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We analyse and compare three algonthms for “downdating’ the Cholesky fac-
torization of a positive definite matrix. Although the algonthms are closely
reiated, thesr numencal properues differ. Two algorithms are stable 1 a certain
“mixed" sense while the other is unstable. As well as comparing the numerical
properties of the algornthms, we compare therr computational comptexity and
thetr suitability for implementation on paraliel or vector computers.

1. INTRODUCTION

The Cholesky downdating problem considered in this note is: given an upper
triangular matrix Re®"*" and a vector x€®” such that R7R —xx 7 is posi-
tive definite, find an upper triangular matrix U such that

UTU = RTR—xxT.

By our assumption of positive definiteness, U exists and is unique up to the
signs of its diagonal elements (GOLUB and vaN Loan [10]).

The Cholesky downdating problem is closely related to that of downdating a
QR-factorization. To show this, let

- [4] el

where A €R™ ", m>n and Q e®™ *™ is an orthogonal matrix. The problem is

1. This work was done while the third author was visiting the Centre for Mathematical Analysis
at The Australian National University



. 3 b —_ z u )
a) —hx_ =10l 'r

drysuonepos oy ea ) Indwod o) pasn e ‘W ... f[= ¥ Qim
103 ([ + ¥)
l
0 -0 -0 0
mo1 15(] + v:lv 0 --- 0 «%mOu e 0 «%:_ml _ «\
. 0O ---0 0 cee | 0
(0 --- 0 Tguis ... o TYgsod )

wioj ayl jo

SUONIBI0J SUBAID) (| + ¥) X (| + ¥) Jo 3duanbas v [¢1] ui 1¥vmaLs £q paquosap
st pue ageyded WOVANIT oyt w pawwswadw 2u0 3y st poyiaw sy
(v wyri08)y) poyiows YOVINIT ML '1°C

‘wajqoid Funepumop ay) Juia[os 10§ pasn
aq ued 1ey) sayoeosdde yussayip 221y Jejas pue asedwod am uoNdas sy u|
SIHOVOUddV INTYI441d ITUH] 7

‘g WYylLoS|y UBY) 3[QEIS 2J0W pUE Y Wyl

<03}y ueyl Jaise) st )t [[eda0 159q a1 sseadde ) wyiuod|y “azueWWNS O
‘paiuasaid ase sish[eue A1ijiqels JNO FUIAJUSA SHNSIJ [EILIWINU SWOS § UON
-3ag Ul “Ajjeul "y wyiuod[y st ueyl siaindwod 101094 10 [3)|esed uo pajusw
-3idwit A[1peas asow a1 ) pue g swyiuod|y eyl moys osje am ()0 + 7/, S
snsiaa  (u)O+ 4g) suonedydujnw  quiod  Funeoy smdy quddsad 7
mnoqe annbas Layr se *Kuxajdwos jeuoneindwos jo maia jo 1uod 3y woyy y

wyiuod|y 01 3|qesdpaid ate ) pue g swyiuod[y 1BY) MOYS am p UONDIG U]
{p] 21qeIsun AjedusLNU S1 1T 1BY) 3PNJOUOI am Ydiym wolj *3dte| A|uelliqle 3q
ued put eiep ay) uo puadop g wyiuod|y 10j pauielqo aq p|no3 1Byl Spunoq
1013 152q 3Y] 'V wuod[y Joj [g]] LYYMILS AQ pauleigo Sem 1[NSI Je[IWIS
v ({p] Onof 3a 39 *33s) asuas [ed1sse[d Y1 Ul I|qeIS piemoeq S1 Ydiym wyiu
-03|C UE ST J3pPIO JWES Yl JO SI0LII PIEmIO) SIAIT 11 1BY)I SMOYS YdIYym punoq
10113 _paxiul,, B AJSIES S0P NG Isu3S [BIISSEPD 3yl Ut J|Gels pJem)ydeq jou st D)
wyiuod|y eyl moys am “senansed up -y pue g swyiuod|y Jo SisAjeue JOM3

ue wasasd am 213Yym ‘¢ UONDAS UI USATE 21 10U SIYl JO SYNSIL URW Y|
- wyiuody, paped aq 1w wyiuodie Juninsas 3yl “pasordun
a1e sansadosd ANfIGEIS SIT 1Byl OS D7 UONDAS Ul paylpow udyl st W ILOI[e JAlS
-1 3y -saadoud Anjigers ajqesedwod aaky 10U S0P 1nq Y WYILOZ|E 1940
sasejueape [euoneindwod swos sey Yoiym g W ILO|Y,, "POYIBUW IAISINIII

60¢ uoHEZLOJOB; A%SAIOUD B4l BulEPUMOT

- aamsod 1

® 2qUosIp am qz uonaes uf (] Luvmals £q pasAreue ‘v unpuodjy,, ‘ade
-poed ¥DIVANIT 241 ut parusw(dunt poyiow e 3QUISIP Im BT UONIS U]
¢l oooH
3d pue INFUY ‘MAZONYIOg 23s Sunepumop Aysafoyd) jo uonedydde sayioue
104 ([1] Aoy pue sigaody sdwexs 10j 29s) uisop e woij padap pue
PaPPE 24e S1USWI2 usym swajqoid [eimonns ut aidwexa 10j SINJDO UONEMIS €
Yong "SS1IEpUMOp [-)ues jo duanbas & Aq pamo[o) satepdn [-yues jo aouanbas
e Aq pasjos 3q ued wajqosd oy uay "Yues MO[ jJO XuUlew e aq pagsmisad
st xujew aiuyap aanisod e uaym warqordqns e se usrjo aunb sindd0 sy

