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Abstract

This paper presents an anisotropic adaptive strategy for CFD that combines
a nearly body-fitted mesh strategy with an iterative anisotropic adaptation
to the flow solution. The nearly body-fitted mesh method consists in mod-
eling embedded interfaces by a level-set representation in combination with
local anisotropic mesh refinement and mesh adaptation [33]. The generated
nearly body fitted meshes are used to perform CFD simulations. Besides,
anisotropic mesh adaptation based on the Hessian of the flow solution is used
to improve the accuracy of the solution. We show that the method is benefi-
cial in challenging CFD simulations involving complex geometries and time
dependent flow, as it suppresses the need for the tedious process of body-
fitted mesh generation, without altering the finite element formulation nor
the prescription of boundary conditions. The methodology yields accurate
flow solutions for a reasonable computational cost, despite very limited user
interaction.

Keywords: nearly body-fitted mesh, anisotropic adaptation, embedded
interfaces, level-set, CFD, incompressible flow

1. Introduction

Because of the increasingly complex geometries involved in flow problems
of industrial relevance, numerical methods based on unstructured meshes
have become popular in CFD. However, the corresponding meshing methods
require a high-quality CAD description of the geometry, which is not part
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of the traditional workflow in fields like architecture or medicine. Many
professionals also lack the expertise required to build appropriate meshes for
flow problems. Nevertheless, recent progresses in meshing technology could
overcome these barriers.

In this work, we employ anisotropic adaption techniques to generate
a nearly body-fitted mesh. The mesh is locally refined depending on a
level-set function that describes the geometry without resorting to a CAD
model [10, 20]. One of the impressive advantages of the method is that
Dirichlet boundary conditions can then be imposed for embedded interfaces
in a strong manner by node collocation, just as with classical body-fitted
meshes. Unlike other treatments of embedded geometries [14, 21, 3, 15], this
technique only requires a standard finite element formulation, without basis
enrichment or Lagrange multipliers that alter its numerical properties.

In addition to the adaptation to the geometry, the method presented in
this paper involves adaptation to the solution. The adaptation techniques
used in this procedure are based on the specification of a metric map [5]:
they generate a uniform unit mesh in the prescribed metric space, in order
to obtain an anisotropic adapted mesh in the Euclidean space. The metric
is thus proportional to the square of the element size to be specified in each
direction, that is computed from the level-set function for the adaptation to
the geometry, and from the velocity field for the adaptation to the solution.
The combination of the implicit description of the geometry and the mesh
adaptation to the solution results in a simulation procedure that minimizes
the need for user interaction while being computationally efficient.

This paper is organized as follows. In Section 2, we discuss briefly the
adaptive strategy for generating a nearly body-fitted mesh which is shown to
capture well embedded geometries. Then, the extension of the nearly body-
fitted approach to the Navier-Stokes equations is explained in Section 3,
where the mesh metric construction for the adaptation to the solution and
the metric intersection procedure are described in detail. Section 4 presents
numerical computations for some benchmarks cases involving both simple
and complex geometries, steady and unsteady cases as well as laminar and
turbulent flow regimes. Solutions are then compared with other documented
results to demonstrate the accuracy and efficiency of our technique. Finally,
conclusions are drawn in Section 5, where some perspectives for future work
are also outlined.
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2. Adaptive strategy for nearly body-fitted meshes

2.1. “Nearly” body-fitted mesh

This section recalls the general principle of the approach which is dis-
cussed in detail by Quan et al. [33]. The basic idea is to generate a mesh
that is refined around the embedded geometry, and to impose strong bound-
ary conditions at the nodes that are located closest to the interface, as if
the mesh was body-fitted. This nearly body-fitted mesh removes the need
to modify the finite element kernel for prescribing the boundary conditions
on the embedded interface, at the expense of representing the geometry only
approximately.

In general, a nearly body-fitted mesh is generated as follows:

• The interface known as Γ, which we want to embed in the computa-
tional domain, is described by the iso-zero level-set of a signed distance
function φ(x).

• An anisotropic mesh adaptation procedure takes place in the vicinity
of Γ, with flat elements stretching along the interface.

• The mesh is split in two by assigning each element ei to a side of the
domain according to the sign of φ(ci), where ci is the centroid of the
element ei.

The interface Γ∗, that is composed of the mesh edges separating the two
sides of the domain, gives an approximate representation of Γ (see Fig. 2).
However, as explained in the following section, the approximation of the
geometry and its impact on the finite element solution is very limited if the
appropriate level of anisotropic mesh refinement is applied.

