On the Application of Y-orthogonal Transformations with
Elementary Hyperbolic Rotations

Michael Stewart! and Paul Van Dooren?

1 Introduction

In block implementations of the generalized Schur algorithm for the Cholesky
factorization of a block Toeplitz matrix it is necessary to compute
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Here we take A to be square. Through most of this paper, without a signif-
icant loss of generality, we will restrict B to be square and of the same size.
The reasons for this last restriction will be made clear.

Any transformation, H, satisfying (2) is referred to as X-orthogonal.
Whenever AT A — BT B is positive definite, the existence of a ¥-orthogonal
transformation satisfying (1) is guaranteed.

The positivity constraint is naturally satisfied in A and B which arise
when applying the generalized Schur algorithm to a positive definite struc-
tured matrix. Although the existence of the transformation is guaranteed,
there is no single approach to computing it. A common algorithm applies
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and computes H in a form which is factored into elementary orthogonal
transformations (plane rotations or Householder transformations) and 2 x 2
hyperbolic rotations.

It is easy to see that -orthogonal transformations form a multiplicative
group, i.e. the product Hy H» is Y-orthogonal if H1 and Hs are Y-orthogonal.
It is then natural to decompose such matrices into a product of simpler X-
orthogonal transformations. Typical choices are matrices of the form
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where c,QL — s,% = 1 and where the latter transformation acts on a single row
of A together with a single row of B. It is possible to express ¢, and sy in
terms of a single parameter by writing

1

Cp =
1—p

2

and
p

i
Thus there are two transformations from which to construct ¥-orthogonal
transformations: orthogonal transformations which act solely on A or on B
or hyperbolic transformations which act on a row of A together with a row
of B.

A common approach for producing an H satisfying (1) follows a simple
triangularization procedure. Suppose orthogonal U, and Up are computed

so that A
U;f 0 Ar | | A
0 UL|| B | | B
where Al and Bl are upper triangular. The procedure for introducing these

zero elements in A; and By through the use of plane rotations is well known.
It is also well known that zeros can be introduced with hyperbolic rotations

v P R S

Sp =



for p = —b/a. If fll(:,l) = ae; and By = bei, then this transformation
can be applied to transform A; and B; to Ay and B, with As(:,1) =
sign(a)va® — b%e; and By(:,1) = 0. This process can be repeated on the
submatrices Ay(2 :n,2:n) and Bsy(:,2 : n) to successively zero the columns
of B.

Thus, if A and B are n X n, we have

H = U H,UsH, -+ Up H, (3)

satisfying (1). This method has two properties which are characteristic of all
practical methods for computing H. First, although each U; may represent
multiple plane rotations, each H; is a single hyperbolic transformation rep-
resented by a single p;, and thus the hyperbolic part of the transformation
is represented by exactly n reflection coefficients. Second, the H; and the U;
do not have any effect on A(j,:) for j < i. After hyperbolic transformation
1, the 7 row of A is determined. These two assumptions will be useful in
characterizing the p; which can occur in factorizations, of the form (3), of
all X-orthogonal H which satisfy (1). The first step to this characterization
involves the introduction of a canonical decomposition of H.

Before proceeding further, we examine the assumption that B is the
same size as A. This really represents no significant loss of generality. If
B is k x n for k > n, then merely computing the QR decomposition of B
suffices to reduce B to a square matrix. All of the quantities which we will
examine in this paper are invariant under this transformation and they all
apply immediately to the case of kK x n B with £ > n. We will make no
assumption about the rank of B. Consequently, merely by adding zero rows
to B, all results apply immediately to the case of £ x n B for k < n.

However, stronger results may be proven for rank deficient B. In particu-
lar, if the rank of B is k, then it is possible to compute H using k hyperbolic
rotations rather than n. The decomposition to be introduced in the next
section provides an immediate proof of this assertion. We will take note of
the applicable results for rank k£ B while deriving our results for the rank n
case.

