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Avenue Hippocrate, 54, B-1200 Bruxelles

2 Machine Learning Group,
Place du Levant, 3, B-1348 Louvain-la-Neuve, Belgium

{john.lee,michel.verleysen}@uclouvain.be

http://www.ucl.ac.be/mlg

Abstract. Simbed, standing for similarity-based embedding, is a new
method of embedding high-dimensional data. It relies on the preservation
of pairwise similarities rather than distances. In this respect, Simbed can
be related to other techniques such as stochastic neighbor embedding and
its variants. A connection with curvilinear component analysis is also
pointed out. Simbed differs from these methods by the way similarities
are defined and compared in both the data and embedding spaces. In
particular, similarities in Simbed can account for the phenomenon of
norm concentration that occurs in high-dimensional spaces. This feature
is shown to reinforce the advantage of Simbed over other embedding
techniques in experiments with a face database.

Keywords: Nonlinear dimensionality reduction, similarity measure,
manifold learning, stochastic gradient, multiscale optimization.

1 Introduction

Dimensionality reduction is the task of finding faithful, low-dimensional repre-
sentations of high-dimensional data. Although the case of clustered data can be
considered, it usually relies on the assumption that the data are sampled from a
smooth manifold. For instance, if the underlying manifold is a linear subspace,
then methods such as principal component analysis (PCA) [12] or classical metric
multidimensional scaling [21] can be successfully applied. However, these tech-
niques are not optimal if the manifold is heavily curved or folded [19]. This issue
can be addressed by using methods of nonlinear dimensionality reduction [10]
(NLDR) instead of a linear projection. The development of nonlinear variants
of MDS lead in the early sixties to many techniques that are based on the prin-
ciple of distance preservation. Nonmetric MDS [18,8] and Sammon’s nonlinear
mapping [15] (SNLM) are the best known methods in this family. The eighties
and early nineties saw the advent of methods related to artificial neural net-
works and soft-computing. Auto-encoders with multilayer perceptrons [7] and
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Kohonen’s self-organizing maps [6] (SOMs) are the most prominent examples
in this trend. Since the late nineties and the seminal paper describing kernel
PCA [17], many recent develoments in NLDR have targeted spectral embed-
ding [16]. Isomap [19] and locally linear embedding [14] are probably the most
representative methods in this branch. Spectral methods provide the guarantee
of finding the global optimum of their cost function. In contrast, methods based
on other optimization techniques generally do not offer this advantage. How-
ever, they usually compensate for this drawback by the capability of handling a
broader range of cost functions. Successful nonspectral methods are for instance
curvilinear component analysis [1,4] (CCA), stochastic neighbor embedding [5]
(SNE), and its variant t-SNE [20].

This paper introduces Simbed, a new NLDR method that relies on similarity
matching in order to embed data in a low-dimensional space. Simbed’s most
prominent feature is its principled way of computing pairwise similarities that
accounts for the phenomenon of norm concentration [3]. Briefly put, this term
refers to the fact that the norm of high-dimensional vectors tends to have a
low variance/expectation ratio. Hence, Simbed owns a decisive advantage when
it comes to real-life data that combine non-negligible noise with a high dimen-
sionality. The paper also weaves connections with other methods that involve
similarities, such as SNE and t-SNE. An unexpected relationship with CCA is
also pointed out, which shows that CCA is closer to similarity matching than to
distance preserving techniques such as SNLM.

The rest of this paper is organized as follows. Section 2 introduces nota-
tions for distances and gives a principled definition of pairwise similarities in
high-dimensional spaces. Section 3 describes a cost function that assesses the
similarity matching, along with an algorithm that optimizes it. Section 4 points
out some connections with other techniques, such as CCA and t-SNE. Section 5
gathers some experimental results with both artificial and real data. Finally,
Section 6 draws the conclusions.

2 Distances and Similarities

Let Ξ = [ξi]1≤i≤N denote a data set of N vectors picked in an M dimensional
space. The symbol δij denotes the pairwise Euclidean distance ‖ξi − ξj‖2.

