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Trackable graphs

Let V() be te worst possible number of trajectories compatible with an

observation of length t
A network is trackable if N (t) grows subexponentially

[Crespi et al. 05]

Here: number of possibilities asymptotically zero N (t) ~ (0

=>» Trackable



Trackable graphs
® ® O -

Worst case : RRRRRR... = N(t) =t

Polynomial number of possibilities

=>» Trackable



Trackable graphs

Worst case : RGRGRG...®> N (t) ~ 2“2

Exponential number of possibilities

=>» Not trackable



Trackability : the formal problem

We are given 0 1 0
e S —
— A graph G(V,E) : e @& o A=11 01
010
— A set of possible observations : .
defining a partition of the nodes { R=1{12}
G ={3}

For each possible color, we define the corresponding matrix by erasing the
incompatible columns from A :

0 1 0) ‘0 0 0)

S . —
e @& o A=[100] A=001
\O 1 O) \O 0 O




Trackability : the formal problem

To a given observation, associate the corresponding product:

(0 1 0) (0 0 0

— TS T = 1 O O = 1
\O 1 O) \O 0 O/

‘(0 1 0

000 @m AAA-000
\O 1 O/

The number of possible trajectories is given by the sum of the entries of the
matrix
Ao X

X —_—
t+1 A1 X,
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Switching systems

Ay X
Xer1=
A; X,

Point-to-point Given X, and X, is there a product (say, A, Ay A; A, ... A;) for

which x«=Ay Ag Ay Ag ... Ay X,?

Mortality Is there a product that gives the zero matrix?

Boundedness Is the set of all products {A,, A, AjAy, AsA4, ...+ bounded?

Global convergence to the origin Do all products of the type ‘
Ay Ay AL A, ... A; converge to zero?



Switching systems

A X,
Xi+1= A
1 X¢
Global convergence to the origin Do all products of the type .
Ay Ay Ay A, ... A; converge to zero? (GUAS)

The spectral radius of a matrix A controls the growth or decay of powers of A
A) = lim ||A?|[1/
p(4) = lim [|4

The powers of A converge to zero iff ~ p(A) < 1

The joint spectral radius of a set of matrices X is given by

p(2) = lim max ||A1As ... Ag[M*

t—oo 4,68

All products of matrices in . converge to zero iff p(>2) < 1

[Rota, Strang, 1960]

Theorem: GUAS = GUES



The joint spectral characteristics

(X) = lim [max |A1A A Hr/t The joint
T emlie TR spectral radius
2 .
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The joint spectral characteristics

| e The joint spectral
radius

2
Ag Ao Ao 3
An A || 0410410
|| 0 0||<||A[)A[)A1|| 1.

p(X) = lim {min | A1 As ..

t—oo LA;eX

1
| Aol
AgAq1Ag

< ,
Ao Ay || >
— Ao As Aqll 2
A1AgApll 6
2
2
< 5

. | Ax]]

[Gurvits 95]
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The joint spectral characteristics

1/(pt) _ .
pp(¥) = lim [-m Z 1AL A, . 4t\|p] "1 The p-radius

t— oo

A;eXt
e g Agljme Mo Ao Aoll 3
T [0 Ao Ay || 1
Aol Ao 10l 5
T A[)AlAl 2
4 A ApAoll 6
- 1410410
| A1 Aol
B A1AOA1 2
4
A1 A Aoll 5
AL A || ="
[Protasov97]|H(1’2)Hp| |H2344)HP| 1“'3’1’3’2’6’2’5’ H?"l




The joint spectral characteristics

/) The Lyapunov
_fliiit{ {H 414 ‘M‘} Exponent
E"T'r
(m is the number of ) ||A[}AOA0|| 3

matrices in %) A A
0411410

5
| AoA4 ]|
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A1A1 Ao

\ ®
A Y AL AL

[Furstenberg Kesten, 1960]




The joint spectral characteristics

pz(X) =inf{\ > 0:30(0),0(1),

p(Z) = supegn pu(X)

The
feedback
stabilization

~n ¢ radius

L3

[Geromel Colaneri 06]

[Blanchini Savorgnan 08]
[Fiacchini Girard Jungers 15]

[J. Mason 15]



The joint spectral characteristics
Po(B) = 1nf{A > 0: 30(0),0(1), ..., 3M > 0st. |z,,(t)| < MN|z|,¥t >0} | The
pE) = supyezn (%) feedback
stabilization
... radius

