LOCALLY NORMAL SUBGROUPS AND ENDS
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ABSTRACT. A locally normal subgroup in a topological group is a subgroup
whose normaliser is open. In this paper, we provide a detailed description of
the large-scale structure of closed locally normal subgroups of complete Kac—
Moody groups over finite fields. Combining that description with the main
result from [CMR21], we show that under mild assumptions, if the Kac-Moody
group is one-ended (a property that is easily determined from the generalised
Cartan matrix), then it is locally indecomposable, which means that no open
subgroup decomposes as a nontrivial direct product.

1. INTRODUCTION

The general structure theory of totally disconnected locally compact (t.d.l.c.)
groups has developed dramatically over the last decades. The emphasis has been
on those t.d.l.c. groups that are compactly generated (any t.d.l.c. group being a
direct limit of such groups). One key aspect in this line of research is the decom-
position of a compactly generated t.d.l.c. group into simpler pieces; in particular,
the paper [CM11] showcases the special role, in the study of general t.d.l.c. groups,
of the class . of compactly generated t.d.l.c. groups that are topologically sim-
ple and nondiscrete. Another key aspect is the study of t.d.l.c. groups via their
local structure, namely, properties evident in an arbitrarily small neighbourhood
of the identity. Fundamental examples of local invariants are the structure, cen-
traliser, and decomposition lattices introduced in [CRW17a)], and further studied
in [CRW17b], which we now briefly review.

Let G be a t.d.l.c. group. Given closed subgroups H, H' < G, we write H ~, H’
if HN H' is open in both H and H'. This is an equivalence relation, called local
equivalence. A subgroup H of G is locally normal if its normaliser is open.
The structure lattice of G is the poset LN (G) = LN(G)/ ~,, where LN(G) is
the set of closed locally normal subgroups of GG ordered by inclusion. Let us now
suppose that G € .. Then the sub-poset of LN (G) defined by

LC(G) :=LC(G)/ ~, where LC(G):={Cq(K) | K € LN(G)},

admits a Boolean algebra structure, and is called the centraliser lattice of G.
Finally, there is also a subalgebra LD(G) of LC(G), called the decomposition
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lattice of G, consisting of those elements of LN (G) represented by direct factors
of open subgroups.

The centraliser (resp. decomposition) lattice always contains at least two local
equivalence classes, denoted by 0 and oo, respectively defined as the class of the
trivial subgroup and that of open subgroups of G. If LC(G) = {0,000} (resp.
LD(G) = {0,00}), we say that it is trivial. This leads to a simple dichotomy
within the class .: either G € .% has nontrivial centraliser lattice, or it does not.
In the former case, G admits a continuous and faithful action by homeomorphims
on a compact space Q¢ (namely, the Stone dual of the Boolean algebra LC(G))
with nice dynamical properties; this provides a powerful uniform tool to study
such groups. In the latter case, the space ()¢ is reduced to a singleton and no
substitute for that tool is currently available. Our knowledge of the class of
groups in . with a trivial centraliser lattice is quite limited at present: in fact,
amongst the known examples of groups in ., only those of “Lie-theoretic origin”
are known or conjectured to have trivial centraliser lattice, namely, the simple
algebraic groups over local fields (known) and the locally compact Kac—Moody
groups (conjectured).

Locally compact Kac—-Moody groups are obtained as completions of minimal Kac—
Moody groups (as introduced in [Tit87]) over a finite field. There are a few
different ways to construct such completions; for definiteness we specialise here
to the complete geometric Kac-Moody groups over finite fields: these are defined
by letting the minimal Kac-Moody group act on its positive building, and then
taking the closure in the permutation topology (see [Marl8, Chapter §]).

Locally compact Kac—-Moody groups have peculiar properties that distinguish
them in the class .. Some locally compact Kac—Moody groups enjoy Kazhdan’s
property (T) (see [DJ02]), and every known group in . with Kazhdan’s prop-
erty is either a simple algebraic group or a Kac-Moody group. It is also known
that products of certain pairs of locally compact Kac—-Moody groups contain ir-
reducible non-uniform lattices, and that some of these lattices are simple groups
(see [CRO9)).

The first goal of this paper is to get a better understanding of the locally normal
subgroups of locally compact Kac-Moody groups (see Theorem , building
on the results on their open subgroups established in [CM13]. Proving that a
group in . — beyond the simple algebraic groups — has trivial decomposition
lattice (and, a fortiori, trivial centraliser lattice) is notoriously difficult, and the
second goal of this paper is to show, using a criterion we recently obtained in
[CMR21], that (a large class of) locally compact Kac-Moody groups are indeed
locally indecomposable, that is, have trivial decomposition lattice LD(G) or,
equivalently, no open subgroup decomposes as a nontrivial direct product (see
Theorem [1.3)).

We now describe our main results in more details, refering to the preliminary
sections [2| and |3| for precise definitions and terminology.
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Let G be a complete geometric Kac-Moody group G over a finite field. Consider
first the poset O(G) = O(G)/ ~, where O(G) is the class of open subgroups of G
ordered by inclusion and Oy ~ Oy if the indices [0y : O1 N Oq] and [Oz : O1 N O,
are both finite. In the present context, @(G) was described up to conjugacy in
G by [CM13, Theorem 3.3|. Indeed we can give a sharper description of exactly
how conjugation in G interacts with the partial order, via a more general result
(Theorem about parabolic subgroups of groups with BN-pairs.

Theorem 1.1. Let G be a complete geometric Kac—Moody group over a finite
field and let (W, S) be its Weyl group. Let Ayy,s) be the set of standard parabolic
subgroups of W ordered by inclusion, and let A%}, o) = Aow,s)/ ~¢. Then there is
a unique map X : O(G) — Afy s, with the following properties:

(1) For all J C S, we have \(Py) = [Wy], where P; is the standard parabolic
subgroup of G of type J and PDV;| denotes the ~¢-class of Wy;
(i) Given H K € O(G), we have \(H) = NK) if and only if there is g € G
such that gHg™' ~; K;
(iii) Given H, K € O(G), we have \(H) < MNK) if and only if there is g € G
such that gHg™' ~; L for some subgroup L of K of infinite index.

The poset Af{jw 9) of standard parabolics modulo finite index can be identified in
an obvious way with the poset of essential subsets of S ordered by inclusion (see
Lemma [3.1] and Corollary [£.3). A subset J C S is called essential if each irre-
ducible component of the Coxeter system (W, J) is non-spherical. In particular,
given the classification of finite Coxeter groups, A(of/vﬁ) is a finite poset that can
easily be constructed from the Coxeter diagram.

Now consider the poset LN(G). Given H € LN(G), for a sufficiently small compact
open subgroup U of G, then O = HU is an open subgroup of G, which only
depends on U up to finite index; thus we have a map

0:LN(G) — O(G); H s [HU).

On the other hand, if O = HU for a compact open subgroup U of Ng(H), then
Res(O) < H, where Res(O) is the intersection of all open normal subgroups of O.
The group Res(O) is a closed normal subgroup of O, hence an element of LN(G).
Moreover Res(O) is not sensitive to changes of finite index. So we have another
map

¢ : O(G) = LN(G); [0] — Res(O),

such that ¢p0(H) Q H for all H € LN(G). The strongest large-scale connection
between O(G) and LN(G) that we can reasonably hope for in this context is that
Res(O) is cocompact in O for all O € O(G), which is equivalent to asking that
0o = id@(ay or equivalently, H/¢0(H) is compact for all H € LN(G). This is
exactly what happens for complete geometric Kac—-Moody groups over finite fields.

Theorem 1.2. Let G be a complete geometric Kac—Moody group over a finite
field and let H be a noncompact closed locally normal subgroup of G. Then there
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exist some g € G, some essential subset J C S and some spherical subset J' C J*+
such that

Res(Pyuy) < gHg™ ' < Py

Moreover, Res(Pjy ) is cocompact in Py .

In fact we obtain a stronger result involving contraction groups and the Levi
decomposition; see Theorem [5.10]

Using the constraints we have on closed locally normal subgroups of GG, we can
apply the criterion [CMR21, Corollary 4.9] to conclude the following.

Theorem 1.3. Let G be a complete geometric Kac—Moody group over a finite
field. Suppose G is one-ended and locally finitely generated. Then G is locally
indecomposable.