In order to define a similarity measure, let us consider vector ξi and an
isotropic k-dimensional normal distribution centered on it, with k ≤ M . We
define the similarity of ξj with respect to ξi to be the probability of the event
‖ξ − ξi‖2 ≥ δij where ξ ∼ N (ξi, λI). In other words, the similarity is the prob-
ability of observing a larger distance than the measured value and thus varies
between 0 and 1. The normality assumption allows us to write ‖ξ−ξi‖2/λ ∼ χk,
where χk denotes a chi distribution with k degrees of freedom [2]. The probability
density function of c ∼ χk is given by

p(c, k) =
√

2
Γ (k/2)

( c

21/2

)k−1

exp(−c2/2) , (1)
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where Γ is the Gamma function. Therefore, the similarity between ξi and ξj can
be defined by

σij(λ, k) .= Prob [δij ≥ λc] =
∫ ∞

δij

p(z/λ, k)
λ

dz = Q

(
δ2
ij

2λ2
,
k

2

)
, (2)

where c ∼ χk and Q is the regularized upper incomplete gamma function. This
definition contains two free parameters, namely λ and k.

Standard deviation λ reflects the fact that the proposed similarity measure is
a scale-dependent concept. Hence, this parameter basically sets up the threshold
between the ‘local’ neighborhood of some vector and the rest of the space. Its
value can then be arbitrarily fixed by the user. If we consider that Ξ contains
noisy vectors sampled from some manifold, λ should not go below the (local)
noise standard deviation. Similarly, larger values than max1≤i,j≤N δij make little
sense. As will be shown later on, a multiscale or multiresolution approach that
explores several values of λ can be useful.

As to k, which specifies the number of degrees of freedom, its optimal value
depends on λ. If λ is close to the standard deviation of the noise, k should be
equal to M , since noise indifferently spans all dimensions of space. For slightly
larger values of λ, noise becomes negligible and the manifold can be locally
approximated by a linear subspace with as many degrees of freedom as the
manifold intrinsic dimensionality. For larger values of λ, k should be chosen
according to the global shape of the manifold, which is difficult to investigate.

It is noteworthy that for appropriate values of k and λ the proposed similarity
can account for the phenomenon of norm concentration [3]. Defining the simi-
larity with a Gaussian kernel (this turns out to be the case k = 2) does not offer
this possibility. The model behind the proposed similarity can be refined, for in-
stance by using anisotropic normal distributions, but this introduces additional
parameters.

3 Matching the Pairwise Similarities

NLDR aims at finding a low-dimensional representation of data set Ξ. Let X =
[xi]1≤i≤N denote this representation and let P be its dimensionality. Symbol dij

refers to the pairwise Euclidean distance ‖xi − xj‖2. As in the previous section,
we can define the similarity between xi and xj in the same way, i.e.

sij(λ, l) .= Prob [dij ≥ λc] = Q

(
d2

ij

2λ2
,
l

2

)
, (3)

where c ∼ χl. Scale parameter λ can be reused from the previous definition,
since we look at the same scale in both high- and low-dimensional spaces. The
key difference lies in l, whose value is simply equal to embedding dimensionality
P in this case.



98 J.A. Lee and M. Verleysen

Having defined the similarity measures in both spaces, one can try to match
them by minimizing the mean square error

E(X,Ξ, λ, k, l) =
1

N2

N∑
i=1

N∑
j=1

(σij(λ, k) − sij(λ, l))2 (4)

with respect to X. The intuition behind this cost function is similar to that be-
hind distance preservation: building a low-dimensional representation that pre-
serves pairwise distances or similarities hopefully keeps neighboring data items
close to each other, while maintaining the gap between dissimilar ones. Simbed
—which stands for similarity-based embedding— minimizes (4) by performing
a stochastic gradient descent such as in [1]. For this purpose, we separately con-
sider all terms of the outer sum in the cost function. They can be written as

Ei(X,Ξ, λ, k, l) =
1

N2

N∑
j=1

(σij(λ, k) − sij(λ, l))2 . (5)