I = Aa(o)fﬂo
Ly = Aa(1)931

L3 = AU(Z)mQ

>

Geromel Colaneri 06]

[Blanchini Savorgnan 08]
[Fiacchini Girard Jungers 15]

[J. Mason 15]




The joint spectral characteristics

px(X) = inf{A > 0: 30(0), (1), ri
LX) = supycpn fa(2) feedback
| , Stabilization
Tyt radius
\“ <
! | P / ‘ )

W\

L3

[Geromel Colaneri 06]

Alternative definition: suppose you can observe x(t) at

[Blanchini Savorgnan 08]

every step, and apply the switching you want, as a function [Fiacchini Girard Jungers 15]
of the x(t)

[J. Mason 15]



The joint spectral characteristics

AM > 05t |z,.(0)] < MMz|,¥e >0} The

feedback

stabilization
radius

p(Z) = supegn pu(X)
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Figure 1: The function F(a) = min; (|A[{]24]"/"), where z, = (cosa,sina)” and t; is the length

of the matrix product A[i]. Its maximum is an upper bound on the feedback stabilization radius.
This maximum is approximately equal to 0.886.



The joint spectral characteristics

AM > 05t |z,.(0)] < MMz|,¥e >0} The

A(Z) = sup,epn fu(Z) feedback
stabilization
radius

Proposition 5. Suppose Assumption 1 holds. Then for any X\ > p(M) the function Vy : R? = R,
o |Zoz(t)]
Vi(x) = sup inf : 5
AT) :gg o) \ (5)
. i
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(a) The level set vt (1) belonging to the first two quadrants.
VA




The joint spectral characteristics

)= | [ T Hr/t The joint spectral radius addresses the
= llm |max ||[A;As... A; i
P ool sy stability problem
1/t The joint spectral subradius addresses the
(X)) = lim [mm Ads. . A ] problem
j(T) = lim | min 4,44
The p-radius addresses the... p-weak
stability ;5
pp(z) = lim [ m- Z H 41 42 4th ] . [J. Protasov 10]
t—00 ] (& |
A et |
1t The Lyapunov exponent addresses
m the
= lml H |44y M] stability with probability one
A;eXt (Cfr. Oseledets Theorem)

The feedback stabilization
radius addresses the
feedback stabilizability

[J. Mason 16]
[Fiacchini Girard Jungers 15]

px(X) =nf{A > 0:30(0),0(1), ..M > 0 8.t. |2,,(t)] < M|z, ¥t > 0}
p(X) = Sup,cpn fa(X)




The joint spectral characteristics:
Mission Impossible?

Theorem Computing or approximating p is NP-hard

Theorem The problem p>1 is algorithmically undecidable

Conjecture The problem p<1 is algorithmically undecidable @

Theorem Even the question « |p — | < a 4+ bp ?» is algorithmically undecidable
for all (nontrivial) a and b

Theorem The same is true for the Lyapunov exponent

Theorem The p-radius is NP-hard to approximate

Theorem The feedback stabilization radius is turing-uncomputable

See [Blondel Tsitsiklis 97,
Blondel Tsitsiklis 00,
J. Protasov 09
J. Mason 15]



Algorithmic complexity

Arbitrary

Arbitrary

Arbitrary ) approximation in approximation for . s
approximation polynomial time positive matrices Decidability
Joint
Spectral v v v
Radius
Joint
Spectral X X v X
Subradius
Lyapunov
Exponent X X Vv X
p-radius Depends | Depends v
onp onp
Feedback
st. radius X A L4 X




Lie algebraic criteria

Theorem: if the matrices are stable and commute, then
p(X) <1

Definitions: The Lie bracket of two matrices, [A,B] is equal to AB-BA

The Lie Algebra g generated by A,B, is the smallest
vector space that contains A,B and which is closed under
Lie Brackets

Theorem: If the Lie Algebra is Solvable (and the matrices are
stable!), then p(X) <1

Discussion: non-genericity, CQLF, generalisation to constrained
switching

Similar ideas in continuous time (why?)