We see that G is one-ended if and only if its Weyl group is one-ended, and the
latter has a straightforward characterisation due to M. Davis; see Section for
details.

For the question of whether G is locally finitely generated, the answer is known
to be positive in many but not all cases. The following corollary employs some
known sufficient conditions.

Corollary 1.4. Let G be a complete geometric Kac—Moody group over a finite field
of order q and characteristic p, with indecomposable generalised Cartan matriz
A = (a;;) and Weyl group Wa, and write My := max,z; |a;;|. Suppose that at
least one of the following conditions holds:

(i) Wy is one-ended and p > M.
(ii) A is 2-spherical. Moreover, ¢ > 3 if Ma =2 and q¢ > 4 if My = 3.

Then G is locally indecomposable.

1.1. Structure of the article. The first sections contain the relevant preliminar-
ies on t.d.l.c. groups (Section and BN-pairs and Kac-Moody groups (Section.
In Section [4| we prove a result about conjugacy classes of parabolic subgroups of a
group with a BN-pair, which is used to prove Theorem [I.1] In Section [5] we focus
on complete geometric Kac-Moody groups over finite fields and describe their
locally normal subgroups, number of ends, and the relationship between them,
using the results of the previous sections where relevant.

2. PRELIMINARIES ON T.D.L.C. GROUPS

We start by introducing the terminology required to state the local indecompos-
ability criterion [CMR21), Corollary 4.9], and recall some properties of contraction
groups that will be used later.
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2.1. Locally indecomposable groups. Let G be a t.d.l.c. group. A subgroup
of G is called locally normal if its normaliser is open. A closed subgroup K
of G is a local direct factor if it is a direct factor of some open subgroup O
of G, that is, O splits, as a topological group, as a direct product O = K x L.
Note that every local direct factor is locally normal. The group G is locally
indecomposable if every local direct factor of GG is discrete or open.

Being locally indecomposable is a local property:

Lemma 2.1. Let G be a t.d.l.c. group and let U be an open subgroup of G. Then
G s locally indecomposable if and only if U is locally indecomposable.

Proof. We prove the contrapositive in both directions: that is, G has a local direct
factor that is neither discrete nor open if and only if U has such a local direct
factor. Indeed, if G has an open subgroup O = K x L where K is neither discrete
nor open, then since O carries the product topology, the group (K NU) x (LNU)
is open in U; we then see that K N U is a local direct factor of U that is neither
discrete nor open. Conversely if K is a local direct factor of U that is neither
discrete nor open, then K is also a local direct factor of G. 0

2.2. Local finiteness properties.

Definition 2.2. A profinite group is topologically finitely generated if it has
a finitely generated dense subgroup. A t.d.l.c. group G is locally finitely gen-
erated if every compact open subgroup of G is topologically finitely generated.

A profinite group U is of finite quotient type if for each natural number n,
there are only finitely many open normal subgroups of U of index n. A t.d.l.c.
group G is locally of finite quotient type if every compact open subgroup of
G is of finite quotient type.

The two notions are strongly related; moreover, to determine if G is locally finitely
generated, it suffices to consider a single compact open subgroup.

Lemma 2.3. Let G be a t.d.l.c. group, and let U be a compact open subgroup.

(1) If U is topologically finitely generated, then it is of finite quotient type, and
every compact open subgroup V' of G is topologically finitely generated.

(2) If U is of finite quotient type and pro-p for some prime p, then it is topo-
logically finitely generated.

Proof. (1) Suppose U = F where F is a finitely generated subgroup, and let d(F')
be the number of generators of F'. Note that for every coset uH of an open
subgroup H of U, we have uH = F NuH. Consequently, given n € N and open
subgroups H; # H, of U of index n, we see that F'N H; and F N Hy are distinct
subgroups of F' of index n. Since F' is finitely generated, it only has finitely many
subgroups of index n. Thus there are only finitely many open subgroups of U of
index n, so U is of finite quotient type.
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Given a compact open subgroup V of G, write W = U NV. We then have
|F: FNW|=|U:W]| < oo, and then the Schreier index formula yields

AFOAW) <1+ |U: W(d(F) - 1) < cc.

In turn, there is a dense subgroup of V' generated by FF N W and X, where X
is a set of coset representatives for W in V, so |X| = |V : W| < oco. Thus V is
topologically finitely generated.

(2) Suppose now that U is of finite quotient type and pro-p. By [RZ10, Lemma
2.8.7(a)], every maximal closed subgroup of U has index p; there are thus only
finitely many maximal closed subgroups of U, so the Frattini subgroup ®(U)
has finite index. By [RZ10, Proposition 2.8.10] it follows that U is topologically
finitely generated. O

2.3. One-endedness. Let X be a metric space. A geodesic segment (resp.
ray, line) in X is an isometry r: I — X, where [ is a closed interval of R (resp.
I =10,00), I =R) and R is equipped with the usual Euclidean metric. The space
X is geodesic if any two points of X are connected by (the image of) a geodesic
segment. It is proper if every closed ball in X is compact.

A geodesic ray r is proper if “r(t) goes to infinity as t — oo”, that is, for any
compact C' C X there is some N € N such that r([N,00)) C X \ C. The space
X is one-ended if for any two proper rays ri,r2: [0,00) — X and any compact
subset C' C X, there is some N € N such that r([N,00)) and ro([IV,00)) are
contained in the same path component of X \ C.

Let G be a compactly generated t.d.l.c. group. Then G acts geometrically (that
is, properly and cocompactly) by isometries on a proper geodesic metric space
X (see e.g. [CMR21) §2.2] for more details and definitions). Moreover, any two
such X’s are quasi-isometric. Since one-endedness is a quasi-isometric invariant
of the space, it then makes sense to call G one-ended if it acts geometrically by
isometries on a one-ended proper geodesic metric space X.

2.4. The local indecomposability criterion. The quasi-centre QZ(G) of a
t.d.l.c. group G consists of all elements of G with open centraliser.

Here is the announced criterion.

Theorem 2.4 ([CMR21] Corollary 4.9]). Let G be a nontrivial compactly gener-
ated t.d.l.c. group. Suppose the following: G is one-ended; QZ(G) = {1}; G has
no nontrivial compact normal subgroups; G is locally of finite quotient type; no
open subgroup of G has an infinite discrete quotient; and the centraliser of every
nontrivial closed locally normal subgroup is compact. Then G is locally indecom-
posable.

2.5. Contraction groups. Given a topological group G and an element g € G,
we define the contraction group

cong(g) :={r € G| g"xg™™ "= 1}
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The contraction group is invariant under replacing g with a positive power ([Reil6l
Lemma 2.8]). We will drop the subscript G when the ambient group is clear from
context.

Note that if K is a compact subset of G contained in cong(g), then K is uniformly
contracted by ¢: if U is an identity neighbourhood, a compactness argument shows
that ¢"K g™ C U for all but finitely many n > 0.

The Tits core of a t.d.l.c. group G is its normal subgroup
G' = (con(g) | g € G).
Given a subset H of GG, the relative Tits core is
Gl = (cong(h) |[he HUH ');

note that if H is an open subgroup of G, then cong(h) = congy(h) for all h € H,
so Gi, = H'. For g € G we define

GL = ng> = (cong(g), cong(g)).

We recall some facts about relative Tits cores that will be useful later.

Lemma 2.5 (See |[Reil6l, Theorem 1.2(i)]). Let G be a t.d.l.c. group and let g € G.
Then G; is locally normal in G.

Lemma 2.6 (See [Reil6, Theorem 1.4]). Let G be a t.d.l.c. group, let H be a
closed subgroup of G and let K be a subgroup of H, such that K is cocompact in
H. Then G, = G

Lemma 2.7 ([Reil6, Theorem 1.5]). Let G be a t.d.l.c. group, let D be a subgroup
of G (not necessarily closed), and let X C D. Suppose that there is an open
subgroup U of G such that U N G} < Ng(D). Then G& <D.

Proposition 2.8. Let G be a t.d.l.c. group and let g € G. Suppose that EE is
cocompact in G. Then G = G;.

