MP1-3 5:00

Proceedings of the 1999 IEEE
International Symposium on Computer Aided Control System Design
Kohala Coast-Island of Hawai’i, Hawai’i, USA « August 22-27, 1999

Stability radii of polynomial matrices

Yves Genin and Paul Van Dooren
CESAME, Université catholique de Louvain
Av. G. Lemaitre, 4, B- 1348 Louvain-la-Neuve, BELGIUM
e-mail contact : vdooren@csam.ucl.ac.be

Abstract

We derive analytic expressions for the stability radius
of polynomial matrices for all Holder norms and discuss
numerical issues for computing these stability radii for
the 1, 2 and oo norm.
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1 Introduction

In this paper we consider polynomial matrices
P()\) 5P0+P1/\+"'+Pk/\k

which are square invertible and have zeros — i.e. roots
of det P()\) - inside a given region I'. We say that P()\)
is I'-stable and call I' the stability region. The complex
stability radius r¢ of such polynomial matrices is the
norm of the smallest perturbation

AP()) = APy + APiA+ -+ - AP®

needed to “destabilize” P(A)+AP()) and hence causing
at least one zero of P(A\)+AP(A) to leave the regionI'. If
we measure the perturbations via the norm of a constant
matrix A depending on the coefficients of AP(A) :

”A“ :g(APOyAPh»APk) (].)
then we have the expression
re = inf{||All : Iroot(P(X) + AP(A)) €T}, (2)

where T, is the complement of I'. The two regions that
are typically considered for I" are the open left half plane
and the open unit disc, which are both open and con-
nected sets of the complex plane. By continuity of zeros
of perturbed matrices, the root “leaving” I' must actu-
ally lie on its boundary 8T", which can be parameterized
by a real variable w. In this paper we prove for Holder
norms that

rel = sup [GO)llp, G() =d(A)-PN)7Y,  (3)
Aedr
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where d()) is a scalar function depending on the choice
of function g in (1).

We also give in this paper some considerations about
how to compute the expressions in a numerically sound
way for the case of the 2-norm.

2 Polynomial matrices

In [6] we consider the calculation of stability radii of
a first order polynomial matrix P(A\) = P + P\ with
Py —A and P, = FE. It turns out that the results
obtained can be extended to golynomial matrices of ar-
bitrary degree, i.e. P(A) =Y., P;A*. We consider here
the perturbation matrices :

Ay = [AR AP AP ], 4)
[ APy
AP
A = .
| AP
[ AP,
AP
Az =
] AP

The polynomial matrix perturbation AP()) can then be
expressed as

I
Al
AP = A | . | =[1 M AT ] A,
kT
I
(aN)I
= [I oI a k1 ] As . ,
(@X)FI

where « is arbitrary, as long as o~! and (a)\) are

bounded. It will prove useful later on for the calcula-



tion of Hoélder norms to choose

e~ =A% = (a)) = A178 =5, (5)
In order to prove something about Holder norms for such
perturbations, we first need the following lemma.

Lemma 1 For every Holder (or p) norm and vectors x
and y one has the multiplicative property

lz® 3/"? = ”x"p"y”p (6)

Proof: Since the elements of the vector x ® y are x;y;

one has
1
le@ulle =D luy;lP)?
i J

= (Tl 3D = el liyllp-
i i

From this, it immediately follows that the induced p-
norm of matrices with repetitions of scaled identities are
easy to compute in terms of the scaling factors :

™ ® Illp = lly™Nlp-

The first equality follows from the identity

l@®Dyll, = lz®yll, = Ill;llyll, which holds for every
vector y, and the second is obtained by duality (the p-
norm of a matrix equals the g-norm of its transpose,
where 1/p+ 1/¢ = 1, and both are Holder norms [5]).
For more complex matrices one derives a similar formula.

fle ® Il = lillp,

Corollary 1 We have the following identity for the in-
duced matriz p-norm :

i

lz®@ DM @T ® D, llz® Il Mplly™ @ 1)l

Illp) MllpllyT -

Proof: The second equality follows from the above dis-
cussion, and for induced norms we have the multiplica-
tive inequality

Il

Iz® HM@ET @ Dl < [z @ Ipl Mllplly” @ I1l,.

