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OUTPUT DEAD BEAT CONTROL FOR A CLASS OF PLANAR
POLYNOMIAL SYSTEMS*

D. NESICt, I. M. Y. MAREELS!, G. BASTINS, AND R. MAHONY'

Abstract. Output dead beat control for a class of nonlinear discrete time systems, which are
described by a single input-output (I-O) polynomial difference equation, is considered. The class
of systems considered is restricted to systems with a two-dimensional state space description. It
is assumed that the highest degree with which the present input appears in the equation is odd.
Necessary and sufficient conditions for the existence of output dead beat control and for the stability
of the zero output constrained dynamics are presented. We also design a minimum time output
dead beat control algorithm (feedback controller) which yields stable zero dynamics, whenever this
is feasible. A number of interesting phenomena are discussed and illustrated with examples.
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1. Introduction. Linear dead beat control has received a great deal of attention
in the past 30 years [16]. The discoveries in the area of linear dead beat control resulted
in a better understanding of linear systems theory and a number of very successful
applications. The fact that very often the dynamics of a plant cannot successfully
be modeled using linear time invariant equations, provide motivation for considering
nonlinear dead beat control. Dead beat control or controllability for special classes of
nonlinear systems has been addressed by many authors [1, 7, 8, 9, 10, 12, 20, 21, 22].
Nevertheless, a wealth of open questions remain to be explored.

Polynomial I-O systems of the form yx+1 = f(yk,- .-, Yk—s, Uk—t, - - -, Ug) are often
used [13, 14, 5] for system identification in black-box mode (see also [23, 24]). v, u,
and k are, respectively, the output, input, and time index. The function f is a
polynomial in all its arguments. This is an obvious generalization of linear ARMA
models. Although a number of applications of I-O polynomial systems have been
reported, e.g., [5, 14], their control properties are not well understood.

In this paper we consider a class of I-O polynomial systems of the following form:

(1.1) Ykr1 = (Y Uk—1, Uk)-

We assume throughout the paper that the highest exponent of the argument uy in
the polynomial f is an odd integer. An application of this class of systems can be
found in [5] where a subsystem of a radiator and fan is identified in this form.
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The control question that we are interested in is minimum time output dead beat
regulation. In particular, we want to design a control law of the form

(1.2) ug = c(Yk, Uk—1)

such that y, = 0 Vk > t for some integer ¢ and such that the constrained dynamics!

defined by

0= f(O,Uk_hUk),
(1.3) ug = (0, ur—1)

are stable in a sense to be specified later. The paper deals with two questions: output
dead beat controllability and stability of constrained dynamics for (1.1).

Some pioneering work on controllability for a class of discrete time bilinear systems
can be found in [11]. Papers [7, 8, 12] provide complete conditions for controllability
for the same class of systems. Invariance of the control independent set was investi-
gated in [11]. We show that a new notion of strongly invariant sets, first introduced
in [20, 21], is crucial for output dead beat controllability of (1.1). We take a similar
approach as in [20, 21], where dead beat controllability of scalar polynomial systems
is considered. The output controllability result of this paper can be viewed as a gen-
eralization of some results on odd systems in [20, 21]. In the conference version [22] of
this paper, we provided the output controllability test for (1.1). However, the design
of a feasible dead beat controller and stability of constrained dynamics are analyzed
in the sequel.

Output dead beat control of recursive nonlinear systems was investigated in [1, 3].
Existence of constrained dynamics together with a number of interesting phenomena
were studied. The considered class of systems was, however, large and results are
consequently weak. The notion of criterion of choice is introduced in the context
of stability of constrained dynamics in [1, 3]. This notion is also important in our
discussions. Stability of one-dimensional explicit constrained dynamics u, = f(ur—1)
was investigated [2, 3]. Our paper extends these results to the case of implicitly defined
polynomial dynamics (1.3) and we present necessary and sufficient conditions of the
existence of a criterion of choice that leads to stable constrained dynamics. We point
out that the stability of an interval that we consider was investigated in [3] and in [15],
where this property is referred to as “permanence.” In [15], global stability properties
of a number of nonlinear explicit systems of the form yr11 = F(yg,...,Yrp—s) Were
investigated (see also [19] for continuous time results). We, however, consider the
implicit difference equation in (1.3). We emphasize that the notion of constrained
dynamics considered here differs from the concept of zero dynamics introduced in
[17, 18]. Moreover, the notion of zero dynamics [17, 18] appears not to be sufficiently
general to be applicable to the stabilizing dead beat control problem considered here.

This paper provides an explicit test for verifying the existence of an output dead
beat control law which yields stable constrained dynamics for the system of the form
(1.1). Furthermore, a constructive design method is provided to find any such feedback
law. A purpose of this paper is to show the difficulties that one may face when tackling
the output dead beat control problem for the simple class of I-O polynomial systems
(1.1) and to present a number of interesting phenomena.

IThe definition of stable zero output constrained dynamics that we analyze is more general than
the usual definition of zero dynamics found in literature [17]. To make the distinction more obvious
we refer to our definition as constrained dynamics and to the definition in [17] as zero dynamics.
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The paper is organized as follows. In section 2 we present some notation, and
in section 3 we define the problem and the class of systems that we consider. The
question of the existence of dead beat control is addressed in section 4. Sections 5 and
6 are, dedicated to, respectively, the stability of constrained dynamics and a method
to check the existence of a dead beat control law which yields stable constrained
dynamics. The modified dead beat control law which zeros the output in minimum
time and also yields stable constrained dynamics is then presented in section 7. In
section 8, we present several examples which illustrate our methods. The summary
and conclusion are given in the last section.

2. Mathematical preliminaries. We use the standard definitions of rings and
fields [6]. We work over the field of real numbers which is denoted as R. R” is a
set of all n-tuples of elements of R, where n is a nonnegative integer. The ring of
polynomials in n variables over the real field ® is denoted as R[z1,zo,...,z,]. Let
f1, f2, ..., fs be polynomials in R[x1, z3,...,2,]. Then we define

V(f1, f2,-- -, fs) ={(a1,a2,...,an) € R" : fi(a1,a2,...,a,) =0forall 1 <i< s}

We call V(f1, fa, ..., fs) the real algebraic set or real variety defined by f1, fa,..., fs.
Since the defining polynomials of a real variety are often clear from the context, it is
often denoted simply as V.