2 Decomposition of a ¥-Orthogonal Matrix

The main observation of this section is the following theorem, which gives a
generalization of the CS decomposition of a partitioned orthogonal matrix,[5],
to a partitioned ¥-orthogonal matrix. A more general form of the decom-
position, in which A and B are not constrained to have the same number



of rows appears in [3]. For the purposes of this paper, it is not necessary to
use this higher degree of generallity.

Theorem 1 Every Y-orthogonal H can be decomposed uniquely (except for
sign changes and permutations in the orthogonal matrices and for equiva-
lent orthogonal transformations operating on parts of the U and V matrices
corresponding to equal values of P = 23221) as

g_[Ua 0 (X% —x3)~1/2 0 Ya S | [VF o0
0 Ug 0 (X% -x2)"1/2 || %5 X4 0 vE

(4)
where Uy, Ug, V4 and Vg are orthogonal, ¥4 and ¥p are diagonal with
elements bounded in magnitude by one and the diagonal elements of Y4 are

strictly greater in magnitude than those of 3.
Proof: Let the singular value decomposition of Hy; be
Hyy = UaDAVY.
Equation (2) implies that
D% —VIHLHyVy=1

so that VATH %1 H51 V4 must be diagonal and the singular value decomposition
of Hy; must have the form

Hyy = Ug(D4 — NY2VE = UpDpVY.
Similarly, since H” will also be ¥-orthogonal,
D% —UsHoHLUY =1,
and the singular value decomposition of Hyo will have the form
Hyy =UsDpVE.
In a similar manner, the two relations
D% —VEHL Hy Vg = -1

and
D% — UpHypHLUL = —1



imply that the singular value decomposition of Hyy is
Hyo = Ug(I + D3)?VE = UgD V.

Thus

g_|[Ua O Dy D |[VI o0
| 0 Up || Ds Da o VI

The representation of D4 and Dpg in terms of ¥4 and X g with the stated
properties follows from consideration of 2 x 2 hyperbolic transformations and
the fact that D% —I = D%. The qaulification of the uniqueness claim follows
from the qualification of the uniqueness of the singular value decomposition.
]

Although the orthogonal analog is well known, it is worth dealing with a
point which may be less familiar in the Y-orthogonal context. In particular,
we wish to understand the extent to which A, B and (1) determine H. If
the matrix A is triangular with positive diagonal elements, then it is the
Cholesky factor of AT A — BT B and it is unique. Without the triangularity,
the only degree of freedom in choosing a symmetric factor of A”A — BT B
is captured in the orthogonal transformation U, for which ATA — BTB =
(UAT(UA).

The inverse of a Y-orthogonal matrix, H”, can easily be verified to be

Y HY.. From this we find
A . H11 N
5 |- T o

Hy | Al soaipr
[HQI]_Z[B]A 0.
Thus the only freedom in choosing Hi; and Hs; is in the transformation U.

It is also not difficult to verify that His and Hsy are completely determined
except for HioV"' and Hyo V7 for some orthogonal V.

3 The Orthogonal Case

Although the difference between the orthogonal and Y-orthogonal cases is
not great, the existence of a canonical decomposition is more widely rec-
ognized for orthogonal matrices. A goal of this paper is to develop an op-
timality result for the reflection coefficients associated with the canonical
decomposition of a Y-orthogonal matrix. However, for the purpose of clar-
ity, it will be natural to develop the analogous results for the orthogonal case.



The fundamental decomposition is a special case of the CS decomposition
and it has its roots in [2] and in [4].
Suppose we wish to compute an orthogonal ) such that

A A

T _

o Lal-15] ®
but that we wish to compute @ in such a manner that we use only n plane
rotations acting between A and B. We assume that A7 A + BT B has full

rank. The situation is analogous to the factorization (3), but with each H
replaced by a plane rotation G,

Q =U,G1U:Gy--- U, Gy, (6)

As before, the orthogonal U; act on A and B separately while the G; repre-
sent a single rotation between a row of A and a row of B.

