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Abstract. Many important kernel methods in the machine learning area, such as kernel princi-
pal component analysis, feature approximation, denoising, compression, and prediction require the
computation of the dominant set of eigenvectors of the symmetric kernel Gram matrix. Recently, an
efficient incremental approach was presented for the fast calculation of the dominant kernel eigen-
basis. In this paper we propose faster algorithms for incrementally updating and downsizing the
dominant kernel eigenbasis. These methods are well-suited for large scale problems since they are
efficient in terms of both complexity and data management.
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1. Introduction. We consider in this paper the problem of finding a low rank
approximation of so-called Gram matrices, which play an important role in kernel
based learning methods [28]. These arise in transforming learning algorithms into
kernel representations [15, 27] in the support vector machines (SVM) framework [27,
28]. Given N data points x; € RP, i = 1,..., N, one constructs a square symmetric
N x N kernel Gram matrix K with K;; = k(x;,%;), where the kernel k(-,-) provides
a similarity measure between pairs of data points:

k:RPxRP - R: (Xi,Xj) — k(Xi,Xj).

Typical exampleb of such functions are
k(x,y) =
k(x, ):(T—ny),TE[RdED\I
k(x,y) =exp(—|y — x|3/0?), 0 €R radial basis function kernel),
k(x, y) = tanh(k1x7y + ko), k1,k2 € R (multilayer perceptron kernel).
Since only a scalar product of two vectors is involved in the computation of each

linear SVM),
polynomial SVM of degree d),

NN N
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UPDATING DOMINANT KERNEL PRINCIPAL COMPONENTS 2377

element of the matrix with the latter functions, the overall complexity of computing
the Gram matrix is of the order O(pN?), where, typically, p < N. Moreover, the
Gram matrix is supposed to be symmetric positive definite (SPD).

Let us denote by Ay > Ay > -+ > Ay_1 > Ay > 0 the eigenvalue of K, and let

us denote by )\gn) > )\é") > > /\7(1”,)1 > ,\51”) > 0 the eigenvalues of the submatrices
K,=K(l:n,1:n),n=1,...,N.

Many methods in this area [11, 17, 19, 20, 21, 22, 24, 27] rely on the knowledge
of the m dominant eigenvectors of Ky, with m <« N. Computing this eigenspace
with usual tools such as the eigenvalue decomposition [10] requires O(N?) operations.
For large data sets (as, for example, in image processing, computer vision, or object
recognition) an eigendecomposition of Ky can simply become too time-consuming.
But also memory is an issue since O(N?) memory units are required. In addition,
computations may have to be repeated several times if the problem is nonstationary.

Some applications require adaptive algorithms, and during the last three decades
considerable effort was spent in dealing with such issues. The typical approach is
called singular value decomposition (SVD) updating, in which the previous eigenspace
is incremented when new data are incorporated in the scheme [1, 3, 4, 5, 6, 16, 15, 18].
In most of these methods the eigenspace is incrementally updated when additional
rows and/or columns are added to the data set. These updating algorithms usually
increase the size of the updating eigenspace by the size of added rows and columns.

In the particular context of kernel algorithms, since the kernel matrix increases
both in row and column dimension when a point x; is added, those updating schemes
can be applied efficiently only when using the technique described in subsection 2.1
of this paper, adapted to the particular situation.

In [14], an online updating and downdating algorithm is presented for the dom-
inant eigenspace case of a growing square symmetric matrix; it has a computational
complexity of O(nm? + m?) and memory requirement of O(nm) at the nth iteration.
In [9], a modified algorithm for solving a similar problem has been proposed with
essentially the same computational complexity. A so-called “downsizing” technique
is also proposed in these two papers to maintain the number of rows of the subspace
matrix fixed, say, equal to 72, with an O(fm? 4+ m?) complexity per iteration.

In this paper, we propose a new algorithm for updating with O(nm + m?) com-
plexity and O(nm) memory requirements per iteration. The idea is to compute only
(at each step of the updating) the subspace associated with the eigenvalues to be
discarded, which requires less work than computing the dominant subspace. We also
derive an improved algorithm for downsizing the approximating subspace with a com-
plexity of O(fim+m?) per iteration. The downdating procedure proposed in [14] could
potentially destroy the semidefiniteness of the approximation. The proposed down-
dating procedure often preserves the semidefiniteness of the approximation. Moreover,
it could also be applied to Laplacians of very large undirected graphs or other similar
problems.

The algorithm described in this paper can be applied to handle large problems
involving any SPD matrix. Moreover, modified in an appropriate way, it can be effi-
ciently used to handle nonsymmetric problems as well, arising, e.g., in latent semantic
indexing [3, 29] and subspace tracking [26]. These include updating a rank k& approx-
imation of a matrix A, when padding it with rows and/or columns, or when adding a
low rank correction to it.

We also present an error tracking mechanism that provides a reasonably accurate
estimate of the error norm of the computed low rank approximation. This estimate
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2378 N. MASTRONARDI, E. E. TYRTYSHNIKOV, AND P. VAN DOOREN

is based on the eigenvalues that are neglected at each step of the iteration; therefore
the computed estimate is obtained at a marginal additional cost. Numerical examples
illustrate the performance of the estimate.

The paper is organized as follows. In section 2 we propose an updating scheme
for an existing eigenspace. In section 3 we describe a downsizing algorithm inspired
from [14] and show how it can be implemented in a more efficient way. In section 4
we derive some bounds for the accuracy that can be obtained with our method. In
section 5 we present experiments on some typical benchmark data sets to demonstrate
that accuracy and stability of the eigenvalues and eigenvectors are preserved during
and after iteration. Section 6 summarizes the key results and compares the overall
complexity of the different algorithms.

2. Updating procedure. In this section we describe in detail the updating
for one step of the iterative procedure and show that it compares favorably to the
complexity of the algorithm proposed in [14].

2.1. Basic idea. For the update we assume that we have an orthonormal basis
U, € R™™ of the dominant eigenspace of the square symmetric matrix A, € R™**",
which is a symmetric positive semidefinite rank m approximation of the Gram sub-
matrix K,,, based on the n first data points.

