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Available online 3 October 2016 only on orthogonal transformations, was recently proposed. The computed antitriangu-

lar form straightforwardly reveals the inertia of the matrix. A block version of the latter
algorithm was described in a different paper, where it was noticed that the algorithm
sometimes fails to compute the correct inertia of the matrix.
In this paper we analyze a possible cause of the failure of detecting the inertia and propose
a procedure to recover it. Furthermore, we propose a different algorithm to compute the
antitriangular factorization of a symmetric matrix that handles most of the singularities of
the matrix at the very end of the algorithm.
Numerical results are also given showing the reliability of the proposed algorithm.
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1. Introduction

Given a symmetric indefinite matrix A € R™ " with inertia (n_, ng,ny), where n_,ng and n,. are the number of eigen-
values of A less, equal and greater than zero, respectively, and defined ny = min{n_, n4}, np = max{n_, ny}—ny, there exists
(see [10] for details) an orthogonal matrix Q € R™" such that

000 0 J}ng
000 YT | im
00X ZT |Iny
0Y Z W |Im

A=0MQT, M= (1)

with Z e R"*™2 Y ¢ RM>*™ nponsingular lower antitriangular, W € R™>*™ symmetric and X € R"2*"2 symmetric definite if
ny >0, ie, X =0LLT with L nonsingular lower triangular and
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0 — 1, ifny >n_
- —1, ifn+ <n_ -’

When ny =n_, 6 and X are not defined and the matrix M reduces to

00 0
M=|{00YT
0y w

Hence, X is symmetric positive definite if 6 =1 and is symmetric negative definite if # = —1. The matrix M is said to be a

Block AntiTriangular (BAT) matrix or, equivalently, M is said to be in a BAT form. In this paper we denote a zero submatrix
by 0, whose size is trivial to determine and by eEk) the j-vector of the canonical basis of R¥. If A € R"™*" we use the
matlab notation A(iy : iz, ji: j2) to indicate the submatrix of A made by the rows i and j, for i € {i1,i; +1,---,i2}, and
je{j1,j1+1,---, j2}. Moreover, the machine precision is denoted by ¢.

An algorithm for computing the BAT form of the symmetric matrix (1) is described in [10]. The algorithm is backward
stable relying only on stable orthogonal transformations. At the i-th iteration of the algorithm, i =2, ...,n, we use the BAT
form of A(1:i—1,1:i— 1) to compute the BAT form of the submatrix A(1:i,1:1i) in a recursive way. In this paper we
refer to the latter algorithm as the S-BAT algorithm.

A block extension of the S-BAT algorithm is proposed in [3], where at the i-th iteration the BAT form of A(1:i+k—1,
1:i4+k—1), k>1,is computed, yielding the BAT form of A(1:i—1,1:i—1). In this paper it is noticed that, although only
stable orthogonal transformations are performed, the algorithm sometimes fails to detect the exact inertia of the matrix.

In this context, the main aim of the present paper is to analyze a possible cause of the loss of accuracy in the compu-
tation of the inertia with the S-BAT algorithm and to develop a procedure to retrieve the exact one. Moreover, we propose
a different algorithm for computing the BAT form of a symmetric indefinite matrix aimed to overcome this issue. The idea
behind the algorithm is to consider a Lanczos-like procedure [7] in order to handle tiny eigenvalues at the end of the algo-
rithm. The new algorithm inherits the nice properties of the Lanczos algorithm, such as the convergence behavior depending
on the minimal polynomial of the matrix. We will refer to this algorithm as the H-BAT algorithm.

The BAT form plays an important role in a variety of applications, where it is important to update (downdate) the fac-
torization of a symmetric indefinite matrix modified by a symmetric rank-one matrix in a fast and stable way. For instance,
this problem occurs in tracking the dominant eigenspace of a symmetric indefinite matrix [9]. Moreover, a fast procedure for
modifying the factorization of an indefinite Hessian is required in optimization problems based on quasi-Newton methods
[6,7,11].

