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Our GoalLet A ∈ R
m×m and B ∈ R

n×n.Compare A and B using their isometri
 proje
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Previous WorkFraikin et al.1 
onsideredarg maxUTU=IkVTV=Ik 〈UTAU , V TBV〉
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If n = m = k  maximizing C-numeri
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Previous WorkIf A = ATB = BT with eigenvalues α1 ≤ α2 ≤ . . . ≤ αn
β1 ≤ β2 ≤ . . . ≤ βnmaxUTU=IkVTV=Ik 〈UTAU , V TBV〉

= max
πa,πb k

∑i=1 απa(i)βπb(i)where πa
πb is a permutation of 1, . . . ,m1, . . . , n .Optimal U and V are 
orresponding eigenve
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Symetri
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β1 ≤ β2 ≤ . . . ≤ β110
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Previous Work
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What if we 
onsider a distan
e?Here, we 
onsiderarg minUTU=IkVTV=Ik dist(UTAU,V TBV)with dist(A,B) = ‖A− B‖2F = tr((A− B)T (A− B)
)If n = m = kminUTU=IkVTV=Ik dist(UTAU,V TBV)
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Geometry of the ProblemU belongs to the Stiefel manifoldSt(k ,m) =
{U ∈ R

m×k : UTU = Ik} .De�nitionA manifold is a set that is lo
ally smoothly identi�ed with R
d ,where d is the dimension of the manifold.Similarly, V belongs to St(k , n).Th. Cason - Université 
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First order optimality 
onditionLet f be a real-valued fun
tion de�ned on a manifold.De�nitionThe gradient of f at a point M, grad f (M), is a ve
tor tangent tothe manifold whi
h points in the dire
tion of the greatest rate ofin
rease of f , and whose magnitude is the greatest rate of 
hange.And the �rst order optimality 
ondition isM∗ is an extremum of f ⇒ grad f (M∗) = 0Th. Cason - Université 
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Cau
hy Interla
ing TheoremTheorem (Cau
hy Interla
ing Theorem)Let A = AT be a m×m matrix with eigenvalues α1 ≤ . . . ≤ αm.Let UTAU be an isometri
 proje
tion of A (U ∈ R
m×k , UTU = Ik)with eigenvalue θ1 ≤ . . . ≤ θk .Then

αi ≤ θi ≤ αi−k+m, i = 1, . . . , k .Lemma (Loewner's lemma)
∀ α-interla
ed θi 's, ∃U su
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Symetri
 
aseIf A = ATB = BT with eigenvalues α1 ≤ α2 ≤ . . . ≤ αn
β1 ≤ β2 ≤ . . . ≤ βnmaxUTU=IkVTV=Ik dist(UTAU,V TBV)

=
k

∑i=1 e2 ([αi , αi−k+m] , [βi , βi−k+n])
where e (S1,S2) is the minimal distan
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Symetri
 
ase � ExampleIf A = ATB = BT with eigenvalues α1 ≤ α2 ≤ . . . ≤ α6
β1 ≤ β2 ≤ . . . ≤ β7
α1 α2α3 α4 α5 α6

θA1 θA2 θA3
β1 β2β3β4 β5 β6 β7θB1 θB2 θB3
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Geometri
al interpretation
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Where geometri
al optimization 
omes into play. . .No expli
it solution for non-symetri
 
aseGeometri
 optimization
onstrained optimization problem in an un
onstrained set
 un
onstrained optimization problem in a 
onstrained set
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Tangent spa
eDe�nitionThe tangent spa
e to M at M ∈ M, denoted TMM, is a linearapproximation of the geometry of the manifold around M.
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Retra
tionDe�nitionThe retra
tion at M ∈ M, denoted RM , is a mapping from TMMto M su
h that0M is mapped onto M, andno distortion around the origin.
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The Ro
k 'n' Roll generalization
As strong as Ro
kUse 
lassi
al optimization methods on the the tangent spa
e,TMM ∼ R