Proof. The normaliser O of G; is open in GG by Lemma In particular, O is
closed, so it contains H = G;; hence O is cocompact, so it has finite index in G.
Hence Of = G*, and by Lemma (applied to G = H := O and K := H), we
have Of = OL. Since G’L is normal in O, Lemma (applied to G = U = O,
D = Gj}, and X := H) now shows that OL < Gj}. We have now shown G < G;;
the reverse inclusion is clear. 0

3. PRELIMINARIES ON KAC—-MOODY GROUPS

3.1. Coxeter groups. The general reference for this subsection and the next two

is [ABO]].
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A Coxeter system is a pair (W,S) consisting of a group W (the Coxeter
group) with a specified subset S = {s1,...,5,} € W and presentation

W= (s1,...,80 | 87 (1 <i<m), (si8,)™ (1 <i<j<n))

where 2 < m;; < oo (here (s;s;)® can be read as the absence of a relation).
For the purposes of this article we only allow Coxeter groups that are finitely
generated, that is, |S| < oo.

For each subset I of S there is an associated standard parabolic subgroup
Wy = (I), which also forms a Coxeter system (W, I); a parabolic subgroup
of W is a conjugate of a standard parabolic subgroup.

A Coxeter system (W, S) has an associated diagram I's = T'(yg), with vertex
set S and an edge between s; and s; if and only if m;; > 3 (and labelled m;; if
m;; > 4); the connected components of this graph are the components of S (or
of (W, S)), and (W, S) is irreducible if I'g is connected. We will often identify
a subset J of S with the induced subgraph of I's with vertex set J. A subset J
of S is spherical if it generates a finite subgroup; more generally we define the
spherical part J" of J C S to be the union of the spherical components of I';.
We also let J> := J\ J*P! denote the essential part of J, and call J essential
if J = J>. Finally, we set J* :={i € 1| m;; =2 forall j € J}.

A decomposition w = s;, ...s;, of an element w € W as a product of generators
with d € N minimal is called reduced; in that case, d is called the length of w,
denoted ¢(w). The set

supp(w) = {ir, ..,ia} C I

is then independent of the choice of a reduced decomposition for w, and is called
the support of w.

The intersection Pc(w) of all parabolic subgroups containing an element w € W
is again a parabolic subgroup, called the parabolic closure of w. We record for
future reference the following fact about parabolic closures.

Lemma 3.1. Let J C I be essential. Then VYW; has no proper parabolic subgroups
of finite index. There exists w € W such that Pc(w) = W;; moreover, for any
such w, then Pc(w™) =Wy for alln # 0.

Proof. The first conclusion follows from [ABOS, Proposition 2.43]. The existence
of w € W such that Pc(w) = W is given for instance by |[CF10, Corollary 4.3].
Given such an element w, since WW; has no proper parabolic subgroups of finite
index, it follows by [CM13], Lemma 2.4] that Pc(w™) = W, for all n # 0. O

Standard parabolics of a Coxeter system can be conjugate, but the conjugating
element is necessarily of a special form given by V. Deodhar ([Deo82]); in par-

ticular, the essential part is preserved. The following is an expanded version of
[CM13| Lemma 2.1].
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Lemma 3.2. Let (W, S) be a Coxeter system and let J C S be essential. Then the
normaliser Ny (Wy) = Wy x Wy, Moreover, if w € W is such that w™'Jw C S,
then w € Wy ; in particular, w™'Jw = J and Cyy(W;) = W;..

Proof. Let w € W such that w™'Ww = Wy for some J' C S. By [Kra09,
Proposition 3.1.6] (see also [Kra09, Proposition 1.3.5(a)]), we can write w = zy
where x € W and y~!I1; = I (with IT; denoting, as in loc. cit., the set of basis
vectors in the standard linear representation of W;). Moreover, [Kra09, §3.1] (or
[Deo82, Proposition 5.5]) yields sequences J = Iy, I, ..., ;41 = J' of subsets of S
and So, ..., s; of elements of S such that for each i the component K; of J; U{s;}
containing s; is spherical, and such that y = vy...1v, where v; = v(l;,s;) =
Wi\ {s;,) Wk, satisfies v;~ "L, = I (here wg denotes the longest element of Wy).
Since Iy = J is essential, we have Ky = {so} and hence vy = so € J* and I} = J.
Reasoning inductively, the same observation yields I; = J and v; = s; € J* for
all i, so that J = J' and y € J*. Since the normaliser of J in W; is trivial by
[ABOS|, Proposition 2.73], the lemma now easily follows. 0

3.2. Coxeter complexes. Given a Coxeter system (W, S), the Coxeter com-
plex ¥ = (W, S) is the simplicial complex with simplices the cosets wWW;
(w e W, J CS), and face relation < the opposite of the inclusion relation.
The maximal simplices of 3 (namely, the singletons {w} with w € W) are called
chambers. Given w € W and s € S, the chambers {w} and {ws} are called
s-adjacent. A gallery is a sequence I' = (Dy, ..., Di) of chambers such that for
each 7, the chambers D;_; and D; are t;-adjacent for some t; € S; one then calls
typ(T) := (t1,...,t,) € S* the type of ' and /(T") := k its length. The chamber
distance d¢y,(C, D) between two chambers C| D is the length of a minimal-length
gallery connecting C' and D.

Let J C S. A J-gallery is a gallery I' with typ(I') € J“T). A J-residue of
Y (or residue of type J) is the set of chambers connected to a given chamber
by a J-gallery. If C is a chamber and R a residue, there is a unique chamber
C" of R minimising dc,(C,C"); it is called the projection of C' on R and is
denoted projz(C). Two residues R, R' are called parallel if proj,(R') = R and
projp (R) = R'; equivalently, projg |r: R’ — R is a bijection (whose inverse is
then projp |g)-

The Coxeter complex 3 admits a CAT(0) metric realisation |X|car(o), called the
Davis complex of (W, S) (see [Dav9g|). It is both a proper and geodesic metric
space. The action by left translations of VW on X induces an isometric action of
W on [3|car(o)- In the sequel, we will identify X with |X|car) and the chambers
of 3 with their metric realisation in [X|car()-

3.3. BN-pairs and buildings. A BN-pair in a group G is a pair (B, N) of
subgroups such that G = (B, N) and T":= BN N is normal in N, and W = N/T
admits a generating set S such that the following holds:

(i) Given s € S and w € W, then BwB.BsB C BwB U BwsB;
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(ii) For all s € S we have sBs™! ¢ B.

If such a set S exists, it is uniquely determined by B and N, and (W, S) is a
Coxeter system, with W (or (W, S)) being the Weyl group of the BN-pair.
Note that as T' C B, for each n € N, the cosets nB and Bn only depend on
the image w of n in W, whence the slight abuse of notation wB := nB (resp.
Bw := Bn) in (i)—(ii) above.

We also recall that G admits a double coset decomposition, the Bruhat de-
composition G = | |,cy BwB. Analogously to subgroups of the Weyl group,
subgroups of G of the form P; = BW)};B are called standard parabolic sub-
groups of G (or of the BN-pair); these are precisely the subgroups of G that
contain B. A parabolic subgroup is then a conjugate of a standard parabolic
subgroup.

Given a group G with a BN-pair (B, N), there is an associated building X of type
(W, S) on which G acts by simplicial automorphisms: X is a simplicial complex
which is the union of copies of (W, 5), called apartments, and the G-action
on the chambers (i.e. maximal simplicies) of X can be identified with the left
translation action of G on the set G/B of cosets of B in G. In particular, B is
the stabiliser in G of the fundamental chamber Cj := B (the trivial coset).
The subgroup N stabilises a “fundamental” apartment ¥, and the N-action on
Yo ~ X(W,S) has kernel 7" and can be identified with the natural WW-action on
(W, S).

The notions of galleries, chamber distance, (parallel) residues and projections
naturally extend from the setting of Coxeter complexes to that of buildings. The
standard parabolic subgroup P; of type J then coincides with the stabiliser in
G of the standard J-residue (i.e. the J-residue containing Cp), and hence
parabolic subgroups of GG correspond to stabilisers of residues of X. The chamber
distance can be refined as follows: the Weyl distance §(C, D) from a chamber
C to a chamber D is the element of VW admitting the type of a minimal length
gallery from C' to D as an expression. If R, R' are parallel residues, then the Weyl
distance from a chamber C' of R to its projection projg (C') on R’ is independent
of the choice of C', and is called the Weyl distance from R to R’

Finally, any building X of type (W, S) admits a CAT(0) metric realisation, called
its Davis realisation (see [Dav98]), such that the restriction of the CAT(0) met-
ric to each apartment yields an isometric copy of the Davis complex [3(W, S)|car(o)-
In particular, the Davis realisation of X is a geodesic metric space, which is more-
over proper when X is locally finite, that is, when {s}-residues are finite for all
seS.

