo 3
— poe 12 Tg | 1— | 294 dx + O((|z|52 + |xs — xo])”)-
0 Xo L

Note that, as above for V3, here appears again T which is proportional to z (¢, xo)
and cannot be bounded by |z|z2. We therefore use Cauchy—Schwarz and Young’s
inequalities as previously and the boundary condition (LEI) to get

dVs T pag

i < —uVe — ﬁlfsx—i((e_T — k1) z1u(x0) + b1ds)

%((e_% — ko) 224t (z0) + bais)

Z%tt(xo)‘f‘Z%tt(xO) —l—max{% %}Vz

8 e1’ €2

- 15255"5

+ (61 + 52)

+ ks (2100 (00) + 220t (20)) + pri(is)* + O(|2lgr2) (2344 (w0) + 234 (w0))

+0((|z| g2 + s — z0])?). (4.52)

Hence, from (IL40), (£48) and the boundary conditions (4], we have

dvy  dVy
I G VAN /s 4.53
& T = i+ V) (4.53)
—l—max{%,%}vl
€1 35}
x _ koo g1+e
| (k3 — e ) 18 2] HED)
[ o zg €1+ €2

nx

+ _2@p1b1k1 — x_oﬁl (ei 7710 — /{31) —+ H/:| Zl(ﬂjo)(l’s — x())

S :I;s

i €T €T __kZo
+ _—2 _Oxspzb2/€2 -7 _Oxsﬁ2 (€7 — ko) + fﬁ} 22(wo) (s — o)
D T o _ Ty _
+ _x_splb? + L_—xsmbg - x_splbl - xspzb2 + MH] (x5 — 20)?
+0((|2] = + |25 — x0])?). (4.54)

Let us now select €1 and &5 as follows:

S
e =29 092 (4.55)
Il Il
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where ©1 and O are defined in (LI7). Then (E54)) can be rewritten in the following
compact form:

vy dV,
L A< LV uVa — ZTAGZ + O((|2] g2 + |zs — 20)?). (4.56)
dt dt 2
This expression involves the quadratic form ZTA Z with the vector Z defined as
Z = (z1(w0) z2(0) (ws — o))" (4.57)

and the matrix A satisfies
Ay :A+O(|£IJS —.’IJ0|)7 (458)
where A is given by

air 0 a3

A= 0 a2 a3 (4.59)
as1 az2 as3
with
ailr = p1 (67% - k’%) - o1 _|8_62, (460)
p1, _nuzo K
a13 = az] = p1b1k1 + %(6 moo— kl) — 5, (4.61)
x0 _ nzo €1+ €2
gy = 7 _ x0p2(€ 2= k%) T T g (4.62)
Zo To P2, 4o K
e Pz -2 K 4,
a23 = a32 L—x0p2b2k2+ T — a0 2 (6 2 k’2) 5 (4.63)
a3 = —p1b? — — 2 pob2 + Prby + Py — pik. (4.64)
! L — To 2 L— Zo
Similarly, from (£42)) and ([@350), we get
dVo  dV:
2 05 o By s~ ZTAG Zy + O((|2lme + |os — 20])?),  (4.65)
dt dt 2
while from ([Z46) and ([@52), we have
dVs — dV
=< —gv?, — WV — ZEAL Zy + O((|z] g2 + |2s — 20])®)  (4.66)
with
O(|z|g2) 0 0
0 0 0

If A is positive definite, from [@58) and ([@G7) and by continuity, Ay and A; are
also positive definite provided that |z|g2 and |zs — x| are sufficiently small. Hence,
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from (£56), [@69), ([LG6) and Lemma [B1] there exists 61(7") > 0 such that, if

2% 112 ((0,00);r2) < 01(T) and |z0 — xo| < 61(T'), one has

dv
— < —gv +O((|2 2 + |25 — o)), (4.68)
which ends the proof of Lemma (3] O

Let us now prove Theorem [£1]

Proof of Theorem [4.1]l From Lemmas [£1] and 2], all it remains to do is to
show that for any v > 0, under conditions (Z.I0)) there exist u, p1, p2, p1 and po
satisfying (£16) and such that V given by [{3)—(£9) decreases exponentially with
rate /2 along any C? solution of the system (3.3)(3:5). Using Lemma 3] we first
show that for any v > 0 there exists u > ~, and positive parameters p1, p2, p1
and po satisfying (ELI6) and such that the matrix A defined by (@EI)—EED) is
positive definite, which implies that ([£39) holds. Then, we show that this implies
the exponential decay of V with decay rate /2 along any C* solution of (B3)—((E5).
Let us start by selecting p; and py as

D1 D2
= — == 4.69
Pr=op, P27 o, (4.69)
Then the cross terms (G1), (EG3) of the matrix A become
a3 = asz = %67% - g, a3 =032 = 7 foxo %67% - g (4.70)
Let p1 and p» be selected as
neo L— Beg
p1 = Ke "10, P2 =K Y05 (4.71)
Zo
Then we have
a13 = azp = 0, a3 = a3z — 0 (472)
such that A can now be rewritten as
a1 0 0
A= 0 a2 0 . (4.73)
0 0 ass
Moreover, from (E69) and 7)), we get
asz = %bl + 7 ioxo%bg — uk = gble%0 + nge% — lK. (4.74)

As conditions (2.1G) are strict inequalities, by continuity it follows that we can
select 11 > v such that these conditions (2.16) are still satisfied with u instead of
such that

_ 1o _nuwg
_ nag e~ m _ neg e 2
pe  mo< b1 < 'ui_“ﬂ, pe 2 < be < Miﬂ, (475)

l1—e m 1—e m2
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this together with ([E74) gives

azz > 0. (476)
From (E17), (Iml)7 #60), (£62), (E69) and ({L7I), we have
K ey neg
a1 = 2b1 A T o [bi(e™ —1) +by(em —1)], (4.77)
K nzo iy
azy = 2%, (1 - er 2 ) - 2—”2[171 (e —1)+by(em= —1)]. (4.78)

Then, under assumptions (2.IG)), it can be checked that
aip1 >0, a9 > 0. (4.79)

This implies that A is positive definite.