The goal of updating is to obtain the (n + 1) X m eigenspace matrix U, 11 of
Apt1 € R+ x(n+1) "5 rank m approximation of the Gram submatrix K, 41, based
on the n first data points and one extra data point x,41. To this end, first, a matrix
fln+1 is constructed, appending one more row and column to A,:

S A, a
(21) An-‘,—l - |: aT b :| )

where a € R™ is the vector of kernel entries a; = k(x;,Xp+1), ¢ = 1,...,n, and b is
the scalar k(X;,41,Xn+1). The matrix Anﬂ has rank m + 2, at most. Then, A, is
computed as the optimal approximation of An+1 in the class of symmetric positive
semidefinite matrices of rank m, and that is not necessarily the best approximation
in the (larger) class of symmetric matrices of rank m.

In [14], A, 41 is written as a rank 2 modification of A,, bordered with zeros:

A A, O 1| a a T 1ra a r
SR P 1 COR [0 1 | (I

where 0 is the zero vector of length n. This is then exploited to derive an algorithm
of O(nm? +m3) complexity to compute the eigendecomposition of (2.2) and derive a
new rank m approximation A, 1. In this paper we describe an algorithm computing
the same eigenspace with O(nm + m?) complexity.

Let A,, be a rank m matrix, m < n,

with M,, € R™*™ SPD and U,, € R"*"™ with orthonormal columns. Let

(23) M, = QmDmQ%
be the eigenvalue decomposition of M,,, where D,, = diag(ugn),ug”),...,ug,’f)),
ugn) > uén) > > u,(ff) > 0 (we will drop the index and use p; instead of ul(-")
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when it is obvious from the context that we are at step n) and QL Q,, = ,,,. Also let

(2.4) r=Ula,

(2.5) q= (0, -U,UNa=a—U,r,
(2.6) p = llallz,

(2.7) uL =q/p.

These computations correspond to the Gram—Schmidt orthogonalization [25] of the
matrix [ U, | a] and require 4nm operations:

[Un|a1=wn|ul][ b | * }

In order to avoid loss of accuracy, the Gram—Schmidt orthogonalization can be per-
formed twice [8], doubling the cost. If we replace

a=U,U a+ (I, —U,UNa=U,r+puy,

then by (2.4), (2.5), (2.6), (2.7) we can write (2.1) as

N A, | a PPN

(2.8) An = [ N ] =UMUT,
where

U M, r
(29) 0 [l ] e | 1T

rm | p | b

Let
(2.10) M = Qmi2Dmi2Qh s

be the spectral decomposition of M, where Qerg € Rm+2)x(m+2) i5 the orthogonal
matrix of eigenvectors of M and

Dypi2 = diag(fin, fiz, - - -, fln+1, fim+2)-
It then follows from the interlacing property [10] that
(2.11) f1 2> p1 > flo > plo 2 2 g 2 g1 20 2> o,

Since the order of M is m+2, its spectral decomposition can be computed with O(m3)
floating point operations. In what follows, we will consider a technique to reduce this
cost.

Replacing (2.9) and (2.10) in (2.8), we obtain

(2.12) Aust = UOmia Doy 20T ,07.
The new updated dominant subspace U, 11 is obtained in [14] by multiplying U by

Qm+2 and neglecting the last two columns, corresponding to the two smallest eigen-
values fip,41 and fl,, 1o of M with a cost of 2nm? operations.
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We now show a different way to compute U, 1. We observe that it is not necessary
to compute the whole spectral decomposition of the matrix M. The idea is to compute
only the subspace of R 12 spanning the last two columns of Qerg, i.e., the subspace
spanned by the eigenvectors associated with the smallest (i.e., the most negative) two
eigenvalues fi;,+1 and fi,,+2, and two orthogonal transformations H; and Hy such
that

(2.13) HngQerg [ [IO ] = [ g } ,  where E := diag(F1, F1);
2
i.e., the orthogonal matrices H; and H> transform the eigenvectors associated to the

eigenvalues fi,;,+1 and [l 42 to the last two vectors of the canonical basis of R(m+2),
Then,

R Mn+1 |
HyH,MHH] = fimi1 ,
ﬂm+2
with My41 € R™*™. Hence, (2.12) becomes
R R Mn+1 | .
AnJrl = UHITHZT ‘,&m+l HQHlUT.
,[Lm+2

Therefore, the new updated decomposition is given by
Any1 = Uns1Mp1 UL,

with U, 41 given by the first m columns of the product UHlTHgT.
(n

Remark 1. Each eigenvalue p ) of A,, is a nondecreasing function of n. This

follows from ugnﬂ) = fi;, 1 =1,...,m, and the interlacing property (2.11).

Each matrix H;, ¢ = 1,2, can be chosen as either a Householder matrix or a
sequence of m + 1 Givens rotations such that (2.13) holds. With such choices, the
updated matrix U, 4; is computed with 4mn and 6mn operations, respectively. Mod-
ified Givens rotations [12] can be used instead of Givens rotations in order to reduce
the computational complexity to 4mn.

In (2.13), only the knowledge of the subspace of R™*2 spanned by the eigenvectors
corresponding to fi,+1 and fi,;,42 is required.

In what follows, a method to compute this subspace is proposed with a lower
computational complexity. At each updating step, the matrix M, is kept in factorized
form. In particular, we will use the Cholesky factorization of M,,.

2.2. Using the Cholesky factorization. Let
(2.14) M, = L,LY

be the Cholesky factorization of the SPD matrix M,,, where L, € R™*"™. Replacing
(2.14) in (2.9), we have

L,LY r
(2.15) M = 0] p|=LDL"T,
b

rT
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with
(2.16)
L, I] 0
A,_ T A'_ m _ p o —1
e [ ] s [] e

Due to the lower triangular structure of L,,, the linear system L,t = r is solved
with m? floating point operations by forward substitution [10]. Each updating it-
eration by using the Cholesky factorization can be divided into the following three
steps.

1. Computation of the matrix M by means of the procedure described in the
previous section.
2. Computation of the subspace spanned by the eigenvectors corresponding to
the smallest eigenvalues fiyi1 and fim 4o of M.
3. Reduction of the dimension of the updated subspace neglecting columns m+1
and m + 2.
The subspace corresponding to the smallest eigenvalues fi,,+1 and fi,;,42 can be re-
trieved by applying a few steps of inverse iteration without shift to the matrix M,
factorized as in (2.15), starting from a couple of orthogonal vectors as initial guesses.
It turns out that the most efficient choices for the initial vectors at the current it-
eration are the eigenvectors corresponding to the two eigenvalues [iy,+1 and fi,42
neglected at the previous iteration. At the ith step of inverse iteration for each of the
two vectors of the approximate invariant subspace XO and y0 , the following three
structured linear systems must be solved:

(2.17) Px = x|y — )
(2.18) Dxy) =x{", D <” =y,
(2.19) TR0 = %9 1 <z> _—cl

Each system in (2.17) and (2.19) requires m?* operations to be solved, due to the

lower triangular structure of L. Each system in (2.18) requires a constant number of
operations, since the matrix D differs from the identity matrix only for the 2 x 2 block

in the lower-right corner. One then also orthogonalizes the two computed vectors xéi)

and ygl) against each other with a linear cost in m. Hence, each step of inverse
iteration costs a total of 4m? operations.