As with the Y-orthogonal case, it can be shown that the constraint in
(5) for A and B for which AT A+ B” B has full rank determines @ uniquely
with the exception of a possible block orthogonal transformation

A vl 0
a=e| 3 yr ]

The transformation Q7 maps the subspace

[ A
range | 7 | ™)
to the subspace )
1
range 0 ] . (8)

The notion of canonical angles between subspaces is well known, [2].
By introducing a set of canonical angles between these two subspaces, we
gain some understanding of the representation of () in terms of the angles
associated with the G;.

The fundamental theorem is the following special case of the CS decom-
position, [5].

Theorem 2 A partitioned orthogonal matriz () can be decomposed as
0= Us 0 c -S1[Vvl o
| 0 Up S C 0 Vi
for orthogonal Uy, U, V4 and Vg and where C and S are real and diagonal,
satisfying C% + S = 1.



If (5) is satisfied, then the angles for which the diagonal elements of C
are the cosines are known as the canonical angles between the subspaces
given by (7) and (8). The decomposition given in Theorem 2 is a special
case of a decomposition of the form (6) in which Uy =Us =--- = U, = I.
In this special case, the G; all commute and can be ordered so that G;
acts on the ith row of A and the ith row of B. The angles associated with
the CS decomposition have an optimality property among a specific class
of decompositions of @ into the form (6). The property is similar to the
following theorem, taken from [2].

Theorem 3 If W7 is an orthogonal transformation mapping the subspace
(7) to the subspace (8) and if the s; are the sines of the canonical angles
associated with the two subspaces and if w; is an orthonormal basis for the
subspace (7) then

n n
Z sin? Z(wy, W wy) > Z 52
k=1 k=1
The transformation, W, which achieves optimality is the direct rotation,

wol|Us O c -S1[ul o
|l 0 Up s C 0 UL

and the vectors w; are given by

ERNES
e 0 UB C;€; )

The result we would like to prove is that an inequality similar to that of
Theorem 3 holds for the angles associated with the factorization (6). Unfor-
tunately, without further constraints on how the factorization is computed,
this will not generally be true. The missing condition is that the rows of A
in (5) be computed sequentially as described in Section 1. As already noted,
this constraint is satisfied by the triangularization procedure. Further, there
is no real loss of generality in the assumption about the order in which the
rows of A are computed—all that is required is that a new row of A be
established with each G; and that later transformations do not act on this
row. The theorem is as follows.

Theorem 4 Assume that AT A + BTB has full rank. If an orthogonal Q,
satisfying (5) and factored as (6), is computed using a scheme which com-
putes the rows ofA sequentially as described in Section 1, but with the hyper-
bolic transformations replaced by plane rotations, then the angles associated



with the plane rotations will have sines, Sy, which satisfy

n

n
g 5> g 5.
k=1 k=1

The values sy are sines associated with the canonical angles between the
subspaces given in (7) and (8).

Proof: The proof is inductive. Assume without loss of generality that each
G; acts on row i of A and row 1 of B. The uniqueness up to block diagonal
orthogonal transformations imposed by the full rank condition together with
the CS decomposition and the fact that the Frobenius norm is unitarily
invariant imply that for any @ satisfying (5),

n

Q% = si.

=1

In the interest of finding a basis which clearly illustrates the actions of @),
we can choose invertible X so that

A I

T _

ola]-[a]

In fact, for the rest of the proof, we will assume that the transformation X
has been applied to A and B so that

5] 16
B Q2
and we can assume that | B||% = js?. We will use Q;1 to refer to the
initial matrices, while using A and B more loosely to describe various stages
after transformations have been applied.

