
Optimization On Manifolds: Methods and Applications

Pierre-Antoine Absil
(UCLouvain)

BFG’09, Leuven

18 Sep 2009

1



Joint work with:

◮ Chris Baker (Sandia)

◮ Kyle Gallivan (Florida State University)

◮ Eric Klassen (Florida State University)

◮ Damien Laurent (UCLouvain)

◮ Rob Mahony (Australian National University)

◮ Chafik Samir (U Clermont-Ferrand)

◮ Rodolphe Sepulchre (U of Liège)
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Intro

Why general manifolds? – Motivating examples

Given A = AT ∈ R
n×n Given A = AT ∈ R

n×n,
and N = diag(1, . . . , p),

min f (X ) = trace(XTAXN) min f (Y ) = trace
(
(Y TY )−1(Y TAY )

)

subj. to X ∈ R
n×p : XTX = I subj. to Y ∈ R

n×p
∗ (i.e., Y full rank)

f

R

Y

R

f

YM

f (YM) = f (Y )

Domain: St(p, n) Domain: Gr(p, n)

= {X ∈ R
n×p : XTX = I} =

{

{YM : M ∈ R
p×p
∗ } : Y ∈ R

n×p
∗

}

Embedded submanifold Quotient manifold
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Intro

Smooth optimization problems on general manifolds
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f ∈ C∞(x)?

ϕ(U)
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Yes iff
f ◦ ϕ−1 ∈ C∞(ϕ(x))

ψ

U
V

ψ(V)
ϕ(U ∩ V) ψ(U ∩ V)

ψ ◦ ϕ−1

ϕ ◦ ψ−1
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Intro

Optimization on manifolds in its most abstract formulation
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f
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f ∈ C∞(x)?

ϕ(U)

R
d

ϕ

Yes iff
f ◦ ϕ−1 ∈ C∞(ϕ(x))

ψ

U
V

ψ(V)
ϕ(U ∩ V) ψ(U ∩ V)

ψ ◦ ϕ−1

ϕ ◦ ψ−1

C∞

R
d

Given:

◮ A set M endowed (explicitly or implicitly) with a manifold structure
(i.e., a collection of compatible charts).

◮ A function f : M → R, smooth in the sense of the manifold
structure.

Task: Compute a local minimizer of f .
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Intro

Optimization on Manifolds in one picture
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Intro

Some classics on Optimization On Manifolds (I)

R

f

x

x+

Luenberger (1973), Introduction to linear and nonlinear programming.
Luenberger mentions the idea of performing line search along geodesics,
“which we would use if it were computationally feasible (which it
definitely is not)”.
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Intro

Some classics on Optimization On Manifolds (II)

Gabay (1982), Minimizing a differentiable function over a differential

manifold. Stepest descent along geodesics; Newton’s method along
geodesics; Quasi-Newton methods along geodesics.

Smith (1994), Optimization techniques on Riemannian manifolds.
Levi-Civita connection ∇; Riemannian exponential; parallel translation.
But Remark 4.9: If Algorithm 4.7 (Newton’s iteration on the sphere for
the Rayleigh quotient) is simplified by replacing the exponential update
with the update

xk+1 =
xk + ηk

‖xk + ηk‖

then we obtain the Rayleigh quotient iteration.
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Intro

Some classics on Optimization On Manifolds (III)

Manton (2002), Optimization algorithms exploiting unitary constraints

“The present paper breaks with tradition by not moving along
geodesics”. The geodesic update Expxη is replaced by a projective
update π(x + η), the projection of the point x + η onto the manifold.

Adler, Dedieu, Shub, et al. (2002), Newton’s method on Riemannian

manifolds and a geometric model for the human spine. The exponential
update is relaxed to the general notion of retraction. The geodesic can
be replaced by any (smoothly prescribed) curve tangent to the search
direction.
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Intro

A recent book

Optimization Algorithms on Matrix Manifolds

P.-A. Absil, R. Mahony, R. Sepulchre
Princeton University Press, January 2008

1. Introduction
2. Motivation and applications
3. Matrix manifolds: first-order geometry
4. Line-search algorithms
5. Matrix manifolds: second-order geometry
6. Newton’s method
7. Trust-region methods
8. A constellation of superlinear algorithms
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Intro

Optimization on Manifolds in one picture
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Intro

Specific manifolds, and where they appear

◮ Stiefel manifold St(p, n) and orthogonal group Op = St(n, n)

St(p, n) = {X ∈ R
n×p : XTX = Ip}

Applications: computer vision; principal component analysis;
independent component analysis...