DEFINITION 2.1. A real variety V. C R"™ is irreducible if whenever V is written
in the form V. = V; U V,, where Vi and Vo are real varieties, then either Vi =V or
Vo =V [6, p. 196].

THEOREM 2.2 (see [6, p. 202]). Let V. C R™ be a real variety. Then V can be
written as a finite union of irreducible varieties V.=V UVoU---UV,, where each V;
is an irreducible variety.

Let f,g € R[x1,x2,...,2,]. f|lg means that g divides f; that is, there exists a
polynomial h € R[x1,xa,...,x,] such that f = hg. f = g|h means that f is divisible
by h modulo g; that is, given polynomials h and g, deg(g) < deg(f) there exists a
polynomial hy € R[z1,x2,...,2,] such that f = hih+g. Also, f fgand f =g f h
denotes, respectively, that f is not divisible by g and f is not divisible by h modulo
g.

We say that a variety V' C %2 has special form if

n—1
V= {(y,v) E%Q:y—Zbivizﬂ, b; € R, izO,l,...,n—l}.
i=0

Varieties of special form are irreducible because they can be parametrized by polyno-
mials [6, p. 197].

3. Definition of the system. We consider systems described by the following
recursive I-O polynomial equation:

(31) Ye+1 = f(yk7uk—17uk)7

where yj, is the output of the system at time k and wuy is the input to the system at
time k. The function f is a polynomial, f € R[y,v,u]. We assume that the highest
exponent of u in f(y,v,u) is an odd integer. A system (3.1) with this property is
referred to as an odd system.

It is always possible to rewrite (3.1) in the following form:

(3-2) Yk+1 = gn(ymukq)uﬁ + 9n71(yk, uk71)U271 + -+ gO(ylwukfl)a

where g, #Z 0 and n is an odd positive integer.
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ASSUMPTION 1. Constrained dynamics are defined as
(3.3) Yo e R, Jue R such that f(0,v,u) =0.
A sequence of controls is denoted as
U = {ug,u1,...}

The truncation to a sequence of length p+1 is denoted as U, = {ug,u1,...,up}. The
composition of the function f in equation (3.1) under the action of a control sequence
U,, which starts from (yo,u—1) € R? is denoted as

fup(yoﬂu*ﬁ = f(f( : 'f(f(yOaufhuO)’uOvul)v s 7up*1>up)'
—_—

p times

Obviously yp+1 = fY(yo,u—1) is the output at time p + 1, given the starting
point (yo,u—1) and the input U,.

We can introduce the state variables z1(k) = yx and z2(k) = uk—1 and write
accordingly the model in state space format. In the sequel, we refer to (yo,u_1) € R?
as an initial state although we work with the input output equation (3.1).

We are interested in output dead beat control in Definition 3.1.

DEFINITION 3.1. The system (3.1) is output dead beat controllable if for every
(yo,u_1) € R? there is a sequence U = {ug,uy, ...} such that the output of the system
(3.1) is driven to zero in finite time, that is, y, = 0,Vk > t, where t is a nonnegative
integer.

DEFINITION 3.2. A feedback controller, given by ux = c(yg, uk—1), 18 an output
dead beat controller if there exists a positive integer P such that ¥(yo,u_1) € R? and
k > P we have yx, = 0, where yx11 = f(yr, ur—1, c(Yr, ur—1))-

Because of Assumption 1, we can split the dead beat control problem into two
parts. Indeed, the control sequence U in Definition 3.1 may be split into two parts. U;
is the part of the sequence U that transfers the output to the origin and {u¢41,. ..} the
part which keeps the output at the origin. Section 4 is concerned with the existence
of the sequence U, which naturally leads to the construction of an (feedback) output
dead beat controller. In section 5 we consider the properties of the obtained control
laws, which settles the usefulness of the approach.

4. Output dead beat controllability of recursive polynomial systems.
In this section, we consider when it is possible to transfer the output of the system
(3.1) to the origin in finite time, starting from an arbitrary initial state (yo,u_1) € R
The following definition is used in the sequel.

DEFINITION 4.1. The one-step reachable set from an initial state (yo,u_1) € R?
is defined as

V;“(y(%u*l) = {(yau) € §R2 Y- f(yovuflvu) = 0}

We also define the projection of the one-step reachable set onto the first coordinate
azris as

Hv;"(y()aufl) = {y eERN:Jwek: (y,’U) € V;“(yOaufl)}

and call it the set of one-step reachable outputs.
Observe that the one-step reachable set is a real variety and it has special form
for any initial state in 2. Moreover, since the systems is odd, the only states from
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which it may not be possible to zero the output in one step belong to the real variety
Ve defined by

(4.1) Vo ={(y,v) € R : gn(y,v) = 0}.

Notice that dim Vg < 2.
DEFINITION 4.2. The variety Vo given by (4.1) is called the critical variety.
DEFINITION 4.3. The number of varieties of special form that are contained in
Ve is denoted by N.
Let V and W be varieties. We introduce the notation

(4.2) vZ>.w

to denote that V,.(yo,u—1) = W V(yo,u—1) € V. It should be emphasized that
equation (4.2) means that the one-step reachable set from any initial state in V is
equal to W.

DEFINITION 4.4. A set Vi, € Ve is invariant if

(4.3) Y(y,v) € Vi, Vi(y,v) CVp,.

The union of all invariant sets Vi = U; Vi, is called the mazimal invariant set.

DEFINITION 4.5. A subset Wy, of the variety Vo is strongly invariant if it is
invariant and ¥(yo,u_1) € Wi, there exists an integer t > 0,t = t(yo,u—1) and a
sequence of controls Uy = {ug,u1,...,ut} which yields (ys+1,ut) = (yo,u—1), where
Yir1 = fY(yo,u_1). The union of all strongly invariant sets Wi = U;Wi, is called
the maximal strongly invariant set.

DEFINITION 4.6. The number of varieties of special form that are contained in
the mazimal strongly invariant set Wy of Vo is denoted by L.