To allow the application of induction, we will prove the more general

assertion that if @ is (m 4+ n) x (m + n),
Q = U1G1U2Gsy - - - Uy Gy

and ()11 is n X n, then
n

Z 8 > Qa7

j=1
The induction is on n. The case n = 1 is obvious. The assumption that
Gj and U; do not act on row ¢ of A for 5 > ¢ implies that after the application



of Ul and GT the first column of A will be e; and the first column of B will
be zero. Similarly, after the application of U{ only, the first columns of A
and B will be multiples of e;. Thus, the cosine and sine associated with G
will be computed to satisfy

& Lot )= ]

$1= 1B = Q1)

Since orthogonality guarantees that G7 introduces zeros into the first
row of A(:,2 : n), the application of G will only increase ||B(:,2 : n)||.
Since later transformations will not act on the first row of A, the induction
hypothesis guarantees that the sum of the squares of the later sines will be
greater than this new, increased || B(:,2 : n)||% and consequently

This gives

n

Z s3> Q%

=1

This completes the proof. m

It is fairly simple to check, even by constructing random matrices from
factorizations of the form (3), that this result depends on the sequential
computation of the rows of A in an essential way. The signficance of the
theorem is that it gives a lower bound on the amount of “action” required
by Givens rotations acting between A and B to zero B through a triangu-
larization procedure, with or without any transformation from the right.

To put things in perspective, it is worth drawing a comparison with
Theorem 3. Despite similarities, the sines which the two results bound in
terms of the canonical sines are distinct. Suppose that A and B are such that
we are applying the triangularization procedure described in Section 1 to a
matrix with orthonormal columns. Theorem 3 and Theorem 4 can both be
applied without difficulty, but they provide bounds on different quantities.
In the former case, it is a bound on the sines associated with angles between
the columns of the original orthogonal matrix and its transformed version.
In the latter it is a bound on the sines computed by the triangularization
procedure. In effect, we have shifted a theorem which describes the action
of Q) on a particular basis for a subspace to a theorem which describes the
representation of Q).

The sines associated with the representation in Equation (3) are quite
different from those involved in Theorem 3. The following theorem illus-



trates a property which holds for sines from Equation (3) but which does
not hold for the sines involved in Theorem 3.

Theorem 5 Along with the assumptions in the statement of Theorem / if
we also assume that
|s1] = [s2] > -+ = [sn]

then
|81 > |8k| > |sn]

fork=1,2,...,n.

Proof: Without loss of generality, we assume that G]T acts on row j of A
and row j of B. Let X be defined as in the proof of Theorem 4 so that

| 5]-[7]
s]-lan ]

The orthogonality introduced by X and the fact that none of the other
transformations after G1 will act on row 1 of A imply that

and, consequently,

ai  afy

A 0 Ao

o _] xo |0 An
0 Bo

with a?; + b3, = 1. The sine and cosine associated with GT must be com-

puted to satisfy
él —§1 aill . +1
51 C1 b11 o 0 )

If we let AX and BX represent the matrices after GT is applied, then, using
orthogonality,

10
A o |0 A
BT 0 L) |-

We have
on(BX) < [81] = |bu| < 01(BX)

10



But the singular values of BX are the s; so the desired inequalities clearly
hold for §;. The proof can be completed by induction by showing that

on_1(BX) > 0,(BX)

and R
O'1(BX) S O'1(BX)

The first inequality follows easily from the fact that deleting a column only
increases the smallest singular value and from the fact that 1/¢; > 1. To
prove the second inequality note that

and
(AX)T(AX) + (BX)"'(BX) =1
so that
BX)'(BX)= |0
0 I—ALAy,
and

(BX)'(BX) =1 - (AX)T(AX).

But since 01(AX) > 01(Agg) we have Un,l(EX) >o,(BX). m

The results of Theorem 5 clearly show that the sort of optimality ex-
pressed in Theorem 4 is different from that of Theorem 3. The sines as-
sociated with Theorem 3 do not have to satisfy the bounds of Theorem 5.
Consequently, Theorem 4 can be viewed as a distinct way in which the
CS-decomposition provides an optimal mapping. Suppose Uy and Vi have
orthonormal columns and span two n dimensional subspaces. Let Us have
orthonormal columns with U U; = 0 and let

T .
T Ul Vi = A
ol w=10]
Then the theorems of this section give bounds on the sines of transformations
which combine vectors between the two parts of U to produce vectors in
span(V1). In a sense, this can be viewed as dual to the result in Theorem 3,

which assumes that @ maps U; onto span(V;) and then bounds the sines
associated with the angle between a column of U; and its image under Q.