The last step is the updating of the matrix U by means of the two left multi-
plications by orthogonal matrices. In order to keep the triangular structure of the
involved matrices, the two orthogonal matrices are chosen as the product of m + 1
Givens rotations. We shortly describe how this process works.

Let V e R™t2%2 he an orthogonal matrix spanning the invariant subspace
generated by the eigenvectors of M corresponding to fi,+1 and fi,4o. In order to
save some computation, we choose V' with the entry (1,1) equal to 0. This matrix
can be always obtained by applying a Givens rotation Gy to the right of V. Then, a
Givens rotation G is applied to the left of V, acting on its second and third rows, to
annihilate V'(2,1). Hence, fln+1 becomes

(2.20) Apsr = ULDLOT = (UG‘”{) (C:l/i) D (fié"{) (élﬁT) .

The multiplication G1L modifies the second and third rows of L, creating a nonzero
entry in position (2,3). One then applies a Givens rotation GT to the right of G1L
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in order to annihilate the nonzero entry, and (2.20) becomes
A = (0GT) (GiLGT ) (61DGY) (GG ) (Ga07).

which completes the first step. We observe that G1DGT = D for m > 3, since the
first principal block of D is the identity matrix of order m.

All steps for i = 1,...,m are similar: a Givens rotation G; is applied to the left
of L, creating a nonzero entry in position (i4+1,i+1), and its transpose G;‘F is applied
to the right of U. This nonzero entry is then annihilated by a Givens rotation G;
applied to the right of f), and its transpose é;f is applied to the left of D. After m
steps, the first column of V' becomes equal to e,,+2 and, consequently, the last entry
of the second column of V' is 0.

The whole procedure for annihilating all the entries of the first column of V' but
the last one for lower triangular matrices of size 6 is depicted in Figure 2.1. Another
m Givens rotation Gi, i =m+41,...,2m, must then be applied to the left of the
second column of V' to annihilate its first m entries. If we denote the products of
these Givens transformations by

(2.21) [y = GomGom_1---G2G1, Ty := GopnGom_1-- G2G,

then at the end of this procedure the matrix V' is transformed into the last two columns
of the identity matrix of order m + 2. Moreover, A, ;1 is given by

(2.22) Apir = (UrlT) (Flfirg) (FQDFQT) (FQJiFlT) (nUT)
and the matrix [y DT'Y has the following structure:
l]m72

(2.23) D1l = Tn | The |,
Tyo | Too

with T;; € R**2, 4,5 = 1,2, and T1; an SPD matrix, since the first principal matrix
of M is SPD. The structure of the initial LL7 is retrieved by computing the Cholesky
factorization of Tiq:

(2.24) Ty = Ly L3,

with Lo € R2%2. Since one must delete the last two rows and columns of M , the new
matrix L, is then given by

\ Dy
(2.25) Lysi:=[1ln | O ]rlLrg[ 2 I ]

and the new updated matrix U, 41 then consists of the first m columns of the orthog-
onal matrix

N U
(2.26) Upir :=UTT {T} :

This computation requires 12nm operations, but the complexity can again be reduced
to 8nm if the Givens rotations are replaced by modified Givens rotations [12].
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% L D LT U
rox7 X 7 ri 7 rx X X X7 - -
N Y% % x X X X
1 X X X -
X X X X X X 1 X X X c o
X X X X X X X X X X X % VN
Lx x Lx x x x x x| L x xJ L x| L -
rx7 X 1 ri 1 X X X X X X7 - -
” ” X X X X X X
X X x o
X X x x 1 X X X C
X X x X X X X X X NIV
Lx x Lx x x x L x xJ L x L e
rx7 X 1 ri 1 rx x X X7 - -
X X X 1 X X X XX x X
1 X X .
1 X X :
X X X X X X X X X X X % % < %
Lx x Lx x x x x x| L x xJ L x L -
rox7 X 7 ri 7 X X X X X X7 - -
x X X 1 X X X X X XX XX XX
x X X
X X X X Co
X X X X x X X X X NIV
Lx x Lx x x xJ L x xJ L x| o -
rx7 X 1 ri 1 rx x x X - -
x X X 1 X X x XX %
X X X X 1 X X .
1 X :
x X x X X X X
Lx x Lx x x x x x| L x xJ L x L e
rx7 X 7 ri 7 X X X X X X7 - -
X X X 1 X X X X X XX XX XX
x X X X 1 X X X X o
x X X X Co
x X XXX X X X X X X
Lx x Lx x x x| L x| L x| L -
rx7 X 1 r 1 (X X X X 1 - -
x X X 1 X X X XXX
x X X X 1 X X o
X X X X X X X X X Co
XXX X X X X
I L | L X x xJ L i L E
rx7 rx 1 r 1 X X X X X X7 - -
X X X 1 X X X X X XXX XX
x X X X 1 X X X X L
x X X X X x X X X c o
X XX XX X X X X X X
Lx xJ Lx x x x | L | L J - -
rx7 X 1 r 1 (X X X X X 7 - -
x X X 1 X X X X KR XXX
x X X X 1 X X X L
x X X X X X X X X X X - -
x X X X X X X X X X X X% oX %X %
Lx L x x xJ L x x x| L x L E

Fic. 2.1. Effect of Givens rotations on V, L D f/T, and U (part 1). A Givens rotation
is applied to the matriz V spanning the subspace generated by the eigenvectors associated to the
smallest eigenvalues (gray arrows pointing to the first matriz in each row of the figure) in order to
annihilate one entry, denoted by “®.” The same matriz acts to the left of L and to the right of U.
This creates a monzero entry in the matriz L to be annihilated by another Givens rotation. D is
updated accordingly.

