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Abstract

In this paper, we go over a number of optimization problems defined
on a manifold in order to compare two matrices, possibly of different
order. We consider several variants and show how these problems relate
to various specific problems from the literature.

1 Introduction

When comparing two matrices A and B it is often natural to allow for a class
of transformations acting on these matrices. For instance, when comparing
adjacency matrices A and B of two graphs with an equal number of nodes, one
can allow symmetric permutations PT AP on one matrix in order to compare
it to B, since this is merely a relabelling of the nodes of A. The so-called
comparison then consists in finding the best match between A and B under this
class of transformations.

A more general class of transformations would be that of unitary similarity
transformations Q*AQ, where @ is a unitary matrix. This leaves the eigenvalues
of A unchanged but rotates its eigenvectors, which will of course play a role in
the comparison between A and B. If A and B are of different order, say m and
n, one may want to consider their restriction on a lower dimensional subspace:

U*AU and VBV, (1)

with U and V' belonging to St(k, m) and St(k,n) respectively, and where St(k, m) =
{U e Cm*k . U*U = Ik} denotes the compact Stiefel manifold. This yields two
square matrices of equal dimension k& < min(m,n), which can again be com-
pared.

But one still needs to define a measure of comparison between these restric-
tions of A and B which clearly depends on U and V. Fraikin et al. [1] propose in
this context to maximize the inner product between the isometric projections,
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U*AU and V*BV, namely:

arg max (U*AU,V*BV) := Rtr((U*AU)" (V*BV)),
VU1,
where R denotes the real part of a complex number. They show this is also

equivalent to
arg max (XA, BX)=%Rtr(A*X"BX),

X=VU*

U*U=1I,

V*V=I,
and eventually show how this problem is linked to the notion of graph similarity
introduced by Blondel et al. in [2]. The graph similarity matrix .S introduced in
that paper also proposes a measure of comparing two matrices A and B via the
fixed point of a particular iteration. But it is shown in [3] that this is equivalent

to the optimization problem

arg ”gﬁax (SA,BS) = Rtr((SA)*BS)

=

or also
arg ”gﬁaxl (S,BSA*) = Rtr((SA)*BS).
o=
Notice that S also belongs to a Stiefel manifold, since vec(S) € St (1, mn).
In this paper, we use a distance measure rather than an inner product to
compare two matrices. As distance measure between two matrices M and N,
we will use

dist (M, N) = ||[M — N||p = \/tr((M — N)*(M — N)).

We will analyze distance minimization problems that are essentially the coun-
terparts of the similarity measures defined above. These are

arg min dist® (U*AU, V*BV),
U U=1I
ViV=I,

arg min dist? (XA, BX),
X=VU*
U*U=1I,
V*V=I,
and
arg min dist? (X,BXA"),
X=VU*
U*U=1I,
V*V=Iy
for the problems involving two isometries U and V. Notice that these three
distance problems are not equivalent although the corresponding inner product
problems are equivalent.
Similarly, we will analyze the two problems

arg ”Sn”nn dist*(SA, BS) = tr((SA — BS)" (SA — BS))
=1

and

arg ||§T|ml X dist*(S, BSA*) = tr((S — BSA*)" (S — BSA")),



for the problems involving a single matrix S. Again, these are not equivalent in
their distance formulation although the corresponding inner product problems
are equivalent.

We will develop optimality conditions for those different problems, indicate
their relations with existing problems from the literature and give an analytic
solution for particular matrices A and B.

2 The Problems and their Geometry

All those problems are defined on feasible sets that have a manifold structure.
Roughly speaking, this means that the feasible set is locally smoothly identified
with R?, where d is the dimension of the manifold. Optimization on a manifold
generalizes optimization in R? while retaining the concept of smoothness. We
refer the reader to [4,5] for details.

A well known and largely used class of manifolds is the class of embedded
submanifolds. The submersion theorem gives a useful sufficient condition to
prove that a subset of a manifold M is an embedded submanifold of M. If there
exists a smooth mapping F' : M — N between two manifolds of dimension d,,
and d), (< dp,) and y € N7 such that the rank of F is equal to d!, at each point
of N':= F~!(y), then N is a embedded submanifold of M and the dimension
of N'is d,,, — d,.

