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In this paper, we analyze an algorithm to compute a low-rank
approximation of the similarity matrix S introduced by Blondel et al.
in [1]. This problem can be reformulated as an optimization prob-

lem of a continuous function ®(S) = tr (ST M? (S)) where S is con-

strained to have unit Frobenius norm, and M? is a non-negative
linear map. We restrict the feasible set to the set of matrices of unit
Frobenius norm with either k nonzero identical singular values or
at most k nonzero (not necessarily identical) singular values. We
first characterize the stationary points of the associated optimiza-
tion problems and further consider iterative algorithms to find one
of them. We analyze the convergence properties of our algorithm

and prove that accumulation points are stationary points of ®(S).
We finally compare our method in terms of speed and accuracy to
the full rank algorithm proposed in [1].

© 2011 Elsevier Inc. All rights reserved.

1. Introduction

Node-to-node similarity measures compare the nodes of a graph G4 with the nodes of an other
graph Gp according to some similarity criterion, and have been applied to many practical problems
such as comparing chemical structures [2], navigating in complex networks like the World Wide Web
[3], and analyzing different kinds of biological data [4].
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These node-to-node similarity measures are conveniently stored in the so-called similarity matrix,
S, whose (i, j) entry tells how the node i is similar to the node j. In [1], Blondel et al. define a node-
to-node similarity measure as a fixed point of an iterative process, and prove that their measure is
equivalent to the solution of an eigenvalue problem of a dimension that is the product of the number of
nodes in both graphs. For large graphs, computing this similarity measure can hence be quite expensive.
In [5], Fraikin et al. approach the similarity matrix defined by Blondel et al. by a rank-k matrix with k
identical singular values (note that this approximation is exact with k = 1 when one of the two graphs
to compare is undirected) and propose to reduce the computational cost of the Blondel et al. similarity
by using a low-rank iterative scheme that experimentally converges towards their approximation.

In this paper, we propose two low-rank iterative schemes that converge towards two approxima-
tions of the Blondel et al. similarity matrix with respectively either k nonzero identical singular values
or at most k nonzero (not necessarily identical) singular values, and further analyze the convergence
properties of our algorithms.

This paper is organized as follows. Section 2 introduces the notations further used in the article.
Section 3 recalls the similarity matrix defined by Blondel et al. Section 4 shows that the similarity
matrix defined by Blondel et al. is the solution of an optimization problem. Sections 5 and 6 analyze
different low-rank approximations of this optimization problem. Section 7 analyzes the complexity of
our algorithms and Section 8 presents experimental results. And finally, Section 9 gives our conclusions.

2. Notations

Throughout, G4 and Gp stand for graphs with respectively m and n nodes. These graphs are con-
veniently represented by A € R™*™ and B € R"*", their respective adjacency matrices, i.e. Aj = 1
(resp.B;j = 1)ifthere is an edge from node i to node j in G, (resp. Gg), otherwise A;; = 0 (resp. B;j = 0).
And C4 (i) and P4 (i) denote respectively the set of children and parents of node i in Ga.

In this paper, we use the following matrix functions:

® The Frobenius inner product defined as
(-, )p R R™M 5 RS, Sy > (Sq, So)p = tr(SlTSZ) ,

Sllp := /(5. S)F -

along with the associated Frobenius norm,
® The vectorization of a matrix is defined as

S(-, 1)
vec : R™M" — R™ : § = [S(-, 1) -+ S(, n)] — vec(S) =

S('9 n)
We further consider the following sets of matrices of Frobenius norm 1:

S(m, n) := Norm(1, m,n) = {S € R™" : ||S|| =1},

ULV € R™" . U € St(k, m), V € St(k, n),
Sk(m, n) := . , and
I = Ie/ kllp = I/Vk
upvl € R™" . U e st(k, m), V € St(k, n),
S<k(m, n) := '
D diagonal, |D||f = 1

where St(k, m) denotes the Stiefel manifold, i.e.

St(k, m) = {U e R™k . yTy = Ik} :
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That s, Sy (m, n) is the set of all m x n matrices with unit Frobenius norm and k nonzero equal singular
values, and S<i(m, n) is the set of all m x n matrices with unit Frobenius norm and rank less than or
equal to k.

0(m) denotes the set of orthogonal matrices of order m, i.e.

o(m) := [Q e R™™: Q'Q = In = QQ'} .
Diag(k, m, n) denotes a set of diagonal matrices defined as follows
Diag(k, m, n) := {D € R™™" . Ddiagonal, and D;; = O forall i > k} .

Sskew (k) denotes the set of skew-symmetric matrices of order k. Ssym (k) denotes the set of symmetric
matrices of order k. 1 is the matrix whose entries are all equal to 1.

Let H be a Hilbert space and S, a non empty algebraic subset of . A vector £ € ‘H is an analytic
admissible direction for S at S € S if there exists an analytic curve y (t) : R — H with y(0) = S, and
y(t) € S, forallt > 0, such that

im ¥ (t) —y(0)
im ——— =

t—0 t

£.

According to [6, Proposition 2], the contingent cone (see, e.g., [7]) to S at S, denoted CsS, is equal to the
set of all analytic admissible directions for S at S, i.e.

v (0) : y is an analytic curve with y (0) = S,

CsS =
and y (t) € S, forallt > 0.

The normal cone to S at S, denoted NsS, is defined as

NsS:={¢ eH: (¢, &)F <0,VE € GsS} .

3. The similarity matrix

Node-to-node similarity measures compare the nodes of a graph G4 with the nodes of an other
graph Gp according to some similarity criterion. In [1], Blondel et al. introduce a recursive requirement
which states that the similarity between node i and node j should be large if the similarity between
the neighbors of node i and the neighbors of node j is large. More specifically, they define a similarity
measure by means of the following algorithm.

