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1 Introdu
tionMarket e�
ien
y was the subje
t of long and 
ontinuing debate sin
e the 1970s ([2℄, [3℄ and[4℄ among others). The eviden
es of all the resear
hes 
onverge to the same 
on
lusion: sto
kpri
es involve all the information shared by the market parti
ipants, they always in
orporatethe best information about the fundamental values, returns are random walk, and there is noarbitrage opportunity to make money by beating the market. However these resear
hes werebuilt on the general behaviour of the sto
k markets, and their empiri
al eviden
es involve lowfrequen
y returns (monthly, weekly or daily returns). In addition, [5℄ and [6℄ have mentionedtoo many anomalies triggered by the market mi
rostru
ture and dealers behaviour.Re
ently [1℄ showed that �nan
ial markets 
onverge to e�
ien
y a

ording to a 
ertainspeed. Sto
k markets are ine�
ient over a very short period of time and are then pushedtoward e�
ien
y by the 
olle
tive behaviour of traders. The latter undertake 
ountervailingtrades su�
ient to remove all serial dependen
e. Their eviden
e is based on intraday returnsand order imbalan
es (that are de�ned as the di�eren
e between buyer initiated orders andseller ones) for 150 NYSE sto
ks. They 
ompute the serial dependen
e of returns and theyregress it on lagged returns and order imbalan
e a

ording to �ve di�erent frequen
ies (5,10,15, 30 and 60 minutes). They �nd that returns are negatively 
orrelated over intervals of upto ten minutes, and order imbalan
e are highly positively dependent and they predi
t futurereturns over intervals of up to thirty minutes. These results show strong eviden
e that themarket is not e�
ient over very short time intervals.In this paper, we try to 
he
k for the speed of 
onvergen
e to market e�
ien
y on Paris Sto
kEx
hange. We start by using almost the same methodology as in [1℄, and we add a nonlinearte
hnique built on the Self-Organizing Map (SOM) algorithm introdu
ed by Kohonen [7℄, inorder to 
he
k for the robustness of our results 
arried out by the �rst methodology. SOM isbased on neural network learning and nonlinear proje
tions.The estimation results 
orresponding to the regression framework 
arry out strong eviden
ethat Paris Sto
k Ex
hange is ine�
ient over a short period of time of �ve minutes just afterthe trade. Then, the market reverts to e�
ien
y: the returns lose their serial dependen
e andthere is no longer predi
tive power triggered by order imbalan
es.Self-Organizing Maps are used on ve
tors 
ontaining past values of returns and order im-balan
es. The obtained empiri
al results strengthen the 
on
lusion obtained by linear models:market is ine�
ient for short period of 5 minutes. Furthermore, the SOM allows 
on
ludingthat market is also ine�
ient over longer intervals up to 30 minutes. This resuld 
ould not bededu
ed from linear models.The remaining of this paper is divided in four se
tions. In Se
tion 2 the models used toprove market ine�
ien
y are presented. In addition to the linear and SOM models, a detailedexplanation of the spe
i�
 way SOM are used in this 
ontext is proposed. The data are thendes
ribed in Se
tion 3. Se
tion 4 shows the experimental results on Paris Sto
k ex
hange andleads to the 
on
lusions of this paper in se
tion 5.2
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2 Models for market ine�
ien
y2.1 Linear te
hniqueIn a �rst step sto
k returns (R) are 
omputed as the di�eren
e between the pri
es in time
t + 1 and t. Order imbalan
es (OIB) are also 
omputed as the di�eren
e between the marketpur
hase and sell orders. Then a linear model is build, based on regression te
hnique andordinary least square (OLS) estimation. Regressions for returns are obtained using past return(R) and lagged order imbalan
e (OIB) values:

Rt = α +
T∑

i=1

βiRt−i +
T∑

j=1

γjOIBt−j + εt, (1)where Rt is the sto
k return at time t, T is the total number of lags and εt is a white noisefollowing a Gaussian distribution.The speed of 
onvergen
e to market e�
ien
y is dedu
ed from the statisti
al signi�
an
eof the estimated 
oe�
ients βi and γj 
orresponding to the lagged parameters. The marketis e�
ient if and only if the estimated 
oe�
ients are all not signi�
ant a

ording to a t-test. Otherwise future returns 
an be predi
ted through their past or by using the informationinvolved in order imbalan
e. In su
h a 
ase returns do not follow a random walk and the marketis ine�
ient.Note that lags are introdu
ed in order to know the horizon over whi
h the market revertsto e�
ien
y. However, if all the estimated 
oe�
ients 
orresponding to the di�erent lags arestatisti
ally not signi�
ant, then the market is e�
ient. Otherwise the market is ine�
ient overthe interval 
orresponding to the observed lag.2.2 Nonlinear Te
hnique: Self-Organizing MapsThe Self-Organizing Map (SOM) 
an be de�ned as an unsupervised 
lassi�
ation algorithm.Sin
e its introdu
tion in the 80's by Kohonen [7℄, SOM have been used in many di�erentappli
ations [7℄. Their theoreti
al properties are now well established [8℄, [9℄.Brie�y speaking, a Self-Organizing Map pla
es a �xed number of 
entroids or prototypeve
tors or prototypes in short x̄ in a given data spa
e. More formally, SOM performs a roughapproximation of the lo
al data density by means of the prototype density.The key 
on
ept of SOM is the neighbourhood between prototypes. The prototypes arelinked by neighbourhood relations using a prede�ned grid or map, usually a 1- or 2-dimensionalone. This grid 
onstrains the learning stage of the SOM algorithm.The neighbour prototypes 
an be 
hara
terized by their distan
e on the grid with respe
t tothe 
onsidered prototype. This grid distan
e is only related to prototype positions on the grid.Figure 1 shows the neighbours of a given prototype for a 2-dimensional square map. Neighboursat a grid distan
e of 1 and 2 from the 
onsidered prototype in position (4,4), using a squaredneighbourhood, are highlighted. For the SOM learning stage, a maximum size is given to the3
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Figure 1: A 2-dimensional SOM square grid. The neighbourhood relations are illustrated byline segments between prototypes. The prototype (4,4) is shown in bla
k. The 1-neighboursare in dark grey, the 2-neighbours are in light grey. If a 2-neighbourhood is 
onsidered, the lastprototypes shown in white are too far away from the 
onsidered prototype in (4,4).neighbourhood.During the learning, the prototypes are moved iteratively within the data spa
e a

ordingto the lo
ation of the 
onsidered xt data and to neighbourhood 
onstraints. After the learningstage, the set of prototypes has established a ve
tor quantization of the data. Ea
h prototype
x̄ is asso
iated to a region of the spa
e, namely a 
luster, where data xt share some similarfeatures. Ea
h data is usually asso
iated to a 
luster so that the 
orresponding prototype isthe nearest one to the data. A 
lustering 
an thus be obtained by 
onsidering data subsets
ontaining a single prototype and the asso
iated xt data.The SOM prototypes have also the property of data topology preservation: two similar databelong either to the same 
luster or to two neighbouring ones (on the grid). Furthermore, theSOM obtained after learning allows graphi
al representations that 
an be interpreted intuitively.The SOM is usually used as a 
lassi�
ation tool and have already been applied in the�nan
ial 
ontext. See [10℄ for example. In this paper, an original representation of the transitionbetween prototypes will be provided as an empiri
al proof of market ine�
ien
y. When buildon time series, SOM asso
iates a prototype to ea
h data ve
tor formed by su

essive values ofthe series. Sliding the window over time then generates su

essive ve
tors. Transitions betweensu

essive ve
tors 
an thus be analysed, as well as transitions between prototypes. This analysisis further detailed in the rest of the paper.2.3 Prototype shape and prototype shape plotA �rst graphi
al representation deals with the shape of the prototypes after learning. The goalof this representation is to provide a qualitative 
riterion for observing the SOM 
onvergen
e.The prototype shape is obtained by plotting the various 
omponents a