Nl

Ezample The unitary group U(n) = {Q € C"*": Q*Q = I,,} is an embedded
submanifold of C"*"™. Indeed, consider the function

F:C"" - Sger(n): Q— Q"Q — I,

where Sper(n) denotes the set of Hermitian matrices of order n. Clearly, U(n) =
F~1(0,,). It remains to show for all H € Sgre,(k), there exists an H € C"*" such
that DF(Q)-H = Q*H+H*Q = H. Tt is easy to see that DF(Q)-(QH /2) = H,
and according to the submersion theorem, it follows that U(n) is an embedded
submanifold of C"*". The dimension of C"*" and Sge,(n) are 2n? and n?
respectively. Hence U(n) is of dimension n?.

In our problems, embedding spaces are matrix-Euclidean spaces C™** x
C™*F and C™ ™ which have a trivial manifold structure since C"™** x C"** ~
R2mnk® and C**™ ~ R2m™7, For each problem, we further analyze whether or
not the feasible set is an embedded submanifold of their embedding space.

When working with a function on a manifold M, one may be interested in
having a local linear approximation of that function. Let M be an element of



M and §pr(M) denote the set of smooth real-valued functions defined on a
neighborhood of M.

Definition 1 A tangent vector {py to a manifold M at a point M is a mapping
from (M) to R such that there exists a curve v on M with v(0) = M,

satisfyin
" af((0)

Euf=—g—| - YeIuM)
t=0

Such a curve 7y is said to realize the tangent vector &,.

So, the only thing we need to know about a curve v in order to compute the first-
order variation of a real-value function f at v(0) along v is the tangent vector
&, realized by . The tangent space to M at M, denoted by Th; M, is the set
of all tangent vectors to M at M and it admits a structure of vector space over
R. When considering an embedded submanifold in a Euclidean space £, any
tangent vector £y of the manifold is equivalent to a vector E of the Euclidean
space. Indeed, let f be any a differentiable continuous extension of f on &, we

have
e = LU pfan )
t=0

where E is 4(0) and D is the directional derivative operator

D) £ i f<M+tEt> - jony

The tangent space reduces to a linear subspace of the original space £.
Ezample Let v(t) be a curve on the unitary group U(n) passing through @ at
t =0, i.e. y(t)*y(t) = I, and v(0) = Q. Differentiating with respect to ¢ yields

Y(0)"Q + @"¥(0) = On.

One can see from equation (2) that the tangent space to U(n) at @ is contained
in
{EeC™ : E'Q+QE=0,} ={QQeC™": Q" +Q=0,}. (3)

Moreover, this set is a vector space over R of dimension n2, and hence is the
tangent space itself.

Let gas be an inner product defined on the tangent plane Th; M. The gra-
dient of f at M, denoted grad f(M), is defined as the unique element of the
tangent plane Th; M, that satisfies

Evf = gu(grad f(M), &), Ve € TuM.

The gradient, together with the inner product, fully characterizes the local first
order approximation of a smooth function defined on the manifold. In the case
of an embedded manifold of a Euclidean space &, since Ty M is a linear subspace
of Tyy&, an inner product gy on ThsE generates by restriction an inner product
gyr on ThyM. The orthogonal complement of Ty M with respect to gas is
called the normal space to M at M and denoted by (TyM)*. The gradient of
a smooth function f , defined on the embedding manifold may be decomposed
into its orthogonal projection on the tangent and normal space, respectively

Pygrad f(M) — and  Pyerad f(M),



and it follows that the gradient of f (the restriction of fon M) is the projection
on the tangent space of the gradient of f

grad f(M) = Pygrad f(M).

Ezxample Let A and B, two Hermitian matrices. We define

fiCm S R:Q e Rtr(QTAQB),
and f its restriction on the unitary group U(n). We have
Df(Q)- E = 2R tr(E*AQB).
We endow the tangent space ToC"™*"™ with an inner product
G :ToC™ " x ToC™*™ - R: E, F +— Rtr(E*F),

and the gradient of f at Q is then given by grad f(Q) = 2AQB. One can further
define an orthogonal projection on ToU(n)

PoFE = FE — QHer(Q"E),

and the gradient of f at @ is given by grad f(Q) = Pggrad f(Q).
Those relations are useful when one wishes to analyze optimization problems,
and will hence be further developed for the problems we are interested in.
Below we look at the various problems introduced earlier and focus on the
first problem to make these ideas more explicit.

