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Collocated Output-Feedback Stabilization of a 2 X 2 Quasilinear
Hyperbolic System using Backstepping

Rafael Vazquez, Jean-Michel Coron, Miroslav Krstic and Georges Bastin

Abstract— We consider the problem of output feedback sta-
bilization for a quasilinear 2 x 2 system of first-order hyperbolic
PDEs with boundary actuation and measurement. We design an
output feedback control law, with actuation and measurement
on only one end of the domain, and prove local H? exponential
stability of the closed-loop system. The proof of stability is based
on the construction of a strict Lyapunov function which includes
the observer states. The feedback law and output injection gains
are found using the backstepping method for 2 x 2 system of
first-order hyperbolic linear PDEs, developed by the authors in
a previous work, which is briefly reviewed.

I. INTRODUCTION

In this paper we are concerned with the problem of output
feedback boundary stabilization for a 2 x 2 system of first-
order hyperbolic quasilinear PDEs. We consider actuation in
only one of the boundaries, and measurements in the same
end. The quasilinear case is of interest since several relevant
physical systems are described by 2 x 2 systems of first-
order hyperbolic quasilinear PDEs, such as open channels,
transmission lines, gas flow pipelines or road traffic models.

This problem has been previously considered for 2 x 2
systems [8] and even n x n systems [13], using the explicit
evolution of the Riemann invariants along the characteristics.
More recently, an approach using control Lyapunov functions
has been developed, for 2 x 2 systems [3] and n X n
systems [4]. These results use only static output feedback.
However these results do not deal with the same class of
systems considered in this work (which includes an extra
term in the equations); with this term, it has been shown
in [1], [2] that there are examples (even in the linear case)
for which there are no control Lyapunov functions of the
form fol 2T Q(x)zdz (see the next section for notation) which
would allow the computation of a static output feedback law
to stabilize the system (even if feedback is allowed on both
sides of the boundary).

Several other authors have also studied this problem. For
instance, the linear case has been analyzed in [24] (using a
Lyapunov approach) and in [14] (using a spectral approach).
The nonlinear case has been considered by [6] and [9] using
a Lyapunov approach, and in [16], [17], and [7] using a
Riemann invariants approach.
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The basis of the design used in this paper, which needs
actuation on only one end, is the backstepping method [10];
initially developed for parabolic equations, it has been used
for first-order hyperbolic equations [12], delay systems [11],
second-order hyperbolic equations [18], fluid flows [20],
nonlinear PDEs [21] and even PDE adaptive designs [19].

Our design builds upon the recently developed backstep-
ping method for 2 x 2 system of first-order hyperbolic linear
PDEs [22] and uses Lyapunov functions to prove stability
(see [15] for a study of Lyapunov functions for infinite-
dimensional systems). There, a linear output feedback law
is designed; we show that this linear law makes the closed-
loop quasilinear system locally exponentially stable in the
H? sense. The feedback law and the output injection gains
are obtained as solutions of two well-posed 4 x 4 systems
of first-order hyperbolic linear PDEs. The proof of stability
is based on [4]; we construct a strict Lyapunov function,
locally equivalent to the H? norm, and written in coordinates
defined by the (invertible) backstepping transformation. The
argument follows similar lines to the one presented [23],
however there are several non-trivial modifications. First,
we have additional states due to the observer which are
nonlinearly coupled with the plant. We use as variables
the observer estimates and observer error, and apply two
different backstepping transformations on these states (a
control transformation on the observer estimate and an
observer transformation on the observer error), resulting on
a nonlinearly coupled 4x4 quasilinear system of hyperbolic
PDEs. In [23] local H? stability was proved by using
Lyapunov functions for the first and second time derivative of
the state; here, it is needed to use a (non-diagonal) Lyapunov
function for the mixed space-time second derivative.

The paper is organized as follows. In Section II we
formulate the problem. In Section III we briefly review the
linear backstepping design from [22]. In Section IV we
present our main result, which is proven in Section V. We
finish in Section VI with some concluding remarks.