3.4. Kac-Moody root systems. The general reference for this subsection is
[Kac90]. For the remainder of this section, we specialise to Kac-Moody groups,
and fix a generalised Cartan matrix (GCM) A = (a;;); jer indexed by the finite
set I, as well as a realisation (h,I1,T1Y) of A in the sense of [Kac90l, §1.1], with
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set of simple roots IT = {«; | i € I}, set of simple coroots 11V = {« | i € I},
and Cartan algebra h = AV @7 C.

We can then consider the Kac—Moody algebra g(A) associated with A; see
[Kac90, §1.2-1.3] for the construction. If A is a Cartan matrix, g(A) is the
corresponding semisimple Lie algebra; otherwise, g(A) is an infinite-dimensional
complex Lie algebra defined by the Serre presentation associated to A, in the
same manner as a semisimple Lie algebra can be reconstructed from its Car-
tan matrix. The Kac-Moody algebra g(A) admits a root space decomposition
9(A) = b D Baca 8o With respect to the adjoint action of the Cartan subalgebra
b, with corresponding root spaces

0o :={zx € g(A) | [h,z] = a(h)x Vh € b}
and root system A := {a € h*\ {0} | g # {0}}.

Set Q1 = @;er Nay. We let AT := AN @y denote the set of positive roots,
so that A = ATU(—AT). The height of a root a« = + 3> ,c;n; is ht(a) =
£ > crni € Z. We also define the support

supp(a) :={iel |n; #0} C I
of a. For a subset J C I, we set

A() = ANPZa;, AY(J):=ATNAWJ), and AF:=AT\AT(J).

ieJ

The Weyl group W = W, of A is the subgroup of GL(h*) generated by the
simple reflections s; (i € I) defined by

sit b = b rama— (o, o))

The pair (W, S := {s; | i € I}) is then a Coxeter system (when convenient, we
will also identify a subset J C I with {s; | ¢ € J} C §). The parameters m;;
(i # j) of the Coxeter presentation are given as follows:

aijaji‘O 1 2 3 24
We call A indecomposable if W is irreducible. The indecomposable GCM A
can be of finite, affine or indefinite type (see [Kac90, Chapter 4]). Accordingly,

we call a subset J C I of finite/affine/indefinite type if the GCM A := (a;))ijes
is of that type.

The Weyl group W stabilises A. One then defines the set of real roots as
A" :=Wd{a; |ie I} CA.

To each a = wa; € A™ (w € W, i € I), one associates the reflection r, :=
ws;w™1 € W, which depends only on o. One also sets A" := AN AT and, for
any subset J C I,

AT(J) = A AA(T), AH(J) = AT AAJ) and AT = AT O A



12 PIERRE-EMMANUEL CAPRACE, TIMOTHEE MARQUIS, AND COLIN D. REID

For each o € A", the fixed point set da of r, € W in ¥ = X(W, S) is called a
wall, and we set rg, := r,. The subspace ¥\ Oa has two connected components,
called half-spaces, which we denote by a and —a: this provides a W-equivariant
identification between A™ and the set of half-spaces of 3. Any infinite order
element w € W acts on X as a hyperbolic isometry, i.e. it acts by translations on
some geodesic line (a w-axis). Walls of ¥ are connected in the following strong
sense: if m is a wall intersecting a geodesic line L, then either |L N m| =1 (one
says m is transverse to L) or L C m. A root a € A’ is w-essential if da is
transverse to some (equivalently, any) w-axis.

3.5. Kac—Moody groups. The general reference for this subsection is [Marl§]|.
Throughout, we fix a finite field k£ = F, of order ¢ and characteristic p. We also
fix a Kac-Moody root datum

D = (I, A A, (ci)ier, (hi)ier)

with GCM A. Thus, A is a free Z-module containing the ¢;’s, its Z-dual A
contains the h;’s, and (c;, h;) = a;; for all i,j € I. The readers unfamiliar with
Kac-Moody root data may safely assume that D = D, (see [Marl8, Exam-

ple 7.10]), in which case D simply encodes the realisation (b, II,IIV) of A, where
f):Av(XJZ(C, Oéi:CZ'Eb* anda;’:hief).

Let &p be the constructive Tits functor of type D introduced by Tits ([Tit87]),
and let G := Bp(k) be the corresponding minimal Kac-Moody group over k.
Thus G is an amalgamated product of a torus 7" := Homy, (A, k) exponentiating
the Cartan subalgebra b, and of the real root groups U, = (k,+) (o € A™)
exponentiating the real root spaces g,. The Weyl group W = W}, can be lifted to a
subgroup N of G such that N/T = W. For each o € A, there is a representative
To € N of r, such that

(1) To € UsU_U,,
which we fix. For any representative w € N of w € W, we also have
(2) WU, = Uy, forall o e A",

The subgroup U* of G generated by all U, with o € A™" is normalised by T'
(and intersects T trivially), and (B* := TU™', N) is a BN-pair for G. We denote
by X, the associated (locally finite) building. The kernel of the action map
p: G — Aut(X,) is the centre Z =Z(G) C T of G.

For a subset J C I, we define the subgroups
LY = (Uy|aeA™(]), UT(]):=LTnU"={U,]|aecA™(J]))

and L; := T - L} of G. Note that £} contains representatives for each of the
elements of W; by . We also let U; denote the normal closure in U™t of the
subgroup (U, | o € A’FT) CUT. Following [Rém02, 6.2.2], the standard parabolic
subgroup P; of G of type J admits a semi-direct decomposition

(3> PJZEJKUJ.
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The (effective) geometric completion of G is the closure G of G/Z = p(G) in
Aut(X ), where Aut(X,) is equipped with the topology of uniform convergence
on bounded sets. In particular, G possesses a basis of identity neighbourhoods
consisting of open normal subgroups of Ut := p(U*) (namely, the pointwise
stabilisers in U™ of balls around the fundamental chamber Cy of X ). Under this
topology, any sequence of root groups (Us,)nen, Yo € A™ (where we identify a
root group U, with its image in G) such that ht(v,) "=5" oo uniformly converges
to {1} in G (see |[CR09, Lemma 7| or [Marl8, Proposition 8.96]).

For a subset J C I, we consider the closed subgroups

L= o(C5), Ly=p(Ly), UH(J)=p@ (D) and Uy = pthy)
of G. We further consider the closed subgroup H := p(T') of G (note that 7', and
hence also H, is finite). Note that, since p is injective on U™, we can identify
U (resp. UT(J) or Uy) with a subgroup of UT (resp. Ut (J) or Uy). As before,
identifying N with its (discrete and hence closed) image in G, the couple (HU ™, N)
is a BN-pair for GG, with same associated building X,. In particular, G has

standard parabolic subgroups Py = p(P;) for J C I.
Lemma 3.3. Let J C I. Then the following assertions hold:

(1) Uy is a compact normal subgroup of Py, and P; = Ly -Uj.

(2) L is normal in Ly, and Ly =H - LY.

(8) If Ji,...,J, are the components of J, then each LI- is normal in L and
L}“ = L}rl ..... L}Ln.

(4) ,CL] == @D(J)(k’), where D(J) = (J, AJ,A, (Ci)iEJv (hZ)ZEJ)

(5) L - Uj has finite index in Pj.

(6) The center of Ly is contained in H - U™.

