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The CQLF method
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LMI methods




SDP methods

e Theorem Forall £ = 00 there exists a norm such that

VA € Y,Vr, |Az| < (p+€)|x|  [RotaStrang, 60]

John’s ellipsoid Theorem: Let K be a compact convex set with
nonempty interior symmetric about the origin. Then there is an
ellipsoid E such that EFc K cnE

[John 1948]

A

vV 2E

eSO we can E
approximate the unit
ball of an extremal
norm with an ellipsoid

v




SDP methods

e Theorem The best ellipsoidal norm || . ||z, approximates the joint
spectral radius up to a factor /= [Ando Shih 98]
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There exists a Lyap.

1
p < 1/ n2d = function of degree d

— One can improve this method by lifting techniques [Nesterov Blondel 05]

[Parrilo Jadbabaie 08]
@ Algorithm that approximates the joint spectral radius of
> : . :
—~ arbitrary sets of m (nXn)-matrices up to an arbitrary accuracy € in
PTAS O(n™<) Operations

v



Yet another LMI method

e A strange semidefinite program

min, g+ r

S.t.

AT PiA, = r2Py,

A({Pzﬂl j "?"2P1,,

P ~ 0.

p<r
[Goebel, Hu, Teel 06]
e Butalso... [Daafouz Bernussou 01]

[Bliman Ferrari-Trecate 03]
[Lee and Dullerud 06] ...



Yet another LMI method

e An even stranger program:

min,.cp+

S.t.

Al PA,

(A A1) T P(AsA))
(A3)TP(A3)

P

) <

Y TATATA

"T‘2 P
rt P,
"T‘4 P,,

[Ahmadi, J., Parrilo,
Roozbehanil0]



Yet another LMI method

e (Questions: ‘

— (Can we characterize all the LMIs that work, in a unified
framework?

— Which LMIs are better than others?
— How to prove that an LMI works?

— (Can we provide converse Lyapunov theorems for more
methods?

1
2/

1
p<1/n2d =

pr < p < p

There exists a Lyap.
function of degree d




From an LMI to an automaton

e Automata representation Given a set of LMIs, construct an automaton like

this: _
ATPLA, < 2P < >h

min,.cp+
8.1 42 A
A?PlAl = Tgpl? ~ {1]
A?Pgﬂl = Tgpl? ‘\_l/

A
P, -~ 0.

e Definition A labeled graph (with label set A) is path-complete if for any
word on the alphabet A, there exists a path in the graph that generates
the corresponding word.

e Theorem If G is path-complete, the corresponding semidefinite program is
a sufficient condition for stability. [Ahmadi J. Parrilo Roozbehani 14]



Some examples

e Examples: Ay
T =
-A;:\j
A.
E Ag A,
— Example 1 ~—

<®
©
N

A
This type of graph gives a max-of-quadratics
Lyapunov function (i.e. intersection of ellipsoids)

o A4
— Example e
P 4_1::

This type of graph gives a common

Lyapunov function for a generating CL_):

set of words
As Ay




An obvious question: are there other

e Theorem valid criteria?
AZ 4 min?"ER"‘ r
/-\ L 8.1
&= <o
\/ Agﬂﬂz = TQPQ:
A ATP A, =< 2P,
P, ~ 0

Path complete Sufficient condition
for stability

If G is path-complete, the corresponding semidefinite program is a
sufficient condition for stability.

e Are all valid sets of equations coming from path-complete graphs?

e ...or are there even more valid LMI criteria?



Are there other valid criteria?

* Theorem Non path-complete sets of LMIs are not sufficient for stability.
[J. Ahmadi Parrilo Roozbehani 15]

Ay A MiN,.-p+ T
N A s.t.

< > ATPA, < 2P,
\/ Ag Pl Ag i Tg PQ,
‘41 A?Pgﬂl j Tgpl?

F; ~ 0.

Path complete Sufficient condition
for stability

e Corollary

It is PSPACE complete to recognize sets of equations that are a sufficient
condition for stability

e These results are not limited to LMIs, but apply to other families of conic
inequalities



So what now?