II. PROBLEM STATEMENT

Consider the system
21+ A (z,2)ze+ f(2,2) =0, =z €l0,1],¢€]0,+0), (1)

where z : [0,1] x [0,00) — R%, A : R? x [0,1] —
Ms(R), f: R? x [0,1] — R?, where Mz 2(R) denotes
the set of 2 x 2 real matrices. We consider that A(z,x)
is twice continuously differentiable with respect to z and
x. Without loss of generality we also consider A(0,z) a
diagonal matrix with nonzero eigenvalues A;(x) and A (x)
which are, respectively, positive and negative, i.e.,

A0, 2) = diag(A1(z), Az(x)), Ar(x) > 0,Ax(z) <0, (2)
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where diag(A1, Ag) denotes the diagonal matrix with A; in
the first position of the diagonal and As in the second.

Also assume that f(0,z) = 0 (so that there is an
equilibrium at the origin) and that f is twice continuously
differentiable with respect to z. Denote

of . f11($) f12($)
5(0,:1:)— far(x)  faa(z) |’

and assume that f;; € C! ([0, 1]).
Denoting z = [z1 23], we study classical solutions of the
system under the following boundary conditions

21(0,t) = q22(0,t), 22(1,t) = U(t), 4)

for ¢ # 0, and U.(t) the actuation. Our task is to find a
feedback law for U.(t) to make the origin of (1),(4) locally
exponentially stable, using only measurements of z;(1,t).

Remark 1: The case with f = 0 in (1) was addressed
in [3] and [4] by using control Lyapunov functions to design
a static output feedback law; this approach has been shown
to fail ([1], [2]) for some cases with f # 0, at least for a
Lypunov function of the form fol 2TQ(x)zdx.

Remark 2: The case ¢ = 0 in (4) can be considered by
modifying the design as in [22]. Also, nonlinear boundary
conditions can be addressed by slightly modifying the proof.
We don’t include either case for the sake of clarity.

3)

III. OUTPUT FEEDBACK STABILIZATION OF 2 X 2
HYPERBOLIC LINEAR SYSTEMS

To stabilize (1)—(4), we use the design presented in [22].
For the reader’s sake, the result is reviewed next.
Consider the following linear system

wy = B(x)w, + C(z)w, %)

(5 0y )y ) v

where €1(),e2(z) > 0 and c1,co are C?([0,1]) functions
and with boundary conditions

U(Oﬂf) = q’U(O,t), U(Lt) = Uc(t)a (7
where w = [u v]”. Only u(1,t) is measurable.

Then, selecting U(t) as

1 1
v.= [ K nder [ K906 i ©
0 0
where @ and ¢ are computed from
Wy = (), +C(z)b—er (2)p(z) (u(l,t)=d(1,1), (9

where & = [@ 9], p(z) = [P*(x,1) P"(z,1)]" and with
boundary conditions

a(ovt) = qﬁ(ovt)v ﬁ(lat) = Uc(t)a (10)
it can be shown that the origin of system (5)—(7) is exponen-

tially stable, where the kernels K¥* and K" are solution of

the following kernel equations:

a(2) K" +ea (K" = —€ (K™ —ca(§K",(11)
a() Ky — K = €K™ — (K™, (12)
()K" —ea (K = (K™ + (K, (13)
e2(x) K" + ea(§)KEY —e5 ()K" + ¢ ()K", (14)

with boundary conditions

K"(z,0) = ;;((00)) K™ (z,0), (15)
uv _ C1 (I‘)

K" (x,2) = 761(37) n (62((E) , (16)
vu _ ol

K™ (z,2) = e1(x) + ex(x) {17

K"(2,0) = qezl((oo)) K"(z,0) (18)

