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Abstract In this paper we dernve a direct method for block tridiagonalizing a single-input single-output system triple {4, b, c}. The
method 1s connected to the nonsymmetric Lanczos procedure developed in {10,2,1] and also leads to canonical representations of
such triples
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1. Introduction

The Lanczos method is a recursive process for tridiagonalizing a given real or complex matrix A4 via a
similarity transformation 7. In numerical linear algebra this is typically used for the computation of the
eigenvalues of A by exploiting the resulting tridiagonal form. The recurrence of the unsymmetric
Lanczos procedure {12] starts with two (arbitrary) vectors b and ¢ and consists of a biorthogonalization
of the Krylov sequences

2
%,2[(b Ab A% - A"), @,2| A (1)
cAn~1

where n is the order of the unsymmetric matrix 4. Notice that for notational convenience, b is a column
vector and c is a row vector. If n is the dimension of the matrix A4, then %, and &, are also known in
systems theory as the controllability matrix and observability matrix, respectively, of the system triplet
{A,b, c}. Also their product #, = #,%, plays an important role in that area. The elements of that matrix
are all moments h, = cA'"'b of the triplet and along the anti diagonals these elements are easily seen to
be equal:
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[ b cAb - cA" 'l [k, h, - h, |
cAb hs
X, L0%, = = (2)
e I e A e hy,

Such a matrix is called a Hankel matrix and its properties with respect to the triplet {A4, b, ¢} have been
widely studied in the system theory literature [7,5,3]. Recently, the relation between the unsymmetric
Lanczos procedure in A with starting vectors b and ¢, and the system theoretic properties of the triplet
{A. b, c} has been made explicit in a number of papers in order to explain various forms of breakdown of
the Lanczos method. As a result of this, modifications of the tridiagonal reduction process were
proposed [10,2,1].

In the present paper we develop a direct transformation method leading to a block tridiagonal
decomposition as in [2]. Our form, though, also displays the fine structure in the blocks of the tridiagonal
form, which has direct similarities with properties of the Hankel matrix .%,. Eventually, from this we also
derive several (related) canonical forms for a minimal realization of the triplet {A4, b, ¢} under similarity
transformation {7~ 'AT, T~ !b, c¢T}. All derivations presented here are tied to matrix decompositions of
the matrices &,, %, and #, and to their rank properties. There are of course strong connections with
earlier work on canonical forms (see [3,5,7] and further references therein) but the main emphasis here is
on algorithmic and numerical aspects. For those we refer to further discussions in the concluding
remarks. Moreover, we feel that the direct elimination procedure given below describes the same results
in a more straightforward manner.

2. The unsymmetric Lanczos procedure

Here we briefly recall the unsymmetric Lanczos procedure in the case that no breakdown occurs and
relate it to matrix decompositions of %, &, and /#,. Given two linear independent vectors b and ¢ the
biorthogonalization of the Krylov sequences &, and &, (1) can be expressed as follows. Find L and R
such that

Zy ¥, 0
X, :
A=L'AR = R : (3)
: oy
0 X, Zy |

Here, L and R can be generated from the relations AR = RA, A'L = LA" where the coefficients 4, , are
computed to satisfy the biorthogonalization conditions L'R =1 (or a diagonal matrix). The decomposi-
tion is derived in the following two lemmas where it is also shown that A4 can be chosen tridiagonal and

L'=R"".

Lemma 2.1. Let T be an invertible transformation. Then

X X

0 x, . :
T-'%b=| |, T 4T= S C | withx,#0 (4)

- X

=)
o
=

X
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if and only if

¢ X X
T-'%, = | withe,#0. (5)
n . . X I
0 C,

Proof. Defining b=T 'pand A = T~ AT, it immediately follows that

A AN Ay A

T '®,=¢,2|b, Ab, A%,..., A"'b|.
One easﬂy shows then recurswely that the i-th column of % has only i non-zero elements and that
¢,=xyx, "+ x,#0. Conversely, b is the first column of % and hence x, =¢, #0. Then one easily

shows recurswely that column i of A has only i + 1 non-zero elements and that X, .1=c¢,,/c,#0. O
From the above lemma it follows that T can be chosen to be unitarx. Indeed, consiQer the OR
factorization &, = OR; then T~! = Q* triangularizes %, and hence Q*b =5b and Q*4Q = A must have

the required form (if &, is invertible).

Lemma 2.2. Let T be an invertible transformation. Then

Rz 0] [ x, ]
X, . - 0
rar=| . . .| = (6)
. . v, :
_0 X, X | L0 ]
cT=[y0-- -+ - 0] withy,#0, x,#0
if and only if
¢, X X 0, 0
. . : X .
T-'%, = ST and 6T=| - @)
0 c X X o

with ¢, # 0, o, # 0.