Algorithm A0

Given: graphs G4 and Gp respectively of order m and n.
SO 1/ 1]l € R™*

fOl‘tI 1,2,...;1-1111(1)( do
M(S
t (Tl) , with [M(S)]U = Z Sk + Z Ski
|MESH | f keCa (i) kePa (i)
1eCp(j) lePg(j)
endfor
S« St

where t,qx 1S an even number that is “sufficiently large”.
In this algorithm, they first initialize all similarity scores to the same value, and further update
them in the reinforcement loop, that can be justified as follows:

° [M(St_])],-j : 515 the similarity score between node i and node j at step t, is the sum of all (k, I)

entries of ‘! such that node k is a child of node i in G4 and node [ is a child of node j in G, plus the
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sum of all (k, I) entries of S~ ! such that node k is a parent of node i in G4 and node [ is a parent of
node j in Gg. Doing so, the similarity score between two nodes increases if they have many highly
similar children or parents.

° M(St_])/ M(St_1) : since they are not interested in the absolute value of St but only in the
F ij

relative score of two different pairs, they normalize the whole similarity matrix S' to avoid over-
or under-flow.

One can rewrite M (S) in terms of matrix operations over S, i.e.

[MS)]i = D AikSuBjt + D AiSkiBlj = [ASBT +ATSB]U. . (1)
k1 k1

Since vec (ASBT) = (B ® A) vec(S), Eq. (1) can be rewritten under its so-called vector form:

vec(M(S)) = M vec(S) := (B RA+B'® AT) vec(S).

In [1], Blondel et al. show that Algorithm AO is in fact the power method applied to the matrix M.
This matrix is non-negative and hence, according to Perron-Frobenius Theorem, there exists a real
positive eigenvalue p, called the Perron root, such that any other eigenvalue A satisfies |A| < p. Since
M is symmetric, its eigenvalues are real and hence M can have at most two extremal eigenvalues
(i.e. of maximum modulus), p and possibly —p. As a direct consequence, M? has only one extremal
eigenvalue, namely p? (but possibly of multiplicity higher than one), and the even iterates of the re-
inforcement loop in Algorithm A0 converge towards $2°°, the normalized orthogonal projection of S°
onto

E, (M?) = {S st. p2S = MZ(S)} ,

the eigenspace of M? associated to p?, with respect to the Frobenius inner product (see [1] for details
about the proof of convergence). Notice that, since S>> is a fixed point of the even iterates of the
reinforcement loop in Algorithm AO, one can write

4. From similarity to optimization

In this section, we show that the similarity matrix defined by Blondel et al. is the solution of an
optimization problem.
One can first observe that the iteration in Algorithm AO is such that

S' e argmax <S, M(St_1)>

ISlp=1 F

This result is easy to prove using to the Cauchy-Schwarz inequality

_ M - -
(st st 1)>F=<m’/‘“t 1)>F= [mes ],

=[Sl [ M), S (s, M), . since [IS]lp = 1.

Moreover, one can prove that $2* is a solution of
argmax ®(S), where ®(S) := <S, M? (S)> = tr(ST M? (S)) , (2)
SeS(m,n) F

and M?(S) = M(M(S)) is defined in Eq. (1). Indeed, since the Perron root is equal to the spectral
radius, i.e.

p = max MO (3)
Islle=1
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and the map M(-) is self-adjoint (i.e. (S1, M(S2))r = (M(S1), S2)F), we have

max <S, M2(5)>

max, = max [MES)|I} = p? = (52, M? ($)) . (4)

Folsle=1 F

The problem (2) maximizes a continuous function ® on a compact domain. Hence, according to
first order optimality condition, if S>> is a maximizer of (2) then $*® is a stationary point of (2). The
concept of stationary point in the context of (2) is recalled in Definition 1 below.

The gradient of a differentiable function ® at a point S, denoted grad ®(S), is defined as the unique
vector that satisfies

(§, grad ®(5))p = DO(S)[£] (5)

for all admissible directions &.

Definition 1. A point S € S(m, n) is a stationary point of (2) if grad ®(S) belongs to NsS(m, n), the
normal cone to S(m, n) at§, i.e.

grad &(S) € NsS(m, n) := {¢ : (¢, £)p < 0, VE € CsS(m, )} . (6)

For example, the tangent cone to S(m, n) = {S : ||S||f = 1} at a point S is given by
CsS(m,n) = {§ : (§,5)F =0},
and the normal cone to S(m, n) is
NsS(m,n) :={¢ : (¢, &) <0,V € CsS(m,n)} = {aS: o € R} .

Since the linear map M is self-adjoint (i.e. (S1, M(S2))F = (M(S1), S2)F) one can write

DO(9)[E] = (5, M*(S)), + (5, M (©®)) = (£, 204%(5)) (7)
and the gradient of ® at a point S is then 2M?(S). And clearly, one can observe that

grad ®(5%®) = 2M2($*®°) = 2p25*® € NawS(m, n) = {a52°° ‘o€ R} : (8)

and it follows directly that S?* is a stationary point of (2).

When S is large, Algorithm AO becomes relatively expensive in terms of computational cost. Hence
one can think of modifying the problem in order to find an approximation of S at lower cost. This
paper considers two kinds of low-rank approximations of the similarity matrix S, either by matrices
of norm 1 with k nonzero identical singular values or by matrices of norm 1 with at most k nonzero
(not necessarily identical) singular values. We first characterize the stationary points of the associated
optimization problems and further consider iterative algorithms to find one of them.

5. Approximation with identical singular values
We first consider the following approximations for the feasible set of (2).

Problem 1. Solve (2) with S(m, n) replaced by Si(m, n), the set of rank-k matrices of norm 1 with k
identical singular values, i.e.

