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Abstract

We derive a simple formula for the unstructured sta-
bility radii of a linear discrete time-dependent system
of descriptor form Erxi4+1 = Axzr + ur subject to ad-
ditive time—varying perturbations on both E and A.

Keywords: Time-varying systems, Stability radius,
Robust stabilization

1 Introduction

In the last three decades the topic of stability radii
of systems of differential and difference equations has
been studied intensively (see the overview paper [3]
and for computational issues [5}, [6]). In this paper
we study a descriptor system with time-dependent co-
efficients of the form Exzry1 = Agxy + ur subject to
additive time-varying perturbations (Ey + AEg)Tg41 =
(Ax+AAg)xi, +us. For such a system we provide a sim-
ple analytic expression for the stability radius in terms
of the induced norm of the operator Eo — A, where
E and A are seen as multiplication operators acting
on 12 spaces. In the sequel the following notation is
used. If u = (’u,k)kez, v = (vk)kez, ug, v € C™,
and A = (Ai)rez, B = (Br)kez, C = (Ck)kez,
A € C**" B, € C™™ ™ and Cp € CP*", are two
C™-valued sequences and three matrix sequences, re-
spectively, then u+v = (up+vk)kez, Bu = (Brti)rez
and CB := (CxBy)rez- Let 0 and o~! be the forward
and backward unit shift operators. A matrix sequence,
say B, is bounded if there exists a bounded constant
M such that ||Bi]| < M, Vk € Z. By I*™ we de-
note the Hilbert space of norm-square (double infinite)
C™.valued sequences. The spectral radius of a linear
bounded operator on a Hilbert space will be denoted
by p(-).
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2 Exponential stability and dichotomy

Let M = (My)kez, My € C™*". Introduce

M; M; i>7
S = I i=j (2.1)
: M; M. i<y

Vi,7 € Z and call S,-’;I the evolution operator of M. We
say that M defines an exponentially stable (ES) (an-
ticausal ezponentially stable (AES)) evolution if there
exist pp > 1 and 0 < g < 1 such that ||Si’;f’|| < poq*~,
Vi > j (IISY|l < pog’™, Vj > i). Let now M =
(Mi)rez, N = (Np)rez, with My and N € C™*7,
be given. Assume M and N bounded and consider the
system of difference equations

(Mo —-N)w =z (2.2)
where z = (2)kez, W = (wi)rez with z;,w;, € CT.
Since M and N are bounded Mo — N is a linear
bounded operator on 1%". We say that (2.2) in uniquely
solvable in 17 if for arbitrary z € 1?7 there exists a
unique w € [>" for which (2.2) is fulfilled. Clearly this
is equivalent to the existence of a bounded inverse of
Mo — N, ie. w = (Mo —N)"1z, Vze>. We
say that Mo — N : 13"+ [>" defines an ezponentially
dichotomic (ED) evolution of order p (0 < p < r) if
there exist four matrix sequences U = (Ug)rez,Z =
(Zk)kez,s = (Sk)kez, and T = (Tk)kez with U, and
Zr € R™X", S, € RP*P, T}, € RU—PX("=P) guch that
U and Z are bounded, U~? and Z~! are well defined
and bounded, S defines an ES evolution, T' defines an
AES evolution and

o
TU - IlZ,r—p

I[Z,pa' -5

U(Mo - N)Z = [ A

] . (2.3)

We say that Mo — N : [®" s [*" defines an ES evolu-
tion if it defines an ED evolution of order p = r. For
more details about dichotomy of a system of difference
equations see [1]. We have the following key result
(see {2], Theorem 2.1).



Theorem 2.1 Let M = (Mk)keZ,N = (Nk)kez be
bounded (My,Ni, € C™"). Then Mo — N has a
bounded inverse on 1> if and only if Mo — N defines
an ED evolution (of order p).

3 Main result

Consider the system of difference equations
Erriyy = Ape +ur, k€EZ (3.1)

where Ei, A € C™*", wup,zr € C™ The system
(3.1) can be rewritten compactly as (Eoc — A)z = u.
Here E = (Ex)kez, A = (Ar)kez, v = (ur)rez,
z = (2x)rez. Assume that E and A are bounded and
that Eoc — A defines an ES evolution and therefore, ac-
cording to Theorem 2.1, is boundedly invertible. Con-
sider now the perturbed system

(E)c + AEk):L‘k.H = (Ak + AAk)xk +ug, k€EZ (3.2)

where AE,, AA; € C™*™ or, equivalently, ((E +
AE)o - (A + AA))z = u, where AE = (AFE})kez,
AA = (AAr)kez. We define the stability radius of the
discrete time-varying system of descriptor form given
in (3.1) as r(E,A) :=sup{e >0 | |[[ A4A AE ]| <
€= (E+AE)o—(A+AA) defines an ES evolution}.
We give now the main result of the paper.

Theorem 3.1 Assume that Eoc— A defines an ES evo-
lution. Then

1
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The proof strongly relies on the following result con-
cerning robust stabilization of a discrete time—varying
system by output dynamic feedback. Consider the dis-
crete time—varying systems

A A A | BpA,A
. oT = A%z°+ B%u A _ ~ALA
Sa: { yd = CAgA 4 DOyA y==G%u
( uN1
oV = ANgN 4+ [ BN BN?] [ uN?

@

le CNI N
Sy 1 4 [ Nz] = [CNzwlx

D 1 DN12 ’U,Nl
T | pya1 pNa22 w2

— GNyN

L y¥ =G%u

K K K | gK,K
. oxr = A%z +B’U, K _ K K
SK-{ yK = CKgK 4y DKykK ¥ =G"u

Assume A defines an ES evolution, the input output
operators GV and G¥ of the systems Sy and Sk are
well defined and bounded (this happens, for example, if
the corresponding system defines a rational node), and

assume that the feedback systems Sya : yN? =
GNAYNZ and Sk yNt = GNEyNT obtained
by coupling u® = gy, uN! = yA and uf = yN?
u™N? = ¥ respectively, are well defined, i.e. the above
couplings have compatible dimensions and the well-
posedness conditions: (I — DADV11)~1 is well defined
and bounded and (I — DV22D¥)~! is well defined and
bounded, are fulfilled. Then we have the following key
result.

Theorem 3.2 The system Sk stabilizes the system
Sna for all stable systems Sa with |G2|| < € if and
only if S stabilizes Sna for A = 0 and € < €max 1=
IGNE||=1. Moreover, there exists a stationary system
Sa of norm €max which destabilizes the overall feedback
system.

For a continuous time-invariant system we get

e =1 0500 Iz

We may extend our result similarly to any class of
systems for which a small-gain type theorem (see [4])
could be proved. However, one should be careful about
the class of allowable perturbations to ensure that the
perturbed system is still in the admissible class (i.e. is
well defined and uniquely solvable).
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