After all, what are all these results useful for?

Ay A MiN,.-p+ T
7~ AN .t
=) Ynn - on
AgPlﬂg j TQPQ,
F; ~ 0

Optimize on optimization problems!
This framework is generalizable to harder problems
e Constrained switching systems
e Controller design for switching systems
e Automatically optimized abstractions of cyber-physical systems
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We begin with an example ©

e Take an inverted pendulum...

Linearized around “up”:
Lh+1 = (A + BK)ZCk — All'k
U — K:Uk

e “Close the eye” of the controller...

-

\

Linearized around “up” :
Tht1 = Az + Buy
Uk =— Ulast updated



Some plots:
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u Red dot means failureg,
1 next input is = to curfent
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When there is at most 2 consecutive failures...
Already pretty bad. But is this stable?



Switching systems

State update = Ti+1 = As)Ts
Modes of the system  A,) € A ={Ay,..., An}
Switching signal t—o(t):{0,1,2,...} »{1,...,N}



Switching systems: Dropouts

Controlled plant : "Xep1 = X"
Stable if the controller fails

A+ BK
2 Ly _
.? ? Al(“)_( K
0,w ? Ow A (zY_(A B
2\u) N0 T

T T




Switching systems: Dropouts

Controlled plant : "Xep1 = X"
Stable if the controller fails

Switching system with 2 modes.

A xy, if controller works
Lt4+1 =

Aoz, if controller fails

C AlAlAlAl.ﬂCo

This is possible!
cee A2A2A1A1$0

- AgAgAs Az This is not possible!



Switching rules through graphs

©(V, E) : the graph,
V 1 set of vertices,
E : set of labeled directed edges,
(v,w,f) e E,v,weV le{l,... N}




Paths and switching sequences
Paths of the graphs.
P = {(’Uo, Ul,f(l)), (’Uh ’UQ,E(?))7 e o ey (UT—la ’UT,E(T))}

Paths map to trajectories.
Ap = Ayery - Ay o —  Ayxo =z

Defines rules on the switching sequences of the system!



A graph for maximum dwell time

Arbitrary switching on 4 modes.
Any sequence is OK, take the loops you need

Periodic system on 2 modes.

Maximum dwell time on mode 2.
Cannot have ...1,2,2,2...




Stability and boundedness

Given a constrained switching system S = (@, A)
4 o2
666»‘0 AT >1: Vg e R",Vpe O : |p =T,
Y, 6‘6‘0‘ — Apzrg =27 = 0.
4 ,
Qe
@‘I\QO(\G‘O IN<1,K>1:VxyeR",Vt,VpeO:|pl=t,
e = [[Apzol < KXol
-
6660656 dK >1: Vxy € R",Vt, Vp € O,
%0\)(\ — [[Apzol| < K|zol|-




Failure of contractive norms

We are stable ©
£
. . ToT = I

~ 1/2
ps)= (3" =1/2<1.

A common norm would need to satisfy ||2x]|| < ||x]|



Multinorms for stability

4 .
| JSR defined through sets of norms
([ infn
Theorem: p(S) = < s.it. H{||||v, v € V}: Vo, V(v,w, l) € E,
\ [Aezllw < 7]zl

- Direct generalization of the arbitrary switching case

« Stability if and only if Multiple Lyapunov Function

27



The approximation problem

e Computing the JSR is hard ( < 1 is undecidable)

e Approximation for arbitrary switching systems, bounded
time complexity achieved by approximating contractive

norms. _ _
Given S, a constrained system and r > 0, a desired accuracy le

output y satisfying

Approx. using “contractive norms”. Approx. using “contractive
multinorms”.