11



4 The X-Orthogonal Case

The Y-orthogonal case is somewhat less intuitive, if only because of a lesser
degree of familiarity. However, the proof of an optimality result for reflection
coefficients associated with the canonical decomposition is directly analogous
to the proof of Theorem 4. The result is the following theorem.

Theorem 6 Assume that A and B are such that A" A— BT B has full rank.
If a X-orthogonal H, satisfying (1) and factored as (3), is computed using
a scheme which computes the rows ofA sequentially as described in Section
1, then the reflection coefficients, pp associated with the hyperbolic transfor-

mations, Hy, will satisfy
n n
S>> i
k=1 k=1

The values py, are reflection coefficients associated with the canonical decom-
position of H, and are equal to the diagonal elements of 23221.

Proof: The proof is inductive and is very similar to the proof of Theorem 4.
Assume without loss of generality that each H; acts on row i of A and row
1 of B. The uniqueness up to block orthogonal transformations imposed by
the full rank condition together with the canonical decomposition and the
fact that the Frobenius norm is unitarily invariant imply that for any H
satisfying (1),
n
[ Hor Hi 3 = ok
j=1

In the interest of finding a basis which clearly illustrates the actions of H,
we can choose invertible X so that

s le=lo]

As before, for the rest of the proof, we will assume that the transformation
X has been applied to A and B so that

Al | Hi
B | | Hy
Thus we can assume that initially |BA™!||% = > p?. We will use H;; to

refer to the initial matrices, while using A and B more loosely to describe
stages after transformations have been applied to A and B.

12



Again, to allow the application of induction, we will prove the more
general assertion that if H is (m + n) x (m + n),

H = U, H,UsHy -+ Uy, H,.

and Hq; is n X n, then

n
> 55 > || Ho Hyy'l[3

=1

still holds.

The induction is on n. The case n = 1 is obvious.

The assumption

that H; and U; do not act on row ¢ of A for j > ¢ implies that after the
application of U{ and H{ the first column of A will be e; and the first
column of B will be zero. Similarly, after the application of UlT only, the
first columns of A and B will be multiples of e;. Assume that after U{ has

been applied, we have

an  af
Al | 0 Ap
0 Ba
The application of UL does not change |BA !||% and after U] has been
applied
BAl o (blTQ - ZlTllalTQ) Ay | _ [ —p1 (b5 + /31@{21)142_21
0 Byy Ay} 0 Bz Ay,

After H] is applied,

Clearly,

1
0

0 ] [ biy + prafy

1
I Bao ] Az
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Consequently,

2

bsz +ﬁ1a1Tz
pi+ Ll | Ay || > |IBAT
B F

and the theorem follows from the induction hypothesis upon noting that we

are left with the smaller problem of computing reflection coefficients from

AQQ and

bi,+h1af,
Baa

This completes the induction step and the proof. m

It is possible to prove other properties of the reflection coefficients as-
sociated with the canonical form. Of particular interest is the following
result.

Theorem 7 Along with the assumptions in the statement of Theorem 6 if
we also assume that

o1l > |p2| > -+ > |pal.
then
lp1] > 1Pk = |pnl
fork=1,2,...,n.