2.2. Accuracy in nearly body-fitted mesh approach

Let us first discuss about the geometrical error which is defined as the
error in the length of the interface Egeo = ||lΓ∗ − lΓ|| in the academic 2D
Laplace problem in a square domain with an embedded planar surface [15].
Consider an initial uniform mesh with element size hb, and refine this mesh
by using isotropic and anisotropic adaptive elements in the vicinity of a
horizontal line Γ embedded in the 2D square, as can be seen in Fig. 1.

The idealized situation of several element layers at the interface is illus-
trated in Fig. 2. We denote by AB a finite part of the exact interface Γ.
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Figure 1: Illustration for uniform and adaptive mesh refinement. The 2D Laplace problem
is solved in the colored domain and Dirichlet boundary conditions are applied at the
interface between the colored and the white domain.

For simplicity, AB is approximated by a polygonal curve A1C1B1 in initial
uniform mesh and the geometry error of AB is defined as follows:

E initialgeo = A1C1 + C1B1︸ ︷︷ ︸
A1C1B1

−AB = 2hb − AB (1)

We start refining mesh in two approaches, isotropic adaptive (with mesh
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(b) Anisotropic adaptive mesh.

Figure 2: Geometry error analysis in isotropic and anisotropic adaptive meshes.

size hb/2) and anisotropic adaptive mesh (mesh size hb, hnΓ) in the vicinity
of interface Γ as in Fig. 2(a) and Fig. 2(b), respectively. The approximation
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of Γ leads to the geometry error:

E isogeo = A1A2 + A2C2 + C2B2 +B2B1︸ ︷︷ ︸
A1A2C2B2B1

−AB = 2hb − AB (2)

Eanisogeo = A1C2 + C2B1︸ ︷︷ ︸
A1C2B1

−AB =
hb

cos(α)
− AB (3)

Equations (1) and (2) show that although the gap between the exact interface
Γ and its approximation Γ∗ could be reduced by isotropic adaptive mesh
refinement, the geometry error (i.e. the difference between the length of Γ
and Γ∗) remains constant. In contrast, the geometry error in anisotropic mesh
in Equation (3) depends on cos(α). Clearly, the smaller the inclined angle
α is (i.e. the more anisotropic the element is), the smaller the geometry
error. Thus, refining the mesh size hnΓ in the direction normal to Γ to a
certain level can capture well the embedded geometry. These considerations
illustrate the fact that geometry error does not converge in isotropic adaptive
mesh refinement, while anisotropic adaptive mesh can recover the optimal
order of convergence for Egeo.

In order to assess numerically the effect of refinement, we analyze the so-
lution computed on three different refined meshes : a uniformly refined mesh,
a locally refined mesh obtained through isotropic adaptation and a locally
refined mesh obtained through anisotropic adaptation is carried out to show
the efficiency of the method in recovering the optimal rate of convergence for
finite elements. All meshes have an equal refinement factor in the bulk rb = 2
but a possibly different refinement factor rΓ in the vicinity of the interface
Γ. The L2 error EL2 , as well as the geometry error Egeo are computed.

Uniform refinement yields a poor first-order rate of convergence (see in
Fig. 3(a)), because the global error is dominated by the approximation of
the interface that is of first-order accuracy while an appropriate level of local
refinement rΓ = rp+1

b in the vicinity of the interface Γ recovers the optimal
convergence rate for the solution, where p is the finite element order.

Although the optimal rate of convergence for the solution is obtained with
the isotropically adapted mesh, Fig. 3(b) shows that the geometry error Egeo
never converges, even when very fine isotropic elements are used. This is due
to the fact that a stair-cased representation of the interface cannot be avoided
as explained previously, which may affect particularly the computation of
integral quantities on the boundary such as lift and drag in CFD applications.
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However, this problem can be circumvented using anisotropic elements.
The anisotropic refinement enables the geometrical error to decrease at opti-
mal rate, just like the error on the solution, as seen in Fig. 3(b). In addition,
anisotropic adaptive refinement slows down the growth of the number of un-
knowns, which limits the computational overhead. Results are discussed in
detail and more other results for higher order finite elements and 3D examples
can be found in [33].
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Figure 3: 2D Laplace problem : error analysis using uniform meshes and adapted meshes.

2.3. Level-set based mesh metric for nearly body-fitted meshes

A good approximation of embedded geometries can be obtained by em-
ploying highly anisotropic elements stretching along the interfaces. In this
section, we explain how to create such anisotropic meshes in the vicinity of
the interface Γ, in a band {x s.t. |φ(x)| ≤ E} of thickness 2E around Γ. The
key aspect of the method is the definition of a metric tensor field that drives
the mesh adaptation process by prescribing a direction-dependent mesh size.