Remark 2. This reduction step can also be made with complexity 8nm without
using modified Givens rotations by keeping the matrix U in factorized form at each
iteration.! In particular, we consider the factorization U, = Yél)Yn@), with Y,Sl) S
R7Xm Yn(z) € Rmx", Yn(l) , Y752) orthogonal (at the first iteration we choose Yn(l) =U,,

LA similar factorization was introduced independently in [3].
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% L D LT U
1 X X X X
1 X X X X HoxXxX X

X X X X 1 X X X X P

X X X X X 1 X X X X X

X X X X X X X X X X X X X X X
x X X X X X X x

% X X X X X X

x x 1 X X X o

x X X 1 X X X C

x X X X X X X X NIV
X X X X X X X
r7 X b r 1 X X X7 - -

1 X X X X X X
1 X X ..

X X X X X 1 X X X X X

X X X X X X X X X X X X X X X
Lx L X X Xl L X X XJ L xd - =
r7 rx 1 r 1 (X X X X X 7 - -

” X X X X X X

x x o

x x x 1 x x X X X -

x x X X X X X X X NIV
Lx L X X XU L X X XJ L X - =
r7 X b r 1 rx x X 7 - -

X X 1 X X x X XX
1 x
1 X X X X

X X X X X X X X X X X X X X X
Lx L X X Xl L X X XJ L xd - =
r T < T r T X X X X X 7 r -

X X 1 X X X X XX XR XX
X X o

x X X Co

x X X x X X X X NIV
Lx L x xJ L x xJ L x| o -
r7 rx 1 r 1 [x x x 1 - -

X X 1 X X XXX <
X X X X X X X X X P
X X X X X tT
X X X X X X X X X
Lx L X X X Xl L X X X XJ L xd = =
r T < T ri T [X X X X T r -
X x 1 Y% % X X X X X X
X X X X X X X X X X X o
X X X x Co

X x x X X X X X X
Lx L x x L x x L x L E
r7 rx 1 r 1 (X x X X 1 - -

X X 1 X X X X X X X X X
X X X X X X X X X X X o
X X X X X X X X X X X R

X X X X X X X X X X X X X X X X

Lx L X X X Xl L X X X XJ L xd = =

FIG. 2.2. Effect of Givens rotations on V, L. D LT, and U (part 2).

Yn@) =1,,). Thus, U becomes

(1) Yn( )
07— [ o ul ] 1 _ vy @)
1

Factoring U in this way, the sequence of the 2m Givens rotation I'y (2.21) acts only
- (2)
on Y, ie.,

O] =70 (701

with cost 12m?. To retrieve the subspace associated with the largest m eigenvalues of
A,,, it is sufficient to consider two Householder matrices of order m + 2, Hy, and Ho,
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such that

HyH, (Ypr{) [ ﬂ(; } - [ g ] . where E = diag(F1, F1),

with cost 8m?2. Then the left factor of (2.26) can be written as
0T =¥ 0VOrT = (VO uT Y ) (HH 2T ).

The subspace associated with the largest m eigenvalues of A,, is given by the first m
columns of the right multiplication of Yn(l) by the Householder matrices H; and Ho,
with the higher order term of the complexity equal to 8mn.

3. Downsizing. For each update of the matrix n, the number of rows of the
eigenspace matrix U, increases. This is not practical for on-line applications, where
the dimension of the matrices should remain reasonably bounded. This means that
we should keep the size n = n and downsize the matrix after each update, while
also preserving orthogonality. In [14], a scheme is proposed to reduce the rows of the
updated matrix U, 1 by one and recover orthogonality of the eigenspace matrix, but
its complexity is O(fim? + m?). We show that this computation can be reduced to
O(fvm +m?) by exploiting the properties of the involved matrices. Moreover, instead
of removing the first row of the matrix U, 41 in the downsizing procedure, we choose
to remove the row of minimum norm and show the advantages of this choice.

First we briefly describe the downsizing method described in [14].

In downsizing, the first row v of the (n+ 1) X m eigenspace matrix U1 must be
deleted, such that we can continue with the remaining part V' of size n x m:

vT
o= [ %]
The columns of V' are in general not orthonormal. The following procedure has been

proposed in [14] to compute a matrix U, spanning the same space as V and having
orthonormal columns. Let

vT

(3.1) by =Ul Unpr=[ v VT ] [ v } =VTV +|v|3vvT,

with v = v/||v|l2. A column transformation N of order m is sought in order to
orthogonalize V i.e.,

(3.2) U,=VN with U'U, =1,,.
Replacing (3.2) in (3.1) yields
I, = NTVTVN = NT(1,, — ||v|39¥T)N.
The matrix N is therefore obtained from the eigendecomposition of 1, — ||v||3vv! =

ZSZ", which is given by

S=diag [1—|[v|3.1,....1|, Z=[ v | VL |,

m—1
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where V| € R™*(m=1) is the orthogonal complement of v € R™. In [14], the com-
putation of V| is made with O(m?) floating point operations. Furthermore, it turns
out that

N =275
To complete the downsizing step, one replaces the matrix U, 4+ by
(3-3) U, =VN.
In [14], forming this product has O(nm?) complexity.
In what follows, an equivalent algorithm is proposed with O(nm) complexity.

Moreover, we show that the proposed algorithm has numerical advantages. Let Hgs
be a Householder matrix such that

(3.4) Hsv=[v0---0], v =F[v]a.
Then

v 0 -+ 0
(35) Un+1H3 = |:V—]J3:| .

The columns of V Hs are mutually orthogonal. To retrieve orthonormality, it is suf-
ficient to divide the first column of V Hs by /1 — v? and, correspondingly, multiply
the first column and row of M,, by the same quantity. If the matrix M,, is factored
as L,LL by the Cholesky decomposition, this operation reduces to multiplying the
entry (1,1) of L,, by v1 — v2.

We observe that any row of U,1; can be chosen to be removed. In particular,
by choosing the one with smallest 2-norm, we get rid of the row (and corresponding
column) of smallest energy in Ani1. Notice that after the downsizing procedure,
the positive definiteness of the matrix M,, could be lost. The procedure that we
recommend, namely to remove the row v of smallest norm in U, 1, guarantees that
this will in fact not happen, as the eigenvalue matrix S indicates. Indeed, this matrix
will be singular only if ||v||2 = 1 but this cannot happen in an orthonormal matrix
U,+1 with more rows than columns.