Proof. Apply the above Lemma on {A, b} and {A4", ¢'}. The tridiagonal form of 4 = T~'4AT follows from
the fact that it is both upper Hessenberg and lower Hessenberg. 0O

An immediate corollary of the above two lemmas is now the following.

Corollary 2.1. Let #, be the n X n Hankel matrix (2) corresponding to the system triplet { A, b, c} where n
is the dimension of A. Then there exists a transformation to a system {T'AT, T~ 'b, cT} as in (6) if and
only if all the leading principal minors of #, are non-zero.
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Proof. If there exist such a system {7 A7, T~ 'b, ¢T} then
0, - : X

Lo, =0T T '€= . . : : (8)

X e 0 0 c

n

is a LU decomposition of /#, without pwvoting. Since the o, and ¢, are non-zero, all leading principal
minors of /%, must be non-zero.

Conversely, if this property holds then there exists a LU decomposition of /%, with nonsingular L and
U factors:

F#,=L-U.

Since #, also equals #,%, we have that L~'@, and & U~' must be each others inverse. Taking
T=%,U"!and T"'=L"'@, yields (7) and hence also (6). O

When #, does not have all leading principal minors non-zero, then one can not obtain an
unreduced tridiagonal form (6), but instead one can always reduce {4, b, ¢} to a block tridiagonal form
of the same type as (6). As one would expect this is linked to a block LU decomposition of /#, and the
block sizes are related to the index set for which the leading principal minors of #, are non-zero. A
proof of this based on the Lanczos recursion can be found in [10,2]. In the next section we derive a direct
algorithm for this decomposition.

When #, does not have full rank n then either #, or %, (or both) are singular and {A4, b, ¢} is said
to be non minmal. For simplicity we assume in the following sections that the system {A, b, ¢} 18
mwumal (i.e. @, and %, are non singular) and we comment on the general case in the concluding
remarks.

3. A direct elimination procedure

We start by reducing our mimimal system {4, b, c} to the form (4) by a unitary transformation 7, = Q.
The new system {Q*4Q, Q*b, cQ} 2 {A, b, ¢) has an unreduced Hessenberg matrlx A since %, has full
rank (A, b} is controllable) The total flop count for this reduction is 3n for the construction of
{A, b, &) and an extra n® for the construction of Q [11].

Since in this coordmate system ‘g is upper triangular, one can only allow uppertriangular transforma-
tions to further reduce {4, b, ¢} to (poss1bly block) tridiagonal form. Suppose in this coordinate system
€, 1s the first non-zero element in the row vector ¢ (we call this element y, in the future). Then partition
the system {A b, ¢} into the first k, columns/rows and the remaining n — k, ones as in Figure 1. We
then show in Figure 2 how to ellmmate by a unit upper triangular matrix T7 all of é, and all of A17
except for the first row. There we marked the order in which the rows in the system matrices are
eliminated and the rows of X, are calculated by the numbers 1 to k;. This order is crucial in order to
guarantee that previously created zeros are not destroyed afterwards. The pivot elements that are
actually used to zero out the consecutive rows are: y, for row 1, x, for row 2, up to x, for row k,. The
total flop count for the transformation T, is snk(n —k;) for updatmg the system triplet and an
additional nk (n — k) for updating the transformation matrix.

The transformatlon T, has now the following effect on the matrices % and é’ Since T, is unit upper
triangular, T, 1% remains upper triangular (1n fact its diagonal elements do not change) The matrix &,
on the other hand, was a full matrix and &,T, is now block triangular (see Figure 3) with 0, =v, and
0,=0,_ Xy _,p fori=2,..., k.

Redefine 4 =T5 14T, partitioned mto blocks A,;, 4,,, A, and A~22 as in Figure 2. If we now let the
first row of A,, play the role of a new ¢ vector, the last column of 4,, play the role of a new b vector



G. Golub et al / Direct block tndiagonalization of SISO systems 113

. a | &
c A n N ~
i) A:l = bi [An | A | =
0 A21 A22
[ yl x e e X-
Ty | X e e X X BT ¥4
Ty X
Tk, X X cee eee X
xk1+1 x .« e PR x
xk1+2
L m" x_

Fig. 1

and /fzz play the role of a new 4 matrix, then the above procedure can be repeated. If k, is the first
non-zero element in that row ¢ (we call this element y,) and if we define r, = k, and r, =k, + k,, then
a similar step embedded into Figure 2 would yield Figure 4 with an updating transformation

I, = ho| X5 | 9

n—ry

As before, T; 'T;'%, is still upper triangular and &,T,T, has the form shown in Figure 5 with
0, c1=0,y,and o, ,, =0, ., "X, _,,fori=2,..., k,.