The partial derivative of Ei(X,Ξ, λ, k, l) with respect to xj is

∂Ei(X,Ξ, λ, k, l)
∂xj

=
2

N2
(σij(λ, k) − sij(λ, l))

p(dij/λ, l)
λ

xj − xi

dij
. (6)

This leads to the iterative update xj := xj + Δx(t,i)
j for 1 ≤ j ≤ N , where

Δx(t,i)
j = −α(t) ∂Ei(X,Ξ, λ(t), k(t), l)

∂xj
. (7)

Index t denotes the current iteration (or ‘epoch’) and α(t) is the step size (or
learning rate). At each iteration, index i runs over the whole data set. Each
iteration thus performs N2 updates for a time complexity of O(N2).

In the spirit of a pseudo-Newton optimization scheme, an appropriate value
of α(t) should be related to the second-order derivative. A single value of α(t)

that fits for all i and j should satisfy the second inequality in
∥∥∥∥∥

∂2Ei(X,Ξ, λ(t), k(t), l)
∂x2

j

∥∥∥∥∥
2

≤ 2
(λ(t)N)2

≤ 1
α(t)

. (8)

The first inequality gives an upper bound of the second partial derivative. There-
fore, α(t) should be lower than (Nλ(t))2/2. In a classical stochastic gradient
descent, α(t) should slowly decay [13]. This can be indirectly achieved by pro-
gressively reducing λ(t) in a multiscale approach. The principle of a multiscale
optimization is rather simple and consists in ‘blurring’ the cost function in the
early part of the process. Doing so smooths out narrow pits and peaks, thus
putting the emphasis on the widest and deepest basins. Next, the amount of
blur is slowly reduced as the optimization progresses. Hence, a multiscale strat-
egy increases the probability of finding the global optimum. As a matter of fact,
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Simbed’s cost function can be optimized with a multiscale scheme because it can
be written as a continuous function of smooth and rapidly decaying kernels. The
parameters to be optimized, namely the coordinates in X, exclusively appear in
the arguments of these similarity kernels.

The efficiency of a multiscale optimization increases if scale parameter λ slowly
decays. In the case of a stochastic gradient descent, we can combine the de-
cay of λ with that of the step size. Simbed relies on the schedules given by
λ(t) = 4 max1≤i,j≤N δij/t and α(t) = 0.1(Nλ(t))2. The latter fulfills the inequal-
ity mentioned in the previous section and ensures that ‖Δx(t,i)

j ‖2 slowly vanishes
as t grows to infinity. In practice, Simbed runs for at most T iterations but an
early stop is possible when the criterion

N∑
i=1

N∑
j=1

∣∣∣∣
(
d
(t)
ij

)2

−
(
d
(t−1)
ij

)2
∣∣∣∣ ≤ ε

N∑
i=1

N∑
j=1

((
d
(t)
ij

)2

+
(
d
(t−1)
ij

)2
)

, (9)

is met, in which d
(t)
ij refers to the pairwise distance at the end of iteration t. As

to dimensionality parameter k, the constant value P can be used for noisefree
data, whereas a schedule such as k(t) = P + (M − P )t/T can be adopted for
noisy data.

The initialization of the algorithm can be achieved with a P -dimensional PCA
projection. During the stochastic gradient descent, it is advised to randomly per-
mute the order of the updates with respect to index i in (7). A reinitialization of
the random number generator with always the same seed makes the optimization
fully deterministic, provided the data vectors are not permuted in Ξ from run
to run. These permutations can be avoided by computing c = arg mini

∑N
j=1 δ2

ij

and by sorting the vectors in Ξ according to δcj.

4 Connection with Other Techniques

Simbed can be related to several other methods described in the literature, such
as SNE, t-SNE, CCA, and SOMs. SNE and t-SNE follow the same paradigm
as Simbed, that is, similarity matching with a stochastic optimization scheme.
However several important differences can be pointed out.