Proof: Without loss of generality, we assume A and B have been multiplied
from the right by X as in the proof of Theorem 6 and that they have been
multiplied from the left by the appropriate orthogonal transformations for
the first stage of triangularization. Clearly |pi| = o1(BA™!) and |p,| =
on(BA™Y). Since

bu I _ bu T —1
BA-! — [ a1l <b12 a11a12) A

_ [ —p1 (bly + prafy) Ayy
0 322 A2_21 0 BQQ A2_21
we see that —p; is an eigenvalue of BA~!. Consequently |p1| < |p1|. This
is the starting point for an inductive proof. If A and B are the matrices
after the hyperbolic transformation has been applied, then ATA — BTB =
AT A — BTB = I. From this we see that

(BAHY(BA Y)Y=1-A4TA"

14



and o o o
(BAYWINBA Y)Y =1—-A"TA™L.

Since the smallest eigenvalue of A~7 A=1is 1/||A||? and since a similar equal-
ity holds for A, it is easily verified from

A: \/1—,020,11 0

0 A22

that the smallest eigenvalue of ATA ig larger than the smallest eigen-
value of A~TA~1. This implies |[BA~!|| < |BA~!|| and consequently, by
induction, |pg| < |p1]-

The other side of the inequality is similarly easy to prove. In the same
manner as before, we can conlude that |p;| > |p,|. But

L 0
A A1 _ 7 N (:2:n
BA —[ 10/’ I][O (BA™ 1) (5,2:n) |

which implies that o, (BA™') > 0,,(BA™1). Since we now effectively have
a problem of size (n — 1) x (n — 1), this is the inductive step which proves
that px > pp. B

As suggested earlier, the significance of these result is broader than just
providing an inequality which says that the canonical reflection coefficients
are better in a sum-of-squares sense than those of the obvious triangular-
ization procedure. The results in this section give a characterization of the
range of possible reflection coefficients for schemes for computing H which
are more general than triangularization. Since, for an appropriate trans-
formation from the right of A and B, the triangularization procedure will
compute the canonical reflection coeflicients, we effectively have bounds on
the the range of reflection coefficients which are possible when triangular-
izing after transforming from the right. As with the orthogonal case, the
sequential computation of the rows of A is essential for the result to hold.

The fact that we have decoupled the n reflection coefficients with orthog-
onal transformations shows that the canonical reflection coefficients reveal
the inherent condition of this problem. Theorem 7 is reasuring in that it
implies that it is not possible to introduce artificially ill-conditioned trans-
formations through a poor choice of a method for computing H. However, it
does not really go far enough: in most schemes for computing H, the hyper-
bolic transformations will not be decoupled as they are in the decomposition
of H.

15



5 Condition Numbers of Block Toeplitz Matrices

For an n x n symmetric positive definite Toeplitz matrix, T, it is shown in
[1] that

n

-1
1+ py - TT (14 loe))?
=<1l (9)
k=1 Pk k=1 Pk

where pj are the reflection coefficients of T'. We assume that T is scaled to
have ones on the diagonal, so that the bounds can be immediately translated
into bounds on the condition number of T'. Although these bounds can give
a very broad range for ||[T!||, it is immediately clear that the presence
of a reflection coefficient which is very close to 1 yields an ill-conditioned
Toeplitz matrix. It is in the other direction that problems arise: a Toeplitz
matrix can be very ill-conditioned without revealing it in the form of a
single very bad reflection coefficient. The cummulative effect of a large
number of moderately bad reflection coefficients can result in an extremely
ill-conditioned Toeplitz matrix.

For block Toeplitz matrices, the situation is even worse. There are likely
to be more reflection coefficients and their relation to the condition number
is even more dubious. Without claiming to have put the notion of estimating
condition numbers from reflection coefficients on a safe footing, the point
of this section is to show that the decoupling provided by the canonical
decomposition makes the canonical reflection coefficients more appropriate
for this task.

Assume we are dealing with a symmetric positive definite Toeplitz ma-
trix,

By By By -+ By
B, B, B
ITn=| By, By *. . B
... .. . B
| BN-1 -+ B2 Bi By |

with symmetric blocks, By. If

Ry=[By, By --- By]"

then triangular factors of TJGI can be obtained from the solutions Ay to
Tp A = R for k=1,2,..., N — 1. In particular, if A is defined as a lower

16



triangular matrix by

O(k—l)nxn
A (k—=1)n+1:kn) = Ixn
—AN—k

for k = 1,..., N then Ty A = Ry implies that T A will be upper block
triangular. Consequently, by symmetry, we see that it is possible to express
Tjgl as

Ty' = ADAT
where D is a block diagonal matrix with n x n symmetric positive definite
diagonal blocks.