Problem 1 Given A € C™*™ and B € C™*", let
fCmE s CE L C (U V) e f(U,V) = dist?>(U*AU, V*BY),
find the minimizer of
f St (k,m) x St (k,n) — C: (U, V) = f(UV) = f(UV),

where
St (k,m) = {U € C"™** . U*U = I;}
denotes the compact Stiefel manifold.

Let A = (A1, A2) and B = (By, Bs) be pairs of matrices. We define the following
useful operations:

e an entrywise product, Ao B = (A1 By, A2B3),
e a contraction product, Ax B = A1 By + A3 B>, and
e a conjugate-transpose operation, A* = (A7, A3).

The definitions of the binary operations, ¢ and x, are (for readability) extended
to single matrices when one has to deal with pairs of identical matrices. Let,
for instance, A = (A1, A2) be a pair of matrices and B be a single matrix, we

define
Ao B = (Al,AQ)OB = (Al,AQ) <& (B,B) = (AlB,AQB)
A% B = (Al,AQ)*B = (Al,AQ)*(B,B) = A1B+A2B



The feasible set of Problem 1 is given by the cartesian product of two compact
Stiefel manifolds, namely M = St (k,m) x St (k,n) and is hence a manifold
itself (cf. [5]). Moreover, we can prove that M is an embedded submanifold of
E = C™*k x C"*k, Indeed, consider the function

F:& —>SH€T(/{Z) X SHer(k) M — M*o M — (Ik,lk)

where Sy, (k) denotes the set of Hermitian matrices of order k. Clearly, M =
F~1(0y,0). It remains to show that each point M € M is a regular value of F
which means that F has full rank, i.e. for all Z € Sper (k) x Ster(k), there exists
Z € &€ such that DF(M) - Z = Z. It is easy to see that DF(M)- (Mo Z/2) = Z,
and according to the submersion theorem, it follows that M is an embedded
submanifold of £.

The tangent space to € at a point M = (U, V) € £ is the embedding space itself
(i.e. TmE ~ &), whereas the tangent space to M at a point M = (U, V) € M
is given by

Ty M := {%(0) : v, differentiable curve on M with v(0) = M}

={¢=(&u,&v) : Her(¢* o M) = 0}

Q K
= {MO (Q\[i> + M, o (K\[i) :Qu,Qy € Ss—Her(k)};

where M| = (U,,V,) with U, and V| any orthogonal complement of respec-
tively U and V', where Her(+) stands for

Her(+) : X — (X + X¥) /2,

and where S;_pger(k) denotes the set of skew-Hermitian matrices of order k.
We endow the tangent space T/€ with an inner product:

g () : T€ x T — C 2 &, gu(§,€) = Rir(§" + Q)
and define its restriction on the tangent space Ty M(C T E):
gy () TuM x TyM — C: §,¢— gu(€,¢) = gm(§, Q).
One may now define the normal space to M at a point M € M:
TygM = {€: gm(&,¢) =0, V¢ € T M}
= {Mo (Hy,Hy) : Hy,Hy € Sper(k)}
where Sy (k) denotes the set of Hermitian matrices of order k.
Problem 2 Given A € C™*"™ and B € C™*™, let
F:iC™m L C: X f(X) = dist? (XA, BX)
find the minimizer of
fiM—C: X f(X) = f(X),
where M = {VU* € C"*™ : (U,V) € St (k,m) x St (k,n)}.



M is a smooth and connected manifold. Indeed, let ¥ := [I(f 8] be an ele-

ment of M. Since every X € M is congruent to X by the congruence action
(U,V),X)—V*XU, (U,V) € Uim)xU(n), where U(n) = {U € C**": U*U = I, }
denotes the unitary group of degree n. The set M is an orbit of this smooth com-
plex algebraic Lie group action of U(m) x U(n) on C™*™ and therefore a smooth
manifold [6, App. C]. M is the image of the connected subset U(m) x U(n) of
the continuous (and in fact smooth) map 7 : U(m) x U(n) — C™*™ 7(U,V) =
V*XU, and hence is also connected.
The tangent space to M at a point X = VU* € M is
Tx M :={%(0) : v curve on M with v(0) = X}

={& U+ VE; : Her(V*éy) = Her(U*Ey) = 04}

={VQU*+ VKLU +VIKyU* : Q € Se_per(k)}.
We endow the tangent space Tx C"*™ ~ C™*" with an inner product:

gx () TxCM x TxC™ ™ = C 1 €, — gx (&, () = Rtr(£70),
and define its restriction on the tangent space Tx M(C Tx&):
One may now define the normal space to M at a point X € M:
={VHU*+ V. KU} : H € Sper(k)}.