First, the pairwise similarities used in Simbed involve cumulative distribution
functions whose value depends only on the corresponding distances. In contrast,
SNE and t-SNE rely on empirical probability density functions defined as

σij(λ) .=
g(δij/λ)∑
m �=n g(δmn)

and sij
.=

h(dij)∑
m �=n h(dmn)

, (10)

where g(u) = exp(−u2/2) and either h(u) = g(u) for SNE or h(u) = 1/(1 +
u2) for t-SNE (h(u) is proportional to a Student’s t pdf with one degree of
freedom). These similarity functions involve a softmax denominator; it ensures
that

∑
i�=j σij(λ) =

∑
i�=j sij = 1. Such a normalization makes all similarities

interdependent and leads to paradoxical situations. For instance, equalities g = h
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and δij = λdij do not imply σij(λ) = sij . On the other hand, similarities in
Simbed are such that δij = dij ⇔ σij(λ) = sij , provided k = l or δij = 0.

The second difference between Simbed and SNE/t-SNE results from the first
one. Simbed estimates the similarity matching between the high- and low-
dimensional spaces with a mean square error. In comparison, similarities in
SNE and t-SNE are pdfs and their matching is thus computed by sums of
Kullback-Leibler divergences in the cost function (see [20] for details and vari-
ants). This is a key point knowing that the particular choice of the similarity
measure deeply impacts the form of the stochastic gradient update. The Gaus-
sian functions in SNE lead to simplifications in the KL divergences whereas
this does not happen in t-SNE. In (symmetric) SNE, the stochastic gradient
update is proportional to (σij(λ) − sij)(xj − xi) whereas it is proportional to
(σij(λ) − sij)(1/(1 + dij))(xj − xi) in t-SNE. This additional factor in t-SNE
explains why it outperforms SNE [20]. Such a damping factor that decreases
with respect to dij can be also found in Simbed as well as in CCA. This factor
accounts for the capability of these methods to ‘tear’ manifolds [1,4,9].

A third difference concerns the absence of multiscale approach in SNE and
t-SNE, although such a strategy has proved to be useful in methods such as
CCA, SOMs and their variants.

The connection between Simbed and CCA can be investigated by looking at
the terms of CCA’s cost function, which are written as Ei(X,Ξ, λ) =

∑N
j=1(δij−

dij)2H(λ− dij), where H denotes Heaviside’s step function. The stochastic gra-
dient update is proportional to (1− δij/dij)H(λ− dij)(xj −xi). Although CCA
is often related to Sammon’s nonlinear mapping and other methods based on
distance preservation, it can easily be cast within the framework of similarity
preservation. For this purpose, we can equivalently rewrite CCA’s cost function
as Ei(X,Ξ, λ) =

∑N
j=1(σij(λ) − sij(λ))2, where σij(λ) .= (λ − δij)H(λ − dij)

and sij(λ) .= (λ − dij)H(λ − dij). While sij(λ) satisfies all conditions to be a
similarity function, positivity of σij(λ) can be enforced by the approximation
σij(λ) ≈ (λ − δij)H(λ − δij), which leads to

∂Ei(X,Ξ, λ)
∂xj

=
(

1 − δij

dij
− (δij − λ)H(δij − λ)

dij

)
H(λ − dij)(xj − xi) . (11)

The only difference with CCA’s genuine gradient is the additional term in the
first factor, which is non-zero only if dij < λ < δij . This shows that CCA is
closely related to similarity-based embedding and that the multiplication by a
Heaviside function in its cost function plays a much more important role than a
simple weighting of the cost function terms, such as in SNLM.

5 Experiments

The experiments involve several data sets as well as several NLDR techniques.
The first data set contains 750 vectors that sample a Swiss roll with uniform
distribution. Its equation is written as ξ = [

√
u cos(3π

√
u),

√
u sin(3π

√
u), v]T ,
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where random parameters u and v have uniform distributions between 0 and 1.
The second data set stems from the same manifold and includes 750 vectors as
well, but these have three additional coordinates that are kept constant. Gaussian
noise with standard deviation 0.05 is added to all six dimensions. The third data
set contains 1965 pictures of B.J. Frey’s face [14]. Each face is 20 pixels wide and
28 pixels high. After concatenation into 560-dimensional vectors, PCA achieves
a first dimensionality reduction that leaves 20 coordinates.

