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Let Ac R™*™ and B € R"™*".

Compare A and B using their isometric projection

UTAU  and vTBv

with U e R™k vV e R™k and UTU = VTV = .
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Why

@ First intuition

O R OO =
OO~ O K O
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Why

@ First intuition

O R OO =
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A=PTBP, P a permutation matrix
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Why

@ First intuition

O R OO =
OO~ O K O
= = O = O O
OO R O OO

O Ok O
OO P O =

A=PTBP, P a permutation matrix

@ Projection on a same (and lower) space-dimension

Th. Cason - Université catholique de Louvain Conference in Numerical Analysis 2008

Iterative Methods for Comparing Two Matrices by Means of Isometric Projections



Previous Work

Fraikin et al.! considered

.
arg max <UTAU, VTBV>:§Rtr<(UTAU) VTBV>
UTU=Iy
vTv=I

LC. Fraikin, Y. Nesterov, and P. Van Dooren. Optimizing the Coupling
Between Two Isometric Projections of Matrices. SIAM J. Matrix Anal. Appl.
2007
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Previous Work

Fraikin et al.! considered

.
arg max <UTAU, VTBV>:§Rtr<(UTAU) VTBV>
UTU=Iy
vTv=I

@ If n=m = k ~» maximizing C-numerical range

argQ;pgilk<C7 QTAQ>

LC. Fraikin, Y. Nesterov, and P. Van Dooren. Optimizing the Coupling
Between Two Isometric Projections of Matrices. SIAM J. Matrix Anal. Appl.
2007
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Previous Work

o If A= AT with eigenvalues oy < ap < ... < ay
B=BT Pr<f2<... < Bn

max <UTAU VTBV> - maxZaﬁa( B (i)

uTu=I, Ta,Tp “
vTv=l,

where 7, is a permutation of 1,..., m.
Th 1, ..., n

Optimal U and V are corresponding eigenvector of A and B
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Symetric case — Example

If A= AT with eigenvalues a1 < ap < ... < ajg

B=BT Br<B<. .. <PBn
0
o ax Qa3 ﬁsawﬂas 0‘9/0‘2
5152835405586 3708 Bo B0 i1
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Previous Work




What if we consider a distance?

Here, we consider

arg mm<m(Uvaﬁw)
uTu=I
vTv=I

with

&MABFﬂA—mﬁ:u«A—mTM—BD
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What if we consider a distance?

Here, we consider

arg  min dist(UTAU, VTBv)

uTu=I
vTv=I
with
dist(A, B) = A — B|)> = tr((A —B)T (A- B))
fn=m=k
min dist(UTAU, VTBV) o max <UTAU , VTBV>
uT U=I, uT U=I,
vTv=I, vTv=I,
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Geometry of the Problem

U belongs to the Stiefel manifold

St(k, m) = {U e R™K . YTy = /k} .

Definition
A manifold is a set that is locally smoothly identified with R,
where d is the dimension of the manifold.

Similarly, V belongs to St(k, n).
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First order optimality condition

Let f be a real-valued function defined on a manifold.

Definition

The gradient of f at a point M, grad f(M), is a vector tangent to
the manifold which points in the direction of the greatest rate of
increase of f, and whose magnitude is the greatest rate of change.
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First order optimality condition

Let f be a real-valued function defined on a manifold.

Definition

The gradient of f at a point M, grad f(M), is a vector tangent to
the manifold which points in the direction of the greatest rate of
increase of f, and whose magnitude is the greatest rate of change.

And the first order optimality condition is

M, is an extremum of f = grad f(M,) =0
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Cauchy Interlacing Theorem

Theorem (Cauchy Interlacing Theorem)

Let A= AT be a m x m matrix with eigenvalues a; < ... < apm.

Let UTAU be an isometric projection of A (U € R™k UTU = 1)
with eigenvalue 01 < ... < 6.

Then
aigaigai—k+m7 I:177k
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Cauchy Interlacing Theorem

Theorem (Cauchy Interlacing Theorem)

Let A= AT be a m x m matrix with eigenvalues a; < ... < apm.

Let UTAU be an isometric projection of A (U € R™k UTU = 1)
with eigenvalue 01 < ... < 6.