Problem 3 Given A € C™*™ and B € C™*", let

FiC™M L C: X f(X) = dist? (X, BXA")
find the minimizer of

JiM=C:X e f(X) = f(X),

where M = {VU* € C"*™ : (U,V) € St (k,m) x St (k,n)}.

Since they have the same feasible set, topological developments obtained for
Problem 2 hold also for Problem 3.

Problem 4 Given A € C™*™ and B € C"™ ", let
f:Cm L C: S f(S) =dist?(SA, BS)
find the minimizer of
fiM—=C: X f(X) = f(X),

where M = {S € C**™ . ||S||r = 1}.



The tangent space to M at a point S € M is
ToM = {¢: Rtr(£*S) =0} .
We endow the tangent space TgC"*"™ ~ C™*™ with an inner product:
gs(,) 1 TsC™ ™ x TgC™™ 1= C 1 £, — gs(&,¢) = Rtx(£70),
and define its restriction on the tangent space TsM(C Ts&):
gs(+) : TsM x TsM— C: & ¢ — gs(£,¢) = gs(&, Q).
One may now define the normal space to M at a point S € M:
Tg M :={£:3s(6,¢) =0, V¢ € TsM} = {aS:a €R}
Problem 5 Given A € C™*™ and B € C™*", [et
f:CV™ L C: S f(S) = dist?(S, BSA*)
find the minimizer of
fiM—=C: X f(X) = f(X),
where M = {S € C™*™ . ||S||r = 1}.

Since they have the same feasible set, topological developments obtained for
Problem 4 also hold for Problem 5.

3 Optimality conditions

Our problems are optimization problems of smooth functions defined on a com-
pact domain M, and therefore there always exists an optimal solution M € M
where the first order optimality condition is satisfied,

grad f(M) = 0. (4)
We study the stationary points of Problem 1 in detail, and we show how the
other problem can be tackled.
Problem 1

We first analyze this optimality condition for Problem 1. For any (W, Z) € Ty/&,
we have

Df(U,V)-(W,2)

(U*AU — V*BV) (5)

- AUNYp + A*UA A
= dww) (2 <BVA}‘3A + B*VABA> (W, Z>> !

with Agp := U*AU — V*BV =: —Ap4, and hence the gradient of f at a point
(U, V)e&is

:mtr((w AU +U*AW — Z*BV -V BZ))

AUAY 5 + A*UAAB) ©)

grad f(U, V) =2 (BVA};A + B*VApa



Since the normal space T35 M is the orthogonal complement of the tangent space
Ty M, one can, for any M € M, decompose any E € &£ into its orthogonal
projections on Ty M and Ti;M:

PyE :=F—-PyE and P3E:=MoHer(M*oE). (7)

For any (W, Z) € Tpy M, (5) which yields

DFWU,V) - (W, 2) = gy (Pargrad f(U,V), (W, 2))
and the gradient of f at a point (U,V) € M is
grad f(U,V) = Pygrad f (M). (8)

For our problem, the first order optimality condition (4) yields, by means of (6),
(7) and (8)

AU+ AUDABY _ (U jpop(UAUD G+ UA"UDsp o)
BVARs+BVApa)  \V "\V*BVAL, + V*B*VApA )

Observe that f is constant on the equivalence classes

U, V]=AU,V)eQ:QeUk)},

and that any point of [U, V] is a stationary point of f whenever (U, V) is.
We consider the special case where U*AU and V*BV are simultaneously diago-
nalizable by a unitary matrix at all stationary points (U, V) (it follows from (9)
that this happens when A and B are both Hermitian), i.e. eigendecomposition
of U*AU and V*BV are respectively WD W* and WDpW*, with W € U(k)
and D = diag (9’14, e ,OkA), Dp = diag (913, e ,9,?).
k
The cost function at stationary points simply reduces to Z ’9;4 — HZB ‘2 and
i=1
the minimization problem roughly consists in finding the isémetric projections
U*AU, V*BV such that their eigenvalues are as equal as possible.
More precisely, the first optimality condition becomes