ording to theirordering in the ve
tor: the �rst 
omponent is the �rst dot of the plot; the se
ond 
omponent isthe se
ond dot, et
. The �nal shape is obtained by linking the dots, as shown in the left partof Figure 2.Shapes 
an be 
onstru
ted for ea
h prototype of the SOM grid and gathered together in aprototype shape plot. Su
h a prototype shape plot is shown in Figure 2 right for a SOM with36 prototypes on a 6x6 grid obtained from the well known Santa Fe A time series ben
hmark[11℄, using 6-dimensional data ve
tors xt = (x(t), x(t − 1), x(t − 2), x(t − 3), x(t − 5), x(t − 6)).4
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1 st component

2 nd component
last component

... Figure 2: Left: Prototype shape 
onstru
tion: the prototype 
omponents are plotted a

ordingto their order in the ve
tor. The �nal shape is obtained by linking the dots. Right: A prototypeshape plot example obtained from a 6x6 square SOM on the Santa Fe A time series.The prototype shape plot helps qualifying the 
orre
tness of the SOM 
onvergen
e. Intu-itively, a good 
onvergen
e is obtained when similar data are grouped in the same 
luster, orin neighbouring ones. The qualitative 
riterion is thus: if similar prototype shapes are groupedon the prototype shape plot, the 
onvergen
e is satisfa
tory; if dissimilar prototype shapes areneighbours, the SOM has 
onverged poorly. In the best 
ase, the di�eren
e between neighbourprototype shapes should be smooth; a 
ontinuum should be observed in the prototype shapeswhile moving along a line, a 
olumn, or even a diagonal of the prototype shape plot. This
ontinuum 
an be observed on Figure 2 right that shows a 
orre
t 
onvergen
e.2.4 Theoreti
al and empiri
al transition matri
esAn original graphi
al representation based on SOM is now introdu
ed. The main idea of thisnew representation is to observe the transition probabilities between 
lusters. These transitionprobabilities are 
omputed from the data asso
iated to ea
h 
luster. Two approa
hes will beintrodu
ed leading to two transition matri
es. Comparisons between these two matri
es willprovide the se
ond empiri
al proof of market ine�
ien
y.The �rst matrix is the theoreti
al transition matrix that represents the expe
tation of havinga transition from a prototype to itself or to one of its 1-neighbours. This matrix is 
onstru
ted asfollows: On
e the SOM shows a good 
onvergen
e, a 
ounter ci is asso
iated to ea
h prototype
x̄i. For ea
h data xt its nearest prototype 
ounter is in
remented. On
e all data have been
onsidered, the number of data asso
iated to ea
h 
luster equals ci. Then the total numberof data ni in the 1-neighouring of a given prototype x̄i is the sum of the 
onsidered prototype
ounter ci and its 1-neighbours 
ounter cj . The probability of transition from prototype x̄ito a 1-neighbour x̄j (or to itself) is equals to cj (resp. ci) divided by ni. For ea
h prototypea (3*3) matrix is thus 
reated 
ontaining the theoreti
al probabilities of transition from thisprototype to either itself or anyone of its 1-neighbours. These operations are repeated for ea
hprototype, leading to the theoreti
al transition matrix that 
ontains I (3*3) matri
es arrangedas the prototypes are arranged on the SOM grid where I is the total number of prototypes.Obviously, transition probabilities of prototypes on the grid edges are set to zero for dire
tionsleading outside of the grid. The left hand side of Figure 3 shows an example of su
h a theoreti
al5
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Figure 3: Illustration of the theoreti
al (left) and empiri
al (right) transition matri
es 
omputedon the Santa Fe A time series using a (4*4) square SOM. The relative signi�
an
e of thetransition probabilities are given by the greys
ale legend.transition matrix, obtained from the Santa Fe A time series [11℄. Ea
h prototype is symbolisedby a big asterisk 
entred on it. The transitions to the eight 1-neighbours are represented by anumeri
al value presented in greys
ale at the end of ea
h line segment of the asterisk.The se
ond matrix is the empiri
al transition matrix that represents the expe
tation ofhaving a transition from one prototype to itself or to one of its 1-neighbours with respe
t to thetemporal dependen
es between data. This se
ond matrix is 
onstru
ted a