Norms VS quadratic norms

a

Constrained JSR as an infimum over

r

inf
p(S) = S st. H{|-lo, v eV} Va, V(v,w,l) € E,
lAez|[w < [l

\

/

How bad can this be? (Approximate with quadratic norms)

4

([ infry
YQ(S) = s.t.3{Qy = 0,vEV}: V(v,w,l) €E,

\ A;QwAE < '}’2Qv




Fixed accuracy bounds

John’s Ellipsoid Theorem

-

For all norm || - ||, there is a quadratic norm || - || such that

Ille <1+ Ix < Vol - llo-

Accuracy when using quadratics

([ infy
f}/Q(S) = 4 st.HQy =0, veV}: \V/(U,’w,f) e F,

\ AZQUJAE = '}’QQU

= 5(S) < 10(S) < Vap(S)




(Another cool bound!)

/
/
{
[

([ inf~y
'YQ(S) = 9 s.1. EI{QU =0, v € V} : ‘v’(“v,w,f) c b,

\ A;QwAﬂ = 72Qv

= 5(5) < vo(S) < v/Spectral Radius of the adjacency matrix of © p(S)

0
1| ~ 184 Its better than what
o/  you'llgetforany r!

[Legat, Jungers, Parrilo] —

Generating unstable trajectories for Switched Systems
via Dual Sum-0Of-Squares techniques —

Accepted HSCC2016




Perspective

@ Approximation of the L2-gain for control-systems?

More general systems? Control?
Switching affine, State-Dependent Switching , Continuous-time,...?
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Markov Jump Linear Systems

e,

g1
Go) :x(k +1) = 1.22(k).

Oy so={L 1, 1,1,1,1,1,1,1,1,1,1,1,1.1,1,1,1,1, 1,1},

cax(k+1) = 0.8z(k B - 10703
):m<k+) (k) P_[pij]_[o_”ﬁ}

Oy o0=1{1,2,1,2,1,2,1,2.1,2,1,2,1,2,1,2,1,2,1,2,1}.
Q.20 = {1,2,1,2,1,2,2,2,2,1,1,1,1,1,1,1,2,2,1,1,2}
L& ! ! !
e node |
14F - ':-2'(1:1(:[?::“5 b
12+
|-: -
0.a T
0.4+ (;-')l]...).[] :1
{:_2" z 4 |‘I~. :I< |In II? 1I=L 1Ifs IIH 20




Markov Jump Linear Systems

r(k+1)= A@(k)ﬁf(k) + Boryu(k) + Gopyw(k)
o b ) = Loyr(h) + Hygow(h)
2(k) = Ce(k)ﬂk) + Doryu(k)
x(0) = x0,0(0) = 0.

Costa, 0.LV, Fragoso, M.D., Marques, R.P.. "Discrete-Time Markov Jump Linear
Systems". Probability and Its Applications, Springer, 2005
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MILS: the stability problem

(k4 1) = Tyhpyx(k
:{;Eu)ziug({{;?}:ﬁ(&)[}) (5) ' = (Fh"-:FN) c H"

Timeset T = {0,1,...}

Markov Chain {f(k);k € T}

Transition probability matrix P = [p,;]

Initial conditions g € Cy, 0y € @y

Initial distributionfor 8, v = {v;:i € N}

The joint process {x(k), O(k)} is a Markov process



MILS: the stability problem

E(z(k)) Zb(:r )00k —i})

i=1

E(x ZE k) Lgo(ny=iy)-

gi(k) £ E(x(k)1ggp=i) € C",
Qi(k) £ E(x(k)x(k)* Lipa—n) € B(C")™T,

Proposition Consider model (5) For every b € T and j € N:

Logik+1)=%" lwufq,(ff}
2.Q;(k +1) =30 pi Qi (k)T




MILS: the stablllty problem

Z}_‘,(l 1{9(;‘

E(x(k)x(k)") ZE k) Ligry=iy)-

E’(V}—Z;uu‘i,?ﬁ-

T,(V) = ZP-&;‘EI’?FJ € B(C")
=1
LV) 2 &V € B(CY)

N

N
V) & S pu Vil € BC™).