ULVl € R™" . U € St(k, m), V € St(k, n),
Sk(m, n) := . . (9)
Iy = I/ lkllp = II(/\/E
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Note that if the extremal eigenvalues (i.e. eigenvalues of maximum modulus) of M are positive,
then Problem 1 is equivalent to the problem considered in [5].

5.1. The feasible set of Problem 1 and its stationary points

Problem 1 is defined on a feasible set that has a manifold structure [8]. In this case, the tangent cone
is called the tangent space since it admits a structure of vector space (see [9, Section 3.5] for details).
The tangent space to the Stiefel manifold St(k, m) at a point U is given by

CySt(k, m) = {g eTu+UTE = ok} ;
see, e.g., [9, Section 3.5.7]. Equivalently,

CySt(k, m) = {Usz +ULK: Q € Ssew(k), K € Rm—"x"} . (10)

T
where U, denotes any matrix such that [U U L] [U U L] = Ip. For Problem 1, it follows that the
tangent space to Sx(m, n) at a point S = UkaT € Sk(m, n) is given by

CsSk(m, n) := {y(0) : y curve on Si(m, n) with y(0) = S}

_|uQvT + UKIVT + UKV st
Q € Sskew(k), Ky € R,k [, ¢ Ri—kxk

And subsequently, the normal space to S (m, n) at a point S = UkaT € Sk(m, n) is given by

NsSi(m, n) :={¢ : (¢, &)p <0, VE € GsSp(m, n)}
= [UHVT + ULKV] 5.0 H € Ssym(K), K € R™Exnk]

As mentioned in Definition 1, a matrix S is defined to be a stationary point of (2) if grad ®(S)

(= 2M2(S)) belongs to the normal cone to the feasible set at S. Hence, S = UlVT € Sy(m, n) is a
stationary point of Problem 1 if and only if

UHVT + U KVT s.t.

2
M=(S) € NsS(m, n) =
( ) S k( ) H c SSym(k), I( c Rm—an—k

(11)

5.2. Algorithm for Problem 1 and its convergence analysis

We now propose an algorithm and further prove that it converges towards stationary points of
Problem 1 (see Theorem 5.5).

Algorithm A1

1: S° <1/ |1|;

2: fort=1,2,...
3: Compute S' € Sx(m, n) according to

St (= UT[VE]T) <« f(S*1) := argmax <§, MZ(St_l)>

3 F
SeS8(m,n)

4: end

where M?(S) = M(M(S)) is defined in Eq. (1).
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Let M?(S~1) have an ordered singular value decomposition (SVD)

T
M = [P1 Pz] |:EO] £2:| |:ZLT} ) (13)

with P, € Rmxk, P, € Rmx(m—k), Q € RnXk, Q, € Rnx(n—k), ¥ € kak and ¥, € R(m—k)x(n—k).
Let v(S'~1) denote the singular value gap,

V(ST = omin(£1) = Omar(T2) = ok (M*(ST1) — 01 (M (ST). (14)

When v(S™1) # 0 (i.e., v(S*1) > 0), the next iterate S’ is uniquely defined by (12) and is equal to
P11,QJ, as we will show in Lemma 5.1 below. When v(S‘~!) = 0, however, S’ is no longer uniquely
defined by (12); in this case, S’ is chosen arbitrarily in argmax (S, Mz(St_])> . In practice, in our
§€Sk(m,n) F

numerical experiments, we systematically choose St := P; kalT , Where P; and Q; are returned by the
SVD function.

We first state a few intermediate results in order to prove convergence of Algorithm A1l to the
stationary points of Problem 1.

Lemma 5.1. Let M € R™*" and its ordered singular value decomposition

50 ||Qf
M =[P, P2]|: ! } [ ;} =PxQ’ (15)

0 > Q2
with Py € Rmxk, P, € Rmx(m—k)' Q€ Rnxk’ Q, € Rnx(n—k)' ¥ € kak and ¥, € R(m—k)x(n—k). Then
max (S, M)y = tr(ikE]). (16)

S=UI VT €S (m,n)

Moreover, if v := opmin(21) — Omax(22) > 0, then the maximizing solution S is unique and equals P, ka]T )
Proof. We have
A k A
tr (IkUTMV) <> oi(iU™my)
i=1
k A A
<Y aill) oi(z1) < tr(lezy) (17)
i=1

according to [10, Formulas 3.1.10b, and Lemma 3.3.1]. The upper bound is reached for U = P4, and

V = Q;. The uniqueness of PﬁleT is a well known result discussed, e.g., in [10, Theorem 3.1.1 and
311 O

Theorem 5.2. Let M?(S) have an ordered singular value decomposition

T
v =[] 9| [} < rser. o8

with P, € Rmxk’ P, € Rmx(m—k)' 0 € Rnxk’ 0, € Rnx(n—k)’ I ]kak and ¥, € R(m—k)x(n—k),
and ST := f(S), with f the function defined in Algorithm A1. Then

O(ST) — @(S) > |M(ST - $) Hi +v vk |sT - sHi (19)

with ® the function defined in Eq. (2), and v = opnin(X1) — omax(22). In particular, Algorithm A1 is an
ascent iteration for ®.
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Proof. Adding and subtracting S to ST and using the self-adjointness of M yield

OST —S+5) = HM(5+ —9) Hi +2(sT —s, MZ(S)>F + ®(S)

(20)

According to Lemma 5.1, ST = PﬁleT . Hence, using the ordered singular value decomposition of

M?(S), the second term of the right-hand side of Eq. (20) becomes
+ 2 A TcT TcT
<5 — S5, M (5)>F = tr((l,< —qls P1) 21) — tr(QZS PZEZ)
Moreover, one can observe that

(i — QWi Py) > — (1—[v' (@

ii\/E

As a consequence, the first term of the right hand side of (21) is bounded below by

‘UT(P1)-I'

F ’ F) > 0.
tr((f — fs"Pr) 21) = tr(l — QIS"P1) omin(=1)
and the second term of the right hand side of (21) is bounded below by

_tr(QzTSTPZ 2:2) = _tr(‘QzTSTPZIm—k,n—kD Omax(22) .