Thus from Lemma 3] for any 7" > 0, there exists 61(T") > 0 such that for
any (z,xs) € C3([0,T] x [0, z]; R?) x C3([0, T; R) solution of (B3)—(BH) satisfying
2% mr2((0,1)r2) < 01(T') and |zg0 — 20| < 61(T'), one has

dV
dt =
Now let us remark that from condition (£75]) we have

i i L - -
<2b VIER (1 ), gL Tobele sy - “n2°)> <2 (481)
2 o w

V+O((|Z|H2 + |.%'S —$0|) ) (4.80)

Therefore, there exists k > 1 such that

w0 v L— v
max <2/1b VIS (1 o), ot b s g “nf)) <2, (482)
2 o 2

which means from ([69) and ([@T71) that (LI0) is satisfied. Hence from ([@30) and
Lemma [T} since p > v, there exists do(T') < 61(T) such that, if [2°|g2((0,z0)r2) <

60(T) and |1‘50 — $0| < 50(T), then

dV v

§V

dt =
along the C? solutions of the system (B3)-@H). Thus from Lemma E2 (EI3)
holds along the C°([0,T]; H2((0, z0); R?)) x C1([0, T]; R) solutions of E3)—EH) in
a distribution sense.

So far 0p(T") may depend on T, while 6* in Theorem[£1] does not depend on T.
The only thing left to check is that we can find §* independent of 1" such that if
|2°] 112 ((0,0):r2) < 0" and |z50 — 20| < 6%, then ([ER3) holds on (0,7 for any T' > 0.
As the constant 3 involved in Lemmal[Z Tl does not depend on 7', there exists T7 > 0
such that

(4.83)

—_

B 2e 3T < = (4.84)

N}
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As T1 € (0,+c0), from Lemma [B.I] we can choose §o(Ty) > 0 satisfying
C(T1)60(Ty) < B/2, such that for every zs0 € (0,L) and z° € H?((0,z0); R?)
satisfying the compatibility conditions BZ0)—(E8)) and

12°| 112 ((0,00)R2) < 00(T1),  |@s0 — 0| < So(T1),

there exists a unique solution (z,zs) € C°([0,T1]; H?((0,x0); R?)) x C1([0, T1]; R)
to the system ([B3)—-(B3) satisfying

|1Z(t, )| 12 ((0,00)5%2) + |Ts(t) — x0| < S (4.85)

and such that ([4:83) holds on (0, 7}) in a distribution sense. From (£85]), Lemma ]
and (@.84),

|Z(T17')|H2((0,z0);R2) < 50(T1), |xS(T1) —xo| < 6o(Th). (4.86)
Moreover, the compatibility conditions hold now at time ¢ = 77 instead
of ¢t = 0. Thus, from Lemma BTl there exists a unique (z,z5) €

CO([Ty,2T1]; H2((0,20); R?)) x CL([Ty,2T1]; R) solution of B3)—@H) on [1T7,271]
and (ZR3) holds on (71, 277) in a distribution sense. One can repeat this analysis on
(71, (7 + 1)T1] where j € N*\{1}. Setting 0* = do(11), we get that (L83) holds on
(0,T) for any T > 0 in a distribution sense along the C°([0,T]; H2((0,z0); R?)) x
C1([0,T]; R) solutions of the system (B3)-(33). In fact, it also implies the global
existence and uniqueness of (z, z5) € C°([0, +00); H?((0,z0); R?)) x C1([0, +00); R)
solution of (B3)-(33H) and the fact that (ZJ3) holds on (0, +0c). This concludes
the proof of Theorem [4.1] O

5. Extension to a General Convex Flux

We can in fact extend this method to a more general convex flux. Let f € C3(R)
be a convex function, and consider the equation

Oy + 0:(f(y)) = 0. (5.1)
For this conservation law, the Rankine-Hugoniot condition becomes
oo St as(O)7) = flyt zs(t)7))
y(t,zs(6)F) — y(t, zs(t)7)

and, let (y*,x0) be an entropic shock steady state of (BI)—(E2), without loss of
generality we can assume that y*(zd) = —1 and y*(zy ) = 1, thus f(1) = f(-1).
Then, for any x¢ € (0, L), we have the following result.

(5.2)

Theorem 5.1. Let f € C3(R) be a convex function such that f(1) = f(—1) and
assume in addition that

F)>1 and |f(-1)]>1. (5.3)
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Let v > 0. If the following conditions hold:

b 2rye” %0 ye~ %o b 276*'\/(1;*930) rye*’Y(Lfmo)
= ; , € , ,
1 (f'(l) —+ |f/(—1)| 1-— e—'yzo> 2 <f/(1) 4 |f/(—1)| 1— e“/(LIo))

(5.4a)
b, Lm0 1o
2 -z gl Y1
ki < e 7To (1 f(l)'y <b1 g + bo PO >>7 (5.4b)
b 1 — e~ 7%0 1 — ¢~ Y(L=m0)
2 —y(L=z0) [ 1 _ | f/(_1)122
k3 <e 0 (1 lf(—=1) S <b1 pp— + by P ) )), (5.4c)

then the steady state (y*,xq) of the system (B1), (B2), Z3), Z3) is exponentially
stable for the H?-norm with decay rate /4.

One can use exactly the same method as previously. We give in a
way to adapt the proof of Theorem ET]

Remark 5.1. One could wonder why we require condition (E3). This condition
ensures that there always exist parameters b; and k; satisfying (5.4]).