Then
aigaigai—k+m7 I:177k

Lemma (Loewner's lemma)

V a-interlaced 0;’s, U such that 6;'s are eigenvalues of UTAU

Th. Cason - Université catholique de Louvain Conference in Numerical Analysis 2008

Iterative Methods for Comparing Two Matrices by Means of Isometric Projections



Symetric case

If A= AT with eigenvalues oy < an < ... <

B=BT bh<Ba<...<pBh
k
Jmax dist (UTAU, VTBV) = 3 & ([0, i) 107 Biicen])
VTV;IZ i=1

where e (51, S2) is the minimal distance between $;, S, C R
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Symetric case — Example

If A= AT with eigenvalues oy < an < ... < ag

B=BT Pr<p<...< B
a1 o3 (g4 Qf Qp
07 ,a
1 (92 0?,,4

[ ——

P BBPa Ps Fe G
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Geometrical interpretation

X[l =1 — x (xTAx) x|l =1 — x (x" Bx)
A = diag(4,2,1) B = diag(1,0.6, —1)
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Where geometrical optimization comes into play. . .

No explicit solution for non-symetric case
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Where geometrical optimization comes into play. . .

No explicit solution for non-symetric case

Geometric optimization

constrained optimization problem in an unconstrained set
~~ unconstrained optimization problem in a constrained set
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Tangent space

Definition
The tangent space to M at M € M, denoted Ty, M, is a linear
approximation of the geometry of the manifold around M.

17
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Retraction

The retraction at M € M, denoted Ry, is a mapping from Ty M
to M such that

@ 0y is mapped onto M, and

@ no distortion around the origin.
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The Rock 'n’ Roll generalization

As strong as Rock

Use classical optimization methods on the the tangent space,
TmuM ~ R9 along with the pullback cost function fM =foRy
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The Rock 'n’ Roll generalization

As strong as Rock

Use classical optimization methods on the the tangent space,
TmuM ~ R9 along with the pullback cost function fM =foRy

As simple as Roll

Use your favorite retraction to roll the iterates onto the manifold
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Line search methods

@ Choose a suitable search direction z; € R?

@ Compute a satifying step size t, for f

o Update to
Xk+1 = Xk + tyzZg
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Line search methods

@ Choose a suitable search direction z; € R?

@ Compute a satifying step size t, for f

o Update to
Xk+1 = Xk + tyzZg

On manifold

@ Choose a suitable search direction £ € Ty M
@ Compute a satifying step size t for fy="foRuy
o Update to

M1 = Ru, (ték)
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Line search methods - search direction

Steepest Descent : & = grad f (xk)
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Line search methods - search direction

Steepest Descent : & = grad f (xk)

Conjugate Gradient : &, conjugate with respect to Hess f (xk)
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Line search methods - search direction

Steepest Descent : & = grad f (xk)

Conjugate Gradient : &, conjugate with respect to Hess f (xk)
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Simple methods but

[Fgrad f|

Steepest descent
Conjugate gradient

10 20 30 40
Iteration

50 60

Conference in Numerical Analysis 200

Means of Isometric P



Newton method

Update to xx41 solution of the Newton equation

Hess f (xk) - (xk+1 — xx) = —grad f (xk) .
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Newton method

Update to xx41 solution of the Newton equation

Hess f (xk) - (xk+1 — xx) = —grad f (xk) .

On manifold

@ Find 1y € Ty, M solution of the Newton equation
Hess f (M) [nk] = —grad f (My) .

o Update to Myi1 = Ry,
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It works !

[Fgrad f|

. . . . .
10 20 30 40 50 60
Iteration

Th. Cason - Université catholique de Louvain Conference in Numerical Analysis 2008

Iterative Methods for Comparing Two Matrices by Means of Isometric Projections



Cost function

5 10 15 20 25 30 35 40
Iteration
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Trust Region method

@ Build a model my, of the cost function ?Mk around M,

eg.  mu(n) = f(Mk)+ (grad f (My),n)
+ (n, Hess f (M) [n])
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Trust Region method

@ Build a model my, of the cost function ?Mk around M,

eg.  mu(n) = f(Mk)+ (grad f (My),n)
+ (n, Hess f (M) [n])

@ Find n* the minimum of my, within a trust region ||n|| < Ak
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Trust Region method

@ Build a model my, of the cost function ?Mk around M,

eg.  mu(n) = f(Mk)+ (grad f (My),n)
+ (n, Hess f (M) [n])

@ Find n* the minimum of my, within a trust region ||n|| < Ak
@ Evaluate the quality of my, at n*

¢ if good — move and increase the trust region
@ if bad — stop and reduce the trust region
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We had a problem. ..

Cost function

y = Steepest descent
10 E s Conjugate gradien
m— Newton
= Trust Region

Iteration
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Experiments

II'grad 1|

= Steepest descent
Conjugate gradient
—— Newton

= Trust region

. . . .
30 40 50 60
Iteration
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Further work as a conclusion

Compare geometric optimization method and classical methods
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Further work as a conclusion

Compare geometric optimization method and classical methods

Design of specific geometric algorithms
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Further work as a conclusion

Compare geometric optimization method and classical methods

Design of specific geometric algorithms

Application to maximal subgraph research
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