Using (23) and (24) with (21) yields
(st =5, 0%)), > tr(le — QfS'P1) Omin(Z1)
—tr(|QIS"Paln—tn+|) Omax (Z2) -
Adding and subtracting omgx(X2) to omin(21) along with Q{ STP; < |Q]STPy| yields
(st =5, 02)), = tr(le — QISP (Omin(Z1) — Omax(T2))
+[tr(l) — tr(|Q"STPlm.n) | omax(Z2) -
One can observe that

tr(|Q"S" Plin.n

) — tr(QTkaUTPTm,n) = tr(ikUTPTm,nQTV)
k

1 s ko1
=> —wWw)'Pl,.0"v; <> — [PTU;
Z «/E( 1) m,nQ [ Zl: \/E H i

i=1

F H Q'V.

F

where (Iy.n)ij = (Im.n)jj Sign (Q‘j)TkaUTP.,-). And Eq. (26) reduces to

(
(7 =5, A2, > tr(l = UTPIQI V) (Omin(£1) — omax(52) -

Finally, one can see that

st - SHE =2 L{ tr(f — UTP1 QI V) .

Vk

Combining (28), (27), and (20) gives the desired result. []

Lemma 5.3. IfS is a fixed point of Algorithm A1, then S is a stationary point of Problem 1.

= \/E = tl‘(fk)

(21)

(23)

(24)

(25)

(26)

(28)
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Proof. Let S = UkaT be a fixed point. Then, in view of Lemma 5.1, the ordered singular value de-
composition of M2 (UIVT) = U2 [VT]T + UL Z,vT with ULVT = UHT[V*H]". Since Ul VT and
U +fk[V+]T are two singular value decompositions of the same matrix, there must be a square orthog-
onal matrix Q such that UT = UQ and V* = VQ.

Hence,

MUV =UuQzQ" VI ULz (29)

and we conclude that S = UkaT is a stationary point of Problem 1 since Eq. (29) satisfies the station-
arity condition (11). [

Lemma 5.4. LetS be a nonstationary point of Problem 1. There exists an € > 0such that forall ||S¢ || < €,
S + Se¢ is not a stationary point.

Proof. The critical points of an analytic (non-constant) function form a closed set with empty interior
(actually an analytic set). []

The next theorem states the main convergence result for Algorithm A1. Note that the existence of
an accumulation point is guaranteed by the fact that the iteration evolves on the compact set Sy (m, n).
In practice, in our experiments, the sequences of iterates always had a single accumulation point S,
with v(S") # 0; by virtue of the next theorem, it thus follows that S’ is a stationary point of Problem 1.
Moreover, since the iteration is an ascent iteration for ®, convergence to stationary points that are not
local maxima is not expected to occur in practice.

Theorem 5.5. Let S’, with v(S") # 0 (14), be an accumulation point of the sequence {S;} constructed by
Algorithm Al. Then S’ is a stationary point of Problem 1.

Proof. This proof relies heavily on [11, Section 1.3 and Theorem 3]. Let S’ be such an accumulation
point, ie. ; — S fori € K where K € N is an infinite index set. Assume that S = U'T.v'T is not a
stationary point of the iteration. Let B, (") denote the closed ball {S € R™*" : ||S— || < €}.One can
choose an € > 0 using Lemma 5.4 such that all S € B, (S’) are nonstationary points with nonzero gap.
In view of Lemma 5.3, these points are not fixed points either, i.e., [ST — S||i > 0.In view of Theorem
5.2, &(ST) — &(S) > O0forall S € B(S).

In order to proceed, we need to show that ®(ST) — ®(S) is actually bounded away from zero
on B.(S), i.e., (30). To this end, it is sufficient to show that S > ®(ST) — ®(S) is continuous
for all S € B.(S). The function S — ®(S) is continuous in view of the definition of ® in (2). To
conclude the continuity argument, we show that the function S — ST is also continuous at all
points where the gap is nonzero. To see this, observe that S — S™ is the composition of the func-
tion S > M?(S) and of the function M > PiI,Q] = +P1Q] defined from Lemma 5.1. The first
function is continuous; it remains to show that the second one is. Consider M. € M?(B(S')). Let
Ly be an orthonormal basis of the dominant k-dimensional left singular subspace of M such that
M +— Ly is continuous at M,.; this is possible in view of [12, Theorem 6.4]. Let Ry; be chosen likewise
for the right singular subspace. We then have P; = LyP; and Q; = RyQ;, where Py, Q; € 0(k).
Thus M = LM15121(~21TR1{,, + Py EZQZT and L{/,MRM = 131Z1Q1T = 151 er Q1E1(~21T. Hence, in view of
the polar decomposition, P;Qf = LI MRy ((LL,MRy)TLT, MRy,)~1/2. Finally, P;Q] = LyP;QIRl, =
LyLE MRy (L MRy) LY, MRy) ~1/2RY,. This function is continuous at M = M... (Note that the argu-
ment of the square root is positive-definite locally in view of the nonzero gap assumption.) Since M..
is arbitrary, the claim follows. We have thus shown that

§:= min ®ET)—d(S)>0. (30)
IS—5'llp<e

Since S; — S’ fori € K, there exists a k € K such that foralli > k,i € K,

2
’s,- _ S/HF <e andthus @(Siq) — d(S) = 6. (31)
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Hence, for any two consecutive S;, Si; points of the subsequence, withi,i +j > k,i,i +j € K, we
must have

D(Sij) — B(S) = D(Si1) — D(S) =8 > 0. (32)

But, since ® is continuous, the sequence {®(S;) };cx must converge. This is contradicted by (32), which
implies S’ has to be a stationary point of Problem 1. [

6. Approximation of rank at most k
We now consider the following approximations for the feasible set of (2).

Problem 2. Solve (2) with S(m, n) replaced by S<i(m, n), the set of matrices of norm 1 with rank at
most k, i.e.

upv! € R™" . U € St(k, m), V € St(k, n),
S<k(m, n) := . (33)
D diagonal, |D||f = 1

Note that S¢ix(m, n) is an algebraic set since rank(S) < k is equivalent to saying that all minors of
S of order k + 1 are equal to zero.