The propositions below indicate some important properties of the maximal in-
variant and strongly invariant sets.

PROPOSITION 4.7. The mazimal strongly invariant set can be decomposed into
finitely many strongly invariant subsets Wy, , each of which can be decomposed into
finitely many varieties of special form W;:

Wr=Wiu---u WL1 U WL1+1 U---u WL1+L2 u-- 'UWL1+.A.+LP_1+1 J---u WL1+---+Lpa

Wi

1 Wi, Wi,

where Ly + Lo +---+ L, = L. Therefore, the mazimal strongly invariant set is itself
a variety.

Sketch of the proof. We prove this proposition in four steps. Since V,.(yo,u—_1) is
of special form for any (yo,u—_1) € Vo, at least one variety of special form W7 belongs
to the maximal strongly invariant subset W;. Then we can show that in order to have
invariance one-step reachable sets from any initial state in W7 must coincide; that is,
Vi(y1,v1) = Vi(y2,v2) Y(y1,v1), (y2,v2) € Wi. Therefore, we show that one can write
Vi(y,v) = Wa V(y,v) € Wi, where W is a variety of special form which is a subset of
V. After this, we show that the union W7 UW,U---UW7, is a subset of W;. Finally,
it is proved that the union W7 UW, U ---U W7, is equal to W;, and the partition into
smaller strongly invariant sets follows easily. For a more detailed proof see [22]. ]

Proofs of the propositions below hinge on the proof of Proposition 4.7 (see [22]).

PROPOSITION 4.8. Any invariant subset Vi, of the critical variety Vo contains a
strongly invariant subset Wi, .
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PROPOSITION 4.9. Any initial state that belongs to an invariant subset Vi, of the
critical variety Vc is transferred to a strongly invariant subset Wr, (which is a subset
of V1,) in finite time.

PROPOSITION 4.10. Any (yo,u_1) € Vo — Vi can be mapped to R2 — Vo in at
most N — L + 1 time steps (see Definitions 4.3 and 4.6).

COMMENT 1. An immediate consequence of Proposition 4.10 is that if V; = ()
any initial state in Vo can be mapped to R? — V¢ in at most N + 1 time steps and
hence the output can be zeroed in at most N + 2 steps (see Definition 4.3).

PROPOSITION 4.11. Consider the system (3.1). The critical variety Ve (4.1) con-
tains a strongly invariant subset if and only if there exist polynomials y — Z?;OI bfvi,
WWeR, p=12,...,B, B<L<N such that

n—1
In(y,v)| (y - bevi> Vp=1,2,...,B,
1=0

n—1

gi(y,v)Ebf+1|<y—Zb’;vi> Vp=1,2,...,.B—1 Vi=1,....n—1, and
i=0

n—1
9i(y,v) = bi] (y Zb?zﬂ) Vi=1,...,n—L
=0

The above properties of invariant subsets of V¢, lead to necessary and sufficient
conditions for output dead beat controllability for the class of odd systems (3.1).

THEOREM 4.12. The odd system (3.1) is output dead beat controllable if and only
if either the mazimal invariant set Vi = () or if Vi # 0, then all irreducible components
(varieties) Wy, i = 1,2,..., L of the mazimal strongly invariant set Wy intersect the
line y =0.

Sketch of the proof. The whole state space can be partitioned as WU (Vi — W)U
(Vo — Vi) U (R? — Vo). Propositions 4.7, 4.8, 4.9, 4.10, together with the fact that
any state in Vo — V7 can be mapped to 2 — Vi, give a characterization of all possible
behaviors. O

COMMENT 2. It is easily verified that the conditions under which the critical
variety Vo may contain invariant subsets (they are given in Proposition 4.11) are
clearly not generic.

COMMENT 3. It is important to notice that Theorem 4.12 provides conditions
for output controllability to the origin. If we want to check output controllability
to some other point y* # 0, then all irreducible components (varieties) W; of the
maximal strongly invariant set W should intersect the line y = y*.

5. Stability of constrained dynamics. We examine in this section properties
of the control law which keep the output of the system at zero after the output
was zeroed. We extend Theorem 6.2 [3] to the class of polynomial implicitly defined
systems. This theorem gives necessary and sufficient conditions for the global stability
of an invariant interval for the class of explicit constrained dynamics defined by u; =
g(ug—1) with g continuous. We consider implicitly defined polynomial systems. The
equation that defines the behavior of the system is given below:

(5.1) F(0,up—1,ux) =0.

It was noticed in [1] that the properties of the control law that keep the output at
zero depend on the rule used to determine which particular solution from among the
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possible alternatives wy, satisfying (5.1), is used for any given ug_;. This rule is
referred to as a criterion of choice. If we have several control actions that satisfy the
constraint (5.1) at our disposal, it is very important to apply “the most appropriate
one.”

In this section we define what we mean by stable constrained dynamics and find
conditions which guarantee the existence of a “good” criterion of choice, i.e., one that
leads to stable constrained dynamics. Now we give definitions for the concepts that
we need in our developments.

DEFINITION 5.1. A criterion of choice is a single valued function ¢ : ® — R
(denoted also as u, = c(uk—1)) such that

(5.2) f(0,v,c(v)) =0 YveR.

DEFINITION 5.2. Consider a criterion of choice ¢ (Definition 5.1). A bounded
interval A C R is invariant under mapping c if ¢c(A) C A.

DEFINITION 5.3. Let A C R be a bounded interval invariant under mapping c.
Then

1. A is called stable if VE C R, A C E, IK(E) > 0 such that Yug_; € E we
have sup,,, e lc(ur—1)| < K(E) < oo;

2. A is called attractive if VA > 0 Yu_y, 3T = T(A,u_1) such that infyca |z —
ug| < AVEk>T;

3. A is called asymptotically stable if 1 and 2 hold.

DEFINITION 5.4. Implicitly defined constrained dynamics (equation (5.1)) are
called stable if there exists a criterion of choice ¢ such that there is a bounded interval
A invariant under mapping ¢ which is asymptotically stable.

We emphasize that the present notion of stability is more general than allowed
for in [17, 18], where only stability of equilibria is considered. Notice also that we
consider a global stability property.