An initial isotropic mesh is first created using a standard mesh generation
algorithm. At each mesh vertex, the gradient∇φ(x) and the HessianH(φ(x))
of the distance function φ(x) are computed:

∇φ(x) =

 φx

φy

φz

 , H(φ(x)) =

 φxx φxy φxz

φyx φyy φyz

φzx φzy φzz

 . (4)

A mesh metric is then build at every mesh vertex as follows:
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Figure 4: Illustration for mesh generation.

• The unit vectors normal n and tangent ti to Γ, as well as the corre-
sponding curvatures κi, are obtained from the gradient ∇φ and the
Hessian H(φ).

• The mesh size hn to be specified in the normal direction to Γ is com-
puted by a linear interpolation on the distance φ between the value
hnΓ at the interface Γ (φ = 0) and the bulk value hb at the border of
the band (φ = E) (see Fig. 4). The mesh size hti to be specified in
each tangential direction i to Γ is proportional to the corresponding
curvature κi.

• The mesh metric MLS is given by:

MLS = RT

 λn 0 0
0 λt1 0
0 0 λt2

R, (5)

where the eigenvalues are computed from the mesh sizes hn and hti
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bounded by user-defined minimum hmin and maximum hmax values:

λn = min

(
max

(
1

h2
n

,
1

h2
max

)
,

1

h2
min

)
(6)

λti = min

(
max

(
1

h2
ti

,
1

h2
max

)
,

1

h2
min

)
(7)

and R = (n, t1, t2)T .

In the bulk of the domain (i.e. outside the band of thickness 2E around
Γ), a uniform isotropic element size hb is prescribed:

MLS =


1
h2
b

0 0

0 1
h2
b

0

0 0 1
h2
b

 . (8)

The mesh metric MLS is then passed as input to external anisotropic
mesh generator libraries (BAMG in 2D [22] and MMG3D in 3D [13]), that
are available in Gmsh [19]. More details about the construction of the metric
can be found in [33].

3. Adaptive nearly body-fitted mesh for CFD

The adaptive strategy for CFD combines the nearly body-fitted adaptive
mesh approach presented in Section 2 with an iterative anisotropic adaption
procedure that is driven by an error estimator based on the Hessian of the
flow solution.

3.1. Hessian based mesh metric

Our incompressible Navier-Stokes solver is a stabilized finite element
method. Continuous linear (p = 1) finite elements are used for interpolating
both the velocity u and the pressure p. The error estimation procedure is
based on the norm of the velocity |u(x)|. Because of the p = 1 interpolation,
the leading term of the discretization error is proportional to the Hessian
H(|u(x)|) [17].

The Hessian matrix H(|u(x)|) contains directional information about the
discretization error: it allows us to build a second mesh metric MH =
αH(|u(x)|) that is directly proportional to H(|u(x)|) [5, 35]. The factor
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of proportionality α between MH and H(|u(x)|) is not trivial to compute
when the aim of the adaptation process is to control the interpolation error.
In practice, it is usually more convenient to control the number of elements
in the final mesh. In this case, the factor α is easy to compute.

Assume an initial mesh M containing N elements (noted e) on which the
Hessian field has been computed. Assume that our aim is to produce an
optimized mesh M ′ with N ′ elements that respects the anisotropic size field
defined by MH .

Consider an element ei ∈M . Assuming that Hi is the (constant) Hessian
in ei and Vi is the volume (area in 2D) of this element, it is possible to define
the non-dimensional volume VMi of ei in the metric space with respect to Hi

as [1]:

VMi =
√

detMi Vi = αd/2
√

detHi Vi (9)

where d is the dimension of the problem. This non-dimensional volume VMi
represents the number of elements in the region defined by ei in M ′. The
number of elements N ′ in the optimized mesh M ′ is simply

N ′ = αd/2

N∑
i=1

√
detHi Vi (10)

The coefficient of proportionality α can then be computed as

α =

(
N ′∑N

i=1

√
detHi Vi

)2/d

. (11)

3.2. Mesh metric intersection

As at least two metric fields (MLS and MH) are constructed, a metric
intersection needs be performed in order to provide a single intersected metric
to the mesh generator. The intersection operation is based on keeping the
most restrictive size constraint among both metrics [1] as well as preserving
orientation of the most anisotropic metric.

Fig. 5(a) shows the geometric interpretation for a mesh metric M asso-
ciated with an ellipse EM in 2D (or ellipsoid in 3D) prescribing at one point
the desired element sizes in its principal directions. Consider a point in the
vicinity of a 2D embedded geometry where two metricsMLS andMH coexist
and the intersection results in MH∩LS. This means that the two associated
ellipses ELS and EH at this point should be intersected in some way to result
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(a) Ellipse representing metric M (b) Metric intersection MLS ∩MH

Figure 5: Geometric interpretation of mesh metric and mesh metric intersection in 2D
that preserves the orientation of the most anisotropic mesh metric.

in a single ellipse EH∩LS. As illustrated in Fig. 5(b), the geometric intersec-
tion (dashed line) of both ellipses is not an ellipse itself. Instead, the largest
ellipse included in the intersection region, with axes parallel to those of the
most anisotropic of both original ellipses (here ELS), is taken as ELS∩H . Mesh
sizes prescribed by ELS∩H fulfill the size constraints imposed in both mesh
metrics in all directions, while the orientation of the anisotropic elements is
preserved.