.hNlehx = bhb
‘uayy
.Dhb”“hkk.lm =: m

X1 ew
anuyap aanisod ayi jo s1010e) AYsajoy) ayi aIndwod 01 ysim am asoddns mox

st 1By} "paulelqo uasq sey
UOIEZLIOIDE) AYSI[OYD) B Ydiysm Joj xiew anuyap aansod e ag g 1977 wysu
umo sit Ul juepoduit si wajqotd Funepumop AXNS3|OYD Yl "SSIAYIIIAIN
‘aon
-1sodwodap ¥y ayi ui 1015 1ejndueill 3y AIEPUMOP 01 pasn 3 (atou 1uavaud
Yl ul PaquIsSIp SE) SI01IEJ ANSIOYD) SUNEPUMOP UO Pasey SWYILOZ[E 1eyl
PUSWIWIOI3I 10U Op am “sny| /] w suonequniiad 331e] 01 pea| AW X pue y ul
suonequniiad {jews “SadUBISWNDID UIRlIad 13PuUn 1Byl umoys sey [¢[] 1avmily
“JI3AMOH “Aj3Andadsal X pue y 01 2SO[2 IR X PUB y 3dYM XX — Y ¥
Jo 1013e) Aysajoyd) wexa oy si ;3 pandwod ayp ey s uoisidaid a1l
Yiw pawtoysad ase suoneindwod uaym 152dxa ued 3m 153GQ Y “snyj  3uyop
(XY, ¥ xmew gy ey st .:uEu.::TE A[UO 3yl put ¥y Jo
$MOJ O] UONT[2J OU JB3Q ABW , X 3J3H UONIEZUOIdE) AYS|0y) Y1 Junepumovp
u2ym 3SED Y1 10U ST SIY1 "JISASMOH "PI3[3P 39 01 $1 I JO {, X MO 151y 3} "3sed
INO UI) MOJ Yarym Ajastoard mouy am 1eY) 158) 3yl 0) NP SI SIIEYE JO 1eIS ALO}
-oeysnes sayled siy]  ([6] NOSNINTIAL) 3SUIS [BDISSE[D dY) Ul 3qEIS piemydeq
$1 WYILOZ[E 3y 1Byl MOYS O 1NIYIP 10U S1 11 put [g] SYIANNYS pue AvVI¥O
*aN100 "TIIO) pue [g] €nT100 Aq paqudsap uaaq sey ;) pue J Junndwod
10j WYiIuodje uy -uoIssaIFal B WOI) PAIIYIP S (JIINO UE SE YINS) UOLRAIISQO
ue uaym ajdwexa 10j s1N200 uonezUOIdE)-y B Junepumop jo walqosd ay|
-KIsnoiaaiad paquasap woayqold Junepumop AXsafoy)) ays A[asasd s1 yoym

NN+ XX=y V+, 3=V, V=4,4
aney am sny |
: o_ =
: (o =v
YeYL YINS (| _ ), (- witr 3 O XHIBW [EUOFOYIIO UE puy 01

7
600 3p 4 ‘UBJOOQ UBA ( udig Y wAzouelog v 80¢



sh®

se va wolj A:l 5“
Jo mol Y-y Y} .A_:._o_a>_=_uo 10) {1 JO M0l yi-¥ ay) pue C:R aleg[nojed Mou I

©on My fx = Tgurs
pue

(6) My L~ X)) ="\ = Tgsod

umas £q pasanyoe aq ued sy
013z St ()X Jo usuodwod Y-y Y1 1ey unsus o1 st (7f Apuajeainba 10) ¢
ui g Aq pakeld 3[01 YL ", _ ¥ mouy osfe am dars -y ay ut 1eys asoddns sn
197 "WrmOUY| 3I0J2I3Y) ST PUE Y JO MOJ Yl-¥ Y1 Se JWES Y1 SI (¥ JO mOJ Y-y
ayy ‘A|snowaid patou sy (8) Jo m0OJ 1S-(] + ¥) PUe ISIY dY) UO UONIUNE SNDOJ
sn 19 *17 aindwod 01 wYiuoT[e dAISIND2L € JO SISEq ) SWIO) (§) 1BY) 335 O

» ‘pauysp
[lom 218 W' ... | =) ‘'g Uy pue w' ... ‘[=y " 0<TP.50> *(T) woig
j0d 1s(1 + ¥)
!
_ “e s O O . O O
0 l 0 0 0
oy :,: + <v|v O o 0 «QQNM s 0 .«Qcﬂu _ _ .«W
0 --- 0 0 | 0
[0 --- 0 Tguer— ... (o Ygaas i
’ Alaym
() uwoo =y ¥ o= |u- ,:..<
10 - i» .2,:»
- :([c]) 01 wajeainba oq 01 umoys aq ued Yoiym
woo.oy=y cfu-nd |y ¥
(L) L=y AT Jip¥

'(9) pue (5) WOl] /] PUT (i JO SMOJ ¥ — U 1SB[ 31 I Se Jwes Iy}
dIe  PUE (¥ JO SMOI ¥ 1S1Y 3Y) pue SOJIZ AT (X JO siuauodwod y 151y 3y
RUOWIRYUNS Y = (Y PUR 0= ()N V) = (¥ ¥=(y¥ 1Y) Kyuaa o1 Asea st ]

0= Y UaYm AINUAPL YL SL £ .. Tr1RY) UONUIAUOD YL PIST JAERY am dIaym
. R - ‘\u . <VNA_
) . uo.. . = ARV P A
O 1'0=Y B i il h:»_
auyap pue

