FAST IMPLEMENTATION OF THE QR FACTORIZATION IN SUBSPACE IDENTIFICATION
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Two recent approaches [4, 14] in subspace identification
problems require the computation of tiRefactor of the
QR factorization of a block—Hankel matrik/, which,

in general has a huge number of rows. Since the data
are perturbed by noise, the involved matkxis, in gen-
eral, full rank. It is well known that, from a theoretical
point of view, theR factor of the@R factorization of

H is equivalent to the Cholesky factor of the correlation
matrix HT H, apart from a multiplication by a sign ma-
trix. In [12] a fast Cholesky factorization of the correla-
tion matrix, exploiting the block—Hankel structure Hf,

is described. In this paper we consider a fast algorithm
to compute theR factor based on the generalized Schur
algorithm. The proposed algorithm allows to handle the
rank—deficient case.

Keywords: identification methods; least squares solu-
tions; multivariable systems; singular values.
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Then theR factor of a QR factorizatiodd = QR, is
used for data compression. In [12] a fast Cholesky fac-
torization of the correlation matrix, exploiting the block—
Hankel structure off, is described. In this paper we
consider a fast algorithm to compute tRefactor of the

Subspace based system identification techniques have QR factorization off based on the generalized Schur

been studied intensively in the last decades [4]. The ma-
jor drawbacks of these direct state—space identification
techniques are the high computation and storage costs.

Let u, andy, be them—dimensional input vector and
thel—dimensional output vector, respectively, of the basic
linear time—invariant state space model

= Az + Buy + wy,
= Cxzp + Duy, + v,

Th+41
Yk

wherez;, is the n—dimensional state vector at tinie
{w} and{v; } are state and output disturbances or noise
sequences, and, B, C andD are unknown real matrices
of appropriate dimensions.

For non-sequential data processing, fNex 2(m +

l)s, N > 2(m + l)s, matrix H = [UEZS’NYEZS,N]

is constructed, wheré/; »; x andYi »; v are block—
Hankel matrices defined in terms of the input and output
data, respectively,

algorithm, exploiting itsdisplacement structure The
implementation of the algorithm depends, in particular,
on the involved matrix. The paper is organized as fol-
lows. First the generalized Schur algorithm to compute
the Cholesky factor of a symmetric positive definite ma-
trix is described. Then the generalized Schur algorithm
applied to the matrix H is considered. The rank—deficient
case is also discussed. Finally, some numerical experi-
ments are reported.

THE GENERALIZED SCHUR ALGORITHM FOR
SYMMETRIC POSITIVE DEFINITE MATRICES

In this section the key properties of the generalized Schur
algorithm to compute the Cholesky factor of a symmetric
positive definite (s.p.d.) matrix, which will be used in the
next section, are summarized. More details can be found
in[7, 8].

Let A andZ be a s.p.d. matrix and a shift matrix of order
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Then rankV A) is called thedisplacement ranif A Nf
the displacement rank ofis M then

P q
VA=Y gt =N80T, @)
=1 =1

M =p+q.

The vector&f“,gf ) ¢ RN are called thegositiveand
the negative generatoref A, respectively. Let
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The generator matrix@ is said to be inproper form if

the entries in the first non—zero column are equal to zero,

except for a non-zero in the first row. Defifiethe iden-
tity matrix of orderr. Let J; ; = I, @ (—I;), where

the symbol® denotes the concatenated direct sum, i.e.,

A0
Ae B = 0 B

following way

] . Then (1) can be written in the

=G"7,,G.
A matrix @ is said.J; ;—orthogonal ifQ” J; ;Q = J; ;-
A generator matrix is not unique. In fact,df is a .J; 4—
orthogonal matrix, the@)G is a generator matrix, too.

The following theorem holds [7].

Theorem 1 Let A; be a s.p.d. matrix. LeG") =
g, gl g gl )T be a generator

matrix in proper form ofd; with respect to the shift ma-

N T ~
trix Z. Theng!"")" is the first row ofR, the Cholesky
factor! of A. Furthermore the generator matrix for the
Schur complement

Ay = A - (1 +)9§1 T
is given by

e gt ]

lLet F be a full rank rectangular matrix. TheRTF is a s.p.d.
matrix, with Cholesky decompositiok” &, R upper triangular. IR
is the R factor of the QR decomposition df, it is well known that
R = ©R, where® = diag(1,...,+1). Hence both the problem of
computing the R factor of the QR factorization Bfand that of com-
puting the Cholesky factor df' T F" are equivalent.