Proof. (1) and (2) follow from [CM13] Lemma 3.1]. As the real root groups U, and
Uz commute if supp(«) and supp(f) lie in different components of J, the groups
Ly (i =1,...,n) pairwise commute, yielding (3). The statement (4) holds by
definition. Since Py = (H-L7,.-Li~)-U; by (1), (2) and (3), and H-L¥.. = L en
is finite by (4), the statement (5) follows as well. Finally, the center Z; of L,
(or equivalently, of £;) is the kernel of the action of the Kac—Moody group L
(cf. (4)) on its associated building X}, which is embedded in X as the standard
J-residue of X*; in particular, Z; fixes the fundamental chamber Cy of X, and
hence is contained in its stabiliser H - U* in G. OJ

3.6. Properties of GG as a t.d.l.c. group. We conclude this preliminary section
on Kac—Moody groups by recording a few known properties of G as a t.d.l.c.

group.

Proposition 3.4. Assume that A is indecomposable and of non-finite type. Then
G is a compactly generated, nondiscrete t.d.l.c. group. Moreover, the subgroup
GW of G topologically generated by the U, (o € A™) is a finite indexr normal
subgroup of G which is topologically simple, and we have G = H - GW.
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Proof. See e.g. [Marl8, Proposition 8.17] for the first statement, and [CR09,
Lemma 9 and Proposition 11] for the second. 0J

Note that G = G as soon as the Kac-Moody root datum D is chosen to be
coadjoint (see [Marl8 Definition 7.9 and Example 7.25]), for instance when G
is of simply connected type (see [Marl8, Example 7.11]). In general, one can
associate to D the corresponding coadjoint Kac-Moody root datum coad(D) (see
[Marl8, Exercise 7.14]), and G is then the (effective) geometric completion of
the minimal Kac-Moody group &ceaq(p)(k) of type coad(D).

The open subgroups of G have been classified up to finite index.

Lemma 3.5 ([CM13, Theorem 3.3]). Let O be an open subgroup of G. Then there
exist g € G, some essential subset J C I, and some spherical subset J' C J* such
that LYU; ;1 C gOg~* C Pyuy. In particular, gOg~" has finite index in Py, .

We also record for future reference the following lemma from [CM13|, Lemma 3.19]:
the statement below is a bit different from [CM13, Lemma 3.19], the subgroup
O; from Lemma 3.19 in loc. cit. being replaced by a subgroup O satisfying
the only two properties of Oy (recalled at the beginning of the proof of |[CM13]
Lemma 3.19]) that are used in the proof of that lemma.

Lemma 3.6. Let J C I be essential, and let O be a subgroup of G contained in
Py and containing LY. Then every subgroup H of G containing O as a subgroup
of finite index is contained in some standard parabolic Py of type J U J', with
J' spherical and J' C J*.

Finally, we recall that, in many cases, G is locally finitely generated, as the sub-
group U™ is topologically finitely generated (cf. Lemma (1))

Lemma 3.7. The following assertions hold:

(1) Assume that p > My := max;z; |a;;|. Then G is locally finitely generated.

(2) Assume that A is 2-spherical, i.e. a;ja; < 3 for all distinct i,j € 1.
Assume, moreover, that ¢ > 3 if My = 2 and that ¢ > 4 if My = 3. Then
G s locally finitely generated.

Proof. (1) follows from [CRI14, Theorem 2.2] (see also [Roul6l Proposition 6.11]),
and (2) from [AM97, Corollary]. O

Remark 3.8. Note that, since U* is pro-p (see e.g. [Marl8, Proposition 8.17]),
Lemma [2.3] implies that G is locally finitely generated if and only if it is locally
of finite quotient type.

4. CONJUGACY CLASSES OF PARABOLIC SUBGROUPS UP TO FINITE INDEX

Given a Coxeter system (W, S), let Apy,s) be the set of standard parabolic sub-
groups of W ordered by inclusion, and let A?ﬁv,S) be the same poset taking sub-
groups up to finite index, that is, the quotient poset Ayy g)/ ~f, where for two
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subgroups H;, Hy of a group H, we write H; ~; Hy if H; N H; has finite index in
both Hy and H,. We denote by [H] the class of H € Ay g) in Afy.s)-

Given a group G with a BN-pair and Weyl group (W, S), the conjugacy classes
of parabolic subgroups of G (up to finite index) are accounted for by elements of
Aow,s) (or A‘(ﬁi\,ys)). In this section, we show that, if B is commensurated (that is,
B ~; gBg~! for all g € G), then the conjugation action of G respects the partial
order of A?ﬁv, g in other words, if one standard parabolic is virtually contained in
a conjugate of another standard parabolic, the standard parabolics were already
ordered in this way up to finite index. In the case of complete geometric Kac—
Moody groups, this will lead to a refinement of Lemma [3.5

Theorem 4.1. Let G be a group with a BN-pair (B, N) with Weyl group (W, S),
such that B is a commensurated subgroup of G and |S| < oo; given J C S, let Py
be the standard parabolic subgroup BW;B of G. Let J,J C S.

Suppose g € G is such that gP;g~" is virtually contained in Py. Then [W;] <

W] as elements of Ay g); we have [Wy] = Wy if and only if gPrg~" ~5 Py
Conversely, if [W;| < Wy then Py is virtually contained in Pj.

We begin the proof with two lemmas. The conjugation action of W itself on
Afy.s) is accounted for by Lemma .

Lemma 4.2. Let (W, S) be a Coxeter system. Then the following are equivalent,
for J,J CS:

(i) Wil < Wil
(i) J> < (J)>;
(iii) There is w € W such that wJ'w™ N J generates a subgroup of finite index
m WJ.

Proof. Suppose (i) holds, so that W; is contained in a subgroup H of W such that
H N Wy has finite index in H. Then W; N W) has finite index in W, and hence
W is virtually contained in Wj,. Choosing w € W; such that Pc(w™) = W for
all n # 0 as in Lemma (3.1, we then have w™ € W for some n # 0, so Wy < W
and hence J* C J'. As the components of J* cannot be contained in spherical
components of J', we conclude that J* C (J')*°. Thus (i) implies (ii).

If (ii) holds, then clearly (iii) holds with w = 1, as W« has finite index in W;.

Finally, if (iii) holds, then W, j,,~1ns~ has finite index in W~ and hence J>° C
wJ'w~! by Lemma . In particular, w='J*w C J' C S and hence Lemma
yields w=tJ>w = J*°. Thus, J* C J’, so Wy contains the finite index subgroup
Wje of W, showing that (i) holds. O

Corollary 4.3. Let (W, S) be a Coxeter system, let ARy s be the set of standard
parabolic subgroups of W ordered by inclusion, modulo finite index, and let E be
the set of essential subsets of S ordered by inclusion. Then the following map is
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a well-defined order isomorphism:
s = By Wil = I

We now obtain some conditions under which one parabolic subgroup of a group
with a BN-pair is virtually contained in another.

Lemma 4.4. Let G be a group with a BN-pair with Weyl group (W, S), such that
B is a commensurated subgroup of G; let X be the associated building.

(i) Given J,J' C S, then Pj is virtually contained in Py if and only if W] <
Wl

(i) Let R and R’ be a pair of parallel residues in X. Then Stabg(R) ~y
Stabg(R/).

Proof. (i) We can write P; = BW),B as a product P; = Pjwn Py~ and similarly
for Pj. Since B is commensurated, Pjspn = BWjsn B is a union of finitely many
left cosets of B < Pje, so J® does not contribute to the commensurability
class of P;. Thus we may assume J and J' are essential. We then see by the
Bruhat decomposition that if P, is virtually contained in Py, then W;] < [Wy];
conversely if [W;] < [Wy], then J C J' by Lemma [4.2] and hence Py < Py

(ii) Let P = Stabg(R) and P’ = Stabg(R'), let J be the type of R and let J’
be the type of R'. By [MPWI15, Proposition 21.10], the fact that R and R’ are
parallel implies that the Weyl distance w from R to R’ satisfies J = wJ'w™!. In
particular, by Lemma we have w € W o)1 and J* = (J')*°. Take a residue
R> of type J* in R, and let (R')*® := projp R*. Thus, R* and (R')*> are
parallel residues of type J*° contained in R and R/, respectively, and the Weyl
distance from R to (R')* is still w (see [MPW15, Remark 21.12]). Moreover,
Stabg(R>) has finite index in P and Stabg((R')*°) has finite index in P’ by (i).
Thus we may assume J = J* = J’, that is, that R and R’ are of the same type.