— Kk
Ikl X2
T, = -1
In—kl
Ty | X e e p'e p'd P 74
T T , 0 cee ees 0 (——kl
| T coe : o
17 1 - = Tg, X 0 B |} — 2
T blTZ AT, Thy +1 X ee ee X
Thy+2
L r, X |

Fig 2
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From here on, it is easy to see by induction that the block tridiagonal form shown in Figure 6 is
obtained by a product of updating unit upper triangular transformations 7, which we denote together by
the matrix T (we choose p = 4 blocks for illustration). Each diagonal block A is upper Hessenberg and
unreduced. Each off diagonal block has only one non-zero element in the upper right corner. The
corresponding T~ '&, is upper triangular and &,T is block lower triangular. We thus have a block LU
factorization of #, as illustrated in Figure 7. The anti triangular’ shape of the k, X k, diagonal blocks of
é’ T is easily checked by induction. It also follows from this that the leading pr1nc1pal minors of %, are
non-zero if and only if those of (ﬁ’ T are non-zero. Because of the special structure of this block
triangular matrix one readily sees that the non-zero leading principal minors are those of dimension

=2k, j=1,..., p. (10)

The ks are thus the ‘rank increases’ of the nonsingular leading principal submatrices of %, as was also
observed in [5,10]. Notice that the minimality assumption guarantees that r, =n, which cares for a
proper ending of the recursive block reduction.

Remark 3.1. By flipping around the diagonal blocks in Figure 6, i.e. performing a state space transforma-
tion

1 1
T = diag oo , (11)
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one obtains its dual form, where the role of b and ¢ is interchanged and A4 1s lower Hessenberg. The
‘profile’ (1.e. the pattern of zero and non-zero elements) of Figure 6 is then just 1ts transpose. Also /’ T
1s then lower triangular and T~ ‘% upper block triangular. Their ‘profile’ is then each others transpose
again. This 1s used in the various canomcal forms presented in the next section

Remark 3.2. If we define n,=n, n,=n,_, —k,=n —r, then the total operation count for updating the
system (A, b, & to{A, b, & 1s
P lp _ kn,
flops = 2 —%— (12)

“~

=1
and twice this amount for accumulating 7". The above flop count is in fact maximized when all &, = 1 (the

tridiagonal caseA!)Aand the flop count is then only +n°. Notice that this 1s much less than the prelimmary
reduction to {A4, b, ¢}.

4. Canonical form

In this section we still assume {A4, b, c} to be mmimal. It was shown above that the block tridiagonal
form of Figure 6 is intimately connected to the block LU decomposition of /#, shown in Figure 7. What
are the degrees of freedom left over for these profiles? From the properties of LU decompositions [4] it
1s well known that the only degrees of freedom left over in a decomposition with this latter profile is a
block diagonal matrix:

U,
Uv

T, = . (13)

up

U

P

where each block U, 1s &k, X k, and upper triangular. It is readily scen that the off diagonal blocks 1n
Figure 6 become U~ lA,_“U and U- 'A, .—1U, | respectively, and they both have still only one non-zero
element in the top right corner. The diagonal blocks become U~ 'A, U, and their profile can be affected
by this, as is shown in the following lemma.

Lemma 4.1 [12]. An unreduced upper Hessenberg matrix can always be transformed by an upper triangular
stmilanty U™ 'HU to ether one of the two forms:

H, = . . H,= ;t (14)
I 1

where the a, determine the characteristic polynomial of H.
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These are also known as companion forms of the matrix H. They both determine U completely up to
a scalar factor d, which obviously cancels out in U~ 'HU. This factor d in turn can be used to make either
the elements of ¢ and /f,_l_, equal to 1, or those of b and A~,‘,_, equal to 1. In each of those two cases p
elements are involved which can be put equal to 1 by an appropriate choice of the p scalar factors d,,
still free to choose in the U, factors of (13). Depending on these choices we now present two types of
canonical forms of a m1n1ma1 system {A b, ¢} under state space transformations T. We first choose to
put the non-zero elements of b and A, -1 equal to 1. We use p =3 blocks for illustration in Figure 8.

For this form T~'%, is unit upper triangular and &,T is block lower triangular with anti diagonal
blocks of size k, X k,. A variant of this form is to choose the non-zero elements of ¢ and A4,_,, equal to
1. The resulting form is easily checked to be almost identical to Figure 8, except that the B, elements
now occur below the block diagonal. Then T~!%, is no more identity on the diagonal but @, T has unit
anti diagonal blocks. Both these variants are connected to decompositions of /#, of the type described in
Figure 9. These are connected to the work of [2] as discussed in the next section.

Another type of canonical form uses the second companion form of Lemma 4.1. Again we use p =3
for illustration in Figure 10. Now T~'%, is block upper triangular with identity on each diagonal block
and &,T is block lower triangular with anti triangular blocks of size k, X k,. We thus have a decomposi-
tion of #, of the type shown in Figure 11. The variant here of choosing upper block diagonal elements
equal to 1 maintains this profile but the identity matrices in U become diagonal matrices while the anti
triangular matrices in L have now 1’s on the anti diagonal. For each of these four forms there is of
course yet a dual form where the diagonal blocks A, are lower Hessenberg.