In [10] it is shown that the BAT factorization of a symmetric indefinite matrix A € R™*" can be efficiently updated
in a stable way when modified by a symmetric rank-one matrix with O(n?) floating point operations and, hence, such
factorization is a good candidate to solve the aforementioned problems. Updating rank-one modifications of factorizations,
like the LDL factorization [4] of a symmetric indefinite matrix, in a stable way is not so straightforward due to the block
diagonal matrix D requiring, in the worst case, O (n?) floating point operations.

Finally, symmetric indefinite matrices arise in a block form in numerous saddle point problems [2], so that the BAT
factorization can be applied [12].

The paper is organized as follows.

The analysis of the cause of failure in detecting the inertia of the algorithm proposed in [10] and the procedure to retrieve
the exact one are described in Section 2. In Section 3 a new algorithm for computing the anti-triangular factorization of
symmetric matrices is presented. The numerical examples are described in Section 4 followed by the conclusions.

2. Numerical issues

In this section we analyze a cause of failure of the S-BAT algorithm [10] in detecting the numerical inertia when com-
puting the antitriangular factorization of a symmetric matrix.

Let us define the t-inertia of a symmetric matrix A € R"*", denoted by Inertia(A, t), as the triple (i_,fg, Ay), where
fi_,fip and Ay are the number of computed eigenvalues smaller than —t, smaller or equal to 7 in absolute value, and
greater than t, respectively, with 7 > 0 a fixed tolerance.

We shortly describe the i-th iteration of the S-BAT algorithm, i=2,...,n.

At the i-th iteration, the computed BAT form of the principal submatrix A(1:i—1,1:i—1) is used to reduce the principal
submatrix A(1:1,1:1) to BAT form. At the end of the i-th iteration, we have the following “partial” BAT factorization

W T
A= | M €V qor
c 0

where Mgi) € R is in a BAT form with inertia (iy,ip,i_), C) e RO-Dxi 1O ¢ RO-Dx0=D symmetric and Q ) ¢ R"
orthogonal. .

For the sake of simplicity, we assume that ig = 0. The case ip > 0 can be handled in a similar way. The submatrix M%”
looks like
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Fig. 1. Displacement and modification of the entry « from position (j,i; — j+ 1) to (1,i1) by means of a sequence of Givens rotations applied to the left
(—) followed by a multiplication by a permutation matrix PT to the right («). In each matrix, the nonzero entries are denoted with the symbol x in gray,
the entry to be annihilated by the multiplication of the Givens rotation is denoted with ®, the entries smaller than « in absolute value are denoted by &,
and the rows to be modified are depicted in black, while the columns swapped by the application of the permutation matrix PT to the right are depicted
in black.

o [oo0 vy
MP=|0Xx 2" |}z,
Y ZWw )i

where 2i; + iy =1. )
In the S-BAT algorithm, for a fixed threshold 7 > 0, Mg') is considered “t-numerically” singular if one of the entries in
the main antidiagonal of Y is, in absolute value, less than t, i.e., if

IY(j,ii—j+Dl<t, forajefl,... i1} (2)

In the sequel we will show that the matrix Mg') can be t-numerically singular even if condition (2) is not satisfied and we
propose a procedure to recover the t-inertia.

To this end, let us suppose that (2) holds fora je{1,...,ii}and let ¢ =Y (j,i;1 —j+1).

We proceed in the following way.

Let ék e Ri<i k= j+1,j+2,...,i1, be the sequence of Givens rotations such that, for Ql = @,-1 ~~(A;j+26j+1,

o [ a&ln
QiYP —[f/ al]}n 3)

with & € R, |&] < «, a; € Ri171, ¥ e RG-DxGi-D popsingular antitriangular and PT € Ri*1 is a permutation matrix
swapping the columns i1 — j+ 1 and iy.
The transformation (3) is depicted in a graphical way in Fig. 1 for a matrix Y of order 6.