ordingly: After theSOM 
onvergen
e, the transitions from xt to xt+1 are 
onsidered for ea
h data xt. A 
ounter cijasso
iated to the prototype 
ouple (x̄i, x̄j) is in
remented if the transition from xt asso
iatedto prototype x̄i leads to xt+1 whi
h has as nearest prototype x̄j , a 1-neighbour of x̄i. The
ounters are thus now asso
iated to the temporal transitions between prototypes instead ofbeing asso
iated to the prototypes themselves, as in the theoreti
al transition matrix. Having
onsidered all the transitions between two su

essive data, ea
h 
ounter asso
iated to a 
ouple
(x̄i, x̄j) is divided by the sum of all the 9 
ounters cij asso
iated to x̄i. These operations leadto the empiri
al transition probabilities of ea
h prototype, arranged in a (3*3) matrix. Theempiri
al transition matrix is thus obtained again by grouping the I (3*3) matri
es. Here again,transition probabilities of prototypes on the grid edges are set to zero for dire
tions leadingoutside of the grid. The right-hand side of Figure 3 shows an example of empiri
al transitionmatrix, obtained from the Santa Fe A time series. The graphi
al 
onventions are the same asin the theoreti
al transition matrix 
ase.The theoreti
al and empiri
al transition matri
es and their graphi
al representations givethe se
ond empiri
al proof of market ine�
ien
y. By 
onstru
tion, the theoreti
al transitionmatrix is expe
ted to 
ontain only mid-range probabilities. Indeed, if the SOM 
onverges well,it is expe
ted to 
ontain about the same number of data in ea
h 
luster. All transitions from one
luster to another are thus expe
ted to be the similar. Suppose now that the market is e�
ient.Starting with data xt, the following temporal data xt+1 
an be any of the data rea
hable from
xt, as the transitions are all equiprobable under the e�
ien
y hypothesis. As SOM preservesthe data topology, the transitions should thus be equiprobable from one 
luster to any other
luster in the neighbourhood even when temporal dependen
es are taken into a

ount. As a
onsequen
e, under the hypothesis of e�
ien
y, both the theoreti
al and empiri
al transition6
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matri
es obtained from the SOM are expe
ted to be approximately uniformly distributed. Ifit is the 
ase, this provide an empiri
al proof of market e�
ien
y, otherwise the market isine�
ient.The e�
ien
y or ine�
ien
y 
on
lusion 
an be dedu
ed easily with the greys
ale represen-tations of the two transition matri
es. See for example the left and right parts of Figure 3,obtained from the Santa Fe A time series, whi
h is known to be predi
table [11℄. In the left�gure, the expe
ted transitions are approximately uniformly distributed. Moreover the empir-i
al transition matrix on the right �gure shows unevenly distributed probabilities: For ea
hprototype, only a limited number of 1-neighbours are likely to be sele
ted. Furthermore, thetransitions to the very few rea
hable 1-neighbours happen with a high probability. Comparing�gure 3 left and right thus lead to the 
on
lusion that the Santa Fe A time series is predi
table,whi
h is indeed the 
ase [11℄.3 Data des
ription: Paris sto
k ex
hangeThe eviden
e for market ine�
ien
y is based on �ve representative sto
ks from the Paris Sto
kEx
hange. The latter is an ele
troni
 market that operates through a market and limit orders.Buy and sell orders are 
olle
ted into the order book before their exe
ution. The exa
t de�nitionof the database 
ontent is detailed in [12℄.Five out of the most traded sto
ks are sele
ted, 
orresponding to relatively high 
apitalized�rms: Carrefour, Fran
e Tele
om, L'Oreal, Suez and Total. The frequen
y of the database is�ve minutes and the period of the study 
orresponds to 2 months per year, Mars and April,from 1998 until 2001. Fo
using on a dis
ontinued period instead of a 
ontinued one avoidshaving to fa
e the problems triggered by market seasonality.Returns are built on mid-quote pri
es, where the mid-quote is the average of the last bidand the last ask pri
es 
orresponding to ea
h time interval. Order imbalan
es are estimatedusing the Lee and Ready algorithm [13℄, [14℄. This algorithm 
lassi�es a trade as buyer (seller)initiated if it is 
loser to the ask (bid) of the prevailing quote. If the trade is exa
tly atthe midpoint of the quote, a "ti
k test" is adopted whereby the trade is 
lassi�ed as buyer(seller) initiated if the last pri
e 
hange prior to the trade is positive (negative). Then, theorder imbalan
e (OIB) 
orresponding to di�erent sto
ks and related to a �xed time interval, is
omputed as the number of buyer less the number of seller-initiated trades. OIB measures, inturn, the size of the trades. Both returns and OIB are 
omputed within a grid 
orrespondingto a frequen
y of �ve minutes.To 
he
k for the speed of 
onvergen
e to e�
ien
y lagged variables are introdu
ed in orderto guess the time horizon in whi
h there is a serial dependen
e between the returns, their pastvalues and the OIB ones. This horizon is �xed to thirty minutes.
7
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Variable Coe�
ient t-Statisti