LLE vonezuojoe; Asaloy) ayi bunepumog

6 w:_s:;:n mv
se (1) Sunumal urdaq ap
‘seapt yuasayip A@191d
-WOd U0 PISEq SI UONIBALIIP [BNSN ) "WIY) UIIMIIG UONIUUOD SO Y moys
01 wyiuod[e snowald sy woly poydw Yy AP am YaInoyiy [e] 40100 01
¥oeq $203 yorym Junepumop 1oy wyiuod[e piepuers 13YIouB IQUISIP MOU IM
(g wyru03ly) poylaw aa15in23d y "7°C

IDUWIWOD U.D ({) Jo
uone[na[ed Ayl 310jaq pardjdwod aq 01 spasu (g) uonnminsqns piemio) 3y eyl
3uiaq wapqoid urew 3y ‘uoneiudwaidwi aqjesed 01 pauns [|am Apemnonsed ou
St WYIL03d|e aY) 'p UOIIIS Ul PISSNISIP S 1929m0 “waiyosd Sunepumop ayl
Jo aimicu pauonipuod-[|t Afjenuaod ayy usard pairnadxa aq ued se [jam SB SWio)
-15d wyiuode sy ‘Funjeads AYEnoY ¢ UONDLG Ul PIZUTWIWINS SI SISA[RuUE
10113 Sty pue [¢{] L¥vmILS AQ pasA[eue uaaq STy WYIIO3[E 2A0QE Y}

(1) WOoJ) pare[Nd(Ed UYL §1,) put Paldniisuod ae

o = by ... iy
Surkysues “r* "L suonelol
SUIAID “(UaTY A[[ensn St (p) jJo 1001 aamsod ay1 pue jruAeww $i o Jo udis
ayl) (p) wolj pale[najed st v pue (€) WOL) UOIININSQNS PIEMIO) AQ PIUIRIQO §I
P 10123A-u 3Y) 1SI1] "SMO[[O] ST 210)313Y} e WYLt Y1 wi sdais diseq ay |

Q<< ;0 St Aauuyap
aanisod 3q 01 , XX — ¥ , ¥ JOJ UONIPUOD 1UIDYNS PUE ATESSIIDU € 1EYI 10U 244

(2] . np—| = 0
. , put
©) X =n,y

3ATY I1SNW 3m Sny |

oy | e
= 10 r--- 'rjo=y,p
(1) woyj "wdyp ~ 0" --- "0'1)="'9 asaym
((4) ‘ ﬁﬂ UHvHJK_\....M\.

1977 *, X painbal ay) paapul s o1 151
ayl 1eyy aunsua o Yo ‘1 £ uo suondLNSAL MWOos anbal Apeapd am “xulew
S1aquassaly J1addn ue aq sAem[e [ ([) JO IpIs pury 1Wdu Y1 Yanoyy

.b.hbnfh»\k. = xkz

18y} AJuaA 01 AsEa S1 11 "$2dUIRW jEUo3oylIo ale ‘o ‘I aduis pur

600K 9p 4 'UBI00( UBA d ‘i Y WAzouelog v oLg



-ajqereduwioo aie sased Y1oq Ul SPUNoOq 1oL duls Alq
-e1s premypdeq se aonoesd ur Kiowvejsnes se snys st AJ[IQeIS PaxXTW JO NS Y [
“(L1) ut 1oua oy jo ued premydeq ayr ‘xy uo spuadep Kjurew pue 133re| yonw
Ajensn st (7 — /1) oL pieauo]  3nn,, 3yl 3duls juenodwiun 1oej ul i 'y
‘1013 31 jo wed premoy ayy ‘[g|] ur pandie sy Aupiqeis  paxtu,, pajes aq
pIno> 18Yym sasoad sayies 1ng ‘uriuodie ay jo Aifiqels piemydeq 10 piemio]
asjuelend 10U sa0p (07) PUNOqQ Y1 ‘3IUIH /) NS Y] UO OS[e INq — ISeD
sy ut x pue y — eiep ay1 uo pasodusuadns £juo 10u aze sioL2 1eY) 3ONON

(02) YA + UA up+T/ Ul NM I

‘XUulew 1013 [101 3y} JOj punog e sureiqo
A[ises 2u0 ‘STl WOJ4 "XLIBW € JO UWnjod Yi-7 3yl 30u3p 01 -] asn am a2y

TAIPAC + D+T/AS+ueD)]>|'xvl

(s1) : Ty lPu9=Ti v
Ym
av+n | _ |y
@’ Sy T E@

1eY) yons (paindwod j0u st Yowym) O xulew [euodoylio Adexa ue sisIxa asayl
ey) 213yl umoys st 1| [g(] ul punoj aq 01 SI poYIaWw SIY1 JO SISA[CUE 10113 Uy
V wiyilodly 7

‘pa1dajdau
ale . 13pIO JO SWLD) PUE PIIapISuod dulyoew a1 Jo uorsdaid aaneal
ay) st > "uonippe uj “apj € Yum 121ndwod ay ur pasois sannuenb aousp u>>

SISATYNY YO¥¥J

-AupIqels si uo SIUSWIWOD Aue 1noyiw Ing [7[] NOSNYH pue NOSMYT]

w pa1sa3dns osfe sem poyiaw sHY) leyr AoN g wyiuod|y jo sainies) Jjqe

-21S3p Y1 JO [[E UTRIAI [[NIS am ‘uonippe uj 'y wyiuod[y 1oy asoy o1 3jqesed

-WOod 21T 1BY) SAILWNSI ANJIGEIS YSI|GEISI Ol SN SI[QRUI UONEIYIPOW [[ewS SIYl

°€ UONDag Ul 335 [[eYS Iam ST JaAIMOH g wyiuodly wolj Apydls Ajuo sayip
Yoy~ 1) 3unenopes Joj wyiuodpe ue jo siseq 31 woj (91-§1) Pue (§) ‘snyy