In practice, the metric intersection procedure can be summarized as fol-
lows:

• Eigenvalue decomposition of both MLS and MH to identify the most
anisotropic metric, i.e. the metric with the largest ratio of eigenval-
ues. The basis R = {e1, e2, e3} is retained, with ei the normalized
eigenvectors of the most anisotropic metric.

• Construction of the intersection metric:

MLS∩H = RT

 max(µLS
1 , µH

1 ) 0 0
0 max(µLS

2 , µH
2 ) 0

0 0 max(µLS
3 , µH

3 )

R,
(12)

where µLS
i = ei

TMLSei and µH
i = ei

TMHei.
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4. Applications

The overall procedure for CFD problems is illustrated in Fig. 6 and can
be explained as follows: in the first step (step 0 ), the problem is solved on
initial mesh which is adapted to the level-set only in order to capture the
embedded geometry, as there is no information about the flow solution at this
time. Next, in intermediate steps (step i with 0 < i < N , N being the total
iteration number that we would like to perform), the mesh is successively
adapted to both the geometry and flow field using the metric intersection
technique presented in Section 3.2. Usually, four iterations (N = 3) are
sufficient to obtain a final refined mesh that produces a good solution. We
note that it is not necessary to impose a high value for the target element
number ntarget

H at the beginning, when the flow resolution obtained from the
previous steps is not fine enough: ntarget

H should be increased step by step.
Only the results computed on the final mesh are reported in the paper.

For solving Newtonian fluid flows governed by incompressible Navier-
Stokes equations, we use an implicit pressure stabilized finite element method
that has been shown to be robust, accurate and stable with linear finite
elements (p = 1). The details of the spatial discretization scheme can be
found in Ref. [28]. The time integration is performed either by a backward
Euler scheme or a second-order Diagonally-Implicit Runge-Kutta (DIRK)
scheme. The non-linear system of equations arising at each time step is solved
by a Newton method that makes use of LU or incomplete LU decomposition
algorithms implemented in the PETSc library [2]. For steady cases, the
solution is computed by marching in time with increasingly large time steps
until the steady state is reached.

In many CFD applications, the wall shear stress is a quantity of engineer-
ing or scientific interest. It can be computed directly from the finite element
solution by evaluating the velocity gradient of elements adjacent to the wall.
In the case of nearly body-fitted meshes however, estimating the wall shear
stress in this manner may yield inaccurate results, because of the elements
lying on the wall are highly stretched, and they represent only approximately
the real geometry. It may thus be beneficial to use the solution further away
from the wall than the first layer of elements.

In this work, we compute the wall shear stress through finite differences
using values of the flow velocity evaluated at several points in the domain.
The procedure is illustrated in Fig. 7. For each boundary edge, the tangential
component ut,j of the velocity is evaluated at a series of points Pj along the

11



  

`

Step i

Metric

M 
i+1

Mesh

H 
i+1

Mesh with Γ *

H 
i+1

Solution
S

i

(Initial step: i = 0)

Step N

Metric

M 
LS

intersection

split

“nearly” 
bodyfitted 

Metric

M 
LS

Mesh

H 
0

Initial mesh 

H 
0

split

Step 0

(Intermediate steps: 0 < i < N)

Final mesh with Γ *

H 
N

Final solution
S

N

initial condition S0

(Final step: i = N)

H
i 
, S0

Initial solution 
S

0

initial 
condition S0

Figure 6: Iterative mesh adaptation to flow solution.
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normal direction, starting with the mid-point P0 of the edge. The points Pj

are equally spaced with a step ∆n = 0.9hnΓ, so that the first few points are
likely to be located in different elements. Usually, three points P0, P1 and
P2 are sufficient to accurately compute the normal gradient of the tangential
velocity. We show in this section that this technique results in more accurate
wall shear stress predictions than the direct estimation from the finite element
solution for most of the applications considered.

Figure 7: Illustration of tangent velocity derivatives calculation for element ei on Γ∗.