6.1. The feasible set of Problem 2 and its tangent cone

Problem 2 is defined on a feasible set that does not have a manifold structure. Indeed, as we will
further see, the tangent cone CsS<y(m, n) is no longer a tangent space when rank(S) < k.

Theorem 6.1. LetS € Scx(m, n) be of rankr < k and let

D, 0| | VI
S=1U; UL
[r r ][0 0} {Vrrj

be and ordered singular value decomposition, with U, € R™<" U,; € R™<M=1 vy e R™T vy, €
R™ @k D e Diag(k, k, k).
The tangent cone to S<x(m, n) at S is given by

A B vl
[Ur UrJ_:| T
C Rk—r VrJ_
CsS<k(m, n) = , (34)
B, C arbitrary, tr(AD,;) = 0,
rank(Ry_;) < k—r
Proof. Let us first define the surjection
W i M — Scp(m,n): (U,D, V) — UDV' (35)

where M := 0(m) x (Diag(k, m, n)N\Norm(1, m, n)) x O(n).Let  (¢) : R > RMXM x RMX1 5 RAX7N
be an analytic curve with y(0) = (U, D, V),and y (t) € M, forall t > 0, and y be a curve defined as

y(®) :Ri> R™": t — y(t) := ¢ (p ().
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Clearly, y(0) = UDVT,and y (t) € S<k(m, n), for all t > 0. Moreover, since v is analytic, y is also
analytic, and we have

y(0) =Dy (U, D, V) [7(0)] .
This holds for any analytic curve y, so one can write
GSamm 2 |J  DY,D, V) [CupwnM]. (36)
(U,D,V)ey—1(5)

The next step, which will be fulfilled in (48), is to show that the right-hand side of (36) is equal to
the right-hand side of (34).

One can show that M is a manifold, and its tangent space at a point S = (U, D, V) € YL(S) is
given by

R (QuU, &p, QV) : QL+ Qu =0n, Q) + Qv =0,
Call = . (37)
8
£p € Diag(k, m, n), tr( gD) =0

Let us choose & := (&y, &p, &v) = (QuU, &p, QyV) € C§A7I, and write the differential of  at S in that
direction

DY (S) [£] = &yDV + UEpVT + UDE]} = QuS + UgpV" + 52, . (38)

Let us first change the variables and rewrite 2y and Qy as follows

_ ol uf A
Qy = U, Uy ]S and Qu =V, Voo | Sy . (39)
U, A
r r

The conditions on Qy and 2y can directly be translated in terms of Qu and Qy, ie.

Moreover, since (U, D, V) is in ¥ ~1(S), there must be P € O(k) N {—1, 0, 1}k><k and Q € O(k) N
{=1, 0, 1}}*¥ such that [POT L ] D [%,n(ik] = [%r 8]. Let us change the variable and rewrite &p as
follows

Pt T
ép = [81,,10,,< ] ép [% ,m(ik] . (40)
The conditions on &p translate to
€p € Diag(k, m, n),  and tr(ég [%f 8]) = 0.

Finally, let us define Up := U [’g,m‘lk ] Vo i =V [%,m(ik ] anddq,...,ds, 1, ..., 1ssuchthat

dil
D, = ..
dglr,

withdy >dy > -+ >ds; >0andry +1rp + --- 4+ rg = r. Since

[V D, 0| |V
S =Up Vo =[U; U] ,
00 00|V

r
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one can show that

Ry
T .
[Ur UrJ_] Up =Ry := . (41)
Rs
Riu
and
Rq
T .
[Vr VrJ_] Vo =Ry := .. (42)
Rs
Riy
whereR1, ..., Rs, R y,and R y are square orthogonal matrices respectively of orderry, ..., r,, m—r
andn —r.

By using the Eqgs. (39), (40), (41), and (42), one can rewrite (38) as
DY) (6] = [ur v 1 (S0 [ % S + RuéoRy + [ % ] ) [‘fﬂ . (43)

Let us write Qy, §D, and Qy as follows
§r1
. wy —K} _
Qu = , ép= :
Ky wiu &
£l

. wy —KT
, and QV:|: v Vi| .

Ky wivy

The conditions on QU, §D, and QV trarlslate to a)LT, + oy = w& + wy = 0;, Ky, Ky, arbitrary matrices,
&, € Diag(k —r,m —r,n —r),and §, € Diag(r;, rj, r;) such that
& !
tr D,|=0. (44)
&rs
One can further change the variables and rewrite wy and wy as follows

wy = w + wy, and wy = w1 —wy . (45)

The previous conditions translate to a)lT +w = a)g + wy = 0y. Eq. (43) then becomes

. A DK} vT
DY (§) €] = [U; Up.] A I (46)
KyDr Riy &1 Ruv' | |Vy
with
Ri&r R]
A = 01Dy — Drwy + .. + @Dy + Drw; . (47)

Rs&r RT

One can first see that Skew(A) = w, D, + D;w,. Moreover, the skew-symmetric part of A can be made
equal to any skew-symmetric matrix €2 by choosing w; such that

§2j

ki = o v o
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One can further see that
R1§r1 R
Sym(A) = w1D; — Dywq +
RsrR

Moreover, the symmetric part of A can be made equal to any symmetric matrix H with tr(HD;) = 0

by choosing w1 and Ry, ..., Rs, &y, ..., &, according to the constraints: block-partition H as
Hyp --- His
H= ,
Hsl : Hss

with H;j € R""*7 and choose

[ o9 JHeo o ... _His_ ]

dy—d; ds—d4
B0 : : .
wy = | B% and R&.RI = Hii,
. 0 Hsfl,s
ds_dsf1
Ha o0 Hsse1 g
—dl _ds ds—] _ds —

to get Sym(A) = H. The condition tr(HD,) = 0 comes from (44).
These observations yield that A can be made equal to any arbitrary matrix as long as

tr(ADr) - 0 .