◮ Grassmann manifold Gr(p, n)

Set of all p-dimensional subspaces of R
n

Applications: various dimension reduction problems...
◮ Set of fixed-rank PSD matrices S+(p, n). A quotient representation:

X ∼ Y ⇔ ∃Q ∈ Op : Y = XQ

Applications: Low-rank approximation of symmetric matrices;
low-rank approximation of tensors...
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Intro

Specific manifolds, and where they appear

◮ Shape manifold On\R
n×p
∗

Y ∼ X ⇔ ∃U ∈ On : Y = UX

Applications: shape analysis
◮ Oblique manifold R

n×p
∗ /Sdiag+

R
n×p
∗ /Sdiag+ ≃ {Y ∈ R

n×p
∗ : diag(Y TY ) = Ip}

Applications: blind source separation; factor analysis (oblique
Procrustes problem)...

◮ Flag manifold R
n×p
∗ /Supp∗

Elements of the flag manifold can be viewed as a p-tuple of linear
subspaces (V1, . . . ,Vp) such that dim(Vi ) = i and Vi ⊂ Vi+1.
Applications: analysis of QR algorithm...
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Steepest descent

Optimization on Manifolds in one picture
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Steepest descent

Steepest-descent methods on
manifolds
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Steepest descent

Steepest-descent in R
n

R
n

x

x+

R

grad f (x)

f

grad f (x) =
[
∂1f (x) · · · ∂nf (x)

]T
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Steepest descent

Steepest-descent: from R
n to manifolds

R
n

x

x+

R

grad f (x)

f

R
n Manifold

Search direction Vector at x Tangent vector at x

Steepest-desc. dir. −grad f (x) −grad f (x)

Curve γ : t 7→ x − t grad f (x) γ s.t. γ(0) = x and
γ̇(0) = −grad f (x)
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Steepest descent

Steepest-descent: from R
n to manifolds
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Steepest descent

Steepest-descent: norm of tangent vectors
R

f
x

x+

grad f (x)

The steepest ascent direction at x is along

arg max
ξ∈TxM
‖ξ‖=1

Df (x)[ξ].

To this end, we need a norm on the tangent space TxM.
For all x ∈ M, let gx denote an inner product in TxM, and define

‖ξx‖ :=
√

gx(ξx , ξx).

When gx “smoothly” depends on x , we say that (M, g) is a Riemannian

manifold.
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Steepest descent

Steepest-descent: gradient
R

f
x

x+

grad f (x)

There is a unique grad f (x), called the gradient of f at x , such that

{

grad f (x) ∈ TxM

gx(grad f (x), ξx) = Df (x)[ξx ], ∀ξx ∈ TxM.

We have
grad f (x)

‖grad f (x)‖
= arg max

ξ∈TxM
‖ξ‖=1

Df (x)[ξ]

and

‖grad f (x)‖ = Df (x)

[
grad f (x)

‖grad f (x)‖

]

.

22



Steepest descent

Steepest-descent: Riemannian submanifolds

R

f
x

x+

grad f (x)

Let (M, g) be a Riemannian manifold and M be a submanifold of M.
Then

gx(ξx , ζx) := g x(ξx , ηx), ∀ξx , ζx ∈ TxM

defines a Riemannian metric g on M. With this Riemannian metric, M
is a Riemannian submanifold of M.
Every z ∈ TxM admits a decomposition z = Pxz

︸︷︷︸

∈TxM

+ P⊥
x z

︸︷︷︸

∈T⊥
x M

.