($1) Bia palendes uadg

ApR2l[E 3ABY U* . .. ‘[ 4 Y= .\.Jz SE UOLIBINI[EI PaUY3pP [[9m € A[JB3[D ST SIYL

o woo cp e y={ myguis— | ix1gs0d = ix

SE 11 31UMDI pUE (£) JO MOJ ISIY 3Y) JIPISUOD "MON
-Apanadsas (g[) pue (¢) Suisn pajejnd[ed ulAq Ay Yguls pue Ygsod 3Iym

(s1) u ool =1 gsod/(Mayrguis_Jix—) = f1p

€L uoiez10oR) AxsaoyD ayi Buyepumog

1)

= Yn

da-A-"¢

Se UaNm 29 ued
siy) ‘wioj wauodwod uy (L) Jo m03 15-(1 + ¥) 3y 13pisuod dais yi-y ay1 1y
‘panosdun £jjenueisqns ase
sansadosd Aupiqers sut jey) os paytpows aq ued g wyiuod|y 1eyl 1no swiny 1§
(D wy11103)y) wii1403p aa1san231 patfipows ¥

v Wyluod[y JO as0Y) 01 JI0LIJUI A[[ENURISGNS I8 POYIdwW
ay) jo sansadoud Kuiqers ay1 18y $21EIIPUT € UONDAG UL SISA[BUE JOLID Y1 "19A2
-mo ‘uonejuawaiduw aqjesed o1 panns [[am nb st unyiuode ay1 uonippe uj
“§s3] 1eymaWos st 1unod uonesado ayr taseyd wonniusqgns premioj ou ST II3YI
DUIS 'y wyluod|y Jaao sadeiueape JOo JAQUINU B SBY POYIAW JAISINDAI Y |

([g] s¥IANNVS pue Avianpy "EN100 “TTID) pue [g] an10r) ajdwiexa 10j
22s) wajqoid 3unepdn syl ul xulEWw Y1 NP1 01 PaSR AJT SUOLEIOT SUIAIL)
eyl Aem dwes 3yl ul Lol o Lgx_L 20Npal Ol SuolBULIOjSUR)) AJElIUN
-5 seueqd jo 1onposd e Fuipuy jo 1eyy se papiedal 2q ued poylaw 3yl sny
10108 Aysajoy)) paunbar sy si ;7 1eys uoneoyuda uapusdopur ue st gorym

w. sz, sl ulx) = wo zl nlol = 240

9JU3Y pue Aselun-7 osfe sl
_m, e ..m, ==
190poud sy |
Y,V
JUAeiun-g st p XUlew € 31oym
N I B
P e I
yum Jenun-g ate ut - . [ =) ‘7S 18Y) AJUdA 01 ASED 1T pue
g ... Y = n
X 19

eyl umoys aq ued 11 *(g) Juisn
'] dune|

-nd[ed J0J POYIAW JAISINIAL € P[AIL (€ [-6) SUOLE[I Y1 ‘Uumouy m_ X=X 2duly

0
€D u o+ y=L vgsod(Muyprguis  fx—) = i

@n

pus

an u'oo- =1 tvgsod/(Ygusa— _ ix) =

6001 9P 4 'UBIOOJ UBA J 'juadig Y ‘NAzouelog v FA TS



$MO[[0) SE PadNNSU0d are (jx /in pue s ‘1o uay

(v6) Wy oL TNy “ig ... Tpltp 1 g
vt WX e X0 BRI T ot
se | dois ut paajoaul smO1 Y} JO SIUWI)I Y} oudp urede sn 137
“13p10 1U13Y1p & ur paurojsad ase suonesado asnesaq
35BD 31 10U SI STY) 1NQ ‘SIOMI [B2UIWNU Y} JOJ Spunoq Jtejrus 10adxa yy3nu
auo ‘poyidwr snotaid Y Jo jusuwIa3uelieal B A[[EIUISSI ST POYIdW IY) dUIS

D wipLodly €€

_ us/>| nv
: 4 /. /s o 4 &
(€€) , oL/ s+ 1) xew upues | o)l
ule1qo am 10U
[L101 3y 104 wuapuadap waqoid pue (g[-gf) UBY) ISIOM APUBIYIUSIS SI YIIyYm
>/ 1 nv

(z6) W51/ (sl + D) xew igs T o)
' 4

| = lp=y t=1

AQ 3SIMULLNIOD Papunoq ale X, v, = XV pue I = NV 3y»

nv+n M

- .

4 400 T ».4+.~» s\.
aaey AJleuy am uondnput Ag
“(3JOWAUT PIOIYET 10U SI U0 1BY) IdUIS) U0 151y ayr 1d20xa 1 suwnjod e 10}

(0¢) gty ledizal / Cest+ D+1491 /sl + 1))

1

g \.uﬁ.ﬂ.f\.f:d

XVt XV

aym

.N.Z _ D»Cﬂ.‘.bz.d.fb 2
60 wi] [Vt XavE Y +f1f
$2A13 MOU SIY] “((pT) "(£T) Ul Se SI0LI3 piem)Ieq pasn pey am ji
31qissod uadg IAeY 10U PINOM S1Y] ) "SWIIOU 113Y) uUA[E INOYIm L N°x] owo
spiemydeq paddew aq ues 7 dais jo s10113 3y1 "uoneulIo)suE) _m:omo;:o ue
g paicjas e (L7) ut suwnjod Juipuodsaliod asnedag [, )Y :.w_ wojqoud
Pa1Tyap Yl jo SWid) ul papunoq Apepiwis aie sdays yuanbasqns ay) ut sioug
'SwLIou Jues 3y ey [, ) x] pue y JO UWINOd Ayi-7 Yy Aduls