6. Conclusion and Open Problems

The stabilization of shock-free regular solutions of quasilinear hyperbolic systems
has been the subject of a large number of publications in the recent scientific litera-
ture. In contrast, there are no results concerning the Lyapunov stability of solutions
with jump discontinuities, although they occur naturally in the form of shock waves
or hydraulic jumps in many applications of fluid dynamics. For instance, the inviscid
Burgers equation provides a simple scalar example of a hyperbolic system having
natural solutions with jump discontinuities. The main contribution of this paper is
precisely to address the issue of the boundary exponential feedback stabilization of
an unstable shock steady state for the Burgers equation over a bounded interval.
Our strategy to solve the problem relies on introducing a change of variables which
allows to transform the scalar Burgers equation with shock wave solutions into an
equivalent 2 x 2 quasilinear hyperbolic system having shock-free solutions over a
bounded interval. Then, by a Lyapunov approach, we show that, for appropriately
chosen boundary conditions, the exponential stability in H2-norm of the steady
state can be achieved with an arbitrary decay rate and with an exact exponential
stabilization of the desired shock location. Compared with previous results in the
literature for classical solutions of quasilinear hyperbolic systems, the selection of
an appropriate Lyapunov function is challenging because the equivalent system is
parameterized by the time-varying position of the jump discontinuity. In particular,
the standard quadratic Lyapunov function used in the book Ref. 3l has to be aug-
mented with suitable extra terms for the analysis of the stabilization of the jump
position. Based on the result, some open questions could be addressed. Could these
results be generalized to any convex flux, especially when (53)) is not satisfied? As
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we show the rapid stabilization result, is it possible to obtain finite time stabiliza-
tion? Could we replace the left /right state at the shock by measurements nearby or
by averages close to the shock? If not, could the error on both the state and shock
location be bounded?

Appendix A. Proof of Lemma [3.T]

Proof of Lemma [Tl We adapt the fixed point method used in Appendix B of
Ref. B (see also Refs. 25l and [31]). We first deal with the case where

T € (0, min(xg, L — x9)). (A1)
For any v > 0, 250 € R and z° € H2((0,z0); R?), let C, (2", 250) be the set of
z € L((0,T); H*((0,20); R*)) nWH*°((0,T); H'((0, z0); R?))
N W22((0,7); L*((0, z0); R?))

such that

2] (0,7 2 (0,20} 2)) < 2
|Z| w0 ((0,7); 1 ((0,20)5R2)) < Vs
|2 2.0 ((0,7):L2((0,20);R2)) < Vs
2(-,z0) € H*((0,T):R?),  |z(-, o)l m2(0,m)m2) < V°,
z(0,) =z,
2,(0,7) = —A(2°, - x5(2(-, 20))(0))zg,

where we write x4 (z(-, x0))(¢) in order to emphasize its dependence on z(-, z¢) in
the following proof and

(A.2)
(A.3)
(A.4)
(A.5)
(A.6)
(A7)

NS o e W

s (2(-, 20))(t) =: 50 + /Ot 71(5, 7o) ;Zz(s’x‘)) ds. (A.8)
In (&),
a1(z, z, v5(2(, 0))(t)) 0
Az, x,x5(2z(-, x0)) (1)) =
( (z(+, 20))(t)) ( 0 GQ(Z,w,xs(Z(',fEO))(t))>
(A.9)
with
a1(z, , v5(2(:, 70))(t))
- . _le(tmco) + 25(t, z0) Z
- (1+a0.2) e ) eE (10

a(2, z, 25 (2(, 20))(1))

_ (b le (t,20) + 22(t, xo) To
- (1 2(t, ) + 520 )L_xs(z(.,xo))(t). (A.11)
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The set C, (2, x50) is not empty and is a closed subset of L>((0,T); L?((0, L); R?))
provided that [2°]g2((0,2)r2) < 6 and |zs0 — xo| < 6, with § sufficiently small (see
for instance Appendix B of Ref. [3)).

Let us define a mapping

F:C,(2° xg0) — L=((0,T); H*((0,20); R?)) n W ((0,T); H((0, z0); R?))
NW2%((0,T); L*((0, z0); R?)), (A.12)
V= (vl,vg)T — F(v)=z= (zl,zg)T,

where z is the solution of the linear hyperbolic equation

zi + A(v, 2,25 (V(,20))(t))2ze =0, (A.13)
z(0, ) = z°(2), (A.14)
with boundary conditions
z1(t,0) = k1z1(t, o) + b19p(t), (A.15)
z9(t,0) = kaza(t, o) + batp(t), (A.16)
where
Y(t) =0 — 25(v(-,20))(t). (A17)
In the following, we will treat z; in detail. For the sake of simplicity, we denote
it x) = ar(v(t, 2), @, 25 (v( 20)) (1)) (A.18)

It is easy to check from (AI0) that if v is sufficiently small, then fi (¢, ) is strictly
positive for any (¢,z) € [0,T] x [0, zo]. Let us now define the characteristic curve
&1(s;t, x) passing through (¢, x) as
déi(s;t, @)
T fl(S,fl(S;t,l’)),
ds (A.19)
&t t,x) = .
One can see that for every (¢,z) € [0,T] x [0, z0], &1(+;¢, ) is uniquely defined

on some closed interval in [0, 7. From (AJ]), only two cases can occur (see Fig. )):
If £1(4;0,0) < z < xp, there exists 51 € [0,x0] depending on (¢, x) such that

p1 =& (0;t, ). (A.20)
If 0 <z < &(¢0,0), there exists a1 € [0,¢] depending on (¢, ) such that
fl(alﬂfﬁﬂ) = 07 (A21)

and in this case, there exists v; € [0,20] depending on «; such that
Y1 = &1(05 a1, ). (A.22)

Moreover, we have the following lemma which will be used in the estimations here-
after (the proof can be found at the end of this appendix).
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t

A

T

t (1.1 /)

=€ (5;00)
1=k (s;t,x)
ah
ngl(sfal,xu]

0 B1 " z0 a:

Fig. 2. Demonstration of the characteristics.