g)olv)eW={v)eWelp,)|°lp,_p,) =0 (0
(3)e (V)= () ewe(5a)] - (s 72)
that is,

)+ (0) (@) ()]G ror oo

where U; and V; denotes the i*® column of U = UW and V = VW respectively.
This implies that for all ¢ = 1,...,k either 9;4 = 0F or (9;4, UZ-) and (QZB,VZ-)
are eigenpairs of respectively A and B. If A and B are Hermitian matrices and
a1 <ag < -~ < ayp and B < Gy < --- < By, are their respective eigenvalues,

the Cauchy interlacing theorem yields after reordering of the §/* and 67 in an
increasing fashion

0 € [0, qti—pym] and  0F € [B;, Bicpin], i=1,....k



Definition 2 For S; and S2, two non-empty subsets of a metric space, we
define
eq (51,52) = inf d(s1,s2)

s1€S1
$2€S2

When considering two non-empty subsets [ag, o] and [01, B2] of R, one can
easily see that

eq ([a1, 2], [B1, B2]) = max (0,0 — B2, 51 — a2) .

Theorem 3.1 Let a3 < ag < -+ <y and B < [ < -+ < (B, be the eigen-
values of Hermitian matrices respectively A and B. The solution of Problem 1
s bounded below by

Z (ed ([ai, ai—k—i—m] ) [ﬁu ﬁi—k+n]))2

i=1
with d the Fuclidean norm.

Proof Recall that when A and B are Hermitian matrices, the cost function at
stationary points of Problem 1 reduces to

k

S lo - 08

i=1

where 07, ..., 9,;4 and 68, ..., 9,? are the eigenvalues of U*AU and V*BV, re-
spectively. It follows from the Cauchy interlacing theorem that the minimum
of this function is bounded below by

k

2
min min (- (12)
0A 9B T 7 (1) i
i i=1
such that
0 <03 <. <O, 07 <607 <. <6, (13)
9;4 S [aia ai—k+m] 3 ezB S [ﬁia ﬁi—k-‘rn] ) (14)
and 7(+) is a permutation of 1,..., k.

Let 07',...,0{ and 0%, ..., 0F satisfy (13). Then, the identity permutation
() = ¢ is optimal for problem (12). Indeed, if 7 is not the identity, then there
exists ¢ and j such that i < j and 7 (i) > 7T(j) and we have

(eA — 67 )2 + (eA of(J))Q - {(9;‘ ef(l))Q + (9 950))1
=208 — 01) (05, - 05,)) <0.

Since the identity permutation is optimal, our minimization problem simply
reduces to

E

min A 93)
Pt (13)(14)
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Figure 1: Let the a; and (3; be the eigenvalues of the Her-
mitian matrices A and B, and k& = 3. Problem 1 is then

3
2
equivalent to E I}gir}g (0{4 - 0{3) such that 6 € [a;, aita),
£ gA p!
i=1 "1 i

08 € [Bs, Bit+a]. The two first terms of this sum have strictly
positive contributions whereas the third one can be reduced to
zero within a continuous set of values for 65 and 0% in [as, 37].

We now show that (13) can be relaxed. Indeed, assume there is an optimal
solution that does not satisfy the ordering condition, i.e. there exist ¢ and j,
i < j such that 934 < 6. One can see that the following inequalities hold

A A
a; <aj <07 <07 < Qigim < Qj_ktme
Since 9;4 belongs to (¢, aj—k4m] and 9;-4 belongs to [, aj—k+m], one can switch

i and j and build an ordered solution that does not change the cost function
and hence remains optimal.

k k
It follows that in (02 — 07" i 't in (02 — 0%)°. Thi
ollows tha ;(1%?114)( ; ; ) is equal to ;r(xﬁr)l( ; ; ) is
result is precisely what we were looking for. (I

We conjecture that the Cauchy interlacing condition are “tight” in the fol-
lowing sense:

Conjecture 1 Let A € Syer(m) with eigenvalues o < as < ... < . Let
01 <0y <...< 0 satisfy the interlacing conditions

916 [Oéi,Oéi,k+m], ’Lil,,k

Then there exists U € St (k,m) such that {61,02,...,0c} is the spectrum of
U*AU.