1

v
RAE R N Ve I IS
Qig ) vonezLojoej Axsaioy) ay bunepumog

pue jeuo3oyiso A1oexa ! f yim

DA:Q;T\N
@D wd) |~ LN
w* Fov+ | £
aaey am
g N . .
S XUIBW Y} JO UWNOD Y-/ Y} JO UWIN[OIGNS B MOU SI JOIIIA-T SIY) dduUly
(90) | St/ (s npsa | Y
9z ) ] NCE2 Sl+D8)= gy Il
oo oV
((xipuaddy ayy 235) sUILIqO FUO 10MI3 PaxiW Y1 JOj Uyl
"“np4'ln " io_
(s2) YU =, __ m_ R
W WV + (X §--
SE (T) 21LM3al om ]|
.| 'n .
o) Ao wdelesay Sy
ot TR
313y wn
‘'n Ly HY; lg
Ava —\ _l. = ) dLT:f‘ ) -u.— H— _.v\—
| s OV +* - N

‘sploy Amenba
3ulwmol[oy ayy *(1Z) jo uoneuawadwn syl 10J eyl moys am xipuaddy ayr uj
o Nyle_ Iy _ '
(12t — GO = ¥
/(X s=" Ny = ''n
! u pun 7 =1 10}

A:L\Sf.:\ﬂ ls

(Ma/limy = 1

(¥ + 1D = M)A = 1n

‘(Ip1] NOSNINTI M JO uOnBIOU (. )Y/
3yl asn am 21aym) Japlo 3umoljoj 3yl ut pawnoyrad ase suoneiado ayy mop

(z) “ip ... Tipiln Mg .0 Ty My 1 fs—|,
I B I el I T 2/1
w* Wx 0 w?* @ ) s— |
$20][0) st dais S1y) Ul PaAjOAUL $401 Y} JO STUWID Y] IJOUdP SN 127

(£1-6) ut uaard se dais 151y ayl aq ued "ANELOUIS

JO $s0] NOYliM "yYoiym *dais auo 10§ suoneindwos Jo JapIo 2yl Aum 310Ja1ay)
ap pawdwadwt st moy uo spuadap poylawr SIYl JO SISAJRUR 101D Dy

g wya03)p

Boo ap 4 'UJ00Q UBA o ludig H WAZouelog v bt



' o

A[Teas 10U SI pUE UONNIOS 3 JO IDUASTXI Y JOj 1531 € sapaoid A[uo o ey
1813 smoys sisA[eue 1aso[d € Ing 'sadels Y10q uadamiaq Louaunouod Kue syuaraid
pue poyw ay uw saders yloq saiesedas o jo uoneindwoo ay Apusredde
1ey) 210N ‘a19y pannbai are sdais [aqjesed up pue siossacoid u ‘eioy up ([¢]
‘33 228) /] Kewre parepumop o) 01 paunojsues) Juiaq st pue 1 yInony sassed
¥ 1013E) aY) se paiesauad ale 'r suoneiol 3y pue b 10133A 3y jo ‘o syuauod
-wod 3y) 19e) Ul 258 2InJY STYi ul ‘x 3y mopN ‘| 2indi4 ur paidop se awayds
e Juisn urede 's10s53001d v yim sdais [ajfesed wg sasinbas afeis puodrss ayj
1001 a1enbs ayl 10) dais [euonippe suo A[uo saimnbal snyy pue panNSUOd
Suraq st 0 ayym paunojad st » jo uoneindwoo ayp ([[1] ¥a .s) y,0= X
jo , o uonnjos 3y jo ‘v susuodwod 3y ureIuod [[im Kayr *y 10158} renduewn
ayi jo a3essed, ay 1918 ITYm *, X JOIIIA MOJ Y} JO 'X JUSWII[I JUO SUTEIUOD
Jossacold yoea urqiuodie ay jo m:.:::wua a1 wy [ a4 ur padap se sios
-sas01d u Juisn sdais poqesed wz ul ‘uonmnsqns Yoeq Y1 “3FeIS 181y Y| ‘pazl
-piesed aq Apises ues wyiuo3e ayy Jo saders yioq skeise a1[-d1j0IsAs uQ

10198} Ays3joyn) & Funepumop 10j Atiie dHOISAS Jeaul| v | FWNDI]

SRR
BEEEA
Hﬁﬁmﬁ\q

—_—
—
—_—

©v
[
8
~
[a
m
m
[

2, %,

—_—
—
o —»

qu 0

s,

LIE uoNe2110108) AYSaI0YD ayi Bunepumog

‘[9] @95 ‘suoneioa aue(d jo peaisui suonejo!
suaaln) payipow Juisn £q pasnpa aq ued 1unod uonesado sy ‘suonesrdnjmu

(6¢) (40 + 4ST
Jo 1unod uonesado [eio:
e 3uaid suonesydninu (u)p+ 4z sennbai sy jo adeys Ie[nduewn ay J
asnesag [, y'0l xwiew ayy pue b oy pandde ase ‘|t ... |- uu=1 [ suor.
-e101 eiuswoa ayy xaN suonesfduinuw (u)g + g/ 4 saunbai pue (¢) wo.
-s&s Jepn3uen ay) Joj ssa0oad uonmInsqns pIEMIO) B SI UONIDMUISUOD SIY] (¢
Aq uaaid s1 pue | + ¥ Y1Sua| sey Yorgm b 101004 3Y1 SIONNSUOD 1S1Y pOYIaw 3Y )
poyiow NOVANIT YL [+