Similarly, the kernels P““
following kernel equations:

a(@) P +ea ()P = —e (6P —ci(x)P,(19)
()P — ()P = e4(§)P™ —ci(x) P, (20)
e(@)P" —a(P" = (P +co(z) P, (21)
ea(2)PYY + €9 (f)wa = —e5(&)PY + co(z) P™, (22)

with boundary conditions:

P*(0,§) = ¢qP"™(0,9), (23)
UV _ Cl(x)

P ($, w) - €1 (.13) + €9 (.’E) 9 (24)
m _ CQ(J:)

p (xa Q?) - El(CU) + € ((E) ) (25)

PU0.g) = CPU0.0), 6)

Both kernel equations evolve in the triangular domain 7 =
{(z,€) : 0 < & < z < 1}. In [22] it is shown that if
the coefficients €, ey are C2([0,1]), and if ¢; and ¢y are
C? ([0,1]), then the kernels belong to C* (T).

Define [lw(-,1)z2 = \/fif (u2(&,) + v2(&,1)) dé. The
following result holds.

Theorem 1: Consider systems (5)—(7) and (9)—(10) with
control law (8) and initial conditions wq,wo € L*([0,1]).
Then, there exists A > 0 and ¢ > 0 such that

lw(-,t)l[z2 + [ (- )2 < ce™ (lwoll L2 + ol =) -
27

The proof of the theorem will be of use later in Section V.
Proof: Define the observer estimate error w = w — W

and denote
Kuu KU'U Puu P'U/U
K = < K > P = ( pvu puv > (28)

K'Uu
T
Defining new “target” variables § = [d ﬁ] and ¥ =
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AT
[64 B} by using the following transformations
at) = wlot) / K (o, €00(E 1)dE,  (29)

B t) = Fat) - / Ple. (€. 0dE, (30)

it can be proven that, if the kernels verify (11)-(26), then #
and v verify the following equations:

o= E(ﬂr)% — plx)a(l, b), (32)
where p(z) = e(x — 5 K(z,&)e1(€)p(€)dE, with
boundary condltlons
a(0,t) = 4B(0,t),a(0,1) = ¢B(0,1), B(1,) = B(1,1) 733)

which have an exponentially stable equilibrium at the origin,
as we show next. Define

A0
D(z) = ei(x) - 34
(Jj) 0 B ezl(‘ll) ] ) ( )

where B = ¢%A + A2, A

€ = MaXgeo,1]

Xoet, and u = A€, where
EI(I), 62(9}) , with A1, Ao > 0 as large as
desired. Select, for ¢; > 0, the following Lyapunov function

1
v o= / 5T (2, 6) D ()3 (x, t)d

+a1 /O 1@T(x,t)D(x)&(x,t)dx. (35)
Computing U and integrating by parts, we obtain
U < —M\U-— AQ( 2(1,1) + B2(0, t))
—erke (@3(11) + 3%(0,1))
+2¢1 d(Lt)/OlpT(g;)D(x)@(m)dx , (36)

Using Young’s inequality and since D is diagonal and
positive, the last term of (36) can be dominated as follows:

1
a(1,1) / BT (2) D(@)4(z, t)de

a T

C2/0 Y(x,t)" D
1

/0 7 (2) D()p(x)dz|

for any cg > 0, and choosing ¢y = 2/\%1

261

IN

)y (z, t)dx

te1e0a2(1,1) (37)

and c; such that

)\1)\2

(38)
4|y 77 (@) D(w)p(w)da|
we obtain that
. A A B ~
U< GUu-3 (a2(1,t) +62(0,t))
e ((32(1, t) + B2(0, t)) . (39)

This shows L? exponential stability of the origin for the 7-¥

system. To extend the result to the original system, an inverse

transformation to (29)—(30) is defined as follows

w0+ [ LaE v
0

W(z,t) = (40)

1
it = oo+ [ RoEnd @
where the inverse kernel matrices L and R (whose kernels
are solutions of a system of equations analogous to (11)—
(18)) can be shown to exist. The theorem then follows by
using the inverse and direct transformations to relate the >
norms of -4 and w-w and then using that w = w +w. M