d along with the pullba
k 
ost fun
tion f̂M = f ◦ RMAs simple as RollUse your favorite retra
tion to roll the iterates onto the manifold
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Line sear
h methodsin R
dChoose a suitable sear
h dire
tion zk ∈ R

dCompute a satifying step size tk for fUpdate to xk+1 = xk + tkzkOn manifoldChoose a suitable sear
h dire
tion ξk ∈ TMMCompute a satifying step size tk for f̂M = f ◦ RMUpdate to Mk+1 = RMk (tkξk)Th. Cason - Université 
atholique de Louvain Conferen
e in Numeri
al Analysis 2008Iterative Methods for Comparing Two Matri
es by Means of Isometri
 Proje
tions



Line sear
h methodsin R
dChoose a suitable sear
h dire
tion zk ∈ R

dCompute a satifying step size tk for fUpdate to xk+1 = xk + tkzkOn manifoldChoose a suitable sear
h dire
tion ξk ∈ TMMCompute a satifying step size tk for f̂M = f ◦ RMUpdate to Mk+1 = RMk (tkξk)Th. Cason - Université 
atholique de Louvain Conferen
e in Numeri
al Analysis 2008Iterative Methods for Comparing Two Matri
es by Means of Isometri
 Proje
tions



Line sear
h methods - sear
h dire
tion
Steepest Des
ent : ξk = grad f (xk)Conjugate Gradient : ξk 
onjugate with respe
t to Hess f (xk )
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Simple methods but (maybe) slow
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Newton methodin R
dUpdate to xk+1 solution of the Newton equationHess f (xk) · (xk+1 − xk ) = −grad f (xk ) .On manifoldFind ηk ∈ TMkM solution of the Newton equationHess f (Mk) [ηk ] = −grad f (Mk) .Update to Mk+1 = RMkηkTh. Cason - Université 
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It works !
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But. . .We have got a problem. . .
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Trust Region methodBuild a model mMk of the 
ost fun
tion f̂Mk around Mke.g. mMk (η) = f (Mk)+ 〈grad f (Mk) , η〉
+ 〈η,Hess f (Mk) [η]〉Find η∗ the minimum of mMk within a trust region ‖η‖ < ∆kEvaluate the quality of mMk at η∗if good → move and in
rease the trust regionif bad → stop and redu
e the trust regionTh. Cason - Université 
atholique de Louvain Conferen
e in Numeri
al Analysis 2008Iterative Methods for Comparing Two Matri
es by Means of Isometri
 Proje
tions



Trust Region methodBuild a model mMk of the 
ost fun
tion f̂Mk around Mke.g. mMk (η) = f (Mk)+ 〈grad f (Mk) , η〉
+ 〈η,Hess f (Mk) [η]〉Find η∗ the minimum of mMk within a trust region ‖η‖ < ∆kEvaluate the quality of mMk at η∗if good → move and in
rease the trust regionif bad → stop and redu
e the trust regionTh. Cason - Université 
atholique de Louvain Conferen
e in Numeri
al Analysis 2008Iterative Methods for Comparing Two Matri
es by Means of Isometri
 Proje
tions



Trust Region methodBuild a model mMk of the 
ost fun
tion f̂Mk around Mke.g. mMk (η) = f (Mk)+ 〈grad f (Mk) , η〉
+ 〈η,Hess f (Mk) [η]〉Find η∗ the minimum of mMk within a trust region ‖η‖ < ∆kEvaluate the quality of mMk at η∗if good → move and in
rease the trust regionif bad → stop and redu
e the trust regionTh. Cason - Université 
atholique de Louvain Conferen
e in Numeri
al Analysis 2008Iterative Methods for Comparing Two Matri
es by Means of Isometri
 Proje
tions



We had a problem. . .
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Experiments
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Further work as a 
on
lusionCompare geometri
 optimization method and 
lassi
al methodsDesign of spe
i�
 geometri
 algorithmsAppli
ation to maximal subgraph resear
h
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