‘;pljeded ur wayr Bunuswagdur Jo ANpygissod a3yl ue JUSWIWO
puUT SpPOYIaW U3 Yl JO Aduapiys [euoneindwod ayy aredwiod aw 210}
WSITITIVYVY ANV ALIXTTdWO)) |

“((g€) puE (Q7) 235) spoylaw snotaaxd oml ayl Yitwm A[qeinoae) saredwod yaiys
nv

(8¢) , MU US| g

XUIBW JOLID [B10) 3Y) 1O) pus
i
nv

(Lg) , 'y lrsos i
LE I =1 T il

. 18y} uonanpul AQq puy am Sny) surs,

(96) TR g | 2T
9¢ ey pesesc g

R Ay

(xipuaddy ay1 23s) J0123A 10112 paxiw AYi i

punoq 3uImofjoj Y1 UIRIGO 01 SN SMO[[R IDUIBPIP Afduis SIYL ~ 'x Jo uonen

(P~ .
-wod ay) ut st auo snotaasd 3yl put WIYILOS[E SIY) UIIMIAQ DUAIAYIP A[UO Ay

Cinls— gl = 'x
(o gxls="ty = tn
(s6) u nun 7 = 104
A:L\AOfy.:.\.” _W-
A__L\__m—vm\“ _.lv
\? AA.cf.ﬂ.nT__kvaAofw\'__kv\/vm\.||| ._wnu
ooy 9p 4 'udI00Q UBA d luaig Y WAZouelog v ’ 9.



. [(z/7g)s00 1(2/8500ZA ¢
AN%__W _ =X a\scw\/ i =¥

ws(qosd ay1 10
A
NN =X~y 4l
Linuenb sy paindwos aaey am g WYILOF|y 1940 D) pue y Swyil
-03|v )o sansadoid Aiqers louadns Yy syensuowsp 0] Cjjewis St F Iym
I+ NN = ;xx-y, ¥y

1BY) 2INSUD S0P [[BWS 2JE /)7 PUE X7 2UYym

= 2

de.T\NXQd.T\WV = XU+ XRXT+X)—Y ¥
wioj 3yl Jo 1 nsa1 AI[Iqe)S PaxXIul B JIAIMOH
"/] 01 350[2 aq |4 '1013B) P3IEINd[Ed 2yl /) ley) 193dx3 10uuEd Im 1Byl MOYS
woajqoid Funepumop ayi Jo Futuouipuod 3yi uo [g|] LIVMILS JO Synsal 3y
S11NS3Y TVIIHAWNN S

10198) AYsajoy)) e Funepumop put -dn 10) AELIE J1|01SAS Jejnduel) Vv 7 3dNOI14

[ = e e e e —

(1% UOLBZII0)08) AXSaI0yD dul Buiepumoq

'
‘KeLre ay1 o pajy ase ¢
sm01 mau se Juo| se 1oy *dars swn Kue 1e 2an0€ are s10ss2001d ([ ‘7 IR U
UMOYS "aWIYds puosas ay) ug "paacosd sdais auwrn ayi se aandeul awodaq A|jen;
-813 510s53001d 150W 1j3] 2y 213y ouls ‘| unFig ur uey) siossazoid Ay JO I
UDW3 10w B $3IMNSUOD 138) ul STY] -7 i ut paidap Aeue sendurn
3y y3noayr pauijadid aq Ajises ued sajepumop 10/pue -dn ANNIISUOD UOTYSE
sIy1 up “1Iyoue 0y suonesado jo ad4y suo woyy  yoywws,, 01 pue UNoIN
olul syl ayel o1 paidepe Apsed are siossacoud ay jo swesdoid sy uay
paisanbai st Funepumop 10 unepdn ue j1 edput o1 1ap1o ul 4 X mo1 yor
0l (15 Aes) 3oy, e Suudsuuod uayp (S[TIAP 10j [1] 93s) aeue lepnduer:
ayr ut wry puryaq Joe) patepdn ayr 3uaed) it y3nosy passed.. s1 , x pue
21314 ur umoys s10s53301d 7 /([ + )1 3Y) UL MOU SIPISAL ¥ 10158 AY) id}}
‘Junepumop 10) OS[B Pasn 3G snyy ued {£] INiITY pu-
NVWITINID Ul unepdn 1oj pasn 7 aindiy w umoys s1ossasosd Jo Aelle ay
“([L] 39s8) s101om) Ayssjoyn) jo Junepdn aatsindar ur pasn poylaw ruodoyl s
a1 o1 snodojrue Aprajdwos st ) wyuodly 10 poyaw jruodoylio-T ay
"PA3PU| PAPUALWIOIAL S1 [ 21N UL P2ASIFINS JUO Y} UBYL IWIYDS 1UII |1,
B 35T SIYl U| "SUONBZLIOIIL) ANSIOYD) Jo SATPUmop su/pue -dn aanniasuc
Jo sauds ' wiojad o1 paunbas ualyo s1 1 tuondAponul Ayl ul pauirjdxa ~y
$2IDPUMOP pup -dn 2a1NIISUO )