4.1. Flow over cylinder

In this section, the laminar flow at Reynolds numbers Re = 20 and Re =
40 is simulated for a two-dimensional circular cylinder immersed in a free-
stream and located at the center of the computational domain of size [15D×
30D]. The level-set

φ(x, y) =
√
x2 + y2 −R. (13)

describes the geometry of the cylinder embedded in the computational do-
main. Velocity conditions are imposed at the upstream, top and bottom
boundaries of the domain, while a pressure condition is imposed on the down-
stream boundary. The cylinder is subject to a non-slip boundary condition.

The rate of convergence is analyzed considering results at Re = 20 com-
puted on five meshes with different levels l of refinement. For the first coarse
level (l = 0), we define a mesh size in the bulk h0

b and the mesh size near
the interface in the normal direction h0

nΓ as well as a target number n0
H of
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elements generated by the Hessian-based adaptation to the flow. For the
next levels, we have :

hlb = h0
b · rlb (14)

hlnΓ = h0
nΓ · (rlb)2 (15)

nl
H = n0

H · (rlb)2 (16)

where rb = 2 is the refinement factor for mesh size in the bulk.
The error norms for the velocities EL2(u), EL2(v) and for the pressure

EL2(p) are plotted in Fig. 8. The solution on a the highest refined level
(l = 4) is considered as the reference solution for computing the error. We
can observe the second order accuracy of the method for solving Navier-
Stokes equations. Note that the pressure is only first order accurate in our
stabilized finite element method.

Table 1 shows mesh statistics in terms of the total number ne of elements
in the mesh, the number nLS of mesh elements resulting from the adaptation
to the geometry, as well as the proportion nLS/ne. The value of nLS is
estimated as nLS = nNBF − niso, where niso is the number of elements in an
initial mesh with uniform isotropic element size hb over the whole domain
without embedded interface, and nNBF is the number of elements in the
nearly body-fitted mesh resulting from the adaptation to the level-set only.

The drag coefficient Cd and the reattachment length L/D, also shown in
Table 1, converge at refinement level l = 3 towards a value of 2.15 and 0.92
respectively. At this level, while ne − nLS = 108352 elements are enough
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l hb hnΓ nLS nLS/ne ne Cd L/D

0 0.8 0.0064 607 13.1% 4607 2.10 0.82

1 0.4 0.0016 717 4.2% 16943 2.15 0.89

2 0.2 0.0004 1380 2.3% 61057 2.15 0.90

3 0.13 0.00016 2630 2.4% 110982 2.15 0.92

4 0.10 0.00010 2935 1.3% 222208 2.14 0.92

Table 1: Mesh statistic for convergence analysis Re = 20.

L/D Cd L/D Cd

Re = 20 Re = 20 Re = 40 Re = 40

References [0.73-1.05] [2.00-2.22] [1.51-2.59] [1.48-1.70]

Present 0.92 2.14 2.21 1.58

Table 2: Reattachment length and drag coefficient for steady flow at Re = 20 and 40 in
comparison with reference results [7, 8, 11, 12, 16, 23, 25, 26, 31, 36, 40, 41, 43, 44]

to capture the physics, only nLS = 2630 anisotropic elements are generated
for capturing the geometry. The proportion nLS/ne = 2.4% shows that
the nearly body fitted technique does not imply a significant computational
overhead compared to the use of a body-fitted mesh.

Figure 9: Adaptive mesh in the vicinity of the cylinder for steady case.

The reattachment zone behind the cylinder is observed to be captured
well at different Reynolds numbers, as shown in Fig. 9. Both drag and
reattachment length in the flow at Re = 40 can be seen to converge in Fig. 10.
Finally, Table 2 demonstrates that the results for these two quantities are in
agreement with reference data from the literature.
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4.2. Laminar boundary layer

In this benchmark, a laminar boundary layer on an adiabatic flat plate
is computed, the flat plate being immersed in a free stream. The Reynolds
number based on the length of the plate is Re = 20700, and the numerical
solution is compared to the Blasius solution.

(a) Geometry configuration. (b) Level-set adaptiv-
ity.

(c) Solution adaptivity.

Figure 11: Illustration for flow over 2D flat plate.

The level-set function in Eq. 17 describes the flat plate embedded in a
rectangular domain of size [−1.5, 2.07]×[−1.5, 1.5]. The length of the plate is
L = 2.07 with the leading edge of the plate is put at the origin (0, 0) and the
outlet boundary of the domain is located at the end of the plate. A velocity
condition is imposed at the inlet, the upper and the lower boundaries, while
the pressure is imposed at the outlet. The plate is subject to a non-slip wall
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boundary condition.

φ(x, y) =

{ √
x2 + y2 if x < 0
y elsewhere.

(17)

The nearly body-fitted mesh based on the level-set is generated with param-
eters hb = 0.5 and hnΓ = 0.0001) and the Hessian-based iterative adaptation
to the flow is performed with a target number of elements nH = 5000.