Remark 3. The proposed downsizing procedure works well if the relevant infor-
mation of the matrix is contained in a restricted number of rows and columns, i.e.,
only some rows and columns are “dominant” and the rest of the matrix can be consid-
ered noise. In case the information is distributed over the whole matrix, the proposed
downsizing procedure will give results similar to those delivered by the downsizing
procedure in [14].

The process to get rid of a row v (say, the first row) of U, 41, with M, factored
as Ly LY 41, is graphically depicted in Figure 3.1. In each step, we eliminate one of
the m — 1 elements of the row v of U,1; by a Givens rotation G;. When applying
(?;f to the rows of L, 1, this creates a nonzero entry that is subsequently eliminated
by a Givens rotation G, applied to the columns of Lpya-

Notice that we used in this section the same notation for a different matrix since
U, M, UT is an approximation of another n x n submatrix of Ky.

We now recapitulate the different steps discussed in the previous sections in a
single algorithm, with input Ky, sizes m,n, and a Boolean Down, indicating whether
or not we need to maintain a fixed dimension 7.
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[X X X X b B b [x X x x x 7 B b [x X X b [ X b
X X X X X X X X X X X X X X

X X X X

Co X X X X [ X X : X X X X
C X X X X x e X X X X X X X X X X

LX X X X J Lx X x x x xJ LX X X X X x| L X X x xJ LX X X x ] Lx x x x x xJ
[X x X X 1 [ < 1 [x X 1 [ < 1 [x x X 1 [x 1
X X X X X X X X X X X X X X X X X X X X X

X X X
Sl X X oo Sl X X
------ X X X - X X X X X X X X
LX X X X X X | L x X X xJ Lx x x x| Lx x x x x xJ Lx x x x x x| Lx x x xJ
[x 1 [ % 1 [x x T [ % 1 r T [x 1
X X X X x X X X X X X X x X X X X X X X

X X X X X X X X X
. . oLl X X X oo X X X X

,,,,,, X X X .

L X X x| Lx X X X X xJ Lx X X x x x| Lx x x xJ L X X x x| L J
mx - Fx - Fx . Fx -
X X X X X X X X X X X X X X X X

X X X X X X
Sl X XXX Sl X XXX
------ X X X X X X X X X
LX X X X X X| LX x X X i LX X X X X X] Lx x x x x xJ

Fia. 3.1. Effect of downsizing on the matrices Up4+1 and Lp4+1. A sequence of Givens rotations
is applied to Up41 annthilating the entries denoted by “®.” The elements modified by the Givens
rotations in Up4+1 and Ln41 are marked in gray.

function [U, L] =Dominant(K, m,n, Down);
Compute the best rank m approximation UMUT of Kj.
forn=n+1:N,
Compute the Gram-Schmidt orthogonalization (2.4)—(2.7).
Compute the eigenspace V for the smallest 2 eigenvalues (2.17)-(2.19).
Compute the transformations Hy and Hs as in (2.21)-(2.24).
Update U and L with H; and Hs as in (2.25)—(2.26).
if Down then Find row v of least norm in current U,
Compute Hs and v as in (3.4)—(3.5).
Update U and L with Hs and v as in Figure 3.1.
end if
end for

4. Accuracy bounds. In this section we provide some bounds on the error
of the low rank approximation of the kernel matrix. For this we study the local
approximation errors and show that these can be used to provide estimates for the
global error at the end of the algorithm. Let Ky € RV*N be an SPD matrix with
eigenvalue decomposition

Ky = VNANVY,

with Ay = diag(A1,...,AN), A1 > A2 > -+ > Ay > 0. Let K, be any n X n principal
submatrix of order n with eigenvalue decomposition

K, =V,AMVT

with ALY = diag(A\{", ..., A0), AV > A > > a0 > 0,
It is well known, by the Cauchy interlacing theorem [10], that

(4.1) AP S A and A > Avon, =10

Since Ay > 0, we also have /\,(f) > 0. Moreover, each eigenvalue )\Z(-") is a nondecreasing

function of n.
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In the updating scheme, we approximated K, by a rank m approximation
K,~ A, =U,M U’ U'U, =1, M,=M'>0

which was obtained recursively for n = n 4+ 1,..., N (with 7 > m). The first ap-
proximation Aj is assumed to be an optimal rank m approximation of K5. All next
approximations were obtained by solving a local minimization problem at each itera-
tion step n using the bordered matrix problem

2

. UM UL | a,
(4.2) min

T
a, ‘ b,

] — Up1 My UL

F

such that M, +; > 0 and Ug+1Un+1 = [,,, where a,,b, are the elements of the
bordered matrix

K, | a,
K1 = o b |
We indicate here that (4.2) always has a unique solution in the Frobenius norm and
that it also minimizes the 2-norm of (4.2).

LEMMA 4.1. Let
N A, | a,
An+1 =

T
a, | by

be such that A, = AZ > 0 has rank m. Then the optimal semidefinite rank m
approximation in the Frobenius norm is unique and is given by

T T T
AnJrl = Un+1Mn+1Un+1, Un+1Un+1 = ﬂm7 Mn+1 = Mn+1 > 07

where the eigenvalues of M, +1 are the most positive eigenvalues of the bordered matriz.
A, is also an optimal semidefinite approximation in the 2-norm.

Proof. By the Cauchy interlacing theorem, we know that the eigenvalues of Anﬂ
and A, interlace, but, since A,, has m strictly positive eigenvalues pu1, ..., i, (and
n — M Zero ones), A, 41 must have at least m strictly positive eigenvalues i1, . . . , fim.
Since n > m then there are n — 1 — m roots equal to zero and two roots fi,,+1 and

[in4+1 that are possibly nonzero and satisfy
/ll > ZZﬂmZNmZﬂerl Zﬂm+2:"':ﬂn:02ﬂn+l'

It now follows from [13] that the closest rank m matrix in the set of semidefinite
matrices is obtained by putting fi,,+1 and fi,41 equal to zero in the decomposition of
An+1. This will also be the closest rank m matrix without imposing a constraint of
semidefiniteness, iff fi, 11 < fi;,. (Note that in subsection 2.1, fi,+1 was called fi,,12
since we dismissed the n — m zero eigenvalues.) O

Remark 4. We can show that in the first iteration the approximation Az is also
the best rank m approximation of A;ZH, without imposing the constraint that A;4q
is semidefinite. We assumed that K = A; + Ep with E; > 0 and ||Egll2 = )\fgil.
Since Kj41 is SPD and

R FE; 0
Ajp1 = Kaq1 — o 1o |’
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its negative eigenvalue fim+2 is bounded in magnitude by || Ez|2 = )\,(:fil. But this
implies |fi42| < )\( (n) < ,u(nﬂ) fim

Such a result W111 not be obtained for the later steps, and hence it is not clear
that we are obtaining the best rank m approximation in all steps. In our simulations
this was always the case, but in general one cannot guarantee such a property.