IV. MAIN RESULT: APPLICATION OF BACKSTEPPING TO
THE NONLINEAR SYSTEM
We wish to show that the linear design (8)—(10) works lo-
cally for the nonlinear system (including the nonlinear terms
in the observer). Thus, we design the following nonlinear
observer:

ét + A('%?x)ém + f(f2’71’) + r(x) (Zl(lat) - ’21(1775)) = 07
(42)
with boundary conditions
ZAl(Oat) = qéQ(Oat)v 22(171;) = Uc(t)~ (43)

Now, we write our quasilinear system in a form equivalent
(up to linear terms) to (5) and (9). Define

v1(x) exp ( 01 J;\lll((j)) ds) , (44)
pa(x) = exp <— ow ][:222((;)) ds) . (45)

We define new state variables w and w from z and Z using
the following transformation:

w= [ 9015“”) (p;zx) } 2 =B(2)z, b = B(x)2, (46)

so that
0
z=| @ 1 w=& z)w, 2= (z)
p2(z)
(47)

It follows that w-w verify the following equations:
0=w; + Aw, z)w, + f(w, ), (48)

0=t + A(D, )W, + f(, ) + p(x)(u(l,t) — a(1,1))(49)
where p(z) = ﬁq)(x)r(m) and
I_X_(w,m) = @(x)A(@‘l(m)w,x)qfl(x), (50)
flw,z) = )
f11(33 0
(”3 fn ) w.(51)
Ag(ﬂ?)
It is evident that A(0,7) = ®(z “Yz) = A(0,2)
and that f(0,2) = O Also
Of (w, x) 0 —fi2
Clg) = — —~ = . 52
(z) ow .o [ —fan 0 } (>2)
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Thus, it is possible to write (48)—(49) as two linear systems
plus nonlinear terms:

wy = (B(z) — Anp(w,x)) w, + Clx)w
*fNL(w,LB), (53)
wy = (B(z) — Anp(0,2)) 0, + Cx)w
_fNL(wvx) _p($>(u(17t) - ﬁ(Lt))a (54)
where ¥(x) = —A(0,z) and
Anp(w,2) = Aw,z)+ X(z), (55)
fvo(w,z) = flw,z)+C(z)w (56)

It is clear that the nonlinear terms verify Ay (0,2) = 0,
fNL(Ov':C) = 85#(071”) =0.

Computing the boundary conditions of (53) by combining
(4) with the transformation (46), one obtains

u(0,t) =qu(0,t),4(0,t) = q0(0,1),v(1,t) =0(1,t) =

where U, (t) = U.(t)/p2(1).

Notice that the linear part of (53)-(54) is identical to (5),
the boundary conditions are the same, and the coefficients
C(z) and X(z) verify the assumptions of Section III. Thus
we consider using the output feedback law:

Ue(t),
(57)

1
0. = K“uu (€. )de + / KV(1,€)0(€, 1)de, (58)

with p(z) = e (z) [P*(2,1) P"(x,1)]". This implies the
following control law and output injection gains for the
system in z-Z variables:

_ a6,
e = 716
VU (g )
+a(1) / K (1,925 e, (59)
r(z) = ¢(e(z)@ (x) [P™(2,1) P (x, 1)]T ,(60)

where the kernels are computed from (11)-(26) using the
coefficients C'(x) and X(x) obtained from A and f.
Denoting:

oo e[ 4] |

the boundary conditions of the closed loop system can be
written as:

2 (DK (1,x)

2 (15K 1)
w2(x)

1 ; (61)

1
=00 =0, aT=(10) = [ KO0 6

Define the norms ||z(-,t)||z, = ||2(-, )|l 22 + |22 (- )] L2
and |12, 8)ll a1, = |2 8) [ 112 + |2 (- )l] 2. We now state
the main result of the paper.