All numerical solutions such as longitudinal velocity u and wall shear
stress τw are compared with analytical results from the theory of Blasius [38]
that considers a self-similar velocity profile. In particular, the exact solution
for the wall shear stress τw(x) = 1

2
ρUCf can be determined from:

Cf =
0.664√
Rex

= 0.664

√
µ

ρUx
(18)

The adaptation procedure delivers a mesh of ne = 8,543 elements and a
solution that is good agreement with analytical results. The velocity profile
is compared in Fig. 12 to results obtained with a body-fitted structured
mesh: although the nearly body-fitted mesh contains less elements, it gives a
solution of similar accuracy as the body-fitted mesh. Fig. 13(a) shows a plot
of the friction coefficient along the plate, while a close-up view for the solution
in the region near the leading edge can be observed in Fig. 13(b). The tittles
”Blasius-WSS“, ”FD-WSS“ and ”FE-WSS“ in the plot respectively stand for
the Blasius analytical solution, numerical wall shear stress computed directly
from the finite element solution and numerical wall shear stress computed
by finite difference approach. The results estimated with finite differences
provide an improvement compared to the direct evaluation of the velocity
gradients from the finite element solution.

4.3. Flow over a NACA0012 airfoil

In this test case, the incompressible laminar flow over an NACA0012
airfoil at Re = 5000 and angle of attack α = 0 is taken into consideration.
For the NACA0012 airfoil, the ratio of the thickness to the chord c is t = 0.12
and the leading edge is located at the origin. The coordinates of the airfoil
are then defined as:

yB(x) = ±5tc

[
0.2969

√
x

c
− 0.1260

(x
c

)
− 0.3516

(x
c

)2
+ 0.2843

(x
c

)3
− 0.1036

(x
c

)4
]

(19)
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Figure 12: Velocity profiles u/U using structured and nearly body-fitted meshes for com-
parison.
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Figure 13: Analytical and numerical wall shear stress τw for comparison.
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where the coefficient of the quartic term of the original formula for 4-digit
NACA airfoils has been modified in order to obtain a thin trailing edge.
The level-set function describing the embedded airfoil geometry for mesh
adaptation is the distance to the closest point (xP , yB(xP )) located on the
airfoil, that is determined numerically:

φ(x, y) = inf
xP∈[0,c]

√
(x− xP )2 + [y − yB (xP )]2. (20)

The mesh resulting from the adaptation procedure, containing ne =
27,588 elements (hb = 1.5, hnΓ = 0.0001), is shown in Fig. 14(a). The
results for the pressure coefficient Cp are compared to those obtained on a
hybrid body-fitted mesh with nBF

e = 102,000 elements in Fig. 14(b), show-
ing good agreement. The same comparison for the friction coefficient Cf

(Fig. 14(c), 14(d) and 14(e)) is also positive. Again, the benefit of the finite-
difference calculation of the wall shear stress over the direct finite-element
evaluation for the nearly body-fitted mesh is put in evidence.

Values for the drag and lift coefficients from the adapted mesh are com-
pared in Table 3 to reference data from the literature and results from the
body-fitted mesh. A good agreement can be seen with the reference results
in terms of drag, particularly with the incompressible solution computed by
Beran et al. [4] and the low-Mach number flow simulated by Turkel [42].
Moreover, the location of the separation point near the trailing edge, that
is particularly difficult to capture, matches well the result obtained on the
body-fitted mesh.

4.4. Flow over an array of cylinders

We present in this section a benchmark involving complex geometry,
namely an array of cylinders described in [18]. The incompressible fluid
flow through a bank of tubes is simplified as a two-dimensional flow across
an array of infinitely long cylinders with porosity ε = 0.75. The sample is as-
sumed to have a square shape of size H×H, put in a channel of size [H×4H],
while the diameter of the cylinders is D = H/8. A Dirichlet boundary condi-
tion with u = U0 and v = 0 is imposed for inlet, top and bottom boundaries
while a prescribed constant pressure p = P0 is imposed for the outlet of the
computational domain. Surfaces of the cylinders are assumed to be non-slip
walls.

The Ergun Reynold number is used for this kind of problem and is de-

19



(a) Computational mesh

body-fitted mesh
nearly body-fitted mesh

-0.6

0

0.6

1.2

1.8

0 0.2 0.4 0.6 0.8 1

C
p

x/c

(b) Pressure coefficient along the airfoil.

body-fitted mesh - FD
body-fitted mesh - FE

nearly body-fitted mesh - FE
nearly body-fitted mesh - FD

-0.1

0

0.1

0.2

0.3

0 0.2 0.4 0.6 0.8 1

C
f

x/c

(c) Friction coefficient along the airfoil.

body-fitted mesh - FD
body-fitted mesh - FE

nearly body-fitted mesh - FE
nearly body-fitted mesh - FD

-0.1

0

0.1

0.2

0.3

0 0.02 0.04 0.06 0.08 0.1

C
f

x/c

(d) Friction coefficient at the leading edge.

body-fitted mesh - FD
body-fitted mesh - FE

nearly body-fitted mesh - FE
nearly body-fitted mesh - FD

-0.001

0

0.001

0.002

0.003

0.004

0.8 0.85 0.9 0.95 1

C
f

x/c

(e) Friction coefficient at the trailing edge.