Fig 9.
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From the above discussions it is readily seen that all these forms can be derived from one another by
just moving around block triangular factors and scalings between the L and U factors of /Z, in Figures 9
and 11. These forms are therefore essentially identical. They indeed all have the same nonzero elements
{a,1=1,..., n} and {B,, 1=1,..., p}. Notice that the form in the work of [10] is in fact related to
Figures 10 and 11.

5. Concluding remarks

The approach presented in this paper assumed everywhere that the system {A, b, ¢} is mimmal. In a
sense this is not a restriction since controllability and observability are implicitly checked by the
algorithm. Indeed, the reduction to upper Hessenberg form (Figure 1) would detect the uncontrollable
subsystem (when x, = 0) and one would only continue with the controllable subsystem {A4_, b_, c.}. The
recurrence (Figures 2-4-6) applied to that subsystem would detect its observable subsystem {4, b,. ¢ ,}
(when some y, = 0) and one would stop the procedure there. The links with /#, and the canonical forms
are of course still valid for the minimal subsystem {A4,, b, ¢} of {4, b, c}. The canonical forms
presented in the previous section are not really new since they are essentially to be found in the work e.g.
of [7,5,1]. The novelty here is the simplicity of their derivation from elementary matrix operations and of
their mutual connection.
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The direct matrix derivation presented here also makes sense because of some advantage over the
Lanczos type recurrence of [10,2,6]. We therefore discuss the differences below. The complexity of the
direct approach is appealing. In the worst case, 3n®+ 3n® = n? flops are needed for calculating
{ff, l;, ¢} in the block form of Figure 6 or even in any of the canonical forms. The calculation of the
transformation T itself takes n® + 1n® = 2n> flops. The Lanczos procedure on the other hand, requires
2n matrix products 4b, and A'c}, but if A is sparse this may be relatively cheap, say 2mn?, where m is
the number of non-zero elements in one row/column of A. For sparse systems the Lanczos procedure
also has the advantage of not requiring to store A4 as such, whereas the direct method would require this.
The biorthogonalization requires in total 2> flops, but this includes the construction of 7 and 7. If
full reorthogonalization is not requested then this figure can be replaced by 10kn® where k is the
average block size of the diagonal blocks. The numerical stability of the direct approach is, normally
superior to that of the Lanczos procedure. In the first stage of the direct approach, only unitary
transformations are performed. The rank tests there involve the off diagonal elements x, of the
Hessenberg matrix (4) which are computed from orthogonal similarity transformations. In the Lanczos
procedure the rank tests involve scalars or block matrices, which are computed from non-unitary
transformations of the original {4, b, ¢} triplet. In the direct approach, similar disadvantages are
encountered in the second stage as well. The upper triangular transformation eliminating the elements
above the diagonal of 4, may be very ill-conditioned. When using a threshold &, instead of checking for
non-zero elements, one can bound the condition number of the updating triangular transformations 7,
by some function of 8. This is far less obvious in the Lanczos procedure, where the condition number of
the matrices T and T~ !, constructed during the process, is far more difficult to monitor.

A final disadvantage of the Lanczos procedure is the multiplication with the 4 and A' matrices,
which cause instability when the eigenvalues of A have a large spread (when A is ‘stiff’). This is e.g. one
of the reasons why reorthogonalization is needed in the Lanczos procedure. This drawback is typical for
the Lanczos procedure and is not encountered in the direct approach. Sirpilar remarks already hold for
the first step of our approach, which constructs the Hessenberg form {A, b, ¢} in (9), from which the
controllable subsystem can be determined [11]. Any approach based on the Krylov sequence A'h may
suffer from instabilities which do not occur in direct methods and the Lanczos-based methods are
therefore to be avoided when controllability is to be detected [9]. But as mentioned in [9,8], trying to
transform a system to a canonical form is in general not recommended. For this reason one could stop
the reduction procedure in this paper after the block tridiagonal form of Figure 6. Proceeding beyond
that involves diagonal blocks in companion form (14), which is known to be delicate [8]. The dense block
tridiagonal form is therefore a good compromise when one is only interested in finding the block
structure of the Hankel matrix in Figure 7. All this does not preclude possible instabilities in the block
tridiagonalization. But the big advantage here is that one can easily check when 1instabilities may occur.
The pivots y, and x, are precisely the elements to be inverted in subsequent steps of the algorithm, and
putting a threshold on those will keep future transformations bounded. In short, we feel that the direct
approach is probably the most sensible and flexible way to proceed towards one of the forms described in
this paper.
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