GO =] ZgW) . gt b

We observe that the entries of the first row (and of the
first column) of A,, are equal to 0. The entries of the
first column of G are equal to 0, too. To compute
the second row of the Cholesky factor, we need to find
a J; ;—orthogonal matrix), such thatGi® = Q,G?) is

in proper form. Then the first row af(®?) becomes the
second row of?.

If we pose
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then a generator matrix for the Schur complement
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By successively repeating the described procedure, we
obtain the triangular factaR.

Generalized Schur algorithm

(1,+) (1,-)
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Input: GV = [g") 95
Output:f%
for i=1:N,
Find a.J; orthogonal matrix);
such thaG() = Q;G is in proper form.
i—th row of & := first row of G(?)

Gli+1) — [Zggiﬁr)’ g ) (¢,

"gp 7g 7"'ﬂg(j _)]T
end

The computational complexity i©(M N?). Hence the
generalized Schur algorithm can be efficiently used when
M < N,i.e.,whenA is a Toeplitz—like matrix.

The next section describes the particular choice of
Q;,G') and Z for solving the System ldentification
problem.

REDUCTION OF THE GENERATORS MATRIX IN
PROPER FORM

At each iteration of the generalized Schur algorithm a
Jp,g—orthogonal matrix); is chosen in order to reduce
the generator matrix in proper form. This can be ac-
complished in a few different ways (see for instance
[10, 8, 13]). However, for the sake of the stability, we
consider an implementation that allow us to compute the
R factor also when the matrii is rank deficient.

First of all, we observe that the product of twh ;—
orthogonal matrices is d; ;—orthogonal matrix. Fur-
thermore, if(); and @, are orthogonal matrices of or-
der p and g, respectively, then the orthogonal matrix
Q = Q1 ® Q. is aJ, ;—orthogonal matrix, too.



If |p| < 1, the matrix product, callethodified hyperbolic
rotation [1],
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is J—orthogonal w.r.t. the matrix
1 0
J= [ Lo ] .

Let GV be the generator matrix at the beginning of the
ith iteration of the generalized Schur algorithm. The
J;.;~orthogonal matrixQ; such thatG) = QG is

in proper form, can be constructed in the following way.
Let

where
g;i,+)T g;i,f)T
GUH) = : andG(+7) = :
g}(ﬁi,-&-)T géi,—)T

Let @;1 and@; > be two orthogonal matrices of ordgr
and g, respectively, such thaf(>*) = Q;,G(*) and
G) = Q;,GU) are both in proper form and let
Qi = Qi1 ® Qi2- Qi1 andQ; o can be either House-
holder matrices or products of Givens rotations chosen in
order to annihilate all the entries of thith column ex-
cept for the first one of the matricé&(®+) and G,
respectively.

Letv € R? whose components are the nonzero entries in
theith column of G(*) andG(»~), respectively. Con-
sider theJ—orthogonal matrixI' such that the second
component of the vectar = 7w is 0. Let

T1,1 0 T1,2 0
f_| 0 L 00 |
Ty 0 Ths O
0 0 0 I,

wherel;_; andl;_; are identity matrices of ordgr— 1
andg—1, respectively, and thés in the matrixT} are null
matrices of appropriate dimension. It is easy to see that
T; is aJ; ;—orthogonal matrix. Thd,; ;—orthogonal ma-
trix Q;T; is such that),; T;G is in proper form. Hence

Q: = Q;T; is the sought matrix.

FAST COMPUTATION OF THE R FACTOR OF
THE QR FACTORIZATION OF H

In this section the computation of thefactor of the QR
factorization ofH, defined in§1, exploiting the displace-
ment structure off T H is described. We first show that

the displacement rank df 7 H is 2(m + [ + 1) at most,
with the same number of positive and negative genera-
tors. Hence the generalized Schur algorithm to compute
the R factor require€) (s?(m + [)*) flops. Furthermore
the computation of the generators requite§m + ) N)
flops.