Let
p
Q]= 112 .
Q1
Then
000 0V ]}i;—1
000 & al [n
MY =Ml =] 0 0 X & 27 |}> . (4)
0qal yal n
Ya Za w |[Hi—1
with
A 0 AT 5 AT
o 4 ) A v a3 A wAT
~ = o , A = Z7 ~ ~ = W .
[a1_ Q1 5 Q1 i W Q1WQ;

Vvt i —j1
Therefore |&| < |a|. Let us consider the submatrices

[0 0 & X i
K=|0 X a |, 1<1:[5T 3]
L aal p 2 ¥

We observe that, in exact arithmetic, if & > 0, then Inertia(K) = (1,0,iy + 1) if 8 > 0, Inertia(K) = (i + 1,0, 1) if
0 < 0. Nevertheless, we will see that, in floating point arithmetic, K can be numerically singular, therefore implying that
Inertia(K) = (1, 1, i) if Ky is indefinite or Inertia(K) = (0, 1, iy + 1) if Ky is definite.

Let P, € R(2+2)x(2+2) he 3 permutation matrix such that
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X a0
Ky =P,KP) =] 4l p a |,
0 0
and let
Ii -1 .
Py = P;

Ii; -1
Hence K, can be decomposed as

Ky =60LLT + K3,

where
R L 000
L=|w' | and Kz3=| 07y & |,
0 0a o0

and w=0L""4, 7 =y —ow'w.
Hence K, and thus Mﬁ”, are either numerically definite, indefinite or singular if this is also the case for the submatrix

. _[7a
1@:[2 0]'

The eigenvalues of K5 are respectively

N0

A )72
M2(K3) === T + a2,

Therefore, if

< 78 (5)

<

then K3 is numerically singular with numerical eigenvalues A1 (K3) =0 and 22 (K3) = V.
In this case, we can consider the Givens rotation G such that

S oA~ 0
T_ A~

GZMZ‘[ A2(1<3>]
Let

. I i1

Q—|:l2 }aHszz Q2

2 Ii; 1

Then

o LATLT wy wy ] 00 o0

Q2K,QF =0 | wl +[00 o0 |,

wj 0 0 X2(Ks3)

with

Let Q3 € R(2+2x(2+2) pe the product of the Givens rotations Q3 = G, 1Gi, 3 --- GGy such that

L 01N
Qs | wi |=| L [}, (6)
wl w1

with L nonsingular lower triangular and W, € R%2. The transformation (6) is depicted in a graphical way in Fig. 2 for iy = 4.
Then
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Fig. 2. Annihilation of the main diagonal of the lower trapezoidal matrix by a sequence of Givens rotations described in (6). The same notation of Fig. 1 is
adopted.

0 7[0oi" w,] [00 O 000
03Q2P2kP]Q] Q] =0 | L +{00 0 =10 X W
W] 0 0 Xy(K3) 0w y
where
X =0LLT, Wy = 00wy, 7 = OWIW, + 2o (Ry). )
Hence
00 0 o0 YT
00 0 0 af
MY =Q3Q2P2QiM{’QPIQI QI = 0 0 X W ZT |
00w y al
Ya Z a3 W
where
iy éz A A a
Q3= 03 and | ZT | =Q3QaP2 | ZT
Iy, 5'3[ aBT

Let Q4 e Ri1¥1 be the orthogonal matrix such that

A [ YT 01
[5]-[00-

and let
Q4=|:Q4 I }
i1+i
Then
000 0 07y
00 0 0 Y™ |}i;—1
MY =Ml =00 X W ZT |}iz
oow, y al |1
0Y Z a3 wJli—1

The last step is to check whether the submatrix

7]
W 7

is either definite or indefinite and to transform it, by the multiplication of an orthogonal matrix Q5 € Ri2+Dx(2+D  respec-
tively, to

. BN
either 9LLT or X wy |}ip—1
pwl 7 |

The details on the last step can be found in [10].
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Then
Mg’ =QsMy’ Qg

is in a BAT form with the corrected numerical inertia, where

Ii; 1

Remark 2.1. In many numerical experiments we observed that the bound of (5) should also depend on the size i of the

already computed antitriangular submatrix Mgi) at the i-th iteration. Therefore, to check whether M?) is T-numerically
singular we replace (5) by

ie
< —.
2

<

3. The new algorithm

In this section we describe a different way to compute the anti-triangular factorization of a symmetric indefinite matrix
A e R™,