We now cite Theorem 6.2 from [3] which is used in the proof of the main result.

THEOREM 5.5 (see [3]). Consider the mapg:D — D, D CR. Let A = [a,b] C R
such that
1. DN A is invariant under g: g(DN.A) C DN A;
2. (R—]a,b]) C D;
3. g is continuous on (R—]a,b[).
Then A is globally attracting interval of the iterative map u(k + 1) = g(u(k)) if and
only if the following conditions hold:

Vo < a, g(x) >
Yx > b, g(x) <z,
Vr < a such that I(z,2) € GR',  g(x) < 2
(5.3) Y > b such that I(z,2) € G;', g(x) > 2.

The domain D represents the domain of definition of constrained dynamics. Other
symbols used in the statement of Theorem 5.5 are given below:

G={(z,9(x)):z eR—[a,b]}, GL={(z,9(x)) € G:z<a},
Gr={(z.g(x)) € G:z>b}, G7'={(9(x),2): (z,9(x)) € GL},
Gr' ={(g9(x),2) : (z,9(x)) € Gr}.

COMMENT 4. In our case the domain of definition of constrained dynamics is the

whole real line; that is, D = R. Therefore, condition 2 of Theorem 5.5 does not need
to be verified.
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Given T' > 0 a real number, the following sets will be used in what follows:
(5.4) Sy ={(w,u) eR?*:v < =T}, So={(v,u) eR®:v>T}

A very important feature of polynomial systems which is crucial for the stability of
constrained dynamics is given in the theorem below.
THEOREM 5.6. Consider the real variety V, defined by

(5.5) V. = {(v,u) € R?: £(0,v,u) = 0}.

There exists T > 0 such that there are constant numbers ni and ns of continuous
branches® of variety V, on sets S1 and Sy (5.4).

Proof of Theorem 5.6. Sturm sequences can be used in order to check the exact
number of distinct real roots of a univariate polynomial on any interval [a, b], including
] — 00, +00] [4]. We will regard ui_; as a parameter, and for any fixed ui_1 we can
find the number of distinct real roots uy to (5.1). In other words, we can find the
exact number of real roots to (5.1) on vertical lines ux_1 = const.

Consider the Sturm sequence of f(0,v,u). It has the form

A) (v)u” 4 -+ + AY(v),
Al () u T 4 Ag(v),

n—1

(5.6) A (v).

The leading coefficient functions are rational functions in v. It turns out that for the
number of real solutions u to (5.1) for a fixed value of the parameter v, only the leading
coeflicient functions are important. Actually, the signs of these functions determine
the number of real roots, and since they are rational functions, we can find a set of
the form | — oo, —D1[U] D1, +o0[ on which their signs do not change. The modified
division algorithm which is used to determine the sequence (5.6) yields a special
form of the leading coefficients in the Sturm sequence. Namely, the denominator of
Afltlj-+1(v) has the same roots as the numerator of A}, ;(v)¥j > 1. Also, A% = g, (0,v)
and AL | = nd/0v[g,(0,v)] are polynomials. Consequently, the set on which the

n
A7, ;(v) do not change signs can be determined considering the equations A7, _;(v) =0
Vj=0,...,n. We introduce the following set:

(5.7) D1:{1)€§R:Afl_j(v):0for some j =0,...,n}.
Denote as D; the following number:
(5.8) Dy = sup |v|.

veDy

It follows that on the set | — 0o, —D1[U] D1, +0o0] all the leading coefficient functions
do not change their signs. Therefore, there is a constant number of real roots uy
for every ug_1 €] — 00,—D1[ and ug_1 €]D1,+0o0] to (5.1). We can also say that
there exists a constant number of continuous branches of V, on sets | — oo, —D;[xR
and | Dy, +oo[x%. This follows from the theorem on the continuity of real roots [4,
p. 38]. Since g,,(0,v) # 0 (g, = AY) for v €] — 0o, —D1[U] Dy, +o0o[ and since there
is a constant number of complex roots, all the conditions of the theorem are
satisfied. a

2The term “branch of V,” that we use corresponds to parts of irreducible varieties (curves) from
which the variety V. is composed [4, 6] that belong to sets S1 and Sa.
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COMMENT 5. Theorem 5.6 states that it is possible to find an interval [— Dy, D4]
inside which all bifurcations of the variety V, occur. Moreover, from the theorem on
the continuity of roots [4, p. 38] we see that all intersections between branches of the
variety V, occur inside the same interval.

LEMMA 5.7. A necessary condition for the existence of stable constrained dynam-
1c8 18

sup inf |u| < +oo VK €]0,+o0[.
lv|<K (v;u)€V:

Proof of Lemma 5.7. Suppose that there exists a criterion of choice ¢ which yields
stable constrained dynamics. Suppose that there exists v = uj_; which belongs to the
invariant interval such that all branches of the variety V, have a vertical asymptote
at v = uj_;. In other words, the condition of Lemma 5.7 is not satisfied for any
neighborhood of the origin that contains uj_,. It is then obvious that the invariant
interval must have one of the following forms: | — oo, +o00|, [K,+oc], or | — oo, K],
and we have a contradiction since neither of these intervals is bounded. Suppose
now that u;_, does not belong to the invariant interval. In this case, constrained
dynamics cannot be stable in the sense of Definition 5.4 because for uj_1 such that
Ug—1 — Uj_; we have that |ug| — 400, so we again obtain a contradiction. 0
Now we can give definitions of maximal and minimal branches of the variety V.