α 3.77E-06 0.149

β1 (
oef. for Rt−1) -2.13E-02 -1.782
β2 (
oef. for Rt−2) -1.83E-02 -1.569
β3 (
oef. for Rt−3) -5.65E-03 -0.428
β4 (
oef. for Rt−4) 3.59E-03 0.363
β5 (
oef. for Rt−5) 5.20E-03 0.469
β6 (
oef. for Rt−6) 5.02E-03 0.449

γ1 (
oef. for OIBt−1) 1.26E-05 3.591
γ2 (
oef. for OIBt−2) -4.32E-06 -1.257
γ3 (
oef. for OIBt−3) -1.61E-06 -0.595
γ4 (
oef. for OIBt−4) -1.57E-06 -0.486
γ5 (
oef. for OIBt−5) 7.50E-07 0.175
γ6 (
oef. for OIBt−6) 5.46E-07 0.287Table 1: t-test on the 
oe�
ient of the linear regression for the aggregated market.4 Experimental results4.1 Linear modelThe results presented here are obtained on the aggregated market. This aggregate is builtupon an average 
omputation, as in Chordia et al [1℄. Table 1 
ontains the estimation results
orresponding to the aggregate market 
orresponding to �ve representative sto
ks of Paris Sto
kEx
hange (Carrefour, Fran
e Tele
om, L'Oreal, Suez and Total).Considering the reje
tion level of 5%, only the �rst lags 
orresponding to both returns Rand order imbalan
e OIB are statisti
ally signi�
ant. The �rst lagged estimated 
oe�
ientof R is negative and all the remaining lagged 
oe�
ients are not signi�
ant. By 
ontrast, the�rst lagged estimated 
oe�
ient of OIB is positive. This implies that a day 
hara
terized bya high imbalan
e on the buy-side will likely be followed by several additional days of aggregatebuy-side imbalan
es, and similarly for the sell-side imbalan
e. This means, as mentioned by [1℄,that investors 
ontinue buying or selling for quite long time, either be
ause they are herding,or be
ause they are splitting large orders a
ross days, or both. Furthermore, the negative signof the �rst order 
orrelation for returns means that some astute investors must be 
orre
tlyfore
asting 
ontinued pri
e pressure from order imbalan
es and 
ondu
ting 
ountervailing tradeswithin the very �rst minutes, whi
h 
ould be su�
ient to remove all serial dependen
e in returns.To summarize, returns present a �rst order serial 
orrelation up to �ve minutes, and orderimbalan
e have a positive signi�
ant impa
t on returns whi
h does not go beyond �ve minutes.In turn, there is eviden
e, a

ording to our estimation results, that the Paris Sto
k Ex
hangeis not e�
ient over a short interval of �ve minutes just after the trade. In no more than�ve minutes order imbalan
es lose their predi
tive power and returns are no longer seriallydependent; in other words the market reverts to e�
ien
y.