J=1

T()=(Ti(),.... Tn(.) € B(H")

1

B£(P&l, dmg[F]E]EC”’)
C2(P®I,:)cBCN)
The gaﬁn%a%@”é@eﬁﬂiﬁdﬁ@rgé

N Only conjugate, ut not
transposed



MILS: the stability problem

ZL‘(J )1 {60k =i1)

E(z(k)z(k)*) ZE

If 7 Is stable, then L3 is stable

Definition: If 7 is stable, we say that the system is mean
square stable



MILS: the stability problem

Zﬁ(i )1 {60k =i1)

E(z(k)z(k)*) ZE

If 7 Is stable, then J3 is stable

Definition: If 7 is stable, we say that the system is mean
square stable

In this case: the expectancy is indeed bounded!




MILS: the stability problem

Example: Al

11

P — [E E} =» Stable (rho = 17/18)
1 1
2 2

P = [U‘g 0'1] = Unstable (rho = 1.61)



MILS: the stability problem

Example 1027, 1050
A1 = [0 DJ Az = [ 2 ﬂ}

=» Unstable (rho=2.125), while the
matrices are stable! (nothing
surprising, in fact)



MILS: the stability problem

Example 1027, 1050
A1 = [0 DB} Az = [ 2 ﬂ}

(a)




MILS: the stability problem

Example A — [n 2 } A, — [ﬂf g}

0 0.5




MILS: the stability problem

| 2 1 01
Example: A = L] Q } Ay = { 0 _.J

0.10.9
"= [{}.9 0.1 ]

=» Stable (rh0=0.4), while the
matrices are unstable! (still nothing
surprising, in fact)



MILS: the stabilizability problem

r(k +1) = Agryr(k) + Byryu(k) Perhaps not surprising

G = y(k) = Co(r)z(k) 2 et
2(0) = 0, 60(0) = 6. (why?), but pretty cool yet!

Definition (Mean Square Stabilizability). Let A = (Aq,..., Ay) €
H", B = (By,..., ' By) € H™". We say that the pair (A, B) is mean
square stabilizable ?.f there is F' = (Fy,...,Fy) € H"™ such that when
u(k) = Fyyx(k), System (7) is MSS. In this case, F is said to stabilize
the pair (A, B).

Proposition (Mean square Stabilizability Test). The pair (A, B) is
mean square stabilizable if and only if there are Wy = (Wyq, ..., Wny) € H" T,
H'Ig = (H’rlg ..... ﬁ'?‘r-.,rg) = Hm._n: “r‘g = (IV13 ..... IP N3 } € H™ such that fﬂ'}"
all j € N,

Z Pii (AW A + BIWSHA® + AW B + BiWisBi*) — W1 < 0,

i=1
Wi Wis
=
lt-v_.j; ﬁ«-ﬁ.}-J = 0.

W;1 > 0.



MILS: the stabilizability problem

Of course, similar results exist for the detectability problem

Remark that the switching signal is assumed to be known. In the
opposite case, we can still have sufficient conditions for mean square
stability

Do not forget that mean square stability is not equivalent with almost
sure stability!



The LQR problem, yet another miracle

E[:Jrf) = E:E,IH-}{FL‘}.T.'{A'.} + DHH‘J{;{'}H{L‘} IJ,[L‘J‘* .I.},-[.;f} ~ ()

ok +1) = Ay (B)a(k) + By (B)ulk) + Mgy (R)v(k) Ci (k) D (k) =0
G =
x(0) =xp € CY,0(0) =ty € Oy




The LQR problem, yet another miracle

Solution:  Fy(k) £ —R;(k)™'B;(k)*&;(X (k + 1), k) A; (k).
R;(k) £ D;(k)*D;(k) + B;(k)*E;(X (k +1),k)B;(k) > 0
(Recursive coupled Riccati difference equations)
X (k) = (X1(k),..., Xn(k) € H**
Xi(k) 2 A;(k)*E(X (k + 1), k) As (k) — Ai(k)*E(X (k + 1), k)B;(k)

X (D,-,(k)*D;(k) + Bi(k)*&(X (k + 1), k)B,-(k)) _

x Bi(k)*E(X (k + 1), k) A; (k) + Ci(k)*Ci(k)

where X;(T) 2V

T—1

0(k), x(K), k) 2 E([|2(k)[1*18,) + E@(T) Voerya(T)]®,)

k=K




