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Preface

As we enter the third decade of the World Wide Web (WWW), the textual revolution
has seen a tremendous change in the availability of online information. Finding infor-
mation for just about any need has never been more automatic — just a keystroke or
mouseclick away. While the digitalization and creation of textual materials continues
at light speed, the ability to navigate, mine, or casually browse through documents
too numerous to read (or print) lags far behind.

What approaches to text mining are available to efficiently organize, classify,
label, and extract relevant information for today’s information-centric users? What
algorithms and software should be used to detect emerging trends from both text
streams and archives? These are just a few of the important questions addressed at the
Text Mining Workshop held on April 28, 2007, in Minneapolis, MN. This workshop,
the fifth in a series of annual workshops on text mining, was held on the final day of
the Seventh STAM International Conference on Data Mining (April 26-28, 2007).

With close to 60 applied mathematicians and computer scientists representing
universities, industrial corporations, and government laboratories, the workshop fea-
tured both invited and contributed talks on important topics such as the application of
techniques of machine learning in conjunction with natural language processing, in-
formation extraction and algebraic/mathematical approaches to computational infor-
mation retrieval. The workshop’s program also included an Anomaly Detection/Text
Mining competition. NASA Ames Research Center of Moffett Field, CA, and SAS
Institute Inc. of Cary, NC, sponsored the workshop.

Most of the invited and contributed papers presented at the 2007 Text Mining
Workshop have been compiled and expanded for this volume. Several others are
revised papers from the first edition of the book. Collectively, they span several major
topic areas in text mining:

I. Clustering,

II. Document retrieval and representation,
III. Email surveillance and filtering, and
IV. Anomaly detection.
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In Part I (Clustering), Howland and Park update their work on cluster-preserving
dimension reduction methods for efficient text classification. Likewise, Senellart and
Blondel revisit thesaurus construction using similarity measures between vertices
in graphs. Both of these chapter were part of the first edition of this book (based
on a SIAM text mining workshop held in April 2002). The next three chapters are
completely new contributions. Zeimpekis and Gallopoulos implement and evaluate
several clustering schemes that combine partitioning and hierarchical algorithms.
Kogan, Nicholas, and Wiacek look at the hybrid clustering of large, high-dimensional
data. AlSumait and Domeniconi round out this topic area with an examination of
local semantic kernels for the clustering of text documents.

In Part IT (Document Retrieval and Representation), Kobayashi and Aono re-
vise their first edition chapter on the importance of detecting and interpreting minor
document clusters using a vector space model based on principal component anal-
ysis (PCA) rather than the popular latent semantic indexing (LSI) method. This is
followed by Xia, Xing, Qi, and Li’s chapter on applications of semidefinite program-
ming in XML document classification.

In Part IIT (Email Surveillance and Filtering), Bader, Berry, and Browne take
advantage of the Enron email dataset to look at topic detection over time using
PARAFAC and multilinear algebra. Gansterer, Janacek, and Neumayer examine the
use of latent semantic indexing to combat email spam.

In Part IV (Anomaly Detection), researchers from the NASA Ames Research
Center share approaches to anomaly detection. These techniques were actually en-
tries in a competition. held as part of the workshop. The top three finishers in the
competition were: Cyril Goutte of NRC Canada, Edward G. Allan, Michael R. Hor-
vath, Christopher V. Kopek, Brian T. Lamb, and Thomas S. Whaples of Wake Forest
University (Michael W. Berry of the University of Tennessee was their advisor), and
an international group from the Middle East led by Mostafa Keikha. Each chapter
provides an explanation of its approach to the contest.

This volume details the state-of-the-art algorithms and software for text min-
ing from both the academic and industrial perspectives. Familiarity or coursework
(undergraduate-level) in vector calculus and linear algebra is needed for several of
the chapters. While many open research questions still remain, this collection serves
as an important benchmark in the development of both current and future approaches
to mining textual information.
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1

Cluster-Preserving Dimension Reduction Methods for
Document Classification

Peg Howland and Haesun Park

Overview

In today’s vector space information retrieval systems, dimension reduction is im-
perative for efficiently manipulating the massive quantity of data. To be useful, this
lower dimensional representation must be a good approximation of the original doc-
ument set given in its full space. Toward that end, we present mathematical models,
based on optimization and a general matrix rank reduction formula, which incor-
porate a priori knowledge of the existing structure. From these models, we develop
new methods for dimension reduction that can be applied regardless of the rela-
tive dimensions of the term-document matrix. We illustrate the effectiveness of each
method with document classification results from the reduced representation. After
establishing relationships among the solutions obtained by the various methods, we
conclude with a discussion of their relative accuracy and complexity.

1.1 Introduction

The vector space information retrieval system, originated by Gerard Salton [Sal71,
SMS83], represents documents as vectors in a vector space. The document set com-
prises an m X n term-document matrix, in which each column represents a document,
and the (4, j)th entry represents a weighted frequency of term ¢ in document j. Since
the data dimension m may be huge, a lower dimensional representation is imperative
for efficient manipulation.

Dimension reduction is commonly based on rank reduction by the truncated sin-
gular value decomposition (SVD). For any matrix A € R™*"_its SVD can be de-
fined as

A=UxVT, (1.1)
where U € R™*™ and V' € R™*" are orthogonal, X' = diag(o ---0,) € R™*"
with p = min(m, n), and the singular values are ordered as o1 > 09 > ---0, > 0
[GV96, Bjo96]. Denoting the columns of U, or left singular vectors, by w;, and the
columns of V/, or right singular vectors, by v;, and the rank of A by ¢, we write
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q
A= Z oiuiviT. (1.2)
i=1

For | < q, the truncated SVD

l
~ § : T
A= OiU;V;
i=1

provides the rank-/ approximation that is closest to the data matrix in Lo norm or
Frobenius norm[GV96]. This is the main tool in principal component analysis (PCA)
[DHSO01], as well as in latent semantic indexing (LSI) [DDF*90, BDO95] of docu-
ments.