Figure 14: Incompressible laminar flow over NACA0012 airfoil (Re = 5000).
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Method Ma Cd Cl xsep/xc

Mavriplis[29] 0.5 0.0561 - 0.814

Pagnutti (iso)[30] 0.5 0.0556 0.0095 0.834

Pagnutti (aniso)[30] 0.5 0.0549 0.000114 0.795

Pulliam[32] 0.5 0.0542 - 0.824

Radespiel[34] 0.5 0.0554 - 0.814

Turkel[42] 0.001 0.0516 0.00003 -

Beran[4] incompressible 0.053 0.0 -

Body-fitted mesh incompressible 0.0509 0.00020 0.93

Nearly body-fitted mesh incompressible 0.0513 0.00027 0.925

Table 3: Comparison of drag, lift and separation point for laminar flow over NACA0012
airfoil.

termined based on the porosity ε, cylinder diameter D, kinematic viscosity
ν and inlet velocity U0:

ReE =
U0D

ν(1− ε)
(21)

Both steady (ReE = 1) and unsteady flows (ReE = 200) are taken into
consideration, the two different configurations being sketched in Fig. 15(a)
and 16(a). The distance function in Eq. (22)√

(x− xc)2 + (y − yc)2 −R = 0 (22)

describes the geometry of a cylinder with centroid (xc, yc) embedded inside
the domain. Mesh adaptation is performed in the vicinity of all cylinders with
mesh sizes hnΓ = 0.0001, hb = 0.5 in the normal direction to the interfaces
and in the far-field region, respectively.

The pressure drop across the system ∆p = pinlet − poutlet at two vertical
positions in the steady case is plotted in Fig. 15(d). The present results are
consistent with reference solutions.

As there is a oscillating flow behind cylinder 1© at high Reynold number
ReE = 200 (see Fig. 16(c)), the lift coefficient Cl, drag coefficient Cd and drag
oscillation period Tref are computed in Table 4, demonstrating the accuracy
of the method for this kind of complex geometries with less than 5% of with
respect to the reference solution.
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Figure 15: Steady flow over multi-cylinders at ReE = 1.
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Geller et al. [18] Present Error(%)

Cl 0.915 0.882 3.65%

Cd 2.0548 1.9537 4.92%

TD/U0 4.2327 4.27 0.88%

Table 4: Comparison of drag, lift and oscillation period (ReE = 200).

4.5. Blood flow in 3D bypass

The last test case consists in a realistic biomedical application, where
blood flow simulations are run on a bypassed artery and quantities of biome-
chanical interest such as the wall shear stress are studied. Blood flow dy-
namics and arterial wall mechanics are thought to be an important factor in
the pathogenesis and treatment of cardiovascular diseases. A number of spe-
cific hemodynamic and vascular mechanic factors - notably wall shear stress,
pressure and mural stress, flow rate, and residence time - are implicated in
aneurysm growth and rupture [6, 39] or in the pathogenesis of atherosclero-
sis [24].

Most of the current medical imaging techniques allow to extract only the
inner wall of the arteries. The outcome of the segmentation procedure is
then a triangulation of the surface. This kind of triangulations is however
not suited for subsequent numerical simulations, since they are generally
oversampled and of very low quality (with poorly shaped and distorted tri-
angles). It is then desirable to modify the initial surface mesh to generate
a new surface mesh and as well to create a volume mesh of high quality.
During the volume mesh generation, it is furthermore desirable to create a
boundary layer mesh that contains enough elements near the wall to capture
accurately the wall shear stress.

The approach presented in this paper can be used to circumvent both
the complex surface remeshing algorithm and boundary layer mesh genera-
tion [27]. In order to obtain a computational mesh for internal flow inside
the bypassed aorta, the geometry should be embedded inside a box and the
low-quality triangulation is used to define a first level-set φ1. This level-set is
computed efficiently (using the Approximate Nearest Neighbour algorithm)
as the smallest distance to the triangles of the triangulation. Moreover, two
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other plane level-sets are defined by analytical functions:

φ2(x, y, z) = z + 13.0 (23)

φ3(x, y, z) = z − 10.5 (24)

They represent respectively the inlet and outlet boundaries (see Fig. 17(a)).
It is necessary to represent these boundaries in order to impose pressure and
velocity conditions on them. The surface elements created when splitting the
adapted mesh into two domains are then tagged according to the level-set
that cuts the corresponding volume element. At the intersection between the
wall of the artery and the inlet and outlet boundaries, several level-sets pass
through the elements. The first one that cuts an element is chosen to tag the
created surface element.