Let
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Let Z,, andZ; be shift matrices of ordern, andi, respec-
tively. Denote
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)T. The symmetric matrii’ has rank2(m + [) at most.
Hence the displacement rank1df is2(m + [ + 1), i.e.,

m+I1+1
T
> gPe?
i=1
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(=) (
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The computation of the remaining generators requires the
computation ofi¥/, that is, of the firstm rows and the
rows2sm + i, i = 1 : [. This can be accomplished in

O ((I+m)N) flops. We observe that the computation
of the matrixI¥ requiresO(2(s(m + 1)>N) flops. Fur-
thermore we point out that the matri¥, involved in the
computation ofi¥/, is not explicitly stored. The compu-
tation indeed is done considering only the vectpend

u, taking into account the block—Hankel structurefbf

Vw=W—-2ZWwz"

T



COMPUTATIONAL BURDEN
To compute the generators Hi” H, the product

HTH(:,[1:m,2sm 4+ 1: 2sm +1]) (2

is needed. This can be accomplished2iN(m + )
flops. All the techniques described in the appendix re-
quire O(s(m + 1)) flops to compute the generators. |If
Householder matrices are chosen as the orthogonal ma-
trices involved at each iteration, the total number of flops
of the generalized Schur algorithm &2 (m + )% +
12s%(m + 1)2. As N is significantly larger thams, m, !

the bulk of the algorithm is the computation of (2).

THE GENERALIZED SCHUR ALGORITHM FOR
RANK-DEFICIENT MATRICES

In this section we describe how the generalized Schur al-
gorithm can be modified to compute tiRefactor in case

H is a rank—deficient matrix. More details can be found
in [5]. We show that the computational complexity is re-
duced toO(rs(m + 1)) in this case, where is the rank

of H.

Without loss of generality, we suppose that the first
k, k = 1,...,2s(m + 1) — 1, columns of H are full
rank and thgk + 1)—th column linearly depends on the
first k columns, i.e.,

H:[H1|H1W|H2],

whereH; € RV** w ¢ RF, H, € RV*2(m+D)s—k-1
Then

T —
H H = wl'HNHy) | wTH Hiw  w? HE H,
HQTH1 H2TH1w H2THZ

The Schur complement di T H with respect toH{ H;

|

(HI'H\)~'H[")H, J

OT

(HTH)(k) - { ’
[ 0 ‘ HI(I - H,

We observe that the first row (and column)af” H)(*)

is a null vector. LetG*+) andG*:~) be the matrix of
positive and negative generators @ ” H)*), respec-
tively, in proper form. Then the first row af(*:1) is
equal to the first row off(*:~). Hence these rows can be
dropped from the corresponding matrices, reducing the
number of generators by 2 and tfie+ 1)th row of theR
factor is a null vector.

From a numerical point of view we can say that the de-
scribed procedure works in an accurate way when it is ap-
plied to matricesd such that the gap between tlzege
singular values and theegligible ones is“sufficiently”

Table 1: Numerical results for Example 1

Ry Rs b. e.Rys b.e.Rg n.r
#flops # flops
31660 6418 1.51 x 10~ 10 6.22 x 10~ 1® 5

large. A loss of accuracy in the computed fackbhap-
pens when the distribution of tremall singular values

of H shows a uniform and slow decrease. This behaviour
of the algorithm is described in the following examples.

Example 1 Consider the matrixd = [UT]Y7], with
Y = U, where the first row and the last column Gf
are

[40 39 38 3 212 2 3],

[3 2 21 2 3 456 7],

respectively. The rank of the matix is 5.
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Figure 1:Distribution of the singular values, in logarithmic
scale, of the matrix considered in Example 1

In Table 1 the results of the computation of tRdactor

of the matrix H by means of the standard QR and the
generalized Schur algorithm are shown. We denote by
Ry, b.eRg, b.eR, and n.r, theR factor of the QR
factorization of H computed by thematlab function
triu(qr(H)) and by the generalized Schur algorithm, the
backward error off T H defined as

||HTH - RZR*HI
IHTH|l, 7

and the rank of H detected by the generalized Schur algo-
rithm, respectively. In this case, thi&factor is accurately
computed by the generalized Schur algorithm, because of
the big difference between the significant singular values
and the negligible ones df (see Figure 1).