Since w € W;., we see that R and R’ are both contained in a residue R” of type
JUJ*L. As a building, we can write R’ =Y x Z where Y is a building of type J
and Z is a building of type J*, so that R =Y x {z} and R’ =Y x {2’} for some
chambers z, 2 € Z. Since B is commensurated, we see that X is locally finite, so
P has finite orbits on Z (since it fixes z € Z), and hence P is virtually contained
in P’; similarly P’ is virtually contained in P. O

With these lemmas in hand, we can finish the proof of the theorem.

Proof of Theorem[/.1. Suppose J,J' C S and g € G are such that gP;g~! is
virtually contained in Py; we aim to show [W;] < [Wy]. Since Py~ has finite
index in P; (and similarly for P;/) by Lemma (i), we are free to assume J and
J' are essential. By Lemma |3.1| we can then take an element v € W; such that

Pc(v™) = W for all n € N*.

Let X be the building associated to the BN-pair. Then P; and Py are the
stabilisers of the standard residues R; and Ry in X of type J and J', respectively.
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Let A be an apartment containing a chamber of gR; and a chamber of Rj. Then
we can regard A as a Coxeter complex for the copy of W induced by Stabg(A);
in particular, there is some element v’ of Stabg(A) N gP;g~! that acts as v on A.
By replacing v’ by a positive power we may assume that v € Py. By [MPWI15|
Proposition 21.8], Ry = proj,p,(Ry) is a subresidue of gR; of type J Nw.J'w™!,
where w is the Weyl distance from R; to projp , (gRj). Since v’ stabilises gR;
and Ry, it stabilises Ry. On the other hand, as Pc(v) = Wj, it does not stabilise
any proper subresidue of gR;, and hence R, = gR; and J NwJ'w™! = J. In
particular, we have [W;] < [W,] by Lemma [4.2] as desired.

If, in addition, gP;g~" ~; Py (so that Py is also virtually contained in gP;g~1),
we have just showed that [Wj,| < [W,], and hence W;| = [W,/|. Conversely,
if [Wy] = [Wy], then gP;g~* ~; Py: indeed, we may again assume J, J' to be
essential, so that J = J' by Lemma . Then projp ,(gR;) = Ry (since it is a
subresidue of Ry = R of type J'Nw™" Jw = J by [MPW15| Proposition 21.8]),
and hence R and gR; are parallel and the claim follows from Lemma [4.4]ii).

Finally, given J, J' C S such that [W;] < [Wy/], then P; is virtually contained in
Py by Lemma [4.4]1). O]

In particular, Theorem {4.1| applies to the parabolic subgroups of complete geo-
metric Kac-Moody groups, and hence via Lemma [3.5/ we obtain a complete classi-
fication of which open subgroups can be virtually conjugated inside one another.

Corollary 4.5. Let G be a complete geometric Kac—Moody group over a finite
field. Then there is a unique surjective map A : O(G) — A‘(?/V,S), with the following
properties:

(i) For all J C S, then \(Py) = W,];
(ii) Given H, K € O(G), then N\(H) = A(K) if and only if there is g € G such
that gHg™ ~; K ;
(iti) Given H, K € O(G), then \(H) C M K) if and only if there is g € G such
that gHg™* ~; L for a subgroup L of K of infinite indez.

5. LOCALLY NORMAL SUBGROUPS AND ENDS OF KAC—MOODY GROUPS

We now study the structure of locally normal subgroups of the geometric comple-
tion G of the minimal Kac-Moody group G = &p(k) over the finite field £k = F, of
characteristic p. In this context, we obtain strong restrictions on the noncompact
locally normal subgroups of GG, and a characterisation of when G is one-ended.
We can then apply Theorem to show in many cases that G is locally indecom-
posable. We will use the notation of Sections |3.4H3.6]

5.1. J-regular elements. Since W is a finitely generated linear group over C,
Selberg’s lemma provides a torsion-free finite-index normal subgroup W, of W,
which we fix throughout. Recall that an element w € W is straight if {(w") =
nl(w) for all n € N*.
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Definition 5.1. For a subset J C I, call an element w € W J-regular if w € W,
w is straight, Pe(w) = Wy, and w"a # « for all « € A™(J) and all n € N*.

In this subsection and the next, we obtain lower bounds on the closure of the
Tits cores of parabolic subgroups, and hence of all open subgroups of G. When
J is essential, it will turn out that the closure of the Tits core of the parabolic
subgroup Pj is topologically generated by the contraction group of a J-regular
element and its inverse: see Lemma [5.6] below. Moreover, we find that every
non-compact locally normal subgroup lies between a parabolic subgroup and the
closure of its Tits core: see Theorem [5.10l

Let us first show that J-regular elements exist.

Lemma 5.2. Let J C I be essential. Then there exists a J-reqular element
w e W.

Proof. Clearly, there is no loss of generality in assuming that J is irreducible and
nonempty. Note also that if wa # a for some w € Wy and a € A™(J), then
also w"a # « for all n € N* (see [CM13, Lemma 2.6]). Finally, for any w € W;
of infinite order, there exist some N € N and some v € W; such that vwNv™! is
a straight element of Wy (see [Marl4b, Corollary 3.5 and Lemma 4.5]). In view
of Lemma (3.1} it is thus sufficient to prove that there exists some w € W with

Pc(w) = Wy such that wa # « for all @ € A™F(J).

Assume first that ; is an affine Coxeter group. Then the Davis complex ¥ ; of
(Wjy, J) is a Euclidean space triangulated by the hyperplanes da (o € A™), and
there exists some N € N such that for any v € Wy, either vV = 1 or vV acts on
Y; as a translation (see [ABOS, Chapter 10]). Note also that Pc(v) = W; for any
v € W; of infinite order (because WW; has no proper infinite parabolic subgroups).
One may thus take any v € W; of infinite order such that the translation axes of
vY are not parallel to any wall of ¥, and set w := v¥.

Assume next that W is not an affine Coxeter group. Take any w € W, such
that Pc(w) = Wy (such a w exists by [CM13, Corollary 2.17] and Lemma [3.1).
Assume for a contradiction that there exists some a € A" (J) with wa = a.
Then w stabilises the wall O, and hence possesses an axis L C da. In particular,
O« intersects all the w-essential walls (that is, the walls of a w-essential root). On
the other hand, for any w-essential wall m, the walls w"m (n € Z) are pairwise
parallel by [CM13, Lemma 2.6]. Moreover, for any n € N with |n| large enough,
the parabolic closure of r,, and ryn,, coincides with Pc(w) = W; by |[CM13,
Corollary 2.12]. Since Wj is not an affine Coxeter group, it then follows from
[Cap06, Lemma 11 and Proposition 16] that r, commutes with r,,. As Pc(w) =
W; is generated by the reflections r,, with m an w-essential wall by [CMI3|
Lemma 2.7], we conclude that r, centralises W; and hence belongs to W;. by
Lemma , a contradiction since J N J*+ = @. 0

The condition of being straight already puts significant restrictions on the real
roots fixed by w, as the next lemma shows.
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Lemma 5.3. Let J C I be essential. Let w € W, be straight and such that
Pc(w) =Wy. Let o € A", Then one of the following holds:

(1) w"a # « for all n € N*.
(2) supp(a) C JU J*.

Proof. Assume that w"a = « for some n € N*. Thus w" commutes with the
reflection r, associated to «. In particular, r, normalises the parabolic closure
Pc(w™) of w™. As Pc(w™) = W, by Lemma [3.1] we deduce that r, € Nyy(W,) =
Wiuge (recall Lemma . Equivalently, r, = vs;v~! for some v,s; € W, 2,
and hence supp(a) = supp(va;) € J U J+. O

5.2. The relative Tits core of locally normal subgroups.

Lemma 5.4. Let w € W be straight and w € G be a representative of w in N. Let
a € AT be such that w"a # « for alln € N*. Then U, C cong(w) U cong(w1).

Proof. By [Marl4al, Lemma 3.2], there exists € € {41} such that w™« € A for
all n € N. Then ht(w"a) "= oo as n — oo since there are only finitely many
positive roots of any given height. Hence

WU 0™ = Upeng | —5° {1} asn— o0
by () in §3.5] that is, U, C cong(a°). O

Proposition 5.5. Let J C I be essential. Let w € W be a J-reqular element and
w € G a representative of w in N. Then L}r C GL}.