Returning to (46), let us define B := D,K{, C := KyD;,and Ry_, := R,y &, Ry y. Clearly, Band C
can be set to any matrix by choosing K‘f = Dr_lB and Ky = CDr_], and, since &, € Diag(k —r, m —

r,n —r), Rk_, can be any arbitrary matrix of rank less or equal to k — r by choosing R | y, §L, RiyT
equal to its ordered singular value decomposition. In view of (36), we conclude that

T
o] P 0|17

C Rg—r rl
CsS<k(m, n) 2 , (48)
B, C arbitrary, tr(AD;) = 0,

rank(Ry_;) < k—r
The “C” part follows directly from [13, Theorem 1], that is, if t +— S(t) is a matrix-valued curve,

then there exists a decomposition S(t) = U(t)D(t)V(t)T, where U(-) and V(-) are orthonormal and
analytic and D(+) is diagonal and analytic. []

6.2. Characterization of the stationary points of Problem 2

Let now S € S¢x(m, n) be of rank r < k, with an ordered singular value decomposition given by

D, 0| ]| VI
s=[uu] |70l |
00|Vl
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Since grad ®(S) = 2M?(S), S is a stationary point of Problem 2 if and only if

aD, 0 || V!
, U vl ]| i
M(S) € NsSgi(m, n) = 0 Ry||V

o € R, R =0ifr <k, R, arbitraryifr = k

= {ozS—l—UrlRLVrTl:a eR,R| =0ifr < k,RLarbitraryifrzk} (49)

6.3. Algorithm for Problem 2 and its convergence analysis

We now propose the following algorithm to find a stationary point of Problem 2.

Algorithm A2

1: SO <1/ 1|;
2: fort=1,2,...
3: Compute S' € S¢(m, n) according to

St (= U'DI[VT]") <= f(st 1) := argmax <§, MZ(St_])>F.
§€S<k(m,n)
4: end

where M?(S) = M(M(S)) is defined in Eq. (1).
When v(St~1) £ 0(14) or o (M2(S'~1)) = 0, the next iterate S is uniquely defined by (50) and is
1

equal to mﬂ > QIT, as we will show in Lemma 6.2 below. Otherwise, (i.e., when o (M?(St™1)) =

Ok+1 (M?(51)) > 0), S is no longer uniquely defined by (50); in this case, S! is chosen arbitrarily in
argmax <§, M2(st1 )> . This case was never observed in our numerical experiments, but if it did, a

§€$gk(m,n) F

possible choice would have been S' := mPl ElQlT , where Py, X1 and Qq are returned by the SVD

function.

We first state a few intermediate results in order to prove convergence of Algorithm A2 to the
stationary points of Problem 2 (see Theorem 6.6).

Lemma 6.2. Let M € R™*" and its ordered singular value decomposition

¥ 0 ||Qf
M =[P P 1 "l =pPxQT (51)

0 X, ||Qf

with P; € R™k p, ¢ R™<m=0 q, ¢ R™¥k @, ¢ R0 53, e Rk gnd 3, e RM—x(=h)
Then
max (S, M)p = tr(f)lEl). (52)
S=UDVT eS¢k (m,n)
where £ := 1/ 121 ||
Moreover, if v := omin(X1) — Omax(X2) > 0orif || 22| = O, then the maximizing solution S is
unique and equals P; Q7.
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Proof. We have

k k k
tr(DvTMU) <> a@VIMU) < S 6i(D) i (VIMU) < > 0i(D) 0i(21) < tr(ilzl) (53)
i=1 i=1 i=1

according to [10, Formulas 3.1.10b, and Lemma 3.3.1]. The upper bound is reached forU = P;,D = fh

and V = Q;. The uniqueness of P; f)lQlT is a well known result discussed, e.g., in [10, Theorem 3.1.1
and 3.1.1’]. U

Theorem 6.3. LetS € S¢i(m, n) and M?(S) have an ordered singular value decomposition

T
M () = [Py Py] Fol 20} BT} = PxQ’, (54)
2 2

with P, € Rmxk’ P, € Rmx(m—k), Q € Rnxk' Q, € Rnx(n—k), ¥ € kak and 3, € R(m—k)x(n—k),
and ST := f(S), with f the function defined in Algorithm A2. Then

o(sH) — @(5) > [M(st — ) Hi , (55)

with @ the function defined in Eq. (2), and v = opin(X1) — Omax(X2). Moreover, if v = opin(X1) —
Omax(Z2) > 0, then the inequality becomes an equality iff S is a fixed point of the iteration, i.e. St = S.

Proof. Adding and subtracting S to ST and using the self-adjointness of M yield
2
Ot =5+ =[MET =9 +2[sT =5, M*©)) + 0. (56)

One can observe that <S+ — S, M? (S)>F is positive since ST maximizes the scalar product with M?(S),
and hence

<s+, M2(5)>F > <s, MZ(S)> (57)

v
The Eq. (56) combined with (57) gives the desired result.

Moreover, if vV = opin(X1) — Omax(X2) > 0, Lemma 6.2 ensures that the maximizing solution is
unique. Hence, unless ST = S, the last term of the right hand side is strictly positive. []

Lemma 6.4. IfS is a fixed point of Algorithm A2 then S is a stationary point of Problem 2.