‘poyidw snoiaaid ay Jo a3els puodas ayy ut se isnl ‘paproar o
Pino sicos arenbs pue painpas ag pjnod Y10m 3Y) "SUONEBUWIOISURI [BUOTOY) 5.
-X payipouw 1o [g] suoneros Areruawajd payipows Suisn £q 1ey) osie asno-s
'SAUIYIELW JOIDIA PUE SABIIE DI[OISAS Y1Oq 10) POdW YIVAN|T Y4l Yiis
Alqeinoaey asedwiod swyuodpe asay) aiay paddiys st aders 1say ay) Ajjenuass
DUIS poyldw YIVINIT Ay Jo a9eis puodas ayl 1oy aaoqe umoys se sdoy
uZ pue $30ss3203d u aunbas pinom spoyraw asay) Jo uonmuswaduwn ajele
'$$3001d 30y+ ay1 10§ suonesidnnu

(ov) (1)0+ 47

J0 1un0> uonesado ue ut Jun|nsal *'S J0 /7 UONBULIOJSUEI) YIBS 10) SUONIEDI !
oW (| + 71— w)p 23nbas 01 U23s AJisea SISTY] Y JO MOI 1-y ay) pue G v
wolj 7] JO MOI Yi-y 3Y) pue (¥ UMuIRp 01 )t saydde pue (' Lpuajeainb.
10) 'r uourior Areiuawd[a ue spnnsuod Afenuassa suo das yoes ur aing,

D Pup g SWyIIo31y Ja1Sin2o4 3y T ;

‘[¢] saurgoeus 10100

uo [jom wi0)13d 01 umouy ase suonesado asayr Jo Yiog ([g] T3 23s) _suanu

pauipdid| pajjes-os o1 siunowwe ‘f suoneos ayr jo uoneoydde ayr pu

suonesado 1013aa () { +(-) x-F [Eo1dA) BIA PasjOs aq uRd (£) WIISAS Jejnsu
-t ay[ 1ojd%s o1 Asea osje aie suonesado asay) || SSUIYORLWI 10132A U()

poage

aq uay pinom sdais awn jo laqunu 2y pue [ andig jo adK ay jo seas

uE uo padiaw ag snyi pnoa sdais Yog “r Y JO UONONIISUOD BY) 10} papa.

800K 90 "4 'UBIO0Q UBA d ludig & WAzZouelog v : g1



10j pasn 4 01 sisAfeue Jejuis VD unpuod[y 1apiSuod am MON
-a31e] 1
(€9) N__u_\%_:._+:H:_.,._IC\:_.,._.T: = lg

‘i ¢ jo ¥ JaquInu uon
-Ipuod 3Y1 uaym d3Ie SI Yorym [va] / | uo puadap spunoq samy1 [fe ey DNON

@) g L™ vl s a2V
W : _b R |
¢ ¥ WV
Hn :kq

) gl At/ s ag b
e o> uv

spunoq Suwmoj
-10j ay1 sanbiuy3) Je[nWIS BlA SUTEIGO AUO SIOLID PIXTW PUE piemydoeq 3y 104

. In
(0s) oS rdl/e s
. (0) .
. p Hpe
| of ndasrzase) s i S
o* a Y
e
Apuanbasqns pue
tn ._!:wm.m . ,
N I R EOE VA S LT R G VAVE S R4y
o g C
—_B
(6v) @0+ el /ee0) =
! W)
r
U LR ] ,
a | | wanalssasan| 0T it/ > el

= u-
spunoq ayi Aitfenbaut zuemyag-Ayane) ayi Wol} UILIGo UY 3m

Sy .:wa_ 101934 3} Yuim 3pIs puey 1YSu Y1 Ut suLd) 10113 Ay Jukynuap|

.:n___wm.w.*.swv.A_b\ _Hvo_wN.T._m

vav _Kowﬂ.ﬂlf ._kA_b\ _.ﬂvwauT .W\ =
- Y .
N n 1 i
ny+-nl 4 | is— /)
DU+l T x| (s~ !
- -
10
Tnlatheg 4 axisOhy 4 nty = X' — "y
(Lv) )
_.g. onum.m+ .C:.Sm+:.v»._u = "luls— ¥
n- 2
uteiqo A|jeuy am (gv) pue (zy) 3utsn

12¢ uoyBZ1I0}08] AXS3I0YD) 3y} Bunepumoq

(%) | (T2 (4 s = M
’
(BT X+ (+ DM = X

SPIKA s101RUTWOUIP 2and2dsal sy Y asays Julkjdungy

(sv) UST+ D/ [+ Dgpxis—"4] =
[(5¢ + 1)'21/ (Be+ DIt + DX s = "4l= "'n
(vv) [(Bz+D0RL/ 1B+ 1)t s— x] =

[(Pe+ D12/ (Mg + DICO'e+ D" ' s— gix] = X

1 4dea 10j put

(€y) O+ Ps=(O+ I ) =0+ 1INy ) = s
(@ GO+ DL =(Ogg+ (M tiny =g+ 1)(Nayttn) = 1o .
(p) (B T4+n =

=(Pg+ D {rg+ DICFe + Dy -+ 1Tl + ) Jr — :t:\ = fin

Tr1] Noswa

“TIA\ OV SuIp1030T "3ary am UBY[ “PIsN durydew 3yl Jo uotsdaid aanepas ay

uTy) AN[eA 2INJOSYE Ut J3[[ews ale 1Byl sannuenb 3 pue ‘g Aq d10uap sn 1a7)
() pur (L) v
P31100Ul S30413 [e2UIRWNU Y1 10 (9¢) Pue (97) “(pT) SPUNOY Y} 2AUIP am 10},
Y OXIANddN
‘[fEWs AI3A SAUW0D3G g $0D Uay
{[p] asuas s Zuor ap ui) ajqeisun st g WYILOI[Y 1BYL MOYS OS|E SINSAI 8oy
*19A02IOW "D put Y swyiuod|y Jo sansadoid souadns 3y aiensuowap Ajaed|
pue ¢ uondag Jo sisAjeue AN[IGEIS AY1 Yilw JUAISISUOD 1T SI{NSJ [EOLIAUNU JY |