Lemma A.1. There exist vo > 0 and C > 0 such that, for any T satisfying (A1),
for any v € (0,1p] and for a.e. t € (0,T), we have

lf1(t)o <C, fiz(t,)o < Cvy [frl(t, )0 < Cr, (A.23)

|8w§1(3§t» )|0 < C, |at§1(3;tv )|0 < C7 s € [07t]7 (A'24)

0281, )0 < Cy [(8uBi(t, )Mo < C, (A.25)

0:51(t, )0 < C, [(BeBa(t,) Mo < C, (A.26)

Osen(t,)lo < C, |(9zn(t,) o < C, (A.27)

Demi(t,)o < C, [(@em(t, )" o < (A.28)
T

/ |041(t, w0) | dt < Cu, (A.29)
0

/  Opmon (£ 2) 2z < Cw, (A.30)
0

/wo 021 (t, x)|2dx < Cv, (A.31)
0

/ﬂfo 10221 (t, ) |2dx < Cu. (A.32)
0

In these inequalities, and hereafter in this section, |f|o denotes the C°-norm of a
function [ with respect to its variable and C may depend on xq, Tso, Vo, k1, ko, b1
and by, but is independent of v, T, v and z.
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Our goal is now to use a fixed point argument to show the existence and unique-
ness of the solution to (B3)—(3H). First, we show that for v and ¢ sufficiently small,
F maps C,,(z°, z4) into itself, i.e.

F(C,(2°,14)) C Cu(z°, 240).
Then, in a second step, we prove that F is a contraction mapping.

(1) F maps C,(2z°, z4) into itself.

For any v € C,(2z°,24), let z = F(v), we prove that z € C,(z°,24). By the
definition of F in ([(A1J), using the method of characteristics, we can solve (A 13)—
(AZI6) for z; and obtain that

ltz) = k129(1) + bip(ar), 0<x < &(t;0,0),
o - Z(l)(ﬁl)7 gl(t;070)<$<$0.

Obviously z verifies the properties (A-6)-(A 7). Next, we prove that z verifies the
property (A.5). Using the change of variables and from ([A:2]), we have

(A.33)

T T o
/ 21(t, 20)2dt = / 2(B1(t, 20))%dt < C/ (29(z))*dx. (A.34)
0 0 0
In (A34) and hereafter, C' denotes various constants that may depend on zg, s,

Vo, k1, k2, by and bs, but are independent of v, T, v and z. Similarly, by (A:28]), we
obtain

T T T
/ oot ) 2dt = / (20 (B (£, 0))uBn (1, 30))2dt < C / (0 (2))%dz.  (A.35)
0 0 0
From ([A29) and using Sobolev inequality, one has
T T
[ nltmn)dt = [ GRea(5a(t.20)) (@05 (0, 0))°
0 0
+le ﬂl(t xo))aﬁﬁl(t {L'o))th

T
< C/ lew dl’+2|21w|0/ (attlﬁl(tax()))Q dt
0

< C|Z1 |H2((0,w0);R)' (A.36)
Combining (A34)-(A34), we get
|21( o) 2 ((0.10R) < Cl2 |2 ((0,00)R) - (A.37)

Applying similar estimate to zo gives
|22(, 20) | 2 ((0.1):R) < C123] 12 ((0,00):R) - (A.38)
From ((A37) and (AL38), we can select § sufficiently small such that

|Z('7x0)|H2((O,T);R2) < V2, (A.39)
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which shows both the regularity and the boundedness property (AZ5]). We can again
use the method of characteristics to prove properties (A2)—([A4). For a.e. t € (0,7,

k129, (71)0e71 + b1 (a1)dper, 0 <z < &(t0,0),
ralta) = OO D00, DS <QE00. )
Z?m(ﬂl)ar/ﬁla fl(t, O, O) <zrT <.
k120, (71)02amt + k1205 (1) (8271)?
Z1pe(t, ) = +bﬂl;(0zl)(am011)2 + bﬂﬁ(al)@mal, 0 <z <&(t0,0),
Z(l)z(ﬁl)awwﬁl + Z(l)zz(ﬂl)(aaiﬁl)zv gl(t; 07 0) <z < Zo.
(A.41)

Note that the last equation is true in distribution sense but shows that z; €
L>®((0,T); H*((0,20); R)). We first estimate ||z ((0,7);12((0,2);r2))- From (AF)
and (A1), using Sobolev inequality, we get

[Ylo < |ws0 — 20| + Cv(+, 20) |52 ((0,7)R2) (A.42)
[¥lo < CIV(-,0)m2((0,1)R2) (A.43)
[lo < CIV (- 20) | m2((0,.7)72)- (A.44)

From (A.33), (A40) and ([A.41l), we can compute directly using (A.25), (A27)-
(A28)) and (A30)-(A-32) that
zo

/0 " 2dr < ((0u51(t )Mo + 2821 @ (£, ) o) / (2(2))2dz + 2030l 2,

0

< C("Z?'%{z((o,mo);R) + |zs0 — 950|2 + |V('7x0)|%{2((0,T);R2))7 (A.45)
xo xo
/ Zpda < (0251t ) o + 2k7(0:71 (¢, ~)Io)/ (21 (2))da
0 0

< (12912 (0,20)m) F [V 20) 32 (0,1)m2) ) (A.46)

xo xo
| e < @05 + R0 () [ ()
0 0

x

o 0
12020, 2 / Ona B (£, )P + 42202 / e (1, 2) P
0 0

) . xo
420,00 (1, 2) 4 / (e (¢, 2)) P + AR |2 / 10s0001 (1, ) 2dx
0 0

< C(121 [Fr2 (0 ,00)2) + V(> 0) [Fr2((0,1)22))- (A.47)
Combining (A45)-(A47), we obtain
21 (8 ) 12 (0.00) )

< C(|29] 12 ((0,00)®) + [250 — ol + [V(, o) |2 (0,1)m2)).  (A48)
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Similarly, one can get
|z2(, )| 2 ((0,20):R)
< C(|23la2((0.20)m) + 250 — ol + V(- 20) 2 ((0.1)m2))- (A.49)
Noticing from v € C,(z°, z5) that
[V(-, z0)|m2((0,7);r2) < V2,

thus by selecting 6 and v € (0,vp] sufficiently small, in addition to the previous
hypothesis on §, we have indeed

|z(t, ')|H2((0,z0);R2) <v aete(0,7), (A.50)

which proves [(A2)). The same method as to prove (A5Q) enables us to show that
z1 verifies also (A3)) and (A). One only has to realize that