Theorem 2: Consider the z-system (1) with boundary
conditions (62) and initial conditions zy = [zo, zOZ]T S
H?2([0,1]), where the kernels K°* and K"V are obtained
from (11)-(18), and the Z-system (42) with boundary con-
ditions (43) and initial conditions 2y = [Zo, Z0,]T €
H?2([0,1]), with r defined as in (60) where the kernels P’

and P"" are obtained from (19)—(26). Then, if the following
compatibility conditions are verified for zg

a4 #0(0) =0, (63)
1

o1 / T(€)50(6)de, (64)
0

(65)

(1) = )

qOTA(Zo() 0)24(0) = —g7 f(20(0),0),
AT A(z0(1),1)25(1) = / KT () (Ao (), €)20(6)

+f(20(€),€)) d— qf f(20(1),1)(66)

and similar conditions for 2y (substituting zg for 2y in (63)-
(66)), there exists § > 0, A > 0 and ¢ > 0 such that if
lz0ll 272 + || 20|72 < & then:

HZ('ﬂt)HH? +||2('7t _)\t(‘

|20l &2 + |20l £2) -
(67)

Waez < ce

V. PROOF OF THEOREM 2

We first establish some notation. For an R? vector v(z)
with components a(x) and S(z) denote |y(z)| = |a(z)] +
|B(x)], and

1
Bl = sup @l Il = [ h©lds )

z€[0,1] 0

For a 2 x 2 matrix M, denote:

|M| = max{|Muv|;y € R?, || = 1}. (69)

For the kernel matrices K and L denote
[Klloo = sup |K(x,§)]. (70)

(z,£)eT

For v € H?([0,1]), recall the following well-known inequal-
ities:

vl < Cillvlize < Caflvlless (71)
Ve < CsllVllzz + [[vallze] < Calvllm,  (72)
[Velloo < Cs[[elle + Vazllz2] < Collyllaz.  (73)

In what follows we denote |y| =
[[7(-, )|l to simplify our notation.

To prove Theorem 2, we first define the observer error
w = w — w. The equation verified by w is:

[v(z,t)| and |v] =

Wy = ()W + C(ax)w — Anp (0 + W, )0,
— (ANL(’LZ) + 12),1‘) — ANL(lf),I)) lf)x
—fnp (W 4+, z) + fyr(w,x) + p(x)a(l,t),(74)

with boundary conditions #(0,t) = ¢0(0,t), 9(1,t) = 0.
Now, we apply the (invertible) backstepping transformation
(29) to the nonlinear system (54), and using the inverse
transformation (40) the transformed system can be expressed
fully in terms of 4 and 4(1,t) as

’AYt = E('r)'%c + F2['A7”A7w] —‘rﬁ(l‘)&(l,t)

Similarly, applying the inverse observer backstepping trans-
formation (41) to the nonlinear system (74) and using
transformations (30) and (40) the transformed system can
be expressed fully in terms of ¥ and # as:

Bt = 2(2)7 + Ga[7, % Vo Tl

(75)

(76)
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The definitions and properties of the functionals F»> and G4
(and similar functionals that will appear from here on) is
skipped for lack of space and will appear in a forthcoming
journal publication.

The boundary conditions are

a(0,8) = gB(0,1),a(0,1) = gB(0, ), B(1,1) = B(1,8) = 0
77
Differentiating twice with respect to x in the direct and
inverse transformations (29)—(30) and (40)—(41), it can be
shown that the H? norms of 4 and 7 are equivalent to those
of 1 and . Thus, if we show H? local stability of the origin
for (75) and (76), the same holds for w-w and thus for z-Z.