Proof. Without loss of generality, we may assume that J # & (so that w has
infinite order). Set

U, :={a e A™(J) | a is w-essential}.

Then Wy = Pc(w) = (ro | @ € ¥;) by [CM13, Lemma 2.7]. On the other hand, if
o € Uy (so that w"« # a for all n € N*), Lemma [5.4 implies that Uy, C GF, and
hence 7, € G (by ) Thus G} contains the subgroup W, := (7y | a € W)
mapping onto W;.

Similarly, U, C G for all « € A™*(J) by Lemma (as w is J-regular). Since

L7 is generated by such U,’s and by W (see ), we conclude that LT C G, as
desired. O

Lemma 5.6. Let J C I be essential. Let w € W be a J-regular element and
W € G a representative of w in N. Then Gl = (P))f.
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Thus H is cocompact in P;. It now follows by Proposition (applied to G := Py
and g := @) that (P))L = (P,), and hence H = (P))l, = (P,)T, as desired. [

We now arrive at the key theorem of this subsection, putting a lower bound on
the closure of the relative Tits core of a J-regular element.

Theorem 5.7. Let J C I be essential. Let w € W be a J-reqular element and
w € G a representative of w in N. Then

LiUjue CGL = (P,

Proof. Set Hy := {uwu™" | u € UT(J)}, so that Gijv - GLJ. Since Hy; C Py and

Pj is open, we also have GLJ C G}J = (Py)t, and hence GLJ = GTU = (Pj)t by
Lemma . To conclude the proof, we now show that LU ;. C GTHJ.

We already know by Proposition ﬂ that LT C Gia = G}IJ. By definition of
U1, the inclusion will then follow if we show that for each o € ASGJI . and each
u € UT, there is some uy; € U (J) such that ulU,u~! C cong(usiu;') for some
e € {£1}. Since w"a # a for all n € N* by Lemma [5.3| we have U, C con(u°)
for some € € {£1} by Lemma Write v = uyu with uy € Ut (J) and w € U,
following the decomposition (3)) in . We claim that uU,u! C cong(w®),
whence the lemma.

Indeed, note that @ normalises U, as w € L; and L; normalises I/;. In particular,
for each n € N, there is some u,, € U; C U™ such that

~EN—

W ulUa "

-1

= u, 0" U0~ "u,,

Since U, C cong(w®) and G has a basis of identity neighbourhoods consisting of
normal subgroups of U™ (cf. §3.5)), we deduce that uU,u~" C cong(w?) as well,
as claimed. O

In light of Lemma 3.5 we obtain a restriction on all Tits cores of open subgroups.
Corollary 5.8. (i) Let J C I. Then

(ii) Let O be an open subgroup of G'. Then OF is cocompact in O. In particular,
the compact quotient O/OT of O is the largest residually discrete quotient of
O, so every discrete quotient of O is finite.

Proof. For (i), we note that Py has finite index in Pj, so it has the same Tits
core. The conclusion then follows by Theorem [5.7}

For (ii), by Lemma there is ¢ € G and a subset J C I such that gOg~! is
a finite index open subgroup of P;. Hence, gOTg~! = (P;)!. From part (i) we

see that (Pj) is a cocompact subgroup of Pje, which in turn has finite index in

P;. Hence Of is a cocompact normal subgroup of O. In particular, the quotient
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O/O" is a profinite group, and is thus residually discrete. On the other hand,
if K is an open normal subgroup of O, then K is closed and it is clear that
(O/K)" = {1}, so Ot < K. Thus the compact quotient O/O" is the largest
residually discrete quotient of O. Every discrete quotient of O is therefore compact
and hence finite. O

5.3. Locally normal subgroups. We are now ready to provide a description of
closed locally normal subgroups of G generalising Lemma [3.5]

Lemma 5.9. Let K C I and let O be an open finite-index subgroup of Py con-
taining L. Let H be a closed normal subgroup of O such that HUy /Uy is
infinite. Then there ezists some nonempty essential J C K (a union of essential
components of K ) and some spherical J' C J+ N K such that

LU0 < (Pyug)t < H < Py

Proof. Consider the projection map 7: Px = LgUx — Li/(Ux N Lg). Note
first that m(H) is closed: indeed, if (h,)nen € H and g € Pk are such that
m(h,) "= 7(g), then g~'h, belongs to Ut -kerm = U™ for all large enough n.
Since U™ is compact, we may then assume, up to passing to a subsequence, that
h,, converges, say to some h € H (as H is closed). Hence 7(g) = n(h) € n(H), as
desired.

Since 7(0) 2 w(Lj) by assumption, 7(H) N m(L}«) is then a closed normal
subgroup of (L), which is moreover infinite, as 7(H) = HUy /Uy is infinite
and 7(H) N7 (L) has finite index in 7(H) N 7(Px) = 7(H) by Lemma [3.3(5).
Let Ki,..., K, be the components of K>, so that Ljw = Lk ----- L by
Lemma [3.3[(3), and for each 4, let Z; be the center of Lx,. By Lemma (4),
the group Lg,/Z; is the (effective) geometric completion of &p(yy(k) (and Z;
is finite), and hence Lj /Z is topologically simple by Proposition , where
Zi = Z; N L. In particular, Z = [[}_, Z; C L is finite and Ljo /Z5; =
L, JZ7 x -+ x L /Z} (direct product). Moreover, by simplicity, for each i,
the image of 7(H) N 7(Lj~) in w(Lj,)/m(Z;") is either trivial or coincides with
m(L,)/m(Z) since m(H) N7(L) is normal in m(Lj-). By Goursat’s lemma, a
normal subgroup of a direct product of non-abelian simple groups coincides with
the product of a subset of the simple direct factors. Therefore 7(Z}) - (7(H) N
(L)) = w(Z#) - w(LT) for some union J of components of K. Note that J
is nonempty as w(H) N m(Lke) is infinite. Therefore,

LY C HZfUx and HZjfUg O LEoUyx C LY ZE U

Moreover, HZ}:Uy N LUy has finite index in HZ;:Uy (because Lj-Uy has
finite index in Py by Lemma [3.3(5)) and L} ZfUx C Py by Lemma (6) We
are thus in a position to apply Lemma[3.6 (with O := HZ Uk NLEwUy and H :=
H Z Uy ), which yields some spherical subset J’ C J*+ such that HZ:Ux C Py
In particular, H C Py, and since H C Pk, we may assume that J' C Jt N K.
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Let now w € W; be a J-regular element (see Lemma and w € G be a
representative of w in N N L. Then w € LT < HZ}Ug, so by Lemma
(applied to G := G, H := HZ} Uk and K := H) we have G} < GLZ;UK =Gl
Hence Lemma (applied to G := G, D = X := H, and U := O) yields
Gj;, < G}[ < H. Theorem then implies that

LY Uy < (Pjop)t = (P)f = CTL < H. O]

Theorem 5.10. Let H be a non-compact closed locally normal subgroup of G.
Then there exist some g € G, some nonempty essential subset J C I and some
spherical subset J' C J* such that

LjUJuJL < (RIUJ’)Jr < gHgil < Py

and such that the normaliser of gHg™' in P,y has finite index.

Proof. Let O = Ng(H). Up to conjugating H, we may assume by Lemma [3.5| that
O has finite index in some standard parabolic Px (K C I) and contains Ljie.
Moreover, since H is non-compact, the group HUg /Uy is infinite. The claim now

readily follows from Lemma [5.9] O

Corollary 5.11. Assume that J* is spherical for every nonempty essential subset
J C I. Then every closed locally normal subgroup of G is either compact or open.

5.4. Centralisers. We now consider centralisers of locally normal subgroups.
The first point to note is an immediate consequence of Proposition and

[CRW17bl Theorem A(ii)].

Lemma 5.12. Assume that A is indecomposable of non-finite type. Then ev-
ery wirtually abelian locally normal subgroup of GW s trivial. In particular,

QZ(GW) = {1}.

We can now show that the centraliser of U; ;. for J C I essential is trivial, and
consequently the centraliser of any nontrivial locally normal subgroup is compact.

Lemma 5.13. Assume that A is indecomposable of non-finite type. Let J C I be
essential and nonempty. Then Cqoy(Ujuye) = {1}.