(t.2) k129, (71)971 + bib(ar)drar, 0 <z < &1(t0,0),
z1t(l, =
Z?a:(ﬁl)atﬁla §1(t;0,0) < x <X,

k120, (71)0uy + k129, (71) (95m1)?
ze(t, ) = +b19(0n)(Oran)? + bigp(on) O, 0 <z < &1(£0,0),
202 (B1)0eBr + 29, (81)(9:51)?, £1(t;0,0) <z < o,
k129, (71) 02 (0¢71) + k1294, (1) (02710671)
21 (t, ) = +b11p(a1) (Ora1 Bpn) + bivp(e1)0x(Br1), 0 < x < &(£0,0),
20,(81)02(0:51) + 2040 (B1) (02818 1), &(t:0,0) < 2 < @0,
and to estimate (;51(:&;0,0) O Pd, [0, 1001 Pda, (;51(:&;0,0) |Ow1 [2da,
o OO0, Bran) P, [, o o) 100(@:8) Pz and [0 |0, (8y1)[Pda similarly

as in (A30)-([A32) using the fact that v belongs to L>((0,T); H*((0,z¢); R?)) N
WLee((0,T); HY((0, 20); R?)) nW2°°((0,T); L2((0, z0); R?)) with bound v in these
norms.

We can clearly perform similar estimates for zo. Consequently there exist 6 and
11 € (0, v] sufficiently small depending only on C' such that, for any v € (0,14], z =
F(v) verifies properties (A2)-(A7) and therefore F(C, (2%, 24)) C C,(2°, z50).

(2) F is a contraction mapping.
Next, we prove that F is a contraction mapping satisfying the following inequality:

|F(v) = F(¥)| Loe ((0,1):22((0,20):R2)) T MIF (V) (-, 20) — F(¥) (-, Z0)|L2((0,1):r2)

_ M _
< SV = Vle=(oryL2(0,20) 7)) + 5 V0, 20) = V0 20) L2(0,7R2),

(A.51)

N =
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where M > 0 is a constant. We start with z;, and with the estimate of |z; —
Z1| Lo ((0,7);L2((0,z0);R))- For any chosen v and ¥ from C,(2z°, 1), without loss of
generality, we may assume that & (¢;0,0) < &£(¢;0,0), where & is the characteristic
defined in (AZT9) associated to v. From ([AZ33]), we have

xo
/ 21 (h ) — 21 (1 2) 2 da
0
El(t;0,0) _
= [ haton) — k) + brota) ~ brd(an) P de
0

£1(¢;0,0) _
4 / 120(81) — (ka20(0) + baid(@n)|? de
fl(t;0,0)

o 0 — 082 da
+ /E 120(81) — 22(B)|? da. (A52)

1(£;0,0)

From the definition of ¢ in (A7) and (A:S), using Sobolev and Cauchy—Schwarz
inequalities, we have

£1(;0,0) -
/ brb(an) — bid(an)? de
0

£§1(£;0,0) )
0

< Clv(-20) = 9(20) P2 ((0,1)m2) + CIV( 20) B2 (0,7)m2)

2
ds| dx

/al v1(37x0) + ’UQ(S,.%‘O) ds _/al @1(3,330) —+ 172(8,330)
0 2 0 2

£1(¢;0,0)
X / o — a1 |2 da. (A.53)
0

By the definition of v, in (A22)) and the corresponding definition of ¥; and using

([A24)), we obtain

§1(1:0.0) 0 0 2 012 (0.0 2
[ st -k GoP o < Cltnorg [ o1 — @i da

(A.54)
Combining (A52)-(A54), we get

xo
/ 1 () — 21 (t 2) 2 da
0

02 2 £(t:00) 2
< O oo omayimy + 7 20) 2o,y / jon — [ da

Zo

120 Fr2 (0 00):) /, |61 — Bi|? dz
£1(¢;0,0)
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£(:0.0) 0 0 . 2
T / 129(81) — (ka0 () + baib(an)|? de
51(75;0,0)

+ C|V(~, IO) - \_f(~’ $0)|%2((0,T);R2),
(A.55)
We estimate each term in (A.55) separately. By the definition of ; in ((A.20) and

the corresponding definition of 31, we have

/;CO |ﬁ1 - Bl|2d$ = /IO |§1(0;t,$) - 51(0;15,.%'”2 dx. (A56)

1(¢;0,0) 1(£;0,0)

Now, let us estimate [&;(0;¢, z) — &, (0; ¢, x)|. From the definition of =, in (A8) and
the definitions of & and &, see (A1), we get for any s € [0, ] that

|§1 (3; tw%') - gl (3; t,.%')|

/: f1(0,&(0;t,x)) dO — /st f1(9,§1(0;t,x))d9'

< /: (' (1 (0.6 — g a0 —|—112(9,x0))

21}0

Lo
X

2s(V (- 20))(0)2s (Y (-, 70)) (0)
0
J,
Zo ‘ )

*/5 (%0, 20))(0)

(% (9,1‘0) + 02(9,1‘0)
21}0

vy (e, o) — U1 (e, o) + va (e, ko) — V2, o)
2

doz) do

(0,0) + 12(0, z0)
2330

v1(0,6) —01(0,&1) + & Gl

-& do

t
< Clv(,,20) = V(-,x0)|L2((0,1);r2) + CV/ 1€1(0;t,2) — &1(0;t, )| dO

+C/ lv1(0, & (0;t, ) — v1(0, & (0;t,2))|db. (A.57)

From ((A57), we get for v € (0,1p] sufficiently small and for & (¢;0,0) < = < x
that

1&1(5t, @) — & (5t @) | cojo,5m)
t
< OV (- 20) — ¥(20)|2(omyme + C / o (0,6,.(0: )
0

—51(0,&(0;t, 7)) db. (A.58)
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Thus, from [AZ56) and (AES) we have

/ ) |51—31|2d95
§

1(£;0,0)

X0 t _
< CIv(-,20) = V(- 20) |72 0.1)m2) + C [ (/ [v1(0,&1(6;¢,2))
£1(;0,0) 0

N\ 2
—@1(9,51(9;t,x))|d9/ ) do
0
< CPv(x0) = V(- 20) 7207y m2)
t X0 7 7
w [ 0,600 - 010,605t o
0 1(¢;0,0)
< Clv(-20) = V(20 22 ((0,1)m2) + Clor = T1lT e (0,19 £2((0,20)R))
(A.59)