We describe the first and the generic i-th iteration, i=1,...,n — 1. Let A1 = A. )

At the first step, a Householder matrix Hy € R™" is applied to A such that A; = HlTAlHl, with

0
A T
A] = 1 Vg N
0vy | A

with T1 € R?*2, v, e R"2, and Ay € R2*M-2)_Let G; € R?*? be the Givens rotation such that M, = G1T1G! is sym-
metric antitriangular (see [10] for details) and let

al My llzvg
G = , Ay= = ,
1 [ 'n—Z] ’ [Vzug A

where uy € R? is the last column of G1. Then

A1=0Q{AQ1,

with Q1 = G1H1. Hence, after the first step, the submatrix A(1:2,1:2) is in antitriangular form.
At the i-th iteration we proceed in a similar way. Suppose A; is divided as follows,

M; |uv?
A= [ﬁu} ,
V,‘lll- A,‘

with M; € R™! symmetric antitriangular, u; € R, v e R®D and A; € RO=Dx(=) symmetric.
Let H; e R®—D*(—D) he the Householder matrix such that H;v; = oc,'e,@ and let

w=[" ]

Then
A; = H! AiH;,
with
M; 0
Ai= ﬁzT Vi Y1T+1 )
0 Viii Aip
and @; = a;u;,
T
PV N A
yl ~l+1 — H[TAiHis
Viy1 Aipr

with y; € R, vipq e ROI-D A, e RO—I-Dx—i=1)
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Let G; e RU+D*(+D pe the orthogonal matrix [10] such that

M 6]
Mi+1=G1[ﬁf VIJG{

i 1

is symmetric antitriangular and let

Then

T

AT Miz1 |wigqvl

Aip1 = GiAiG; = T ~ ,
vipal | A

where w1 € R™*! is the last column of G;. Hence

Air1 = QiAiQ/],

with Q; = GiH;.
After the (n — 1)-st iteration, the matrix A, is in antitriangular form and the matrix H,_q is the identity matrix.

Remark 3.1. We observe that the antitriangular matrix A, computed by the proposed algorithm can be obtained computing
first the Householder reduction of A to tridiagonal form,

Tn=Qn2Qn-1--Q1A1Q, ,Q1 ;- Q. (8)
and then applying the sequential algorithm described in [10],

An=Gn_1Gp_2---G1ToG! ,GI ,...GT.

Therefore, by (8), the proposed algorithm inherits the properties of the Lanczos algorithm, since the Householder reduction
of a symmetric matrix to a tridiagonal one is equivalent to the Lanczos algorithm with starting vector e(]") . In particular,
if the matrix A has k eigenvalues equal to zero, 0 <k <n, and all the eigenvalues different from zero have multiplicity
equal to 1, then the last k — 1 rows and columns of T, are zero. Hence, in such a case, applying the described algorithm,
all the singularities but 1 of the matrix are handled at the last k — 1 iterations of the algorithm. Moreover, if the degree
of the minimal polynomial of A is m < n, the anti-triangular matrix M, computed after m iterations of the algorithm
is not anymore modified by the completion of the algorithm, but only permuted and shifted downward along the main
diagonal.

4. Numerical results

In this section we consider three examples. In the first one we emphasize the dependency on & and y of (5) in detecting
the correct numerical inertia.

In the last two examples we compare the algorithm S-BAT [10] with the algorithm H-BAT described in Section 3, with the
LDLT factorization with partial pivoting [4] denoted by A= PTLDLTP and with the LDLT factorization with rook pivoting
[1] denoted A = PTIDITP. The last two factorizations are computed by the matlab function 1d1t_symm available at [8].
The BAT factorizations computed by S-BAT and H-BAT are denoted by QsMs QST and QyMy Q,E, respectively. While S-BAT
and H-BAT algorithms depend on the tolerance t fixed a priori, both LDLT factorizations do not. Having computed the
eigenvalues of the block diagonal D of the LDLT factorization, then Inertia(D, ) is given by the triple made by the number
of eigenvalues of D less than —t, less or equal to T in absolute value and greater than 7.