DEFINITION 5.8. Consider the variety V, on sets S1 and Sy. The maximal branch
of V, in Sy is given by

Vo2 = v,u) 2 v €T, 400, u= max .
M (v.) ] | (v,9)€(V2NS2), y<v v}

The minimal branch of V, in Sy is such that

Vo = {(v,u) ;v €] — oo, =T, u= min
(v,y)E(V=NS1), y>v
In other words, the maximal branch is the closest branch of V, to the bisector

u = v, which is below the bisector (on the set S3). Notice that minimal and maximal
branches are well-defined parts of irreducible varieties of V,, following from the theo-
rem on continuity of roots [4] and Bezout’s theorem [6]. Bezout’s theorem says that
we can find a set [—Ds3, D3] x R inside which all intersections between the variety V,
and the bisector u = v occur. Also notice that if there are no branches in Sy that are
below the bisector uw = v, then by definition Vo =,

COMMENT 6. Suppose that we can find a criterion of choice such that outside a
bounded interval [T, T] all orbits are bounded, converge to the interval, and enter
it in finite time from any given w_;. Then it is easy to show that when Lemma 5.7
holds there exists an interval (perhaps larger than [—T,T] but bounded) such that
it is invariant and stable. Consequently, we will concentrate only on the existence
of a bounded stable interval, and Lemma 5.7 guarantees that we can always have a
criterion of choice for all u_; € [=T,T] which renders the interval invariant.

Now we can state the main result.

THEOREM 5.9. Implicitly defined constrained dynamics (5.1) are stable if and
only if the mapping ux, = g(up—1) defined as

y such that (up_1,y) € Vo1 if up_y < —T,
(5.9) S such that (uk—1,y) € V1\€12 if ug—1 > T,
y  such that (uk—1,y) € V. if ug—1 € [-T,T) and

y has the smallest absolute value

satisfies equations (5.3) of Theorem 5.5 and Lemma 5.7 holds.
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Proof of Theorem 5.9. Sufficiency. Consider the criterion of choice (5.9). It is
obvious that all the conditions of Theorem 5.5 are satisfied and this criterion yields
stable constrained dynamics.

Necessity. We have to show only that the conditions (5.3) are necessary for stable
constrained dynamics. We can find a set inside which all intersections between the
variety V, and the bisector u = v occur and denote it as [— D3, D3] x . Moreover, we
can find another set inside which all the intersections between V, and V7! = {(v,u) €
2 : £(0,u,v) = 0} occur (modulo common components which may have infinitely
many common points) and denote it as [—Da, D3] x R. All the subsequent arguments
are given for the sets S7 and Sy defined by the number T' = max[D;, D, D3]. Sets Sy
and Sy (5.4) defined in this way obviously have the property that (modulo common
components) there are no intersections between V, and V7! on the sets, there are no
bifurcations of the variety V, on the sets and, finally, minimal and maximal branches
V.2 and VA‘% are either parts of continuous curves or they are empty sets.

Suppose that the constrained dynamics are stable and that the first condition in
(5.3) is not satisfied. Since V,5* = (), all branches are below the bisector « = v and as a
consequence we have that u;, — —oo as k — 0o, Yu_q €]—o0, —T. A similar situation
happens when the second condition (5.3) is not satisfied and therefore the first two
conditions in (5.3) are necessary to ensure stability of the constrained dynamics. In
other words, a necessary condition for the stability of the implicitly defined constrained
dynamics (5.1) is that V51 # ) and Vi7 # 0.

Consider now what happens if the third condition in (5.3) is not satisfied. Since
all branches of V. in S5 are above VA“%, all their inverses will lay on the left-hand
side (or below) of (V;32)~!. Thus, we suppose that no branch of V! satisfies the
third condition in (5.3). Moreover, if we use pieces of branches of V, to construct
a piecewise continuous one-to-one function and use the modified Theorem 5.5 [3] we
can see that no such function would satisfy the conditions of Theorem 5.5. Therefore,
there does not exist a criterion of choice which yields stable constrained dynamics.
The contradiction completes the proof. The last two conditions are symmetric and
they are either both satisfied or not. 0

6. An algebraic test for stability of constrained dynamics. We now pre-
sent a method to check the conditions of Theorem 5.9. First, we provide a means of
verifying the conditions of Lemma 5.7.

We write the function (5.1) as

(6.1) f(0,v,u) = g, (0,v)u™ 4+ - - - + go(0, v).

The only critical points that we have to check are the ones for which the leading
coefficient ¢,,(0,v) (6.1) vanishes [4, pp. 10, 39]. Therefore, the first step is to find all
real solutions v to g,(0,v) = 0. It is then necessary to check whether

(6.2) f(0,v,u) =0

has real roots u for all critical values of v. We define the following sets:

(6.3) A= {v:gn(0,v) =0},
(6.4) Bw)={ueR: f(0,v,u) =0}, veA,
(6.5) C={(v,u):veA, ueBw)}.

There must be at least one real root v € B(v) Vv € A, otherwise Assumption 1 would
not be satisfied. We can now use the implicit function theorem. For all pairs of
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controls (v,u) € C equation (5.1) holds. If for every v € A there exists at least one
u € B(v) for which

(6.6) O |0
then the implicit function theorem guarantees the existence of a function u = g(0,v),
which is C*° since we deal with polynomials such that f(0,v,g(0,v)) = 0.
The implicit function theorem gives only sufficient conditions to check Lemma 5.7
but they are easy to check. If (6.6) does not hold, we may check whether Lemma 5.7
is satisfied. The easiest way to do this is to draw the variety V, around every point
(v,u) in C using Matlab (the set C contains finitely many points) and check whether
there exists a branch of V, which does not have a vertical asymptote at (v, u).
Before we give the classification of all possible situations we define bisectors and
octants.

By ={(v,u) € R*:v=u}, By={(v,u) €R?*: —v=ul,
YERP v >0, u>0, u<v}, Oy={(v,u) eR?:v>0, u>0, u>uv},
O3 ={(v,u) eR?:v<0,u>0 u>—v}, Op={(v,u) ER?*:v<0,u>0,u<—v}
Os ={(v,u) eR*:v <0, u<0, u>v}y, Op={(v,u)eR*®:v<0, u<0, u<ov}
YER v >0,u<0,u< —v}, Og={(v,u) eR?:v >0, u<0, u>—v}

We also use the notation A; and As to denote, respectively, the line v =0 and u =0
in RN2.

A very important concept of the “inverse graph” of the variety V, (5.5), which is
given by

(6.7) Vb = {(v,u) € R*: f(0,u,v) = 0}

is obtained by simply interchanging variables v and « in the defining polynomial. It is
easy to check that if a point on a variety V, is in the first octant O1, the corresponding
point on VZ_1 is in the second octant O3 and vice versa. We use the following notation
to summarize all possible situations:

Oz « 01, O3 < Og, Oy « O7, Os « Og.