The last inequality is obtained using the change of variable y = & (6;t,z), well-
defined for 0 < @ <t < T and & (¢;0,0) < 2 < . Let us now estimate |a; —
Q1] 12((0,¢1(4:0,0));R)- Without loss of generality, we may assume that oy < a;. By
definition of o in (A21]) and the corresponding definition of &y, we have

/ fi(s: & (sit x))ds = :/ fi(s, & (s;t,2))ds. (A.60)

Hence, similarly to ([(AZR7T), we get

o~ € —— i [ A Gt ) - Ao Gt a)lds

(t,z)€[0,T]x[0,z0]

t
< C|V(-, xo) - \_’(', $0)|L2((0,T);R2) + CV/ |§1 (0, t, .’IJ) - fl (0, t, LL‘)| df

t
+C [ 0(6.6(658,2)) - 06,6658, ). (A61)
aq
Similarly to the proof of (A58), for v € (0, 1] sufficiently small, we can obtain that
(note that & (s;t,z) and & (s;t,x) for any s € [ay,t] are well defined as we assume
that ap < 511)
105t 2) = & (5t )| co(larm) < CIv(z0) — V(- 20)| L2 ((0,1)m2)
t
+C [ 101(0,61(658,2)) ~ 02(6,€1(651,2))| 0.
(A.62)
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Using this inequality in (AZGI)) and performing similarly as in (A-59), we can obtain

El(t 0 0)
[ e —afde < Clvtem) = 9a0) e o
+Clor = 0ilie o rysa(@aormy  (A63)

Le‘E us now focus on the estimation of the term fgll(itoooo)” 29(81) — (k129(1) +
bi(a1))|? dr in [(A5H). Using the compatibility condition [B7)), we have

€1(£0,0) B
/ 120(81) — (k1 20(30) + brh(an))? de
13

1(¢;0,0)

£1(¢;0,0)

- /5 129(81) — 29(0) + 20(0) — (k1 20(3n) + brb(an))? dae

1(£;0,0)

51(t 0 0)
- / 120(81) — 22(0) + k1 20(0) + by (20 — 240)
51(75;0,0)

— (k120 () + bivp(an))|* dz

oo £1(£;0,0) ) 012 £(1:0,0) 2
< C|21|H2 0,z0);R / 151 dx+C|Zl|H2 0:wo)iR / o=l
(©z®) fo o (28 J w00
£1(t;0,0) a1 5 v :
L / 1}1(8,1‘0) —|—122(8,1'0) ds| dzx. (A64)
€1(£;0,0) 0 2

We first estimate f;l((ttoooo
[0,t], we have

1B1] < [é1(anst, )| = &1 (an;t, x) — & (an;t, o)
<&t @) — Ea(5t )| 0o (o, 0im) (A.65)
then by (A62) and performing the same proof as in (A1), we get

|B1]2 dx. As & (s;t,x) is increasing with respect to s €

fl(t 0,0)
/5 Loy 1B S ON20) = 920 oz
1(%3Y,

+ Clor = 0L (0122 ((0.00)8))- (A.66)

Let us now look at the second term in (A.64)), from (A-24]) and the definition of 71,
we have

£1(;0,0) £1(;0,0) _ _
/ w0 — 1|2 da :/ 1£1(0:0, 20) — £1(0; a1, 20)[2 da
£1(¢;0,0) £1(t;0,0)

_ £1(;0,0) £1(¢;0,0)
< |at§1|g/ a2 de < C @12 de. (A67)
£1(£;0,0) €1(£;0,0)
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It is easy to deal with the last term in (A26]), one has
/El(t;o»o)
€1(£;0,0)
él (t;0,0)

S C|\_f(’ xo)'?JQ((O,T);RQ) / |5[1|2 dx (A68)
£1(£;0,0)

/VOLl U1 (Sa LU()) + EQ(Sa LU())
0

2
5 ds' dx

(¢;0,0
B t;0,0)
the characteristic & (s;¢,x) is increasing with respect to s € [a1,t] and that

&7 (5t ) (B1) = 0, we obtain

Thus, we only have to estimate fgll( ) |1 |? dz. Noticing that for any fixed (¢, z),

ar < &Gsta)(Br) — & (st a)(By).

Moreover,
&Gt (Br)
B = !13+/ fi(s; &1 (s5t,x)) db,
t

Gt (B
pr=u +/ fi(s;&u(s;t,x)) de.
t
Then similarly as for ([AZ61]), we can prove that

&7 (it 2)(By) — & (st @) (B))]

< Clv(,w0) — V(- z0)|L2(0,1) + CV/ o €105 t, ) — &(0;t, )| dO
& Cta) (B

t
+C [ [v1(6,&1(0;t,2)) — 01(0,£1(05t,))|do.
€7 () (Br)
Thus, similarly as in the proof for (A.63)), we get
&1(t;0,0) ) )
Ll < O a) =)o

1(¢;0,0)

+Clor = 0alie o 220,012 (A.69)
Finally, using estimations (A.66) and (A.617)-(A69), (A.64) becomes

£1(£;0,0)
/ 120(81) — (ka20(0) + byap(@n)|? de
El(t;0,0)

< C(127 312 ((0,00) %) T+ 1 (5 20) [Fr2(0,1),m2)) (1Y (5 20) = ¥(20) T2 (0,7 m2)

+ o1 — @1|2Loo((o,T);Lz((o,wo);R)))- (A.70)
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Combining (A5H), (A59), (AG3) and [(ATQ), we get
|21 = 2113 (0,7 L2((0,20):R))
< C(120 1 H2 ((0.20):8) + V(5 %0) 312 (0.1):82))
x ([v(+;20) — ‘_’('7950)|%2((0,T);R2) + |o1 — 171|%°°((0,T);L2((0,w0);R)))
+ O (- 20) = ¥(-, 20)| 22 ((0,7)m2) - (A.71)