Lie algebraic criteria

g"=0
Nilpotent

solvable

g=tDs

compact
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Trackable graphs

To a given observation, associate the corresponding product:

0 1 0) (0 0 0)

— TS T :100 = 1
o« % e A A=|0 0
0 1 0 0 0 0,

0 1 0

000 @) AAA-000
0 1 0,

The number of possible trajectories is given by the sum of the entries of the
matrix



Trackable graphs

The maximal total number of possibilities is
N(t) = max [ Al : Aex]

We are interested in the asymptotic worst case :

lim N (1) = limmax {| A" : Ae 3|

t—o0 {—o0 1

This is a joint spectral radius!



Trackable graphs

The network is trackable iff

p<1

[Crespi et al. 05]

Theorem It is possible to check
trackability in polynomial time

[J. Protasov Blondel 08]
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Joint spectral characteristics
Applications:
e Trackability
o Capacity of codes
Path-complete methods for switching systems stability
Constrained switching systems

Markov Jump Linear Systems

Conclusion and perspectives



Forbidden differences

e We are given: a set of forbidden differences:

D={-+4+0,40-}

e We would like the maximum-sized code « avoiding » this

set:

1111
1110
1001
1000

0111 0111
0110

0001 1010
0000 §

+0+



Forbidden differences

If the constraints are empty, then the maximum is 2"

One can show that asymptotically, 6,, the maximum size of

any code of length n, is

S A 2cap(D)n

0 < cap(

D) < 1

Formally, cap(D) = log» (n”—>moo VvV 0n)



Forbidden differences
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Forbidden differences: how to
compute the capacity?

e De bruijn graphs 100D

R R R R ECERERREFFR,O0O000000O0
HFRPRRPRPROOOORHEHPEPLOOOO

PFRPOOHHPFRPFOOFR,FPFOORrRL,rEFL, OO

—FOROHHOROHLORORORO



Forbidden differences: how to
compute the capacity?

We thus have to maximize the number of paths in G, but
avoiding at each step one set of forbidden edges

For each set of edge, we
associate the corresponding
adjacency matrix:

(Just like for trackable graphs!)

(/001 00\ /0100 /1 100\ /110 0\)
_<0011 O 011 O 010 OOlO>
~]J]/0 1 0OO0O|’l1 1 O0O0|’IO1TO0O0O|’'IT 10O
\0o o111/ \oo10/ \oo11/ \oo0 10/,
1 1 O 1 1 1 1 1 o 1 1 1 1 0 1 1 1 O 1 1
o o-0 o0 o0~-1 00~-010—-1T0O0-0-1010-000wo0

_|_
_|_
&)
+
_|_
o
_|_
_|_
)
-+
o
_|_
_|_
o
o
_|_
_|_
o
+
_|_



Forbidden differences: how to
compute the capacity?

The number of paths is given by the
corresponding product of matrices:

(0
1
O

\ 1

|AzA2||1 =

We want the maximum-sized code:

im max {|| A
n—=o0

1

1
O
1

— O~

1

1/n

1

O O

O O

O O

O O

A 3
= 10 o
01

1 1 0
%/l ¥
1 0O

11
Ae X" = ...

HHFOORFHFOOFRFOOKRFROO

—HFOROHLORORHLORORORO



Forbidden differences: how to
compute the capacity?

20P(D) = p(=(D))

e WD B W R W B B e et i S R G B G B W)

HHFOORFHFOOFRFOOKRFROO

—HFOROHLORORHLORORORO



Forbidden differences

e The size of the matrices is exponential.
e The number of matrices is exponential.

e The instance itself can hide an exponential number of
constraints.

e The computation of the joint spectral radius is NP-
hard.

=» In practice, we do not know the capacity of sets with
more than, say, ten characters.



Forbidden differences: a NP-
harness result

e Theorem: It is NP-hard to determine the positivity of the
capacity of a set defined{+, O, —, #} on the alphabet

e The character <<jj » IS @ don't care character.

e Example:

1111 0001

D = {+u+, 100} | 0101 1110 |




Forbidden differences: a feasibility
result

Lemma: « The capacity is positive iff there is a word from
the grammar {0™ {+,-,0}*+0™}

that avoids D and -D.»

Example: cap({0+0}) > 0 because 000++00

avoids D and -D.

e How to check this criterion in polynomial time?



Forbidden differences: a feasibility

result

Theorem: It is polynomial-time feasible to determine the
positivity of the capacity of a set defined on the
alphabet {0, +,-}.

The Aho-Corasick automaton:
P={0+4+0,0- 0,400}

oMy