Proof. Let S = UDV' be a fixed point, i.e. ST = UTDT[VT]T = UDV' and the ordered singular value
decomposition of M?(UDVT) is

+ +1T
oy =[] [0
2

vi

with omin(@D1) = 01max (Z2). Remark that if the rank of UTDT[VT]T is lower than k, then omin (D ™)
= 0and ¥y = Op—k n—k-
Let us now remind that the gradient of & at a point S is 2M2(S). One can verify that this expression is
in the normal cone given by Eq. (49) and is hence a stationary point. []

Notice that all stationary points are not fixed points since ¥ has to be such that oy, (D) >
Omax(X2).

Lemma 6.5. LetS be a nonstationary point of Problem 2. There exists an € > 0such that forall |S¢ || < €,
S + S¢ is not a stationary point.
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Proof. Since S = U,D, VrT is not a stationary point, we have

M1 Myz vl
2 MA(UD V) = [U; U] T (59)
My Moo | |V,
with either, if r = k,
2
M1l
Omax 1= Max ‘Mll — —— Dy ||M12||12: ) ||M21||12: >0, (60)
Dl {|g
or,ifr <k,
2
M1l
Smax := max (‘Mn BT R IM12]I7 . IM211I7 . [M22]17 | > 0. (61)
Tl F F

Since M?(-) is a continuous mapping, for all § > 0 there always exists €(8) > 0 such that for all
ISellp < €(8), we have HMZ(S +S.) — M2(S) HF < 8. Areasoning similar to the one held for Lemma

5.4, when one chooses § < dpnay, yields the desired result. [

The next theorem states the main convergence result for Algorithm A2. Note that the existence of an
accumulation point is guaranteed by the fact that the iteration evolves on the compact set S¢x(m, n).
In practice, in our experiments, the sequences of iterates always had a single accumulation point S,
with v(S’) # 0or ok (M?(S')) = 0; by virtue of the next theorem, it thus follows that S’ is a stationary
point of Problem 2. Moreover, since the iteration is an ascent iteration for ®, convergence to stationary
points that are not local maxima is not expected to occur in practice.

Theorem 6.6. Let S', with v(S') > 0 (14) or ox (M?(S")) = 0, be an accumulation point of the sequence
{Si} constructed by A2. Then S’ is a stationary point of Problem 2.

Proof. A reasoning similar to the one held for Theorem 5.5, along with Theorem 6.3 and Lemmas 6.5,
6.4, yields the desired result. In this parallelism Theorem 5.2 is replaced by Theorem 6.3, which lacks
the term vv/k |St — S||7. However, Theorem 6.3 still ensures that ®(St) — ®(S) > 0 holds whenever
S is not a fixed point of the algorithm. The continuity argument for S still holds since we now simply
have Sy = LyL{,MRyR},. Thus the reasoning in the proof of Theorem 5.5 still holds for Problem 2, and
the result follows. [

7. Complexity analysis

Let A and B respectively contain ma and n8 nonzero elements.
Let us first consider the complexity of one step of Algorithm AO, i.e.
Ast—lBT _+_ATst—1B

t
- |ASt=1BT + ATSt=1B||,

Assuming that S~ ! is a dense matrix, the products AS‘~! and ATS'~! require less than 2mna flops each,
while the subsequent products (AS‘")B" and (ATS~1)B require less than 2mnp flops each. The sum
and the calculation of the Frobenius norm requires 2mn flops, while the scaling requires one division
and nm multiplications. Then, the total complexity per iteration step is of the order of 4(a + B)mn
flops.

Let us now consider the complexity of one step of Algorithms A1 and A2. In these algorithms, the
rank of S is at most k. Hence, in practice, we do not really work with S € R™*" itself but with its singular
value factorization (U, D, V) € R™*k x Diag(k, k, k) x R™K When k is small, the space required to
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store the factors of S (i.e. mk 4+ k + nk elements) is smaller than the one required to store S itself (i.e.
mn elements). Similarly, in practice, we do not really compute M?(S) € R™ " itself but its singular
value factorization. We now show how we compute the factors of the singular value decomposition of
M?(S). Notice first that M?(UDVT) can be written as Us (I4 ® D) V§ with

UhA D v 7T
| UBAT L D .| vBBT
Uy = g | (4 ®D) := |: D :|, and Vp := |:VTB7B:| . (62)
D VBB

URRT

One can further compute Q4 € R™%K and Ry € R**4k (resp. Qg € R™* and Ry € R**4K) the
factors of the QR decomposition of Uy (resp. V), i.e. Q4R4 = Uy, with QAQA I4) and [RA],] = 0 for

alli > j, and rewrite Eq. (62) as M?(UDV") = Q4Ry (I3 ® D) RBQB We further compute (U, D, V) €
RA>4k 5 Diag(4k, 4k, 4k) x R4k the factors of the singular value decomposition of R4 (I3 ® D) R},
Finally, one can write M?(UDVT) = Q4U D V'QJ, and the factors of its singular value decomposition
are given by (Q4U, D, QgV). And, eventually, Algorithm A2 can be rewritten as follows.

1: (U°, D% VO) < SVD(1/ |1l ;

2: fort=1,2,...