We are left with estimating |z (-, zo) — Z(-, 0)|12((0,7);r2) in order to obtain (A5T).
Here we give the estimation for z;. Using (A58)), we get

T
/ |Zl(t,$0) —51(t,$0)|2dt
0
T —
= [ 105t m0)) — (& 01t 20)
0

T
< |Z?m|(2)/ 1€1(05 ¢, 20) — &1(0; ¢, ) |* dt
0
< C127 12 ((0,20):%) [V (5 0) — V(-5 20) 320,72
T pt B B
O a0 meyit) / / 016, &4(8: 1, 20)) — 1(6, &1 (6 1, 70))|? dB dt
< C|Zg|?{2((0,x0);R)|v('7IO) - ‘_’('vxo)'%?((O,T);]R?)
T pT B B
+ 138l 0amy | / o (0, &4 (0 £,20)) — 01 (0, €4 (051, 20))|? i O
0

< C122 32 ((0.0):m) (V5 20) = ¥, 20) |72 (0.7):m2)

+|v1 = 01l (0,19 L2((0.00)iR)) - (A.72)
The last inequality is obtained by changing the variable y = & (6;t,z0). Similar
estimates can be done for 2. Hence, from (A7) and (A72)), there exists M > 0
such that for ¢ sufficiently small and v € (0, 2], where vo € (0,11] is sufficiently
small and depends only on C', we have

|Z — Z| Lo ((0,7):22((0,20):R2)) + M|2(-; 20) — Z(+, Z0)|L2((0,7):r2)

1 _ M _
< §|V — V|Loo((07T);L2((07m0);R2)) + 7|V(~,;L‘0) — V('»$0)|L2((0,T);R2)' (A.73)

Hence F is a contraction mapping and has a fixed point z € C,(z° 24), i.e.
there exists a unique solution z € C,(z°, z5) to the system (E3)—((X). Notic-
ing ([AX), we get that =3 € C([0,T];R). To get the extra regularity z €
CO([0,T); H((0,z0); R?)), we adapt the proof given by Majda (see pp. 44-46 of
Ref.33). There, the author used energy estimates method for an initial value prob-
lem. Using this method for our boundary value problem, we have to be careful with
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the boundary terms when integrating by parts. Substituting v by z in (t) and
f1(t, x) in the expression of z1,, 1., in (A40) and ([(A4I]), noticing ([(A2)—([A4) and
computing similar estimates as in [(AZf) and (A47), we can obtain the “hidden”
regularity z,(-,z9) € L?((0,T);R?) and z,,(-,70) € L*((0,7T);R?) together with
estimates on |2, (-, %0)|r2((0,7);r2) and |Zzz (-, %0)|£2((0,1);r2), Which are sufficient to
take care of the boundary terms when integrating by parts. This concludes the
proof of the existence and uniqueness of a classical solution z4(t) € C*([0,T];R)
and z € C°([0,T]; H2((0,20); R?)) in C,(2z°,250) to the system [B3)-@EH) for T
satisfying (ALl).

The estimate (E10) for |z(t, -)| g2 ((0,20);r2) Part can be obtained from estimates
(A4R)-(A249) by first replacing v with z and then applying (A37)-(A-38). Noticing
the definition of xs in (AL8) and applying (A37)([A.38) again, the estimate for the
|xs(t) — 0| part follows.

Next, we show the uniqueness of the solution in C°([0,T; H?((0, z0); R?)). Sup-
pose that there is another solution z € C°([0,7]; H*((0,z0); R?)), we prove that
7z € C,(2°, z4), for § sufficiently small. To that end, assume that z(t,-) = Z(t,-)
for any ¢ € [0, 7] with 7 € [0,T]. If 7 # T, by (310), for § sufficiently small and
as z € C°[0,T]; H*((0,z0); R?)), one can choose 7" € (7,T) small enough such
that Z € C, (z(7), zs(7)) with T is replaced by 7" — 7 and by considering 7 as the
new initial time. Thus, z(¢,-) = Z(t,-) for any ¢t € [0,7']. As |Z(t, )| g2((0,00)R2) 18
uniformly continuous on [0, 7], and as, moreover C' and v do not depend on T', we
can repeat this process and finally get z(¢,-) = z(¢, ) on [0, 7.

For general T' > 0, one just needs to take T} satisfying (A-]) and, noticing that
C' and v do not depend on T}, one can apply the above procedure at most [T/T1]+1
times. This concludes the proof of Lemma 311 O

Proof of Lemma [A 1l From (A19), we have

0%¢1 (st @) 0&1(s;t x)
0s0x = Jiz oxr
(A.74)
o (t;t,x) 1
ox o
and
0%¢1(s5t, 1) 0&1(s;t, o)
= Jlx 5
0s0t ot (A.75)
0&1(s; 8, @) . 0&1(s58,x) 0
0s ot o
Thus,
01 (s;t,0) =€ I fra (0,61 (63t,2))d0 (A.76)

Drta(sit, @) = —fu(t,a)e™  Fe@ & )0 (AT7)
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From (A76)-([AT7) and noticing 81 = & (0;¢, ), we have

OBL _ _p(t a)e fu fre@aostanas - OB —pipweoande (p 75)

ot oxr

From ([AZ6), noticing & (aq;t,2) = 0 and by chain rules, we have

da 1 — [ fra(s,E1(sit,a)) ds
don 1 (st A79
ax fl (CV1, 0)6 ' ’ ( )
and as v1 = & (0; a1, z0), we obtain from (A7) that
Om _ dn o
ox doy Ox

_ J1(01,20) = 5 (s 6alssanae)) ds— [ fra(si(sita)ds (A.80)
fl(alao)

Observe that for a.e. s € (0,T) and x € [0, zo],
[v1(s, )| < '/ vlm(s,l)dl' + |v1(s,0)], VO €][0,x0] (A.81)
0

and as v is H! in z and its L?-norm is bounded by v, there exists 6 such that
|vi(s,0)| < v/\/xq, therefore

v (s, )| < Cv, (A.82)

and similarly as v; is H? in 2 with the same bound and vy is in
L>((0,T); HY((0,20); R)) with bound v from ([A3])

x €10,z0], |viz(s,2)] <Cv forae. se(0,7T),
(A.83)
x € [0,2z0], |vie(s,z)| <Cv for ae. s € (0,T).