We show that equality holds by constructing a vector for
which the upper bound of the operator norm is achieved.
Let v = Mu be such that |jv]|, = |Mul), = || M||,|iull,
and z be such that |yT 2| = ||yT}|,||2||,- Then the vector
(2®u) has norm || z||,||u|l, and achieves this upper bound
since

Iz ® DMYT @ I)(z @ u)llp = li(z ® MY 2)ull,
= Iz ®v)»”2)llp = izl Mllpllullpliy (ol 21l,-
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Theorem 1 For all A for which P()) is invertible, we
have

inf {I1A]lp : det(I + AP(A)P(A) 1) =0}
= ld:) PN,

where d;(\) for A;, i =1,2,3 eguals respectively

K 3
dl()‘) = (Z'APP) )
1=0
B = (Zw‘l),q,
i=0
k
() = (ZW’),
=0

Proof: In [6] it is shown that for every p-norm one has
det(I + AM) = 0= ||Al, > | M|,

and equality is met if A is unconstrained. Since P(}) is
assumed invertible we have

det(P(A) + AP(A)) = 0 < det(I + AP(AN)P(A)~) = 0.

Simple algebraic manipulations then imply that this is
also equivalent to

I
AT
det(] + A, PO) ) =0e
AT
det(I+A2P()\)'1 [ I M AT ]) =0
I
NPT
det(I + As PO [ I AT . Ak ])‘:0
AR T
(7

Applying then the results of corollary 1, we immediately
get the bounds

Awlle 2 (IPA) s (M)~ =
1

P~
G

lle)~*

1Al > (IP(A) " Tda(N)][p) "t =
IPOY Ml [ L X X Ty



[Asllp = (1P~ ds(N)lp) ™" =

1

AP
APl [ 1 A%

A% ] I )

er SRR

A

This shows that the right hand sides are lower bounds
for ||As]lp. From [6] it follows that these bounds are also
equalities for A; and A, since these are unconstrained
matrices, but we still need to establish equality for Az
which is constrained to be block diagonal. We now con-
struct a particular perturbation for each A; which es-
tablishes equality for all of them (although this is not
needed for A, and Az). Let u and v be two vectors of
unit p-norm such that P(A)~lu = ||P(A)~!||,v and let
v} be the dual of v, hence [vEv| = 1 with ]|, = 1.
The matrix entries AP; defined by

Ar:. AP =—(ldi ()PP ) un (B
Dz: AP = (01PN ) B (ALY (8)
As: AP = —(|[ds(\) PN~ [p) " tund (1)

yield equalities in all bounds and also satisfy
AP = —(|IP(A\)7}|p) ‘uvd from which it follows
that AP(A)P(A\)~"lu = —u and (P(A) + AP(A))v = 0.
This is now used in the following characterization of the
stability radius of polynomial matrices.

Theorem 2 The smallest perturbation of a polynomial
matric P(\) causing a zero of P(A) + AP()) to reach
the boundary 8T of the stability region T, is given by
infa, {||A:llp : det(P(A) + AP(A)) =0, A€ 9T}
= infacor [|d:(A) P(A) 1|5

= {supycor ll:(NPN) 1,3 7,

where d;(A) for A;, ¢ = 1,2, 3 are defined as in Theorem
1.

3 Computational aspects

We point out here that the above complex stability
radius can be computed efficiently provided G(\) =
d(A)P(A)~!is rational in A for A € OT'. This is obviously
the case for the unit circle since there these functions are
constant :

di(N) = (k+1)7, da(\) = (k+1)7,

ds(A) = (k + 1).
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For the yw axis, one can still replace d3(A) by the follow-

ing polynomials of the same amplitude
dN) = Fio(=N, forw >0
d\) = Xk (A, forw <0, 9)

i.e. one has to consider two different rational functions
for positive and negative values of w. For d;()\) and
d2()) one can only do this for the special cases p =
1,2,00. For p = ¢ = 2 one has

ldi (w)|? = ldz(w)[* = (1 + w? + - + ) = |d(w) ?

where d(1) is the (stable) spectral factor of 1+w?+---+
w? and equals

k .
dN =] ()\ 't smi:i% -

i=1

in
_)cosm) . (10)
For the cases p = 1 and ¢ = 1, d;(A\) and dz()\) re-
duce respectively to d(A) given in (9), while for p = oo
and ¢ = o0, di(\) and dz(A) reduce respectively to
max {1, |w[*} and hence has the same amplitude as the
rational functions

d)) =1, forw<1, d(A) =N, forw> 1.