In some cases the position of branches V]\Sf and V91 provide sufficient information to
conclude on the stability of constrained dynamics since the conditions on the inverse
graph are automatically satisfied. We summarize these trivial cases in the lemma
below.
LEMMA 6.1.
1. If one of the following conditions holds:
(a) V51 € Os and V32 C Oy,
b) V51 € O5 and Vi C Os,
¢) V51 € Os and V2 C Ox,
d) V5 C Oy and VP C Oy,
)
)

A~

(§]

f

VS C Oy and Vi C O,
V5 C O3 and Vi? C Oy,

—_
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then there exists a criterion of choice which yields stable constrained dynam-
ics.
2. If VS C By A‘?ﬁ C Bs) then there exists a criterion of choice which yields
stable comnstrained dynamics if and only if Vl\sf "51) belongs to the cone
{(v,u) € R? : |v] < |u|}.
3. If VI C Ay or V1\§12 C Az, the constrained dynamics are stable.
4. If VS =0 or Viz =0 or V3 = 0 and VP = 0, then the constrained
dynamics are unstable.
5. If V,,fl C O3 or V]\% C O7 or V,;?l C O3 and V]\% C Oy, then the constrained
dynamics are unstable.
It can easily be checked that the only remaining cases are
1. V5 C Oy and V,7? C Os,
2. V51 € Oy and V32 C O
Only in these cases do we have to use “inverses” (V,51)~! and (V;?)~!. Since we are
dealing with polynomial systems, we can use the algebraic structure of these systems
in order to obtain a “box” inside which all intersections between V, and V7! occur
(modulo common components). We will use the theory of resultants to compute such
a box. We denote f; = f(0,v,u) and fo = f(0,u,v).
Resultants procedure. First, we find the greatest common divisor of f; and fs
which is denoted as GCD(f1, f2) € R[v,u]. Then we compute “common components-
free” polynomials:

cef fl cef _ f2
(68) ' GCD(fi,f2) ? GCD(f1, f2)

Now, we can regard polynomials f and f5°/ as polynomials in v whose coefficients
are polynomials in u. Now we can find the resultant of the two polynomials:

p
(6.9) R(f{ 15°0) = " an.
1=0

The resultant R(f2f, £5°7) is a polynomial in u. We know that polynomials £/ and
£5¢7 have no common roots if R(ff/, fs¢) # 0. We can find a number Dy which is
such that all absolute values of real roots of the resultant are less than Ds.

Second, we estimate the number Dy using formulas for bounds on roots, e.g.,
Dy, = 1+4sup, |a;| [4], where a;,i = 0,1, ..., p, are coefficients of the resultant. Outside
the box defined by {(v,u) € R2 : [v| < Dy and |u| < Dy} the varieties V, and V!
have no intersections modulo common branches.

Third, we pick @ such that |i| > |Ds| and find sets of solutions:

(6.10) Y ={veR: f(0,v,a) =0}, Xo={veR: f(0,40v)=0}

We can see that the sets ¥; and X5 give a complete picture about the branches of
varieties V, and V! and therefore can be used to check whether constrained dynamics
are stable for the two remaining cases. The criterion for the stability of constrained
dynamics of the two last cases, which are not covered by Lemma 6.1, is given in the
following lemma.
LEMMA 6.2. If
1. V5 C O3 and Vi C Og or
2. V51 € 04 and V2 C Ox,
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then constrained dynamics are stable if there exist 01 € X1 and o2 € X9 such that
o1 < og9. In the first case sets ¥1 and 3g (6.10) are calculated using @ > T and in
the second case i < —T.
Proof of Lemma 6.2. It trivially follows from Theorem 5.9 and the procedure
given above.
The method to check the existence of constrained dynamics consists of several
steps:
1. Check the conditions of Lemma 5.7 as described before.
2. Form the Sturm sequence and find all leading coeflicient functions. Using
(5.8) and bounds on roots, determine the estimate D;.
3. Find the box inside which all intersections between the variety V., and By, B,
Ay, and A occur. This is done in the following way. Find the following
estimates:

D3 =1+max |ng|, Dy =1+max|m;|, Ds = 1+max|k;|, Dg = 1+ max |l
7 7 3 7

where n;, m;, k;, l; € R are, respectively, coefficients of polynomials f(0, v, v),
f(07 v, _U)a f(oa 07 U), and f(07 v, O)
4. Find the estimate T" of T using

(6.11) T = max(Dy, Ds, Dy, D5, D).
5. Pick any v* €] — oo, —1'[ and compute all real roots of

(6.12) f0,v*,u) =0.

Pick any v** €T, +o0[ and compute all real roots of

(6.13) f(0,0™* u) = 0.

6. Determine to which octants do the pairs (v*, real root to (6.12)) and (v**,
real root to (6.13)) belong and check whether Lemma 6.1 holds (remember
that checking the position of a single point of the variety implies that the
whole branch has the same position). If Lemma 6.1 is not satisfied, then
proceed to the next step.

7. Compute Dy = 1 + max; |fil, where f; are the coefficients of the resultant
R( fcf7 Qccf); redefine 7' = max(Dy, Da, D3, Dy, D5, Dg); and apply the re-
sultants procedure which is used to check conditions of Lemma 6.2.

7. Output dead beat control law with stable constrained dynamics.
Propositions 4.7-4.11 can be used to design a dead beat controller (algorithm) as
outlined in Figure 7.1. The obtained controller uses static feedback to compute the
value of a control signal at any time instant k. The closed-loop system can be written
in the form

Ykt1 = f(Yr, uk—1, ur),
(7.1) ug = c(Yg, Uk—1)-

The control signal is obtained as a solution to a polynomial algebraic equation, and
since there may be more than one solution, we need a criterion of choice to define the
control law ¢(yg, ug—1). One criterion for the choice may be to apply the control signal
that has the least absolute value. We may be able to shape the transient response
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measuremen
y(k)

criterion of chuiceJ

(yk)uk-1))
belongs to V 1

(y)u(k-1))
belongs to W ¢

No

p+2 step ahead control ,p < N
find U={u(k),..,u(k+p+2)}
such that

solve w.r.t. uk) solve w.r.t. u(k)

5000k Dk)=0 fly)utk-Dhafk=0

l l

1V (ysu(e-1)=0
apply the root u(k) apply the root u(k)
that has the smallest that has the smallest
absolute value absolute valve
apply the root u(k)
that has the smallest
absolute value
| control u(k)

FiGc. 7.1. Output dead beat controller - algorithm.

and keep the control signals as small as feasible, using a different criterion of choice.
The question of which choice is not so critical if the output is not zero. Having zeroed
the output, the criterion of choice becomes crucial for the stability of constrained
dynamics and, consequently, for the stability of the closed loop system (7.1).