Simbed is compared to t-SNE, CCA, SNLM, and PCA, whose result serves as
baseline. Two versions of Simbed are used, one with constant and equal values
for k and l, the second with the adaptive schedule for k. The implementation of t-
SNE is provided by the authors of [20]; the ‘perplexity’ (i.e. the scale parameter)
is left to its default value. CCA is implemented as in [4], with a constant step
size that is equal to 0.2. The scale parameter follows a similar schedule as in
Simbed, except that λ(1) is doubled; the stopping criterion is the same. SNLM
is implemented as in [15] with a step size equal to 0.3. All methods are fed with
pairwise Euclidean distances, no geodesic distances are used.

Performance assessment is achieved by means of the criteria proposed in [11].
These criteria look at K-ary neighborhoods around each vector in the data space
as well as in the embedding space. The first criterion is denoted by QNX(K)
and reflects the overall quality of the embedding; its value corresponds to the
average percentage of identical neighbors in both spaces. The second criterion is
denoted by BNX(K) and reveals the ‘behavior’ of a NLDR method. A positive
value indicates that distant points are embedded close to each other whereas a
negative one indicates that close neighbors are embedded far away. Results for
the three data sets are shown in Figs. 1 to 3. Each figure includes three panels;
the first one spans the interval 1 ≤ K ≤ N − 1, whereas the small ones on the
right focus on small values of K, for each criterion separately.

As to the noisefree Swiss roll, CCA slightly outperforms all other methods
for small values of K. Simbed closely follows, whereas t-SNE comes third and
precedes both SNLM and PCA. On the other hand, the global shape of the
manifold is best preserved by PCA and SNLM, followed by Simbed, CCA, and
t-SNE. Simbed thus reaches the best ‘global-local’ tradeoff. The multiscale opti-
mization of CCA and Simbed actually leads to flatter curves than for the other
methods. For this noisefree data set, Simbed with k = l = 2 performs slightly
better than the variant with an increasing value of k, as expected.

The situation gets reversed in Fig. 2 for the noisy Swiss roll. Thanks to its use
of similarity kernels with heavier tails in the embedding space than in the data
space, t-SNE unfolds the Swiss roll better than the other methods and achieves
the best performance for small values of K. Simbed is second and its version
with an increasing k takes advantage of its more appropriate noise model. CCA
comes next and precedes both SNLM and PCA.

The results for the face bank are shown in Fig. 3. Simbed with increasing
values of k clearly outperforms the version with constant k. CCA climbs on
the third step, followed by SNLM and PCA. Despite numerous attempts, t-
SNE has never converged. As can be seen, similarity matching proves to be very
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Fig. 1. Quality assessment for the embeddings of the noisefree Swiss roll
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Fig. 2. Quality assessment for the embeddings of the noisy Swiss roll
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Fig. 3. Quality assessment for the embeddings of the face bank

efficient for this very high-dimensional data set. More importantly, the successive
performance leaps between CCA and the two versions of Simbed indicate that
the definition of the similarity kernel plays a key role as to the quality of the
results. In the case of this data set, shifting from the piecewise linear kernel of
CCA to smooth kernels that take into account the properties of high-dimensional
spaces proves to be decisive.

6 Conclusion

Simbed is a new method of nonlinear dimensionality reduction that relies on
similarity matching. It has two prominent features. First, it involves a principled
similarity measure that can cope with the phenomenon of norm concentration
in high-dimensional spaces. Second, its cost function can be optimized with a
multiscale approach, which diminishes the probability of getting stuck in a local
optimum. Simbed can be related to other methods such as SNE and t-SNE, and
it also extends CCA.

Experiments with both artificial and real data show that Simbed compares to
some of the best NLDR methods. It can provide excellent quantitative results
in the case of noisy and very high-dimensional data, such as face images.
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