We proceed by analyzing (using a Lyapunov function) the
orowth of 41|12 + ]z, [%ellz= + 50z and [Feallzs +
[I7¢z | 2. The relations of these norms with || 5| gz + ||7|| 2
norm is given in the following two lemmas:

Lemma 1: There exists 6 > 0 such that for ||9]e +
7]l < & then the norm defined by ||%|lrz + ||%¢llre +
1590122 + 17112 is equivalent to |42 + [17l{:-

Proof: The lemma is proven directly bounding the
norms (for small ||9]|ec + |¥|leo) in (75)—(76). [ |

Lemma 2: There exists 6 > 0 such that for ||9]e +
1Floo + IFtlloe + F2lloc < O then the norm defined by
Weallze + 5t e + I3l z + 13l ze + 15122 + 131122 is
equivalent to ||9| gz + |7 g2-

Proof: Taking an x-derivative in (75)—(76) one finds a
equation that relates 4y, and 7, with 4., and 7,,. Bounding
these variables and using Lemma 1, the result is shown. B

A. Analyzing the growth of ||¥||rz + |7l L2

Define U as in (36). Proceeding analogously to (36)—(39),
and using the properties of the functionals F, and Ga, there
exists d1, such that for [|¥]|c + [|¥]|eo < 1, We get:

—%U A2 (a2(1,t) + BZ(O,t))

e (a2 (l,t) +52(0,1))

+Ki1 (Felloo + 1Fzlloo) (141122 + 17172)
+E ([l + 17lle0) (19122 + 1711Z2) » (78)

+7l1Z:) <

U <

and using inequality (72) and noting (||%|%-
K,U'2, we obtain the following theorem:

Theorem 3: There exists §; such that if ||¥]|co + [|7]]co <
01 then

U < =NU+ KU+ K (|32l + |5ell0) Uy (79)
where A3, K7 and K> are positive constants.

B. Analyzing the growth of ||5t||L2 + |9 L2

Define 7 = 44 and np = ;. Taking partial derivative in ¢
in both (75) and (76) we obtain equations for 7 and 7:

e = (2(z) — F1[3]) e + F5[%, 9z, H—p( )i (1), (80)
M= (5(x) = G1[%:3]) 1le + (F1[3] = G1[%,7]) Tl
+G3 Y Yo 1, Y, Voo 7] (81)
The boundary conditions are
11(0,1) 712(0,1), m(0,1) = g12(0,%),  (82)
M2(L,t) = 2(1,t) =0. (83)

Consider the following Lyapunov function

Vo= /OﬁT(a:,t)D(a:)f](x,t)da:

1
+c; / 7" (x,t)D(x)h(x, t)dz. (84)
0

with ¢; as in (35). Proceeding analogously to (36)—(39), and
using the properties of the functionals, there exists d2, such
that for [|9[|cc + [[¥]lec < d2, we get:

A Ao .
—*1‘/ = (771(1 t) + 75(0, t))

*Cl)\Q (771(17f) + 772 (Ovt))

+K1 ([[92]loc + 172 ]l0) (V +U)

I ([Alloo + [17lloo) (190172 + 171172) 5 (85)

Theorem 4: There exists Jy such that if ||§]|co + [|7]]coc <
02, then

Vo< =2V =g (A7(1,0) + 730, 8) + 77 (1,1) + 715(0, 1))
I ([ lloo + [12]l00) (V +U) (86)

for A2, A3, K3 positive constants.

Vv <

C. Analyzing the growth of | Yz ||rz + |5tz || L2

This step contains the main differences of this paper with
[23]. Define 0 = 7 and 0 = 7). Taking a partial derivative
in z in (80)—(81) we obtain equations for # and 6:

b, = (S(x) — Fi[4)) 0, + 3/ (2)0
+FAd, A 0y 0, 0] + P (2)70.(1, 1), (87)
0 = (S(x) — G1[4,3]) 0= + (F1[4] — G1[4,1) bz
+5(2)0 + Gal, A 1y N 057, Ao 1 7l 0] (88)
The boundary conditions for 6 and 0 are
61(0,t) = qu[302(0,t) + @A) (1,1)
+Q1[ A 1, 0], (89)
Os(1,t) = @Rl (1,1 + Qa4 92, 9,0],  (90)
01(0,t) = G02[4,9162(0, 1)
+Q3[4, ¥ 1, 0,9, a1, 0], 1)
02(1,t) = Qal4 4w 1,0, 3, 1, 0], (92)

where the linear part of the functionals appearing in (89)-
(92) is qu[0] = Go2[0,0] = —22F, @[0] = —2({

, ¢ aw - @0 = —5 and
q1 [0] = _p2(0)€1€(20()0"')‘€‘111”(10()0)52(0) and zero for all Q);’s.