Example 2 This is the fourth application considered in
the next section. In Figure 2 we can see that the distri-
bution of the small singular values of the involved matrix
H slightly decreases. We point out that the correlation
matrix HTH computed bymatlab is not numerically



Table 2: Numerical results for Example 2

Ry Rg b. e.Rys b.e.Rg n.r
# flops # flops
12492731 3521 1.27 x 10~ 531 x10~2 16

s.p.d. because of the nearly rank deficiencyfofSo, in

this case the fast Cholesky factorization, exploiting the
block—Hanckel structure of H and described in [12], can
not be used. In Table 2 we can see that, although the gen-
eralized Schur algorithm is very fast w.r.t. the standard
QR algorithm, the achieved accuracy is not satisfactory.
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Figure 2:Distribution of the singular values, in logarithmic
scale, of the matrix considered in Example 2

NUMERICAL RESULTS

In this section results computing tliematrix by means

of the generalized Schur algorithm are summarized. The
data sets considered are publicly available on the DAISY
web site

www.esat.kuleuven.ac.be/sista/daisy

For all the considered applications, the generators have

been computed using the second technique described in

the Appendix. At each iteration of the generalized Schur
algorithm, two products of Givens rotations and a modi-

Table 3: Summary description of applications.

Appl. #  Application m s t N

1 Glass tubes 2 2 20 1401 1361
2 Labo dryer 1 1 15 1000 970

3 Glass oven 3 6 10 1247 1227
4 Mechanical flutter 1 1 20 1024 960
5 Flexible robot arm 1 1 20 1024 984
6 Evaporator 3 3 10 6305 6285
7 CD player arm 2 2 15 2048 2018
8 Ball and beam 1 1 20 1000 960
9 Wall temperature 2 1 20 6800 1640

Table 4:Comparative results for the computation of tRdac-

tor.
Appl. #  Application Ryr Rs
# flops # flops
1 Glass tubes 6.76 x 107 2.39 x 10°
2 Labo dryer 7.01 x 10 3.00 x 10°
3 Glass oven 7.63 x 107 9.48 x 106
4 Mechanical flutter 1.25 x 107  3.21 x 103
5 Flexible robotarm 1.25 x 107  4.26 x 10°
6 Evaporator 1.82 x 108 9.71 x 108
7 CD player arm 5.77 x 107 2.33 x 106
8 Ball and beam 1.22 x 107 4.18 x 10°
9 Wall temperature  4.67 x 107 3.81 x 106

fied hyperbolic rotation are performed in order to reduce Table 5:Comparative results for the computation of tRdac-

the generator matrix in proper form. All the numerical
results have been obtained on a Sun workstation Ultra 5
usingMatlab 5.3

Table 3 gives a summary description of the applications
considered in our comparison, indicating the number of
inputsm, the number of outputs the number of block
rows s, the total number of data samples ugezhd the
number of rows of.

In Table 4 and 5 some results for the computation of the
R factor of theQ) R factorization ofH are presented. Rel.
residual denotes

1Rl = Bslls
2Hi

tor.

Appl. #  Application backward erroRs  Rel.residual
1 Glass tubes 7.30 x 10~ 1° 3.64 x 10~ 13
2 Labo dryer 6.93 x 10~15 2.00 x 10—12
3 Glass oven 4.87 x 10714 1.32 x 107°
4 Mechanical flutter s % x % *x Kok kK K ok k
5 Flexible robot arm  4.36 x 10~15 1.69 x 1074
6 Evaporator 1.89 x 10~ 14 9.35 x 10~ 14
7 CD player arm 3.72 x 10~ 14 1.32 x 109
8 Ball and beam 8.63 x 10~15 5.83 x 10~13
9 Wall temperature  5.52 x 10~ 1% 6.28 x 10~12




The results in Table 4 and 5 are comparable with those [4]

described in [12], where thR factor is obtained consid-
ering the Cholesky factorization of the correlation matrix
HTH, and exploiting the block-Hankel structure #f.

The analysis of the fourth application is described in Ex-
ample 2 of the previous section. We can not compare,

in this case, the elements of the matrices computed by
both considered algorithms, since the generalized Schur

detects a rank deficiency in the matrix H.
CONCLUSIONS

In this paper the generalized Schur algorithm to compute
the R factor of the QR factorization of block—Hankel ma-
trices, arising in some subspace identification problems,
is described.

It is shown that the generalized Schur algorithm is sig-
nificantly faster than the classsical QR factorization. A
rank—revealing implementation of the generalized Schur
algorithm in case of rank—deficient matrices is also dis-
cussed.

Algorithmic details and numerical results have been pre-
sented.
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