We first create an initial nearly body-fitted mesh base on the level-set
(h0

b = 0.3 and h0
nΓ = 0.001) made out of nin0

e = 147,629 elements for the inner
domain. The second mesh containing nin1

e = 167,033 elements (h1
b = 1.0,

h1
nΓ = 0.001) is then generated based on both the level-set and the solution

obtained in the first step. Fig. 17(b) and 17(c) show the volume mesh inside
the domain in both meshes. The close-up views of the surface mesh at the
inlet, stenosis and the bypass-aorta bifurcation in the downstream present
a smooth interface embedded in the domain while the two cross-sectional
views show that anisotropic adaptive elements capture well the embedded
boundary of the 3D model.

First, a geometry error analysis is performed by calculating the absolute
geometric deviation of the newly created nodes from the initial triangulation
(Hausdorff distance) with the Metro tool [9]. The L2 error normalized by the
diagonal of the bounding box is 4.45 · 10−4.

Next, the blood flow at Reynold number 500 is simulated. A reference
solution is computed on a body-fitted mesh used in Ref. [37] with anisotropic
elements of size hBF

n = 0.025 in the boundary region (nBF
e = 178,945). The

wall shear stress and velocity profiles are plotted in Fig. 18 for three locations:
the bypass, the stenosis and behind the downstream bypass-aorta bifurcation
(shown in view 1-1 and 2-2 on Fig. 17(c)). This last region is important to
analyse for gaining better understanding of wall thickening and clotting at
the interface between the blood and the vessels.

The velocity profiles plotted in Fig. 18(b), 18(d) and 18(f) show a very
good agreement between the adapted mesh and the body-fitted mesh, exept
a slight difference for the peak velocity. This indicates that the expected flow
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(a) Geometry configuration : 3D bypassed aorta described by
level-set Φ1 and two level-set planes Φ2, Φ3 embedded in a box.

(b) Level-set adaptivity (hb = 0.3, hnΓ = 0.001, nine =
147, 629): Surface mesh at inlet, stenosis and downstream bi-
furcation.

(c) Solution adaptivity (hb = 1.0, hnΓ = 0.001, nine = 167, 033):
Mesh view at two positions z = −2.5 and z = 5.5.

Figure 17: Computational meshes for a bypass problem.26
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Figure 18: Wall shear stress and velocity profiles at bypass, stenosis and downtream of
the aorta.
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Figure 19: Velocity field over the whole domain and at different positions along the by-
passed aorta.

regime is well reproduced. The velocity norm over the whole domain and at
different cross sections is presented in Figure 19.

Nevertheless, it can be seen in Plots 18(a), 18(c) and 18(e) that calculat-
ing derivative quantities such as the wall shear stress is still challenging in
this complex 3D case. Even with the body-fitted mesh, the curves are noisy.
However, it seems that the solution obtained with the adapted mesh follows
same trends as with the body-fitted mesh in the regions where complex phys-
ical phenomena occurs, such as the bypass and the stenosis (cross sections
1-1).

5. Conclusion

In this paper the “nearly body-fitted mesh” approach is successfully ex-
tended to the CFD simulations by combining anisotropic adaptation to a
level-set with an iterative adaptive procedure driven by the Hessian of the
flow solution as error indicator. The advantage of using a nearly body-
fitted mesh is to avoid a deep modification in the finite element kernel, while
Dirichlet boundary conditions can still be imposed easily on the embedded
interfaces in a strong manner by node collocation. Moreover, the adaptation
to the solution generates meshes which capture well the behavior of physical
phenomena, while improving the computational cost.

The results obtained with several test cases show an optimal rate of con-
vergence in the L2 norm with linear finite elements (p = 1) for the flow
variables u and v. Detailed analyses of the flow solution demonstrate that
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meshes generated with this approach capture well the flow features. Quan-
tities such as drag, lift, friction and pressure coefficients also converge well
and are in a good agreement with reference analytical and numerical re-
sults. However, the computation of the wall shear stress requires a special
treatment due to the highly stretched shape of the boundary elements and
the approximate nature of the geometry representation, which could still be
improved.

Overall, we are convinced that this methodology promises a great conve-
nience in solving CFD problems, making it possible to obtain accurate flow
solutions at a reasonable cost despite very limited user interaction.
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