We now try to bound the errors ||A,, — K, ||z and ||A,, — K,||r at each step. For
the initial step n, we clearly have

|An — Kall2 = [| Ezll2, A7 — Kallr = | Ellp-

TheA next bounds are derived recursively. We have that A, ., is a rank 2 correction
to An+12

n | 8n +) ,T (=) o T
Apy1 = [ 2T | b } = V10,1 Vi1 + Wi 10, Wy
M, n

with
(4.3) O = i1 >0, 85 = — i >0,
[Wnt1ll2 = [Vag1ll2 = 1, and Wl ;v 11 = 0. Moreover, we have

Kn_An

Kn+l - An+1 = |: OT

] + Vn+15q(zi)1v3;+1 - Wn+151(1:-)1w;1’:+1'
Hence, it follows that
1K1 = Ansllz < 1K = Aulls + max {m, O}

[ Koir = Awirll < 1K — Al 4650, + 60
If we start with K = Aj + Eg, then by induction we obtain at step n
Kp—Ap=E; + VADVT —WAOWT,

where A() and A are diagonal matrices of order n — 7, E; is E; padded with
zeros, and V W contain the successive columns v; and w;, also padded with zeros in
order to have matching dimensions. It immediately follows that

(4.4) 1K — Ap|% < 1 = Z A®? Z 50?1 Z 5

1=m-+1 i=n-+1 1=n-+1

(4.5) 1Ky — Anllz < G = AT, + Z max{5<+ 5.*>} .

i=n-+1

Since E; = 0, VADVT =0, and

Kn+l - An+l + =0

— )

By + VAGVT _[WAOWT | o
o’ | o

one obtains the following bound for the negative eigenvalue of An+1i

0431 < 1B+ VADTT,,
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So ||AC)|| stays of the order of ||A()| and the initial error ||Ex||.

One often observes that each |57(f)| ~ 0GP = ftm+1 and thus that all approxima-
tions A, 11 are optimal rank m approximations of A, 11, without constraints. More-
over, if the approximation of K,, by A, is “good,” then the nonzero eigenvalues of
K, — A,, are of the order of /\Sﬁrl < Am+1- One also often observes that both 5,(;)1

and 5,(;)1 remain bounded by A,,11, which eventually would imply

N
Z A < |IKn — An | < (N —m) Ail+l'
1=m-+1

If the vectors in V and W are nearly orthogonal to each other, one would also have
Amt1 < || KN — Anll2 © ¢y,

with ¢ &~ 1. We will verify in the examples of the next section that this is nearly
satisfied, but there is of course no guarantee that this last bound always holds.

Let us now try to give bounds for the downsized problems. We point out that
downsizing is in fact a projection onto smaller dimensional matrices, which will pro-
duce of course smaller eigenvalues in the downsized approximation matrix, but also
smaller errors since the errors matrices also get projected. Let .J,, be an n x (n + 1)
submatrix of 1,11 with one row removed, corresponding to the deleted row in A, 1.
Then the downsized matrices B,, and Kn are defined as

By = JpAni1JY, K= J K JYE,

where K,, is an n X n principal submatrix of K. Since the error matrices in the
discussion above are also projected their the error bounds for ||B, — K,|| will also
decrease, but it is difficult to give a priori bounds other than the ones for ||A,, — K, ||.
But notice that since B,, is a submatrix of A, 1, its eigenvalues 3; will interlace the

cigenvalues """ of A,i1:

i

(n+1)

i 2 Bz = ) = B 2

m

It is therefore important that we do the best possible approximation (by deleting the
row of smallest norm) so that the ; approximate of the m largest eigenvalues ,uz(."ﬂ)
is as well as possible. At time step IV, the selected submatrix K should be the most

“dominant” submatrix out of all 7 x 77 submatrices of K.

5. Numerical experiments. Some numerical experiments, showing the proper-
ties of the proposed algorithm, are reported in this section. In particular, it is shown
that the numerical results agree with the empirical bound of the previous section.
Moreover, in Example 5.2 it is shown that the downdating procedure with minimal
norm performs better than the downdating procedure proposed in [14].

Ezample 5.1. The matrix considered in this example is constructed, as in [14],
from the Abalone benchmark data set [2]. The underlying kernel function is the radial
basis function kernel,

x — v|2
k(x,y) = exp (—7| hQ‘V|2> :

with A = 10. This data set has N = 4177 training instances of dimension p = 7.
In Figure 5.1 the largest 100 eigenvalues of the dense SPD kernel matrix Ky are

Copyright © by STAM. Unauthorized reproduction of this article is prohibited.



UPDATING DOMINANT KERNEL PRINCIPAL COMPONENTS 2391

0 20 40 60 80 100
Fic. 5.1. Distribution of the largest 100 eigenvalues of the Abalone matriz on a logarithmic scale.

depicted on a logarithmic scale. We point out that there are gaps between the first
15 eigenvalues, which explains the good behavior of the updating algorithm and the
bad behavior of the downsizing algorithm.

In Table 5.1 the largest nine eigenvalues of Ky, computed with the implicit
restarted Lanczos algorithm (function eigs of MATLAB), are displayed in the second
column, followed by the eigenvalues computed by the proposed algorithm, choosing
n = 500, m = 9 (third column), and 7 = 500, m = 20 (fourth column). The correct
digits are displayed in black.

TABLE 5.1
Largest nine eigenvalues of the Abalone matriz Ky (second column), of An obtained with up-
dating with i = 500, m = 9 (third column), and with i = 500, m = 20 (fourth column), respectively.

i i wi,m=500,m=9 i, = 500, m = 20

1 4.148381082558086e+3 4.148381082558 1 27e+3 4.14838108255805%e+3
2 2.771424671239261e+1 2.771424671239355e+1 2.77142467123905 le+1
3 3.969464863546035e-1 3.9694648 e-1 3.96946486354 e-1
4 2.828278386003848e-1 2.82827838 e-1 2.8282783860 e-1
5 8.763549387295717e-2 8.76354 e-2 8.763549387 e-2
6 4.481917665387177e-2 4.48191 e-2 4.4819176653 e-2
7 3.950058211492499¢-2 3.95005 e-2 3.9500582114 e-2
8 3.449165942064433e-2 3.4491 e-2 3.44916594206 e-2
9 1.227519501234565¢e-2 1.2275 e-2 1.227519501 -2

The graphs of the sequences of 57(L+), |(57(f)|7 Nn, choosing n = 500, m = 9, are
depicted in Figure 5.2. We can observe that the behavior of the latter sequences are
in agreement with the results of section 4.