U/ < [AUt ]Dt 1 ATUt ]Dt 1] GRTTIXZk:

U” « [AU/, ATU] e Rmx4k.

v/ (_[th 1 BTVt 1] eRank

V" « [BV/, BTV] e R4k

(QU RU) < QR(U”) = Rmx4k % R4kx4k

(QV, RV) < QR(V”) e Rnx4k R4kx4k

(UW D/// V///) P SVDk(RUR ) c Rmxk % kak % Rnxk

//

10: (Ut, Dta V ) < (QUU///9 W9 QVV///) y
11: end

LRI N AW

We now consider the complexity of computing the singular value decomposition of M?(UDVT) with
UDVT a matrix of rank k. The products AU, ATU, AU’, and ATU’ require less than 2mke flops each,
whereas the products BV, BV, BV/, and BV’ require less than 2nkp flops each. The QR factorization of

amatrix M € R™¥ requires 4mk?® — %1k3 flops[14, p. 337] and subsequently computing Q4R4 and QgRp
require receptively less than 4m(4k)? — § (4k)* and 4n(4k)? — 5 (4k)? flops. The product Ry (I4 ® D) R}
require less than 2(4k)> flops. The complexity of computmg the singular value decomposition of

UDV e R*>4 yp to a given precision is of the order of k> flops. Finally, the products Q,U and
QzV require less than 2m(4k)? and 2n(4k)? flops each. Hence, in total, computing the singular value
decomposition of M?(UDVT) requires less than 8mko + 8nkS + 96mk? + 96nk? + 0(k>) flops. Let

now M?(S'=1) admit the following ordered singular value decomposition

T
M = [P1 Pz] >0 QlT
0 > Q,

withP; € R™* Q; € R™k and =; € R¥*k According to Lemmas 5.1 and 6.2, one step of Algorithms

A1 and A2 consists in choosing S' respectively equal to P; ka]T and P; f)l QlT . The number of operations
required to compute one step of Algorithms A1 and A2 is then equal to the one required to compute
the singular value decomposition of M?(UDVT) which costs

8mka + 8nkp + 96mk® + 96nk® + O(k3) flops.

Let us remind that one step of Algorithms A1 and A2 are low-rank approximations of two steps of
A0 which costs 8(a + B)mn flops.
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8. Experiments

We look at the performances of our method to compute self-similarity matrices. This means that
A and B are equal. In other words, the self-similarity matrix expresses how a node of a graph is sim-
ilar to other nodes of the same graph. We ran several experiments to compute low-rank approxima-
tions of self-similarity matrices on random graphs. Results about the average computational time, and

) Computational time for rank—k approximation Relative error for rank—k approximation
10 o k=1 ] . t+ + + ) + + + + + + +
o k=2 *
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k = 4 x x x x x x x x x x
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Fig. 1. We compute rank-k approximations with exactly k identical nonzero eigenvalues of the self-similarity matrix of a connected
Erd6s-Rényi graph with probability 10/m, where m is the order of this graph. The graph is built such that the average number of
outgoing edges of a node is 10. The algorithm stops when || As||; < 107% ||S||z. The full rank results are obtained using Algorithm
A0 which was investigated in [1]. (a) shows the average computational time versus m, the order of this graph, (b) shows the average
relative error of the rank-k approximations of the self-similarity matrix of a connected random graph versus m.
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Fig. 2. We compute rank-k approximations with at most k nonzero eigenvalues of the self-similarity matrix of a connected ran-
dom graph. The graph is built such that the average number of outgoing edges of a node is 10. The algorithm stops when
[Asllp < 1076 |IS||¢- The full rank results are obtained using Algorithm AO which was investigated in [1]. (a) shows the aver-
age computational time versus m, the order of this graph, (b) shows the average relative error of the rank-k approximations of the
self-similarity matrix of a connected random graph versus m.
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Fig. 3. The (A1) (resp. (A2)) lines refer to the experiment of Fig. 1 (resp. 2) which shows results for Algorithm A1 (resp. A2). The graph
lls*=s>]
s>l

shows the relative distance between an iterate and the extremal point of the corresponding experiment ( ) versus t, the

number of iterations.

the average relative error with respect to the full rank self-similarity matrices for exactly k identical
nonzero eigenvalues and for at most k nonzero eigenvalues are shown respectively in Figs. 1 and 2.
Results about the speed of convergence are shown in Fig. 3. As expected, we clearly notice that the
smaller the rank of the approximation k, the smaller the computational time. We further notice that,
when the order of the graph m increases, the algorithm for low rank approximation converges faster
than the full rank algorithm. As far as the relative error is concerned, we observe that it does not vary
much with m, the order of this graph. For exactly k identical nonzero eigenvalues, this error increases
when the rank of the approximation increases. Indeed, rank 1 approximation have a relative error
about 0.05 whereas higher rank approximation are about 0.7 up to 1.2 ! This reveals that the equal
eigenvalues assumption is not adequate for this class of graphs. For at most k nonzero eigenvalues,
the results are much more satisfactory since the error decreases when the rank of the approximation
increases.

9. Conclusions

In this paper, we have considered two optimization problems (Problems 1 and 2) whose solutions
are low-rank approximations of the similarity matrix S introduced by Blondel et al. in [1]. The cost
functions of Problems 1 and 2 are the same as the one presented in Eq. (2) whereas their feasible
sets are respectively set to Sx(m, n) and S¢kx(m, n) instead of S(m, n). We have first characterized the
stationary points of Problems 1 and 2. Then we have considered Algorithms A1 and A2 and proved
that their accumulation points are stationary points of respectively Problems 1 and 2. Next, we have
analyzed the complexity of one step of Algorithms A1 and A2 and compared them to the complexity
of Algorithm AO used to compute the original similarity matrix S introduced by Blondel et al. We have
further performed numerical experiments and considered the performances of Algorithms A1 and
A2. Finally, we have concluded that Problem 1 is not adequate to find a low rank approximation of
the optimization problem presented in Eq. (2) since the relative error of the approximations of rank
bigger than 2 is about 100%. On the other hand, the solution of Problem 2 appropriately approaches
the solution of the optimization problem presented in Eq. (2). As expected, we have observed that the
relative error of approximation decreases when the rank of the approximation increases, and the ratio
between the time until convergence of Algorithm A2 and the time until convergence of Algorithm A0
decreases as m and n (the size of the problem) grow.
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