To find a Lyapunov function for (é,@), we use the next
lemma (whose proof is given in [23]):

Lemma 3: There exists 6 > 0 such that, for ||¥]|cc < 9,
there exists a symmetric matrix R[5] > 0 verifying:

Ri) (2(x) - F[3) - (S(x) - FADT R =0, (93)
and the following bounds:

CRB@) < atolille. 09

| (B3] = D()) B(2)), | < callflloc (14 [Hallc) (95)

(RN < esal+lall),  ©96)

where D = D¥? and ¢, cg, c3 are positive constants.
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An analogous lemma produces a symmetric matrix S[9,y] >
0 verifying the identity:

513,71 (S(x) = G1[3.3) = (£(2) = G157 513,31 = 0,
o7)
with analogous properties to (94)—(96).
Using R[4] and S[¥ + 4], we define the following (non-
diagonal) Lyapunov function:

T

W/Ol(é(z,t) + 0(z, t)) S[% + 4] (é(z,t) + é(x,t)) dx

—|-/1 07 (z,t)R[y)0(x, t)dz. (98)
0

Computing the time derivative of W and choosing ||¥||oo +
19|00 + 17llso + ||7]]loc small enough, we find:

AW — s (éf(l, £) + 9’5(0,1&))
s (B301,0) + 83(0,0)) + Kaif (1,0)
+EK WV 4 KVWY2 £ KaW3/2,(99)

W <

Thus, we finally obtain the following theorem:
Theorem 5: There exists 05 such that if [|¥||oo + ||7]]co +
19]loo + [|7]loo < d3 then

W < =AW+ K172(1,t) + KoWv/2

+KsVWY2 4 K,W3/2, (100)

where A5, K1, Ko, K3, K, are positive constants.

D. Proof of H? stability of (3,7)

Defining S = U + V + kW, combining Theorems 3, 4,
and 5, and selecting # to cancel the 1% (1,t) terms in W, there
exists 0 such that if ||Y|lec + |7]lec + [|F]lec + I7]lec < &

S < —AS 4 (OS82, (101)

for \,C > 0. Following [3] and noting ||¥]/oc + [|7]|oc +
[Flloe + I7]lcc < C2S, then for sufficiently small S(0), it
follows that S(¢) — 0 exponentially.

Given that S is equivalent to ||| g2 +]|¥|| ;2 when || 5]/ co+
1%l 00 + 17l oo + |77]| 0o is sufficiently small, we obtain that if
the initial conditions of (¥,7) verify compatibility conditions
analogous to (63)—(66), there exists > 0 and ¢ > 0 such
that if [|9o([z2 + [0z < 6. then:

M (102)

1Al 2 + 711> < ce™ (1ol + 1Folla2) -

This proves Theorem 2.

VI. CONCLUDING REMARKS

We have solved the problem of output feedback boundary
stabilization for a 2 x 2 system of first-order hyperbolic
quasilinear PDEs with actuation and measurement on only
one boundary. We have then shown H? local exponential
stability of the state and of the observer error.

It would be of interest to extend the method to n x n
systems. For instance, a 3 x 3 first-order hyperbolic system
of interest is the Saint-Venant-Exner system, which models
open channels with a moving sediment bed [5]. While
extending the Lyapunov analysis to n X n systems has been
done [4], it remains an open problem to extend backstepping

to such systems, even in the linear case. In general, the
method would need n? kernels resulting in a n? x n?
system of coupled first-order hyperbolic equations, whose
well-posedness depends critically on the exact choice of the
transformation and target system; these are still to be defined.
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