In Table 5.2 we have the angles between the eigenvectors corresponding to the
largest nine eigenvalues of Ky, computed by the function eigs of MATLAB and
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Fic. 5.2. Plot of the sequences of 6$L+) (dashdot line), |6,<;)\ (dashed line), nn (curved solid
line), Am+1 (horizontal solid line), and |Kn — An||F (horizontal dotted line).

TABLE 5.2

Angles between the eigenvectors corresponding to the largest nine eigenvalues of K, computed

by the function eigs of MATLAB and those computed by the proposed algorithm for n = 500, m =9
(second column), and i =500, m = 20 (third column).

(X4, Xi) Z(xi,%;)
3.6500e-08 8.4294e-08
3.9425e-08 2.9802e-08
2.3774e-06 5.1619e-08
2.5086e-06 2.9802e-08
3.0084e-05 1.1151e-07
2.0446e-04 4.2147e-08
2.0213e-04 1.4901e-08
3.4670e-04 8.1617e-08
5.9886e-04 2.1073e-08

© 00~ O Ut W |,

those computed by the proposed algorithm for 7 = 500, m = 9 (second column) and
n = 500, m = 20 (third column).

In Table 5.3, we give the first nine eigenvalues of the K computed by the func-
tion eigs of MATLAB (second column), the first nine eigenvalues computed by the
proposed downsizing algorithm with 7 = 500, m = 9 (third column), and the first
nine eigenvalues of Kn(I,I), where I is the vector of the 7 indices selected by the
downsizing algorithm with 7 = 500, m = 9 (fourth column), respectively. More-
over, the eigenvalues computed by the downsizing algorithm proposed in [14], with
n = 500, m = 9, are displayed in the fifth column. Although the gaps between the
eigenvalues are somehow revealed, the approximation of the eigenvalues computed by
the downsizing algorithm is rather poor.

Ezxample 5.2. In this example, we show that the proposed downdating technique,
where the row to be neglected from the updated subspaces is the one with minimal
norm, gives better results than the downdating procedure proposed in [14], where the
first row of the updated subspace is neglected at each step.
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TABLE 5.3
First nine eigenvalues of the K computed by the function eigs of MATLAB (second column),
by the proposed downdating algorithm with i = 500, m = 9 (third column), the first nine eigenvalues
of Kn(I,1), with n =500, m =9 (fourth column), and the first nine eigenvalues computed by the
downsizing algorithm proposed in [14], with 7 = 500, m = 9 (fifth column), respectively.

Y i, =500 | N (KN, 1)) | i, = 500
4.14846+03 | 4.9263c¢+02 | 4.9263e+02 | 4.9662e+02
2.7714e+01 | 6.9920e+00 | 6.9921e+00 | 3.2793e+00
3.9695¢-01 | 1.5378¢-01 | 1.5385e-01 | 4.6656e-02
2.8283¢-01 | 1.1061e-01 | 1.1064e-01 | 2.7912e-02
8.7635e-02 | 4.0973¢-02 | 4.0997¢-02 | 1.1534e-02
4.4819e-02 | 2.6118¢-02 | 2.6126e-02 | 5.3982e-03
3.9501e-02 | 2.1848¢-02 | 2.1858e-02 | 4.8140e-03
3.44920-02 | 1.6124e-02 | 1.6135¢-02 | 1.9859¢-03
1.2275¢-02 | 5.1022¢-03 | 5.1035¢-03 | 1.3614e-03

© 00~ Uk WN e

Let

3 Y Y
F(i7j)=Zexp<—(7' “’“);(j “’“)>, i j=1,....100,
g

k=1

with
p=1[4 18 76 ], o=[10 20 5 ].

Hence, ' is a rank 3 matrix. Let F' = QAQT be its spectral decomposition, and let
A € RI00x100 he 5 matrix of random numbers generated by the MATLAB function
randn, and define A = A/||Al|2. For this example, the considered SPD matrix is

Ky =F+€AAT,

with e = 1.0e — 5. The graphs of the size of the entries of K and of the distribution
of its eigenvalues are depicted in Figure 5.3.

Fi1c. 5.3. Graph of the size of the entries of the matrix Ky of Example 5.2 (left). Distribution
of the eigenvalues of the matriz Ky in logarithmic scale (right).
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Fia. 5.4. Plot of the eigenvectors of K corresponding to the three largest eigenvalues of K.

The matrix Ky has three dominant eigenvalues, and their corresponding eigen-
vectors are depicted in Figure 5.4.

In Table 5.4 are reported the first three eigenvalues of the matrix K (second
column), the eigenvalues obtained using the downdating procedure with minimum
norm tracking with 7 = 30,40, 50, m = 3 (third, fourth, and fifth column in the table,
respectively), and the eigenvalues computed by the downsizing procedure, removing
the first row of the updated matrix at each step as described in [14] (sixth column),
with m = 3, n = 50. We observe that the latter procedure tracks only the third
nonzero eigenvalue; i.e., it takes into account only the last n rows and columns of
Ky. In fact, the eigenvalues in column 7 are the three largest eigenvalues of the
principal submatrix Ky (51 : 100,51 : 100). Furthermore, we observe that, choosing
a smaller size of n, the updating algorithm with the removal of the first row breaks
downs because the matrix A4,, tends to lose the positive semidefiniteness property.