The algorithm which computes such a factorization is a block version of
the Levinson algorithm. This is not a new idea and the derivation of the
algorithm is so similar to the traditional Levinson algorithm that we will
only summarize the results before applying them to the problem at hand.

We partition Ay as

Ay
7]

where Pk isn x n and let J be

Using the fact that TvJ = JTv and introducing the partitioning

o[ Te TR
171 RTJ By

we find that it is possible to recursively compute Agy; from Ay,

A1 = Ay, — JAL P, (10)
Pyi1 = B, N(Byy1 — RE JAp), (11)

where

Ey = (Bo— Rj_1Ap1)

is easily computable from

Epy1 = By, — PL By (12)

17



The proof of these results is directly analogous to the derivation of the
recursions for the ordinary Levinson algorithm.
The matrices Ej, are symmetric positive definite and

D = diag(Ext |, Exto, .- By b).
Let B, = CgC’k for upper triangular C. Equation (12) is equivalent to
Cri1Crs1 = Cf Cp — (CkPosr) " (CiPri1) = CL (I — Py Py Cy
where Py 1 = CkPkHC,;l. It is easily verified from (11) and
R{JAy = R[JT 'R, = R{T;'JRy, = (R} JA;)"

that Py is symmetric. This is a downdating problem. Using the notation
of (4) and letting Uy41 be the Cholesky factor of I — P/, Pyy1 we have
Upr = UaZ3' (5% - 55)2VE

and
Crt1 = Up41C

where the reflection coefficients correspond to those from the X-orthogonal
transformation computed by the Schur algorithm.

This provides a bound on the growth in the block diagonal elements of
the triangular factor of Tjgl, connecting the condition of T" with the worst
canonical reflection coefficient. We can tighten the connection by modifying
(10). So far, the symmetry of P shows that for diagonal elements, Fy, the
eigenvalues of P, rather than the singular values, are what really matter.
In (10) there is an apparent dependence on ||P||, but this can be dealt with
easily. From (10)

Ap 1Ot = (AxCFY) = J(ARCL ) Prga .

But
City = GhU,
SO
(Ap1Cply) = (ARG U, = T(AC ) P U
and

(PhiCrly) = Cp ' P UL

18



The effects of P11 and Uiy in these equations can be easily observed by
noting that
ViU Uy = (1 — 237557 2

and

ViPen U\ Ua =51 Sp(1 — 53°5%) 12

Since A,C !is just a column of the triangular factor of T&l, we see that
the growth in the norms of these columns will be determined by the largest
diagonal element of 2212 B. From this result, we can derive bounds which
are essentially identical to the upper bound in (9). Unfortunately, it is not
obvious how best to do this; the most appropriate choice of norm is not
completely clear. We will rest matters here with having revealed that the a
single reflection coefficient can characterize the growth of an entire block of
columns in the Levinson algorithm.

6 Summary

In this paper we have presented a decomposition of a 3-orthogonal matrix
and analyzed its properties which parallel those of the CS decomposition.
In addition, we have addressed the issue of conditioning. The CS decom-
position reveals canonical rotations which are always well conditioned, but
the X-orthogonal equivalent reveals information which is relevant to un-
derstanding the conditioning of downdating problems and factorization of
block Toeplitz matrices. Since the elementary hyperbolic transformations
are completely decoupled by orthogonal transformations, the norms of these
transformations reveal the inherent condition of the problem. In addition
to this, we have shown that these reflection coefficients can be used to char-
acterize the range of reflection coefficients which are achievable by other
approaches to solving the problem.
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