‘1 319V
§— 719y | v—FUI0T1 | L—F¥9T1 | -, .T
8§— F6T | S—FRITE | L—TFS8LT | (T
8§—76€69 | 9—F€L01 | t—TF01T1 | ,.T
L—FE811L | L~ FL9€T | 8= FLEEN | (T
14 g 3y v 3y 503

‘T1°6'9°€= ¥ ', _T=4502 10§ | 3|QEL ui pare[nqe) e sIFIp uedyiudis ¢ pu
L U33m13q JO AdEINdde Surjiom STy Udiym YSOIU[DBY B UO PIUILIGO SHNsD:

. (Trsg)00 0
(Z/gHuis-- gsod

uonnjos ayy sey yay

=N

oo ap 4 'URIOOQ UBA d 'ludig Y nAZouelog v (O



P1OJX Q) *$Sald

UOpuAIT|)  WIqoLq anpauddy dpigadjy Y[ (5961) NOSNINUM Hf ‘Pl
€17-€0C 'dd "€z 1oA ‘Y[ wornzro1vf aysajoy) o Sutippumop

40f WwyI103ID up U0 S10449 Sutpunos fo 133ff> ayy (6LE1) "LAVAMILS MDD €]
‘[N SBID poomaduy ‘[jeH 2on

-uald swayqosd saipnbs 15Dy Julajog (pLel) "NOSNVH [ NOSMVT 1D Tl
"Z67-1L7 "dd “Kasam-uorstppy
*("Spa "ALMUOD) " PUR PTAN D)) SWIISAS [STA O UONINPOLIU] Ul ‘SADLID

40553004d  [STA 10f swyniodly  (0861) "NOS¥ISIAT "D CONAN L'H Il
-atownjeq ‘ssaid sunydoy

uyof ayj swouvindwio) X1Dpy  (£861) "NVOT NVA ‘D an100 H'DO 01
NIOA MIN 'SSald Owapedy
L6€-69¢ 'dd ‘plaN V[ CUOiIW ‘DY 'SP ‘wouvindwo?) nousupis

[W4 UONEZII0IOB) AXSSI0YD ayl Bunepumog

Ul ‘suouDnaD [p1sUDIS pup suonisodwodsp xLUDK (696]) ‘AN10D TH'O
'§€5-605 dd-
‘87 oA ‘uoneindwo)) jo sonewayiey su0Dz10190f x1aow Suidfipow sof

POy “(pL61) ‘SUIANNVS VN ‘AVHIN "M 80100 'H'O *TuUD Fd -
'97-61 "dd ‘A Suissasoiy
[eudis awry [eay ‘867 1OA ‘(1861) dwAs FIdS sSuipassorq ‘saviw syoi
-sAs Aq uoupzuom3uvLr x1upp  ([861) ONMY "L'H ‘NYWITLNIO W M
"9g€-67€ "dd ‘71 '[0A "WINI[ 51004 210nbs moyiim suonvw

~40f5upa1 SU3AID Aq suonvindwos saipnbs 1SDFT (E161) ‘NYWITINID ' M
'88-L5 "dd gz oA “dwo) » yiew [ddy ‘ssamdiuos arupw
-40f10d Y31y uo piqa3o waury (9861) ‘NISNIWOS H'Q ‘vadavoNnoq [f
'02z-117 "dd "8z ‘oA “newayiew ayosuawny

\ALIqDIS [poLIdwnu. fo uomuydp |pwiiof D spiomol  (L16]) ONOf 1A 1
"A11S19ATU) [CUOnNE N URElISNY Ay |
vleuy “Yiepy 10§ AU '6861-L0Y-VIND Moday ‘seupiu siydaoy jo uow
-0:11010f YO (861 ATIN) "DOOH 3 "Y' “INIHG gy NAZINVIOY MV
QDS
-uti{ uEeg ‘AR UAp|OH L03Y] Y40mIou [DISSDID  (R961) THOLIATTIY A
Tor-sop dd
‘7eLg 1aded 2014 TES 86 DSV UOISIALT [CINDAG [ SuonDIipot
[pannas - fo  smwoawipan  paoudny  (7L61) ‘AGY Y[ CSIHADYY  H [

STONIU AL
Jousd sy
sa21dwod Yoty ° A7 VY] 101924 AY) 10) PUNOQ IR[IWIS T SUMRIGO UAY) A
"y ty lg_ ;34
A\\mw .VM _.m. _U = ..lv
. - L .2-4
uone[as 3yl wol |
. . ~_:‘ ~—k
(9) A weesa Ty
w a v
d 1
SPUL MOU 3U0 ‘()¢
pue (6p) Jo jooid ays ur se 1wawndie sepuns © Suisn pue ST - o
s
10132 241 yim 3pis puey 1y3u Yl U0 SWlAl Joud Ay m:_.)\__‘::u_:
(X' $07 4+ Tnlatisgg ‘I'n 1y Ig "y
(s9) 1128130 C 4 Nl sPlye ol 1) T oy
X 125136°G 4 nisPlrg e s— 1 A

(=
speal mou sif1 ‘(¢p) ‘(7p) Suisn pue (g9p) Jo uonenba puodas Yl Yitm 12y1ado
(¥<) O+ 1)Inls—(EHr 4+ )ixto =
(Flg+ DICHe+ D'Iats —(0lg 4 1) sx 1] L
7 SPI2IA g wyinod |y

Boor 8p 4 'UBI00Q ueA g Judlig 'y WAZouelog 'y ,