TABLE 5.4
Largest three eigenvalues of the matriz K of Erample 5.2 (second column). Largest three
eigenvalues computed with downdating procedure with minimal norm, with m = 3 and n = 30, 40, 50
(third, fourth, and fifth column), respectively. Three largest eigenvalues of K computed with down-
dating procedure described in [14] (sizth column).

i ; [i, 7 = 30 13,7 = 40 13,7 = 50 13,7 = 50

T || 7.049478¢+0 | 7. e+0 | 7. e+0 | 7.947127e+0 | 3.963329¢+0
2 || 5.261405¢+0 | 5.2 e40 | 5.260213e+0 | 5.261331e+0 e6
3 || 3.963329¢+0 | 3.9 e40 | 3.963213e+0 | 3.963329e+0 e-6

Moreover, the first three eigenvalues of the submatrix extracted from K, keeping
the rows and columns with the same indexes tracked by the downsizing procedure
with minimal norm for m = 3, n = 30, 40, 50, have the same significant digits of those
displayed in columns 3, 4, 5 of Table 5.4, respectively. Therefore, this procedure can
be seen as a way to extract the important features of an SPD matrix.
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Fic. 5.5. Plot of the sequences of 6$L+) (upper dotted line), |6,(€7)| (dashed line), nn (dashdot
line), Am+1 (solid line), and ||Kn — An||p (lower dotted line).

The graphs of the sequences of 5,(Z+), |5,(Z_)|, N, are depicted in Figure 5.5. We

can observe that the behavior of these sequences is in agreement with the results of
section 4.
Ezxample 5.3. In this example, we consider the following matrix of order N = 100,

with

1.4
1.3
1.2 , Koy =aly, + p1,1F,
1.1
1.0

=
I

and a« = 0.05, 8 = 0.02, & = 95. Moreover, 1; is the vector of length k
with all the entries equal to 1. The eigenvalues of K, are a + k8 = 1.95
and o = 0.05 of multiplicity £ — 1 = 94. Therefore, the eigenvalues of A are
[1.95,1.4,1.3,1.2,1.1,1.0,0.05,...,0.05]T.

The proposed updating algorithm is used to track the subspace associated to the
largest m = 5 eigenvalues considering, as the initial step, the submatrix of Ky of
order 5. The results are reported in Table 5.5.

We observe that the proposed algorithm fails to detect the eigenvalue 1.95 and
the associated subspace since, at the ith step of the algorithm, ¢ = 6,...,100, the
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Largest five eigenvalues of the matriz K of Example 5.3 (second column). Largest five eigen-
values computed with the proposed updating procedure, with m =5 and i =5 (third column,).
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TABLE 5.5

i A Hi, M =15
1 1.950000000000000 | 1.400000000000000
2 1.400000000000000 | 1.300000000000000
3 1.300000000000000 | 1.200000000000000
4 1.200000000000000 | 1.100000000000000
5 1.100000000000000 | 1.000000000000000
processed matrix is
[ 1.4 T
1.3
1.2
K® — 1.1
1.0
0 BvVi—5
L BVi—5 a+p
Hence the eigenvalues are [1.4,1.3,1.2,1.1,1.0] and the eigenvalues of the 2 x 2 matrix
0 BvVi—5
BVi—5 a+p |’
ie., 07(7‘21 — ot w and 07(7111 — ot _ w Although
07(7:21 < |07(;r)1|, fori =m+1,...,n, it turns out that also 07(7:21 < 1.0; that is, 07(7:21

is always smaller than the smallest eigenvalue of K. This means that the updating
procedure proposed in this paper will fail to track the subspace associated to 1.95,
the largest eigenvalue of K.
The graphs of the sequences of 5,(1+), |5,(Z_)|, 1, are depicted in Figure 5.6.
Nevertheless, we observe that the theoretical bounds derived in section 4 still hold,

since Apy1 = 1, /S0 A2 = 11113, Ky — An|p = 2.0093, VN — mAys1 =

9.7467.

TABLE 5.6

Largest five eigenvalues of the matrizc PKnPT of Ezample 5.3 computed by eig of MATLAB
(second column). Largest five eigenvalues computed with the proposed updating procedure, with
m =5 and i =5 (third column).

Y

Hi, M =15

CU ks W N ==

2
1.949999999999999
1.400000000000000
1.300000000000000
1.199999999999999
1.100000000000000

1.949999999999999
1.400000000000000
1.299999999999998
1.199999999999997
1.099999999999998

However, to retrieve the subspace associated to the largest five eigenvalues, it is
sufficient to apply the proposed procedure to the matrix PKyPT, with P a random
permutation of order N. The results, in this case, are shown in Table 5.6 and depicted
in Figure 5.7.
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FiG. 5.6. Plot of the sequences of 6$L+) (dotted line), \61(;)\ (dashed line), nn (dashdot line),
Am+1 (solid line), and ||Kn — An||r (horizontal dotted line).

(0] 20 40 60 80 100

F1G. 5.7. Plot of the sequences of 5$L+) (dotted line), \51(;)\ (dashed line), nn (dashdot line),
Am+1 (solid line), and ||Kn — An||r (horizontal dotted line).

6. Conclusions. In this paper, we presented fast algorithms to compute incre-
mentally the dominant eigenspace of a positive definite matrix. This is applied to
the specific problem of kernel based principal components. Our methods are strongly
inspired by earlier work in this area [14, 9], but in this paper we improve significantly
the complexity of these earlier papers and we do a detailed analysis of the accuracy
that can be obtained with these methods. The overall complexity of the incremental
updating technique to compute an N xm basis matrix Uy for the dominant eigenspace
of Ky is reduced in this paper from (m + 4)N?m + O(Nm?) to 6N?*m + O(Nm?).
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When using both incremental updating and downsizing to compute an n x m ba-
sis matrix Uy of the dominant eigenspace of K; (an 7 X 7 principal submatrix of
Ky), the complexity is reduced in this paper from (12m + 4)Naim + O(Nm3) to
16N7im + O(Nm?). This is in both cases essentially a reduction by a factor m.

Moreover, we proposed here a new downsizing technique that allows us to better
keep track of the dominant components in the matrix Ky. FEarlier methods were
dismissing the first row/column of the process data (i.e., the “oldest” data point)
whereas we propose to dismiss the row/column of least energy (i.e., the “weakest”
data point). The previous approach had the disadvantage of focusing on the last 72 x 7
submatrix of K, which may not contain all the dominant features of that matrix.
Our new method tries to keep the rows and columns with the most dominant features
of the matrix and is in that sense almost like a dominant subset selection technique.
If the columns and rows of the matrix K can be associated with time, one could say
that downsizing the oldest data point keeps track of the most recent information, but
this could be achieved as well by a simple exponential weighting of columns and rows
of K, and this is easy to incorporate in our updating scheme as well.

Acknowledgment. We would like to thank the anonymous referees for their
helpful comments and suggestions which helped to improve the presentation of the

paper.
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