If this conjecture holds, then Theorem 3.1 holds without the words “bounded
below by”.
Figure 1 gives an example of optimal matching.

Problem 2

For all Y € TxC"*™ ~ C™*™, we have

Df(X)-Y = 2Rtr(Y* (XAA* — B*XA — BXA* + B*'BX)),  (15)

11



and hence the gradient of f at a point X € C™"*™ is
grad f(X) = 2(XAA* — B XA — BXA* + B*BX). (16)

Since the normal space T)%M is the orthogonal complement of the tangent space
Tx M, one can, for any X = VU* € M, decompose any F € C"*™ into its
orthogonal projections on Tx M and Tx M:

PxE =E — VHer(V*EU)U* — (I, — VV*) E (I,, — UU*), and

P%E = VHer(V*EU)U* + (I, — VV*) E (I, — UU"). a7)
For any Y € Tx M, (15) hence yields
Df(X)-Y =Df(X)-Y = gx (Pxgrad f(X),Y),
and the gradient of f at a point X = VU* € M is
grad f(X) = Pxgrad f (X). (18)

Problem 3
This problem is very similar to Problem 2. We have
Df(X) Y =2Rtr(Y* (X — B*XA - BXA* + B"BX A*A)), (19)

forall Y € TxC"*™ ~ C™*" and hence the gradient of f at a point X € C"*™
is

grad f(X) =2(X — B XA — BXA* + B*'BXA*A).

The feasible set is the same as in Problem 2. Hence the orthogonal decomposi-
tion (17) holds, and the gradient of f at a point X = VU* € M is

grad f(X) = Pxgrad f (X).

Problem 4

For all T' € TsC"*™ ~ C™"*™_ we have

Df(S) T = 2Rtr(T* (SAA* — B*SA — BSA* + B*BS)), (20)
and hence the gradient of f at a point S € C™"*™ is
grad f(S) = 2(SAA* — B*SA — BSA* + B*BS). (21)

Since the normal space, TSLM, is the orthogonal complement of the tangent
space, TsM, one can, for any S € M, decompose any F € C"*™ into its
orthogonal projections on TsM and TSLM:

PsE=F— S Rtr(S*E) and P{E =S Ntr(S*E). (22)

For any T € TsM, (20) then yields

Df($)-T=DJ(8) T = gs (Psgrad f($),T) .

12



and the gradient of f at a point S € M is grad f(S) = Pggrad f ().
For our problem, (4) yields, by means of (21) and (22)

AS = (SA— BS)A* — B*(SA — BS)
where A = tr((SA — BS)*(SA — BS)) = f(5). Its equivalent vectorized form is
Avec(S) = (AT @I —1®B)" (AT ® I — I ® B) vec(S).

Hence, the stationary points of Problem 4 are given by the eigenvectors of
(AT@I-1® B)* (AT ® I — I ® B). The cost function f simply reduces to the
corresponding eigenvalue and the minimal cost is then the smallest eigenvalue.

Problem 5
This problem is very similar to Problem 4. A similar approach yields
AS=(S—BSA*)—B*(S - BSA")A
where A = tr((S — BSA*)*(S — BSA*)). Its equivalent vectorized form is
Avec(S)=(I®1-A®B) (I®1—A® B)vec(S),

where A denotes the complex conjugate of A.

Hence, the stationary points of Problem 5 are given by the eigenvectors
of (I RI-AQ® B)* (I RI-AQ® B), and the cost function f again simply re-
duces to the corresponding eigenvalue and the minimal cost is then the smallest
eigenvalue.

4 Relation to the Crawford Number
The field of values of a square matrix A is defined as the set of complex numbers
F(A) :={z"Ax : z"x =1},

and is known to be a closed convex set [7]. The Crawford number is defined as
the distance from that compact set to the origin

Cr(A) :=min{|\ : A € F(A)},

and can be computed e.g. with techniques described in [7]. One could define the
generalized Crawford number of two matrices A and B as the distance between
F(A) and F(B), i.e.

Cr(A,B) :==min{|A—pu|: A€ F(A),n € F(B)}.

Clearly, Cr(A,0) = Cr(A) which thus generalizes the concept. Moreover this is
a special case of our problem since

Cr(A,B) = U*Ugl‘i/rgv_l |\U*AU — V*BV]|.

One can say that Problem 1 is a k-dimensional extension of this problem.
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