Note that in each of these cases the constructed poly-
nomial d(\) has degree k or less, i.e. d(\) = T°F | d;\,
The transfer function matrix d(A\)P(X\)~' admits then a
generalized state space realization of the form C(AE —
A)~1B where

0, I,
0, I,
A: .. ." , E:Ikn@on;
0, I,
_Po —Pl e —Pk

B=[0,0, - 0, LT, C=ldol, dyI, - dyl,].

For the 2-norm the corresponding complex stability
radius reduces to the Hoo-norm of the transfer function

G(A) :

O = SUP Omax {G(f(w))}, (11)
WwER

where f(w) is the parameterization of 8T in terms of

w € R, and oyax{ M} is the largest singular value of the

matrix M. This can be obtained iteratively using the

computation of the real zeros w; of the matrix function

G(f(W)G(f(w)) -l (12)

It turns out that w; is a real zero of (12) iff o, is a
singular value of G(f(w;)); this property leads to ef-
ficient algorithms to find the maximum of the scalar



function (w) = Tmax{G(f(w))} [4], {1], [2]. Each of
these methods uses an eigenvalue problem (with Hamil-
tonian or symplectic structure) to compute the zeros of
(12). These apply to a generalized state-space model
G(X) = C(AE — A)~'B and are given by :

A—-wE BB*
(13)
C*Co;? A* +wE*
A—-e“E BB*
(14)
ewC*Coy% e A* — B*

Notice that the jw pencil is Hamiltonian and that the
e} pencil is symplectic.

For p = 1,00 one still has a rational matrix to deal
with, but the largest singular value is now replaced by
the largest sum of absolute values in a column or row
of G(A). This is a scalar piecewise rational function,
which can be maximized using symbolic manipulation
programs : each “piece” is rational and the “branching
points” are zeros of some polynomial.

In the special case of scalar polynomials, obviously
P, = [p(A)~}. If moreover we choose p =
1,2, 00 then d(A) can also be chosen polynomial, hence
we then have to find the maximum of the absolute value
of a scalar rational function G(A) = d(A)/p(\) on II.
The zeros of d'(A)p(A) — p’(A)d(A) are then the extrema
of this function and it suffices to look for the largest of
these 2(k — 1) values. This can be obtained in O(k?)
flops using polynomial root finding algorithms. Notice
that other approaches have been proposed in the liter-
ature for complex stability radii of scalar polynomials
(3]

4 Maximal stability radius

We complete this paper with a result on polynomi-
als with optimal stability radius. We only consider
the scalar case with leading coefficient 1. The ques-
tion we try to address is which (stable) polynomial
p(A) = po + p1A+ ... + Pk—1A*71 + A¥ has the largest
possible stability radius.

For the discrete-time case the stability radius of a
stable polynomial p(A) is proportional to the inverse
of supji=; [p(A)]. We thus have to minimize this over
all possible stable polynomials. These can also be
parametrized as p(A) = [[5_,(A — A;) where |A;| < 1.
But
k

k
sup, PO < I sup 1= )1 =TT+ 1A

=1 Al=1 i=1

which is minimized for A; = 0. The “most stable”
discrete-time polynomial is thus A*. It is interesting to

84

point out that it has a zero of highest possible multiplic-
ity, and hence its zeros are very sensitive to infinitesimal
perturbations. Nevertheless it is the most robust poly-
nomial against large perturbations that preserve stabil-
ity !

For the continuous-time case the stability radius of a
stable polynomial p()\) is proportional to the inverse of
SUps_,,, [P(A)/d(A)], where d(}) is also monic. We have
to minimize this over all possible stable polynomials, but
it is easy to see that for A = +)oo this function has value
one and hence one will not be able to improve on this
value. But there are many monic polynomials p()\) for
which |[p(w)| < |d(jw)|. The obvious one is d()) itself
if it is stable and its stable inner factor otherwise. But
moving all zeros of p(A) to the left in the complex plane
will also do the job. The continuous-time version of this
problem therefore has no unique solution.
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