All the experiments were carried out in matlab with machine precision & ~2.22 x 10716,

Example 1. We consider a matrix A= QDQT of order n =50, with Q € R™™ a random orthogonal matrix generated by the
matlab function gallery('gmult’,n), and D =diag(d), with d = randi([—1,1],n, 1), i.e,, d is a random vector whose
elements are —1, 0, and 1. For this particular example, the number of “—1”, “0” and “1” in d are respectively 15, 19 and 16,
so, Inertia(A) = (15,19, 16). It turns out that

IQuMEQf; — All2
I All2

In Fig. 3 the sparsity structure of the computed antitriangular matrix is displayed (left). This structure was expected [10],
since A has only eigenvalues {—1, 0, 1}. We observe that with the new adapted criterion, the ratios |oj/y;| (*) are below the
threshold (+) 2j+/¢ and above the smallest eigenvalue (0) of K at the j-th iteration of the S-BAT algorithm (Fig. 3 (right)).

=194 x 1071,
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Fig. 3. Left: Computed antitriangular matrix with eigenvalues {—1, 0, 1}. Right: “0”, smallest eigenvalue of K at step j;
and y;; “+”, bounds for the ratios y;/o;.

, ratio of the coefficients o;

100
920

100
90 100

Fig. 4. Entries of the matrices L (top, left), L (top, right), Ms (bottom, left), and My (bottom, right) in Example 2.

Example 2. Using the vector d = [randn(60, 1); zeros(40, 1)], and a random orthogonal Q € R00%190 the symmetric
indefinite matrix A € R190%190 considered in this example is given by A = Q x diag(d) x QT, where Q is computed by
the matlab function gallery('gmult’, n), with n = 100.

The exact Inertia is (29,40, 31). In Fig. 4 the entries of the L factor of the LDLT factorization with partial pivoting
(first row, left), the entries of the [ factor of the LDLT factorization with rook pivoting (first row, right), the entries of
the antitriangular matrices Ms and My computed respectively by the S-BAT (second row, left) and by the H-BAT algorithm
(second row, right) are depicted. We can notice that the L, I and Mj are full structured matrices, while My is sparse.
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Table 1
Relative residuals of the factorizations computed by the LDLT factorization with partial pivoting, by the LDLT
factorization with rook pivoting, by the S-BAT and H-BAT algorithms, respectively, for different values of 7.

- |PTLDLIT P—A|, |IPTLDLT P—AJ, 1QsAsAL—All2 1QuARA] —All2

AL AL — TAL; AL,
1.0x 10713 4.99 x 10716 3.61x 10716 3.10 x 10713 2.39x 1071
1.0x 1071 4.99 x 10716 3.61x 10716 3.10 x 10~ 2.33x10°1
1.0x 10715 4.99 x 10716 3.61x 10716 3.14x 10710 230 x10°1°
1.0x 10716 4.99 x 10~16 3.61x 10716 3.69 x 101> 2.56 x 101>

Table 2
Inertias of the matrices D, D, Ms and My computed by the LDLT factorization with partial pivoting, by the LDLT
factorization with rook pivoting, by the S-BAT and H-BAT algorithms, respectively, for different values of t.

T Inertia(D, T) lnertia(ﬁ, T) Inertia(Ms, 7) Inertia(My, 7)
1.0x 1013 (29,40, 31) (29,40, 31) (29,40, 31) (29,40, 31)
1.0x 10714 (29,40, 31) (29,40, 31) (29, 40,31) (29,40, 31)
1.0x 10" (34,31, 35) (34,31, 35) (31,35,34) (30,39, 31)
1.0 x 10716 (52,1,47) (52,1,47) (52,2,46) (49,10, 41)

e e el -’
AL upus dad b 10"} ]
. ""‘.:!11":'!"