If f : M → R and f = f |M, then

grad f (x) = Pxgrad f (x).
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Steepest descent

Steepest-descent: Riemannian quotient manifolds

ζπ(x)

x
M

π(x)

M = M/ ∼

[x ] = {y ∈ M : y ∼ x}

π

ξπ(x)

ξx

Hx

Vx

Let g̃ be a Riemannian metric on M.
Suppose that, for all ξπ(x) and ζπ(x) in Tπ(x)M/ ∼, and all
x̃ ∈ π−1(π(x)), we have

g x̃(ξx̃ , ζ x̃) = g x(ξx , ζx).
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Steepest descent

Steepest-descent: Riemannian quotient manifolds

ζπ(x)

x
M

π(x)

M = M/ ∼

[x ] = {y ∈ M : y ∼ x}

π

ξπ(x)

ξx

Hx

Vx

Then
gπ(x)(ξπ(x), ζπ(x)) := g x(ξx , ζx).

defines a Riemannian metric on M/ ∼. This turns M/ ∼ into a
Riemannian quotient manifold.
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Steepest descent

Steepest-descent: Riemannian quotient manifolds

ζπ(x)

x
M

π(x)

M = M/ ∼

[x ] = {y ∈ M : y ∼ x}

π

ξπ(x)

ξx

Hx

Vx

Let f : M/ ∼→ R. Let P
h,g
x denote the orthogonal projection onto Hx .

grad f x = Ph,g
x grad (f ◦ π)(x).

If Hx is the orthogonal complement of Vx in the sense of g (π is a
Riemannian submersion), then grad (f ◦ π)(x) is already in Hx , and thus

grad f x = grad (f ◦ π)(x).
26



Steepest descent

Steepest-descent: choosing the search curve
R

f
x

x+

grad f (x)

It remains to choose a curve γ such that

{

γ(0) = x

γ̇(0) = −grad f (x).
(1)

Let R : TM → M be a retraction on M, that is

1. R(0x) = x , where 0x denotes the origin of TxM;
2. d

dt
R(tξx)

∣
∣
t=0

= ξx , for all ξx ∈ TxM.

Then the curve
γ : t 7→ R(−tgrad f (x))

satisfies the requirements (1).
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Steepest descent

Steepest-descent: line-search procedure

R

f
x

x+

grad f (x)

Find t such that f (γ(t)) is “sufficiently smaller” than f (γ(0)). Since

t 7→ f (γ(t))

is just a function from R to R, we can use the step selection techniques
that are available for classical line-search methods.
For example: exact minimization, Armijo backtracking,...

28



Steepest descent

Optimization on Manifolds in one picture
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Steepest descent

A simple steepest-descent method for Principal Component Analysis

◮ Let A = AT ∈ R
n×n.

◮ Goal: Compute the p dominant eigenvectors of A.

◮ Principle: Let N = diag(p, p − 1, · · · , 1) and solve

max
XT X=Ip

trace(XTAXN).

The columns of X are the p dominant eigenvectors or A.

◮ A basic method: Steepest-ascent on
St(p, n) := {X ∈ R

n×p : XTX = I}.

◮ Let f : R
n×p → R : X 7→ trace(XTAXN).

◮ We have 1
2grad f (X ) = AXN.

◮ Thus
1
2grad f |St(p,n)(X ) = PTX St(p,n)(AXN) = AXN − X sym(XTAXN),

where sym(Z ) := (Z + ZT )/2.

◮ Basic algorithm: Follow Ẋ = grad f |St(p,n)(X ).
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Riemannian Newton

Optimization on Manifolds in one picture
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Riemannian Newton

Newton’s method on manifolds
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Riemannian Newton

Newton on abstract manifolds

Required: Riemannian manifold M; retraction R on M; affine
connection ∇ on M; real-valued function f on M.
Iteration xk ∈ M 7→ xk+1 ∈ M defined by

1. Solve the Newton equation

Hess f (xk)ηk = −grad f (xk)

for the unknown ηk ∈ Txk
M, where

Hess f (xk)ηk := ∇ηk
grad f .

2. Set
xk+1 := Rxk

(ηk).
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Riemannian Newton

Newton on submanifolds of R
n

Required: Riemannian submanifold M of R
n; retraction R on M;

real-valued function f on M.
Iteration xk ∈ M 7→ xk+1 ∈ M defined by

1. Solve the Newton equation

Hess f (xk)ηk = −grad f (xk)

for the unknown ηk ∈ Txk
M, where

Hess f (xk)ηk := PTxk
MDgrad f (xk)[ηk ].

