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TABLE I
COMPARATIVE PERFORMANCE BETWEEN THE ALTERNATING PROJECTION
METHOD AND THE NEW PROPOSED ENHANCED SPATIAL SMOOTHING FOR THE
SOURCE AT 5° AND BASED ON 100 INDEPENDENT TRIALS

RMS Error
Number of Snapshots
Method 50 100 500
Alternating projection 1.9 1.7 0.57
Paper’s method 0.0223 0.0153 0.0065

fully coherent sources at —1° and 5° in our simulation. The rms
errors of the DOA estimate of the source at 5°, for different num-
bers of snapshots, are compared with those obtained from (8] in
Table II.

From these results, it is clear that the signal enhancement method
proposed here along with the spatial smoothing can significantly
improve the resolution of the eigenspectrum for coherent signals.

V. CONCLUSION

In this correspondence, a new method for enhancement of the
signal is proposed which is devised only for coherent signals. The
proposed method along with the conventional spatial smoothing is
used for estimation of the DOA’s of coherent sources. Statistical
behavior of the proposed approach, via the Monte Carlo method,
demonstrate the significant improvement in the mean-square error
and the resolution of the eigenspectrum.
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A Note on ‘‘Efficient Numerically Stabilized Rank-
One Eigenstructure Updating’’

Marc Moonen, Paul Van Dooren, and Joos Vandewalle

Abstract—In a recent paper, DeGroat and Roberts developed a
reorthogonalization scheme for stabilizing eigenstructure updating al-
gorithms. In this correspondence, we show that only part of this
scheme, namely the renormalization, is essential for the stability, so
that a cheaper scheme, with roughly half as many computations, can
perform equally well.

INTRODUCTION

Many present-day signal processing algorithms involve a rank-
one updating of an eigenvalue decomposition (EVD). In most cases,
an estimated data covariance matrix R is updated after each sam-
pling

Ri=oa R +(0 - %" x
(where « is a weighting factor and x, is a data vector at time step
k) and the EVD of R is searched for at each time step

Re=U A U
Here U, is orthogonal and A, is a diagonal matrix. Previously pub-
lished updating algorithms, however, suffer from a linear buildup
of roundoff error, which makes them impractical when large num-
bers of recursive updates are needed. The core problem appears to
be that U, gradually looses its orthogonality, when it is iteratively
being updated according to

‘Uk=Uk—l'Qk
=00 " O

Here Q, is an orthogonal matrix (to working accuracy) which is
derived one way or another, depending on the particular updating
scheme. In any case, it has been demonstrated [1] that the error
propagation for such a product of orthogonal matrices is bounded
as

o, U, = IF < (k+ 1)n'Se

(where | - ||  denotes the Frobenius norm). Clearly, if k is large,
the error can be significant.

In their paper,’ DeGroat and Roberts suggest a reorthogonal-
ization scheme where after each update the column vectors of Uy
are pairwise reorthogonalized and renormalized as follows (pair-
wise Gram-Schmidt, PGS):

fori=2,---,n
= — U wiy) U
Ui
ui=m—F
end
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where ; is the ith column of U,. In matrix form, this corresponds
to an upper bidiagonal transformation

Uy = Uy - By

At the kth update, the eigenvectors are composed of a series of
rotations followed by partial orthogonalizations

Uk=Q1'Bl'Q2'Bz“'Qk'Bk~

Simulations seem to confirm that the scheme is long-term stable.

Still, it should clearly be stated that the PGS procedure as such
is not able to orthogonalize any random matrix. Suppose we had a
nonorthogonal Q,. Applying the PGS procedure without rotations
then gives

U:=0Q B B, - B,

The matrix U is not necessarily closer to orthogonality. As an ex-
ample, the procedure stagnates for

0 =

S O -
oS = O
S O =

where then we will have
U= 0.

The reason for this is of course that 4, and u; are never combined.
A safe procedure would then consist in performing PGS orthogo-
nalizations for all combinations (;, u;) in a cyclic fashion

GH=0,2) (,3) --- (,n=1) (1,n)
2,3) - 2,n-1 @2,n

(n — '1, n.

Such a complete GS orthogonalization can be spread out over sev-
eral updates, in order not to significantly increase the computa-
tional complexity.

On the other hand, the PGS procedure of DeGroat and Roberts
clearly performs well in practice. The reason for this is that the
rotations Q, tend to permute or combine the columns of U,, such
that the PGS procedure is not likely to stagnate. The PGS proce-
dure thus heavily relies on the intermediate rotations. In the next
section we will show how this can be pushed to extremes, by leav-
ing out the reorthogonalizations, and performing only renormal-
izations of the columns of U,.

RENORMALIZATIONS

When we leave out the orthogonalizations, the correction scheme
reduces to the following:

fori=1,---,n

U;
U = T

s

end.