250" it N
1074 1

300t o

n n n 10725 1 1 1 1 1 1
0 50 100 150 200 0 50 100 150 200 250 300 350

nz = 4252

Fig. 5. Sparsity of the matrix of Example 3 (left) and distribution of its eigenvalues (right).

The relative residuals of all considered methods, for different values of t, are reported in Table 1 (the relative residuals
of the LDLT factorizations are all equal because independent of 7).

The t-inertias, for all the considered methods and different values of 7, are reported in Table 2. We can observe that
all methods fail to compute the exact inertia when the tolerance T becomes tiny. However, for all values of 7, the inertia
computed by H-BAT seems to be the closest to the exact one.

Example 3. In this example we consider the matrix USAir97 belonging to the group Pajek of [5], here denoted by
A e R332x332 1 Fig, 5 the sparsity structure (left) and the singular value distribution (right) of A are displayed. Moreover,
Inertia(A) = [146, 51, 135]. In Fig. 6 the sparsity structures of I,I,Ms and My are depicted. Observe that My is sparser
than i,f_ and Ms.

The relative residuals of all considered methods, for different values of t, are reported in Table 3 (the relative residuals
of the LDLT factorizations are all equal because independent of 7).

The t-inertias, for all the considered methods and different values of 7, are reported in Table 4. The inertia computed
by H-BAT seems to be the closest to the exact one for all values of 7, also in this example.

5. Conclusions

In this paper a novel criterion to check whether a symmetric antitriangular matrix is singular was introduced. Moreover
a different backward stable antitriangular factorization, called as H-BAT algorithm, inheriting the properties of the Lanczos
algorithm, is presented. The considered criterion was embedded into the algorithm S-BAT [10] and into H-BAT and their
performances in accuracy were compared with those of the LDL factorizations with partial pivoting [4] and with rook
pivoting [1]. The numerical examples show that comparable results are obtained in terms of relative residuals. Concerning
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150 200
nz = 36406

250 300

0 50 100

150 200
nz = 38446

50

100

150

200

250

300

250 300 0

50 100 150
nz = 48001

200 250 300

50 100 150

200 250 300

nz =7210

Fig. 6. Sparsity structure of the matrices L, L, Ms and My in Example 3.

Table 3

Relative residuals of the factorizations computed by the LDLT factorization with partial pivoting, by the LDLT

factorization with rook pivoting, by the S-BAT and H-BAT algorithms, respectively, for different values of 7.

. IPTLDET P—Al) IPTLDLT P—Al, 1QsAsAT—All> 1QuAnAL —All2

1AL 1AL AL AL

1.0x 10713 2.05x 10716 1.60 x 10716 8.47 x 10~ 121 x 10713

1.0x 10714 2.05x 10716 1.60 x 10716 3.98 x 101> 1.21x 10715

1.0x 1071 2.05x 10716 1.60 x 10716 1.77 x 10715 121 x 10713

1.0x 10716 2.05x 10716 1.60 x 10716 1.94 x 10715 1.21x 10715
Table 4

Inertias of the matrices D, D, Ms and My computed by the LDLT factorization with partial pivoting, by the LDLT

factorization with rook pivoting, by the S-BAT and H-BAT algorithms, respectively, for different values of 7.

T

Inertia(D, 1)

lnertia(f), T)

Inertia(Ms, T)

Inertia(My, T)

1.0x 10713
1.0x 1071
1.0 x 1071
1.0 x 10716

(147, 50, 135)
(147,50, 135)
(149, 47, 136)
(150, 46, 136)

(147, 50, 135)
(147,50, 135)
(149, 47, 136)
(150, 46, 136)

(146,51, 135)
(146,51, 135)
(146,51, 135)
(146,51, 135)

(146,51, 135)
(146,51, 135)
(146,51, 135)
(146,51, 135)

213

the estimation of the numerical inertia, the considered tests show that H-BAT performs best. Moreover, the computed
antitriangular matrix is sparser than the ones provided by the other considered algorithms.
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