A criterion of choice which yields stable constrained dynamics is given by

ue Vo if (v,u) € 51,
(7.2) up =< uec Vi if (v,u) € S,
u s.t. it has minimum absolute value if v € [T, T].

This choice does not guarantee the fastest convergence to the invariant interval, and
other choices may be better in this sense than this control law. The tradeoff between
the speed of convergence to the invariant interval and the shape of the transient re-
sponse is a difficult problem in its own right, but very often it is possible to successfully
tackle this problem on a case-by-case basis.

Notice that working with poor bounds on roots, such as the one that we have
used, may yield an estimate T which is much larger than the minimal possible T', but
the computations are simpler and faster to use when checking the existence of stable
constrained dynamics. Computing exact roots, on the other hand, yields a smaller
size of the invariant interval, which should be used when implementing the controller.
Blocks in which we need to check whether (y(k),u(k — 1)) belong to W or Vi are
equivalent to testing whether a finite number of polynomials which define W; and V;
are zero when evaluated at (y(k),u(k — 1)).

8. Examples. The following example illustrates the concepts of invariant and
strongly invariant subsets of the variety V.
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EXAMPLE 1. Consider the system
(81 a1 = (g — iy — Dye +ufy + Dy + 2)ud +uf + 1] +uf + 1.
Assumption 1 is satisfied. The critical variety V¢ is defined by
Ve ={(y,v) eR*: (y—v> = 1)(y+v* +1)(y +2) = 0}.
In this case we can verify that the only strongly invariant set is given by
Wi ={(y,v) eR?: (y—1*—-1)=0} C Vo.

We check the existence of strongly invariant sets via Proposition 4.11. There are three
varieties of special form that are contained in Vi,

y—v2—1, y+ov+1, y+2,
and we also have
go=y-0*=Dy+*+1)+1 =0 go=(y—v*=y+v°+1)+1.
The only cycle of Proposition 4.11 is given by the divisions
go=1y—v"-1), g =0l(y—v*-1), g2=1|(y —v*~1),

which defines W;. Since W does not intersect the line y = 0 according to Theorem
4.12 the system is not output dead beat controllable.

We have, therefore, Wy 4, Wi, and t in Definition 4.5 can be chosen to be 1. From
equation (8.1) it is clear that V(y,v) € Vi, where V; = {(y,v) € R? : (y+0? +1) =0}
(see Figure 8.1) we have V,.(y,v) = Wy. Therefore, any initial state in V; is transferred
in one step to some point in W7y irrespective of the control that is applied. Thus, we
can write

vwhw Lw Lo
Consider now initial states on the line ygp = —2. The model of the system becomes
y1 = [(=3 —ul) (=1 +u?y) +1(ug +1).
Denote real solutions u_; of the equations
(=3 —u? ) (—1+u?))+1] = -1,
(=3 —u? ) (-1+u?)+1]=1
as a; and b; (i = 1,2), respectively. The set of one-step reachable states from (-2, ay

and (—2,a2), is V1 and from (—2,b1) and (—2,b2) it is W;. Notice also that b; =
1, by = —1, and hence (—2,b1) and (—2,b2) belong to V;. Therefore, we can write

(—2,a;) LV1 i>VV[ LW[ ER eyt =1,2.
The maximal invariant set Vj is

Vi={(y,v) € R2: (y =0 = 1)(y +v* + 1) = 0} U{(~2,a1), (-2, a2)}.
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uk-l
Vi
_\Q al W,
Ye
;w‘l O \
—
Pa2

F1G. 8.1. Invariant sets Vi and strongly invariant sets Wi (Example 1).

Sets V; and W are shown in Figure 8.1. The set Vo — V7 is not invariant and
there exists a control u; which can map any initial state from it to ®2 — V- in one step.
Observe that both V; and W, are real varieties, whereas Vo — V7 is not. Also, initial
states in V; are transferred to Wi in one step and the initial states (—2,a;), i = 1,2,
are transferred to Wy in two steps.

The following example serves to illustrate why the present notion of stability of
constrained dynamics is more appropriate in this context than the notion of zero
dynamics introduced in [17, 18].

EXAMPLE 2. Consider the following system:

Y1 = (ur + 2up—1 + y) (ur, — 0.5uk—1 — Yi).
We introduce the state variables z1 (k) = yi and x2(k) = uk—1 and write
x1(k 4+ 1) = (ug + 222(k) + z1(k))(ur — 0.5z2(k) — z1(k)),
(8.2) xo(k 4+ 1) = uy,
y(k) = z1(k).

According to [17], the relative degree for system (8.3) is d = 1 and Assumption 1 in
[17] holds. Two possible feedback laws can be used to transform the system into the
form (2.6) in [17]:

—1.529(k) + \/6.2523 (k) + 10z, (k)zo (k) + 423 (k) + 4v(k)
(8.3) uj, = 5 :

—1.522(k) — \/6.2523(k) + 10z (k)x2 (k) + 423 (k) + dv(k)
(84) U = 9 )

where v(k) is the new control input. If we use the control law (8.4), the corresponding
zero dynamics are then defined as zo(k + 1) = —2x2(k) (with z1(k) = 0,v(k) = 0)
and are obviously not stable. If, on the other hand, we had chosen (8.3), we obtain
x2(k + 1) = 0.522(k), which is obviously stable. In this case there are four different
continuous feedback laws that transform the system into the form (2.6) in [17]. Three
of them yield stable zero dynamics, and one yields unstable zero dynamics. Also, there
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are infinitely many discontinuous control laws that keep the output at zero. Notice
that all conditions in [17] are satisfied, and it appears that the stability of the zero
dynamics depends on the choice of the feedback law. The criterion of choice that we
use in the definition of stable constrained dynamics takes this phenomenon explicitly
into account.