In matrix form, this corresponds to a diagonal transformation

Ukok.Dk
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Fig. 1. (a) Orthogonality measure |1 — U% - U,ll, ( y axis, linear) versus
number of updates k (x axis), for an initial 10 X 10 identity matrix, without
intermediate renormalizations. (b) Orthogonality measure [|[I — UL - U|,
(y axis, logarithmic) versus number of dates k (x axis), for an initial 10 X
10 identity matrix, with and without intermediate renormalizations (lower,
respectively, upper curve).

so that
Uu=0Q D QD -+ Q' D

The following small experiments illustrate the effectiveness of
these normalizations.

Experiment 1: As an example, successive random rotations Q,
(to the right) were performed on an initial 10 X 10 identity matrix.
The relative machine precision e was set equal to 10”5, When no
intermediate normalizations are performed, orthogonality is grad-
ually lost, as can be seen from Fig. 1(a) or (b), upper curve. When,
additionally, the columns in U, are normalized after each rotation,
the accumulation is apparently stable (Fig. 1(b), lower curve).

Experiment 2: In order to clearly demonstrate the effect of the
normalizations, one can also start from a completely random
Q)-matrix. Successive rotations /normalizations remarkably enough
transform the random matrix into an orthogonal matrix. Figs. 2(a)
and 2(b) give a linear and a semilog plot. The value for || —
U} + Ull, settles at the same level as in experiment 1.

Let us now try to explain the above results. A crucial observation
is the following: Each time two normalized vectors u; and u; (col-
umn vectors in U, * Dy in our case) are combined through a 2 X 2
rotation

4 = u; " cos 6 — u; - sin 0
u' = u; - sinf + u; - cos 9

the angle between these vectors gets closer to 90°

*

2l = |cos ey

|cos o i

where o; ;(af;) is the angle between u; and u; (u}* and u). In other
words, each rotation partially orthogonalizes two normalized vec-
tors. The proof of this is straightforward.

Proof: If we let

u§ _ 1 € j
. lw; w] = & 1

(€;,; = cos q; ;) then

€; 8in 2¢

ul 1 - €, ; COS 2¢
| ) = ’ :
u; €;,j COS 2¢

1 + ¢ ;sin 2¢
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Fig. 2. (a) Orthogonality measure [/ — U} + Uyll, (y axis, linear) versus
number of updates k (x axis), for an initial random 10 X 10 matrix, with
intermediate renormalizations. (b) Orthogonality measure |1 — U} * U,ll,
(y axis, logarithmic) versus number of updates k (x axis), for an initial
random 10 X 10 matrix, with intermediate renormalizations.

The new angle can be computed after a normalization as follows:

u¥ [u,* u’ ]
flee* | (7 T
.
-
I I
_ 1 cos 2¢

ei’.——————'—
"1 = €2 sin’ 2¢

From
cos’ 2¢ = 1 — ¢Z; sin’ 2¢

it then follows that

*
cos o

cos a;

for every value of ¢ and [¢; ;| = |cos o ;|. (Note that the equality
only holds for either |¢; ;| = 1or¢ = 0.)

In the EVD updating scheme, at a certain time step we will have
a U, matrix with normalized columns. The subsequent rotation
0, +1 can implicitly be split up into a sequence of 2 X 2 rotations,
each one of which will bring two vectors closer to orthogonality.’
The combined transformation Dy - Qy . is thus seen to bring Uy
closer to orthogonality.

CONCLUSION

We have shown how intermediate renormalizations can stabilize
a recursive accumulation of orthogonal transformations. Such ac-
cumulations appear in EVD-based adaptive signal processing al-
gorithms. This procedure is a cheap alternative to the partial reor-
thogonalization scheme of DeGroat and Roberts. '

2Note that we do not have intermediate normalizations within this se-
quence _of 2 X 2 transformations. The corresponding terms
1/¥1 = eﬁj sin® 2¢, however, represent second-order effects.
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Author’s Reply®
R. D. DeGroat

The computational simplification presented in ‘‘A Note on ‘Ef-
ficient, Numerically Stabilized Rank-One Eigenstructure Updat-
ing’”’ offers an interesting tradeoff between computation and
roundoff error performance. The experiments presented are also
very intriguing. However, two points need to be addressed con-
cerning the recursive rank-one eigenstructure update: 1) It is shown
in the paper by DeGroat and Roberts' that pairwise Gram-Schmidt
(PGS) followed by normalization virtually guarantees working pre-
cision orthogonality for the rank-one updated eigenvectors. How-
ever, Fig. 1 demonstrates that normalization by itself does not yield
working precision orthogonality when applied to rank-one updat-
ing. On the other hand, normalization does an amazingly good job
at keeping the accumulated orthogonality error small and appar-
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Fig. 1. A comparison of the orthogonality error produced by pairwise
Gram-Schmidt with normalization, and normalization only. Both methods
are applied to recursive rank-one eigenstructure updating of a 10 x 10
correlation matrix. The same data (which consists of a 10-dB real sinusoid
in white Gaussian noise) is used in both simulations. The solid horizontal
line represents the working precision orthogonality error, n%, where n =
10 is the dimension of the matrices and e = 2.22 X 107'® is the machine
precision.
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ently bounded. For orthogonal matrix products that are slightly
more stable than the rank-one sequence, normalization alone may
be sufficient to maintain working precision orthogonality. 2) It
should be emphasized that the PGS-normalization method in
DeGroat and Roberts’ work' does not add significant computational
cost to the rank-one update. Nevertheless, normalization (without
PGS) offers a possible tradeoff for the rank-one update: reduced
computation for orthogonality error.