8
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Figure 4: From left to right: Prototype shape plot for the 5 �rms aggregated to represent theglobal market, using a (4*4) SOM; Theoreti
al and empiri
al transition matri
es for 5 minutesintervals.4.2 Self-Organizing MapsAs for the linear model, SOMs are learned on ve
tors 
omposed of past values of the returns
Rand order imbalan
es OIB. In all experiments these ve
tors are 
reated a

ording to:

SOM − vectort = {Rt, Rt−1, OIBt−1, OIBt−2, OIBt−3}, (2)where t varies for di�erent time lags, from 5, to 10, 20 and 30 minutes.To observe the market e�
ien
y, the evolution of the �ve �rms 
onsidered is aggregated asfor the linear 
ase. The results obtained using the SOM for the aggregated �rms are presentedin Figure 4. On the left part of the �gure, it 
an be seen that the SOM has 
onverged 
orre
tly.The middle part of Figure 4 is the theoreti
al transition matrix that is more or less uniformlygrey, as expe
ted. Looking to the right hand side of Figure 4 it is 
lear that the empiri
altransition matrix is very di�erent from its theoreti
al 
ounterpart. It is thus observed that themarket is ine�
ient over 5 minute intervals.The same experiment is repeated for intervals of 10, 20 and 30 minutes. Figure 5 showsa summary of all the experiments for the market, obtained as aggregation of the 5 
onsidered�rms. In all 
ases, 
omparing the theoreti
al and empiri
al transitions matri
es lead to the
on
lusion of market ine�
ien
y: the theoreti
al transition matri
es are always more or lessuniformly grey while the empiri
al transition matri
es are not uniform at all.Experimental results for 60 minutes intervals for the market as aggregation of the 5 seriesare provided in Figure 6. In this 
ase, the theoreti
al transition matrix is no longer uniformlygrey. The upper half of the plot is far from being uniform. This behaviour is so far awayfrom the one expe
ted by 
onstru
tion that it is no more possible to make any 
on
lusion forine�
ien
y from these �gures. Furthermore, the empiri
al transition matrix is very poorlypopulated. This 
an be explained by the fa
t that transitions o

ur between 2-neighbours,instead of 1-neighbours as in all the previous 
ases. Thus for time intervals longer than 30minutes, this empiri
al tool based on SOM is not able to dete
t market ine�
ien
y.
9
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Figure 5: Top to bottom: Theoreti
al (left) and empiri
al (right) transition matrix for themarket (obtained from 5 aggregated �rms). Top: 10 minutes interval; middle: 20 minutesinterval; bottom: 30 minutes interval. In all 
ases, (4*4) SOM were used.5 Con
lusionIn this paper, the question of market e�
ien
y of the Paris Sto
k Ex
hange has been observed.An original method based on Self-Organizing Maps has been proposed to prove empiri
ally themarket ine�
ien
y.Linear models are used in a way 
omparable to [1℄ in order to provide a �rst argument forthe Paris Sto
k Ex
hange ine�
ien
y at 5 minutes time intervals.The SOM are then used to provide another empiri
al proof over longer time intervals. Anoriginal representation of the theoreti
al and empiri
al transition matri
es, dedu
ed from the
lusters 
reated by the SOM algorithm, is then introdu
ed using intuitive plots. Comparisons ofthe two matri
es are used as a 
riterion for proving market ine�
ien
y. The proposed intuitive
riterion leads to the 
on
lusion of market ine�
ien
y over 30 minutes. Experiments on 60minutes intervals lead to the 
on
lusion that market ine�
ien
y 
an not be proved using theproposed SOM tool.Further works in
lude a more in depth resear
h for the longest time interval su
h that thenew methodology based on SOMs is still enable to dete
t ine�
ien
y. Another �eld of resear
hwould be the de�nition of a mathemati
al 
riterion for matrix 
omparison in addition to the
urrent graphi
al one. 10
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Figure 6: Theoreti
al and empiri
al transition matrix for 60 minutes time intervals for themarket (obtained from as the 5 aggregated �rms). (4*4) SOM were also used for these �nalexperiments.A
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