From the expression of f; defined in (AZI8) and using (A76)-([AZ80) and (AZRA)-
(AR3), after some direct computations, estimates ((A23)—([A2R) can be obtained.

We now demonstrate the estimate (A29) in detail, while (A30)-[A32) can be
treated in a similar way, thus we omit them. From (A7S]), we have

t
O = <—f1t(t,x) + f1(t,x) (flm(t,l") + / Jiea (0, €105 8, 2))0:&1 (051, ) da))
0
X e~ lo f12(0,61(03t,)) dO

Looking at (AIX), as v is only in L°((0,7); H*((0,z0); R?)) N W1ee((0,T);
H((0,20); R?)) N W22°((0,T); L*((0, z0); R?)), this equation is expressed a priori
formally in the distribution sense. Thus, we have to be careful when we estimate

(A29). By (A1R) and using estimates (A23), (A24), we get by Cauchy—Schwarz

inequality together with the change of variable y = & (0;t,x¢) that
2

T T t
/ 10081 (¢, o) dt < Cvr + C / / Fran(0,€1(6:,00))001 (8 £, 20) | dt
0 0 0
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T rt

< CV+C/ / U%ww(e,fl(e;t,xo))a?é.l(e;t,xo) dfdt
0 0
T rT

= CV+C/ / vfm(G,51(9;t,x0))8t2§1(9;t,x0)dtd0
0 0

T o
<Cv+ C/ / v?,.(0,y) dydd
o Jo

< Cv. (A.84)

Appendix B. Proof of Theorem [5-1]
First observe that, after the change of variables (B1), (32]), the new equations are

et (f W+ +1) = (1) - xx—) 22—,

2ot + (—f/(—l) +(f[(=1) = fl(z2— 1)) + xi—;) zngx_—Ox =0,
(D21t o) = f'(=1)22(t, x0)
2 + (Zl(t,l‘o) — ZQ(t,JZQ))

(f(z1(t,m0) + 1) — f(1)21(t, z0) — f(1))

—(f(z2(t,m9) — 1) — f'(=1)22(t, xg) — f(—1
o UGm) )Pt S
2+ (Zl(t,aﬁ()) - ZQ(t,JZQ))
and the boundary conditions remain given by ([34]). Note that in (B.I) the expres-
sion of &4 can actually be written as

(W21t o) — f'(=1)22(t, o)

2
Thus, to prove Theorem [51] it suffices to show Theorem B with (B.I) instead of
(B3). We still define the Lyapunov function candidate as previously by (E3))—(E3).
Then Lemmas [A.1] and [£.2 remain unchanged. To adapt Lemma 3] one can check
that, when differentiating Vi, V2 and V3 along the C3 solutions of (Bl), (34) with
associated initial conditions and noticing that under assumption f(—1) = f(1), one
has f/(—1) <0, f/(1) > 0 from the property of convex function, we obtain as previ-
ously (E40), (£42) and [40) but with f’'(1)p; instead of p; and |f/(—1)|p2 instead
of ps in the boundary terms and pV; being replaced by pmin(f'(1),|f'(=1)))V;.
Then, from (3] and dealing with Vy, we finally get

i Vs
dt dt

Zs(t) =

s(t) = +O(|z(t, 20)[*).- (B.2)

0, ©
< —u(\y +‘/Z;)+max{—1, —2}‘/1
€1 1<)
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o 12 _pzo o, e1t+e2 ., 2| 2
+ x—Pl( i—e m)f (1)“‘78 S ()7 21 (20)
S

€1+ ée2
8

P2 - )+ D] )

ZED)

o — /{:1) + H:| Zl(ﬂio)(IS - Jio)

+fl(1) |:—2@p1b1/€1 — Ji_oﬁl(e,

S :I;s

px

ﬁg(e_”_'20 — ko) + /1] zo(xo) (s — o)

1) | =2 Lo -
-2 ek -

To
L— x4

pab3|f(~1)| = Zpibi /(1)

x
F| R+

Zo
L— x4

p2ba| f'(= 1)+ lm] (x5 — 20)* + O((l2| w2 + |25 — z0])?)  (B.3)

and a similar expression for V5 + V5 and V3 + Vi as previously. Thus Lemma
still holds but with A now defined by

_ pag €1+e¢
an=pie” = K) 1) - S (B.4)
a13 = as1 — f/(l)plblkil + f%l)%(ei “:10 — kl) — fl(l)g, (B5)
x _ g €1+e2
an = pa(e " — k)11 (-1 - DRI CDE, (B)
a3 = a3z = |fl(_1)|L ioxopzbzkz
) Fo P2 e Ny B
A Gy SETACEVES (B.7)
x
azs = —p1bi f'(1) — 17 ©—pab3| (= 1)| + pubi (1)
— 2
Zo _ 1 _
+ L—x0p2b2|f( D] = pr (B.8)

instead of ([@60)—-(E.64). We can then choose p1, pa, p1, p2 as previously by (E6J)—
(@T)) and A becomes again diagonal with the expression of its elements given by

ass = 5 (i ST (D)lbae 7 = g (B9)
/ e / 2 pax x

o= S0 gty LW (B o) B0
1(_ = r(_ 2 s e

o = MW gy - HIEDR G 5 ) (e )

(B.11)
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instead of (@74), (@77) and (EXI8), respectively. Then to prove Theorem EI] with
([BI) instead of (B-3), we only need to show now that under assumption (5.4) there
exist u > v and k > 1 such that a;; > 0,7 = 1,2, 3 and such that [ZI6) holds where
©;,i = 1,2 are still defined by (@I7). But this can be checked exactly as in the
proof of Theorem EJl. With condition (B3], one can now check as in Remark 241
that there always exist parameters b; and k; such that conditions (5.4]) are satisfied.
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