The following example illustrates the method for checking the existence of stable
constrained dynamics.

EXAMPLE 3. Check the existence of stable constrained dynamics for the following
system:

Urg1 = —2(1492 ) ub —2us +2upup_ 1 (1+yp )+ 2upus | +up_1Up+up_1us—ui | —u3_ +ys.
For y; = 0 we have
(85)  —2u} — 2u} 4 2upup_1 + 2upui_ |+ up_qup +upus —ui_, —ui_; = 0.
Therefore, the variety V, is defined by

V. = {(v,u) € R?: —2u® — 2u® + 2uv + 2uv® + vu® + vu® —v? — v® = 0}.

We will follow the steps that are described in section 6 in order to check the existence
of stable constrained dynamics.

Step 1. Since g5(0,v) = —2, the conditions of Lemma 5.7 are satisfied.

Step 2. Using Maple?, we obtain the following Sturm sequence:

fo = —2u® — 2u3 + 2uv + 2uv? + vut + vu? —v? — 03,
f1 = —10u* — 6u? + 2v + 20% + 4vud + 2vu,

42,y 12, (41, 8 2%,
2= <5+25”)u 35U g v ut gt

(=24 + Tv* + 8v3 — 80w — 82v?)u? v(=15v2 + 403 + 4v* — 16v — 4)u
fs=-25 2)2 +50 22
(—10 + v2) (—10 + v2)
504v3+v4+v5 + 4+ 4v + 4o?
(—10 + v2)2 ’

fa = —[8(12800v + 41680v% + 68240v° + 52516v* + 7268v° — 1096005
—315207 4 4490® 4 1330° + 800 + 4v™! + 1600)]/[25(—24 + Tvt
+8v% — 80v — 8202)?] + [v(161600v + 54816002 + 923680v°
+727392v% 4 1137160° — 1424000° — 4110007 + 4456v° + 10330°
+1960'° + 1000t + 19200)u]/[25(—24 + Tv* + 8v® — 80v — 8202)?],
f5 = [50(490"° + 1610 — 214803 — 8948v'2 4 27908v'! + 175332010
+5760v7 — 1338048v% — 233395207 + 161907208 + 10299904v° + 153139200*
+11967488v + 540774402 + 13516800 + 147456)v]/[(250° + 24v*

+7280% + 136002 + 848v + 192)2(—10 + v2)?2].
(8.6)

3Copyright (©1981-1992 by the University of Waterloo.
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From the Sturm sequence we find the leading coefficient functions:

4 2
-2, =10, — [ —= + =2
b 07 ( 5 + 25U )7

(—24 + Tv* + 8v3 — 80v — 82v?)
(—10 + v2)2 ’

—25

[v(161600v + 54816002 + 923680v° + 727392v* + 1137160°

—1424000° — 4110007 + 44560® + 10330°

41960 4 1000 4- 19200)]/[25(—24 + Tv* + 8v® — 80v — 82v?)?],

[50(490™° + 1610 — 21480"3 — 8948v'2 + 27908v'! 4 17533201°

+5760v7 — 13380480 — 23339520" + 16190720° 4 10299904v° + 15313920v*
+11967488v% 4 5407744v* 4 13516800 + 147456)v]/[(250° + 24v*

+728v3 + 13600% 4 848v 4 192)2(—10 + v?)?].

(8.7)
Using the formula for bounds on roots [4] we find that the highest coefficient func-
tions do not change their signs for v belonging to intervals | — oo, —312529.98] and

]312529.98, +-00[. In other words, the estimate of Dy is D = 312529.98.

Step 3. All intersections of the variety V, with A, As, B1, and B lie in the
interval | — 4, +4[. It is easy to check that Dg =2, Dy =4, Ds = 2, and Dg = 3.

Step 4. Therefore, the estimates of sets S; and S5 are defined using the number
T = 312529.98.

Step 5. We now substitute any number v from the interval | — oo, —312529.98]
into (8.5) and find all real roots. We obtain the following set of points in R

{(—312530, u) : (—312530, +559.04293), (—312530, —559.04293), (—312530, —156265) }.
Similarly, we obtain the set of roots
{(312530, u) : (+312530, 559.04383), (312530, —559.04383), (312530, 156265) }

when we substitute v** = 312530 that belongs to the interval |312529.98, +oo] into
(8.5). All these points represent branches and hence V,5* C O5 and V]\‘?f C O4.

Step 6. We conclude that there exists stable constrained dynamics for this system
since point 1.a of Lemma 6.1 is satisfied. We could work with better bounds on the
roots in order to obtain better estimates for the intervals S and Ss or better still find
the exact roots of the polynomials in the Sturm sequence. However, the proposed
method is able to check the existence of the constrained dynamics quickly.

We have provided a constructive method to verify the existence of a criterion
of choice leading to (globally) stable constrained dynamics. The method of [17, 18]
appears not to be able to deal with this aspect in general, as the example shows.
Indeed, the feedback law required in the method of [17, 18] for this example cannot
be expressed in an explicit form (this requires an analytic solution for a fifth-degree
polynomial equation).
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9. Conclusion. We have presented necessary and sufficient conditions for out-
put dead beat controllability for a class of discrete time systems described by a single
I-O polynomial equation. The highest exponent of the current input is assumed to be
an odd integer. The output controllability test amounts to checking whether a set of
polynomial divisions is satisfied or not.

We obtained necessary and sufficient conditions for the existence of stable con-
strained dynamics defined by a scalar implicit equation. We assumed that the con-
strained dynamics exist for every wug_1, but the defining polynomial f(0,wug_1,ux)
may be even. A dead beat controller that zeros the output of the system in minimum
time and which yields stable constrained dynamics is derived.

It is important to say that all algorithms that we presented are computationally
expensive and that the computational complexity for systems defined by polynomials
of high total degree may be prohibitive. This is an intrinsic feature of polynomial
systems and not a drawback of the particular methods that we used.
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