Proof. Let Z = Cnay(Ujyy1). Assume for a contradiction that Z is nontrivial,
and set K := J U J*. Note first that Z is a closed locally normal subgroup, as it
is normal in the normaliser Px of Ux. By Lemma [5.12 we have

ZNUg = {1}.

Moreover, Z is infinite (if it is finite, then it is virtually abelian and hence trivial, a
contradiction). In particular, ZUg /Uy is infinite. We can thus apply Lemma
(with O := Px and H := Z): there exists some nonempty essential subset J; C K
(a union of essential components of K') such that Upusr € Z. Since K € J1U Ji,
so that Uj ;0 © Uk, we deduce that

UJlqul C ZNnUk = {1},
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that is, J; U Ji- = I. The indecomposability of A then implies that J, = K = I
and hence also that J = & or J = I, a contradiction. 0

Corollary 5.14. Assume that A is indecomposable of non-finite type. Let H be a
closed locally normal subgroup of GV, and suppose that H and Cgay(H) are both
nontrivial. Then H and Coo)(H) are both compact.

Proof. Let K = Cy)(H). Then H and K both have nontrivial centraliser, so by
Lemma , they cannot contain any subgroup Uy, ;1 (or their conjugates) for
J C I essential and nonempty. Hence H and K are both compact by Theorem [5.10]
(applied to G := GW). O

5.5. The number of ends. We next show that GG is one-ended if and only if its
Weyl group W is one-ended. By [Dav08, Theorem 8.7.2], this latter condition can
be reformulated in terms of the nerve of W.

Recall that the nerve of a Coxeter system (W, I) is the abstract simplicial com-
plex formed by the poset of all nonempty spherical subsets J C I; write N4 for
the nerve of the Coxeter system associated to the generalised Cartan matrix A.
We say the nerve is strongly connected if in its geometric realisation [Ny, the
removal of any one of the closed simplices (including the empty simplex) results
in a connected space.

This condition can also be restated in terms of the Coxeter diagram of (W, I),
as follows. The finite graph I'y(A) of A is the graph with vertex set I and
an edge between ¢ and j if and only if a;;a;; < 3 (equivalently, if s;s; € W has
finite order). We call I'f(A) strongly connected if it is connected and if for
every spherical subset J C I, the subgraph of I'f(A) with vertex set I\ J is still
connected. For instance, if A is 2-spherical and indecomposable, then I'f(A) is
strongly connected.

Proposition 5.15. Assume that W, is infinite. The following conditions are
equivalent:

(1) G is one-ended.

(2) Wa is one-ended.

(3) Na is strongly connected.
(4) T'¢(A) is strongly connected.

Proof. The equivalence of (3) and (4) is clear, as I'y(A) is just the 1l-skeleton
of N4, and as a simplicial complex is connected if and only if its 1-skeleton is
connected. The equivalence of (2) and (3) is [Dav08, Theorem 8.7.2]. For the
equivalence of (1) and (2), since G acts geometrically on (the Davis realisation of)
its associated building X, (which is both proper and geodesic, cf. , we see
that GG is one-ended if and only if X, is one-ended. Meanwhile, each apartment of
X is quasi-isometric to Wy, so that the equivalence of (1) and (2) follows from

Lemma below. O
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Lemma 5.16. Let X be the Davis realisation of a building. Then X is one-ended
if and only if its apartments are one-ended.

Proof. Let (W, S) be the type of X (note that we may assume W to be infinite).

Note first that for any apartment Y of X and any point x € 3, there exist a
geodesic line L, C ¥ and a (closed) chamber C, of ¥ containing = such that
C, N L, is nonempty. Indeed, as ¥ is isometric to the Davis complex of (W, S),
we may assume that X = ¥ = |[X(W,S5)|car@). One can then consider any
geodesic line L in ¥ (e.g. the axis of an element of infinite order in W C Aut(X))
and any chamber C' of ¥ intersecting L, and then pick w € W such that wzx € C.
Then z belongs to the chamber C, := w™'C and C, intersects the geodesic line
L,:=w 'L C¥, as desired.

Assume now that the apartments of X are one-ended. Let 71: [0,00) — X and
r9: [0,00) — X be proper geodesic rays. Let B C X be a ball in X. Let N € N
be such that all the (closed) chambers intersecting either Ry := r{([NV,00)) or
Ry :=ry([N,00)) are disjoint from B. We claim that R, and Ry are contained in
the same path component of X \ B, as desired. Let z; := r;(N) € R; be the origin
of R; (1 = 1,2), and let us show that z; and x5 are connected in X'\ B. By [Mar19,
Lemma 2.2|, there exists an apartment 3 of X containing both x; and a subray
R, = ry([N',00)) of Ry (for some N’ > N). Let C,, be a chamber of ¥ containing
x1, and L,, C 3 be a geodesic line intersecting C,, (say at T; € C,, N Ly,), as
provided by the previous paragraph. By construction, C, is disjoint from B, and
since it is path-connected, it suffices to prove that Z; and x5 are connected in
X \ B. Since T; ¢ B and B is convex, we find some geodesic ray R] C L,, with
origin 7; and not intersecting B. Since ¥ is one-ended, there exist some 2} € R}
and some ), € R/, connected by a path in ¥\ B C X \ B. Since 7; and z} (resp.
xo and x4) are in the same path component of X \ B, the claim follows.

Conversely, assume that X is one-ended. Let ¥ be an apartment of X, let
r1: [0,00) — ¥ and rg: [0,00) — ¥ be proper geodesic rays, and let By C 3
be a ball in ¥ with center zy € ¥ and radius r (say zo is the barycenter of a
chamber C' of ¥). Let B C X be the ball of X of center z, and radius r, so that
By, = BNY. By assumption, there exists some N € N such that Ry := ri ([N, 00))
and Ry := ro([/V,00)) are contained in the same path component of X \ B. Let
r1 € Ry and x93 € Ry, and let I' € X \ B be a path from z to y. Since the
retraction p = psc: X — X onto X centered at C' preserves the distances from
zo (see e.g. [ABOS, Proposition 12.18]), it maps X \ B to ¥ \ By, and hence the
path p(I") from x to y is contained in ¥\ By. Thus, R; and R, are contained in
the same path component of 3 \ By, as desired. O]

5.6. Endgame. Putting all the ingredients together, we now have a sufficient
condition for G (or equivalently its finite index normal subgroup G)) to be locally
indecomposable.

Theorem 5.17. Assume that A is indecomposable, that G is locally finitely gen-
erated, and that I'¢(A) is strongly connected. Then G is locally indecomposable.
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Proof. Since GV is open in G, it is sufficient to show that G() is locally inde-
composable by Lemma [2.1] Note that we may assume A to be of non-finite type,
since otherwise G is finite and hence trivially locally indecomposable.

We now check that G(V satisfies the hypotheses of Theorem . Specifically: G
is one-ended by Proposition [5.15} QZ(G®") = {1} by Lemma [5.12} G® has no
nontrivial compact normal subgroups by Proposition GW is locally finitely
generated by assumption (since it is open in G) and hence locally of finite quotient
type by Lemma [2.3(1); no open subgroup of G*) has an infinite discrete quotient

by Corollary [5.8 and the centraliser of every nontrivial closed locally normal
subgroup is compact by Corollary O

Together with Lemma [3.7] this yields the following corollaries.

Corollary 5.18. Assume A is indecomposable. Assume, moreover, that I'¢(A) is
strongly connected, and that p > M. Then G is locally indecomposable.

Corollary 5.19. Assume A is of indecomposable 2-spherical type. Assume, more-
over, thatq > 3 if Ma = 2 and q > 4 if My = 3. Then G is locally indecomposable.

5.7. Open questions. Corollary shows that a large class of locally compact
Kac—Moody groups are locally indecomposable. On the other hand, it might well
be that the additional assumptions in Theorem can be removed, which leads
to the following question.

Question 5.20. Does every complete geometric Kac-Moody group over a finite
field have a trivial decomposition lattice?

More generally, as mentioned in the introduction, locally compact Kac—Moody
groups might even have trivial centraliser lattice. This calls for an answer to the
following question.

Question 5.21. Does every complete geometric Kac-Moody group over a finite
field have a trivial centraliser lattice?
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