2. Set
xk+1 := Rxk

(ηk).
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Riemannian Newton

Newton on the unit sphere Sn−1

Required: real-valued function f on Sn−1.
Iteration xk ∈ Sn−1 7→ xk+1 ∈ Sn−1 defined by

1. Solve the Newton equation

{

Pxk
D(grad f )(xk)[ηk ] = −grad f (xk)

xTηk = 0,

for the unknown ηk ∈ R
n, where

Pxk
= (I − xkxT

k ).

2. Set

xk+1 :=
xk + ηk

‖xk + ηk‖
.
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Riemannian Newton

Newton for Rayleigh quotient optimization on unit sphere

Iteration xk ∈ Sn−1 7→ xk+1 ∈ Sn−1 defined by

1. Solve the Newton equation

{

Pxk
APxk

ηk − ηkxT
k Axk = −Pxk

Axk ,

xT
k ηk = 0,

for the unknown ηk ∈ R
n, where

Pxk
= (I − xkxT

k ).

2. Set

xk+1 :=
xk + ηk

‖xk + ηk‖
.
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An application: Blind Source Separation

Optimization on Manifolds in one picture
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An application: Blind Source Separation

An Application:
Blind Source Separation
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An application: Blind Source Separation

Joint diagonalization on the Stiefel manifold

◮ Measurements X =






x1(t1) x1(t2) · · · x1(tf )
...

...
. . .

...
xn(t1) xn(t2) · · · xn(tf )




.

◮ Goal: Find a matrix W ∈ R
n×p such that the rows of

Y = W TX

look as statistically independent as possible.
◮ Decompose W = UΣV T . We have

Y = V T ΣUTX
︸ ︷︷ ︸

=:X̃

.

◮ Whitening: Choose Σ and U such that X̃ X̃T = In. Then
YY T = V T X̃ X̃TV = V TV = Ip.

◮ Independence and dimension reduction: Consider a collection of
covariance-like matrix functions Ci (Y ) such that
Ci (Y ) = V TCi (X̃ )V . Choose V to make the Ci (Y )’s as diagonal as
possible.

◮ Principle: Solve
44
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An application: Blind Source Separation

Joint diagonalization on the Stiefel manifold: application

The application is blind source separation.
Two mixed pictures are given as input to a blind source separation
algorithm based on a trust-region method on St(2, 2).
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An application: Blind Source Separation

Joint diagonalization on the Stiefel manifold: application: input
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An application: Blind Source Separation

Joint diagonalization on the Stiefel manifold: application: output
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An application: curve fitting

Another Application:
Curve Fitting
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An application: curve fitting

Curve fitting on manifolds

Γ

R

E

Shape manifold

γ
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An application: curve fitting

Curve fitting on shape manifold

Γ

R

E

Shape manifold

γ
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Optimization on Manifolds in one picture

M
f

R

x

56



Conclusion

A few pointers I

◮ Optimization on manifolds in general: Luenberger [Lue73],
Gabay [Gab82], Smith [Smi93, Smi94], Udrişte [Udr94],
Manton [Man02], Mahony and Manton [MM02], PAA et

al. [ABG07]...

◮ Stiefel and Grassmann manifolds: Edelman et al. [EAS98], PAA et

al. [AMS04]...

◮ Retractions: Shub [Shu86], Adler et al. [ADM+02]...

◮ Eigenvalue problem: Chen and Amari [CA01], Lundström and
Eldén [LE02], Simoncini and Eldén [SE02], Brandts [Bra03], Absil et

al. [AMSV02, AMS04, ASVM04, ABGS05, ABG06] and Baker et

al. [BAG06]
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A few pointers II
◮ Independent component analysis: Amari et al. [ACC00],

Douglas [Dou00], Rahbar and Reilly [RR00], Pham [Pha01], Joho
and Mathis [JM02], Joho and Rahbar [JR02], Nikpour et

al. [NMH02], Afsari and Krishnaprasad [AK04], Nishimori and
Akaho [NA05], Plumbley [Plu05], PAA and Gallivan [AG06], Shen et

al. [SHS06], Hüeper et al. [HSS06]...

◮ Pose estimation: Ma et al. [MKS01], Lee and Moore [LM04], Liu et

al. [LSG04], Helmke et al. [HHLM07]

◮ Various matrix nearness problems: Trendafilov and Lippert [TL02],
Grubisic and Pietersz [GP07]...
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