A VLSI System for Real-Time Linear Operations and
Transforms

Matthew Newell and John Rasure

Abstract—A VLSI system utilizing sixteen systolic array multipliers
and designed to compute vector-matrix products at a rate of 640 x 10°
MAC:s is presented. The 448 000-transistor, 1.6-jim CMOS device in-
corporates a dual timing scheme which allows multiplexing of hard-
ware units over identical operations. This hardware sharing balances
maximum internal operating frequency with external data bandwidth
and results in an improved ratio of the signal throughput to silicon
area. This system has wide application because of its ability to compute
correlation, convolution, linear transforms, and connections in multi-
layer perceptrons.

I. INTRODUCTION

The continued improvement in VLSI systems matched with new
developments in digital signal processing has resulted in many ap-
plications for general purpose digital signal processors. In fact, over
the last few years, general purpose chips such as Texas Instru-
ments” TMS320C30 have offered significant help in overcoming
the major barriers to rapid design and cost-effective implementa-
tion of complex DSP systems [13]. Also, the now common short
lead times for ASIC development have led to the quick implemen-
tation of digital signal processing algorithms for the mass market
or for critical real time applications [11-13], [71, [8]. Despite these
successes, there is a considerable gap between low cost, readily
available, programmable digital signal processors and custom de-
signed, single application VLSI systems. To fill this gap, an ar-
chitecture and implementation that shares the beneficial attributes
of a general purpose processor and a very high speed application
specific processor is presented.

The VLSI system described in this correspondence has a com-
putational rate that compares well with other real-time ASIC’s [4],
[71-[91, but it also has the functionality to perform convolution,
correlation, and linear transformations. This attribute is obtained
by designing a system that does not rely upon the idiosyncrasies of
a specific algorithm to obtain its high computational rate [1], [2],
but obtains its performance by using a fundamental signal process-
ing algorithm that maps into an architecture that can be highly par-
allelized. The linear operation implemented is the general vector-
matrix multiplication with the matrix coefficients stored on chip.
Reorganization of the matrix coefficient memory data allows the
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vector-matrix multiplier to perform a variety of signal processing
algorithms. The vector-matrix multiplier chip can be referred to as
an ASIC (because it is designed for a specific algorithm) with gen-
eral purpose application (because of the multiple functions that this
algorithm can implement).

ASIC’s are typically designed to have an internal operating fre-
quency that matches the input/output data requirements [9], there-
fore, the data rate determines the internal operating frequency. The
limiting data rate for a general purpose DSP chip is the rate at
which a single multiply accumulate can be performed [10]. Again
there is a gap between ASIC’s and general purpose DSP’s. A VLSI
system should be designed such that the internal operating fre-
quency is only limited by the technology and if the particular ap-
plication allows for a lower external data rate, internal components
can be reused [5]. In the system described in this correspondence,
an internal operating frequency of four times the external data rate
allows time multiplexing of the internal components. This.dual fre-
quency operating scheme improves the data processing rate to sil-
icon area ratio [6].

The VLSI system presented below can be characterized as fol-
lows: highly parallel (16 parallel, systolic array multipliers), reus-
able components (different internal/external data rates allow hard-
ware reuse), real-time computation for audio and image processing
applications, and a general purpose signal processor. The follow-
ing section describes vector-matrix multiplication and describes the
resulting architecture and its operation. Section III summarizes how
the system can be applied to signal processing algorithms.

II. VECTOR-MATRIX MULTIPLIER DESIGN

A. Linear Operation Algorithm

Vector-matrix multiplication can be described as y = xA, where
x is an m element real input vector, A is an m X n real data matrix
and y is an # element real output vector. The architecture described
in this correspondence can compute this multiplication along with
the adding of an offset vector to the solution. Therefore, the func-
tion becomes y = xA + b, where b is an n element offset vector.
Each element of the output vector can be described by the follow-
ing multiplication and accumulation:

m—1

yi = Zo by*41+b: O0<isn-—1. Q2.1
j=

Using a single chip this architecture can accomplish a vector-
matrix multiplication with an input vector x that can vary in length
m from 4 elements to 64 elements. The number of columns in the
data matrix n can vary from 4 coefficients to 64 coefficients. The
chip is designed to be arrayed in two dimensions and therefore the
maximum size of both the input vector and the matrix can be ex-
tended. All input data are 8-b, two’s complement numbers.

It is important to note there are no assumptions made of the ma-
trix contents, such as its symmetry, that often lead to a reduced or
more efficient implementation [6]. The 64 X 64 matrix size is dic-
tated by die size limitations given currently available process tech-
nologies (see Section II-D).

B. System Organization and Block Diagram

The system is designed for an external input and output signal
processing rate of 10 MHz. The 1.6-um CMOS technology that
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