If the data form clusters in the full dimension, the goal may change from find-
ing the best lower dimensional representation to finding the lower dimensional rep-
resentation that best preserves this cluster structure. That is, even after dimension
reduction, a new document vector should be classified with the appropriate cluster.
Assuming that the columns of A are grouped into clusters, rather than treating each
column equally regardless of its membership in a specific cluster, as is done with
the SVD, the dimension reduction methods we will discuss attempt to preserve this
information. This is important in information retrieval, since the reduced representa-
tion itself will be used extensively in further processing of data.

In applied statistics/psychometrics [Har67, Hor65], techniques have been devel-
oped to factor an attribute-entity matrix in an analogous way. As argued in [HMHO0O0],
the components of the factorization are important, and “not just as a mechanism for
solving another problem.” This is one reason why they are well suited for the prob-
lem of finding a lower dimensional representation of text data. Another reason is
their simplicity—having been developed at a time when additions and subtractions
were significantly cheaper computations than multiplications and divisions—their
creators used sign and binary vectors extensively. With the advent of modern com-
puters, such methods have become overshadowed by more accurate and costly al-
gorithms in factor analysis [Fuk90]. Ironically, modern applications often have to
handle very high-dimensional data, so the accuracy of the factors can sometimes be
compromised in favor of algorithmic simplicity.

In this chapter, we present dimension reduction methods derived from two per-
spectives. The first, a general matrix rank reduction formula, is introduced in Sec-
tion 1.2. The second, linear discriminant analysis (LDA), is formulated as trace op-
timization, and extended in Section 1.3 using the generalized singular value decom-
position (GSVD). To reduce the cost of the LDA/GSVD algorithm, we incorporate
it as the second stage after PCA or LSI. We establish mathematical equivalence in
Section 1.4 by expressing both PCA and LSI in terms of trace optimization. Finally,
Section 1.5 combines the two perspectives by making a factor analysis approxima-
tion in the first stage.
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1.2 Dimension Reduction in the Vector Space Model (VSM)

Given a term-document matrix
A=la; as -+ ap] €R™*",

we want to find a transformation that maps each document vector a; in the m-
dimensional space to a vector y; in the [-dimensional space for some | < m:

CI@GRleHijRle, 1 <1< n.

The approach we discuss in Section 1.3 computes the transformation directly from A.
Rather than looking for the mapping that achieves this explicitly, another approach
rephrases dimension reduction as an approximation problem where the given matrix
A is decomposed into two matrices B and Y as

A~ BY (1.3)

where both B € R™*! with rank(B) = land Y € R*™ with rank(Y") = [ are to be
found. This lower rank approximation is not unique since for any nonsingular matrix
Z e R

A~ BY = (BZ)(Z7'Y),

where rank(BZ) = [ and rank(Z 1Y) = L.

The mathematical framework for obtaining such matrix factorizations is the Wed-
derburn rank reduction formula [Wed34]: If x € R™ and y € R™ are such that
w=1yT Az # 0, then

E=A—-wYAz)(yT A) (1.4)

has rank(F) = rank(A) — 1. This formula has been studied extensively in both the
numerical linear algebra (NLA) [CF79, CFG95] and applied statistics/psychometrics
(AS/P) [Gut57, HMHO00] communities. In a 1995 SIAM Review paper [CFG95], Chu,
Funderlic, and Golub show that for z = v; and y = u; from the SVD in Eq. (1.2),

E=A— (ul Av)) " (Av)(ul A) = A — oyugof .

If repeated ¢ = rank(A) times using the leading ¢ singular vectors, this formula
generates the SVD of A.

In general, starting with A; = A, and choosing zj and y; such that wy, =
yF Agzy # 0, the Wedderburn formula generates the sequence

Apg1 = Ay, — wi (Arw) (yi Ar).-

Adding up all the rank one updates, factoring into matrix outer product form, and
truncating gives an approximation A ~ BY. The question becomes: what are good
choices for x; and y;?

One answer was provided by Thurstone [Thu35] in the 1930s, when he applied
the centroid method to psychometric data. To obtain an approximation of A as BY’,
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the method uses the rank one reduction formula to solve for one column of B and
one row of Y at a time. It approximates the SVD while restricting the pre- and post-
factors in the rank reduction formula to sign vectors. In Section 1.5, we incorporate
this SVD approximation into a two-stage process so that knowledge of the clusters
from the full dimension is reflected in the dimension reduction.

1.3 Linear Discriminant Analysis and Its Extension for Text Data

The goal of linear discriminant analysis (LDA) is to combine features of the orig-
inal data in a way that most effectively discriminates between classes. With an ap-
propriate extension, it can be applied to the goal of reducing the dimension of a
term-document matrix in a way that most effectively preserves its cluster structure.
That is, we want to find a linear transformation G whose transpose maps each doc-
ument vector a in the m-dimensional space to a vector y in the [-dimensional space
(I < m):
GT:a e R™*! — ¢ e RIXL

Assuming that the given data are already clustered, we seek a transformation that
optimally preserves this cluster structure in the reduced dimensional space.

For simplicity of discussion, we will assume that data vectors aq, ..., a, form
columns of a matrix A € R™*", and are grouped into k clusters as

k
A=[Ay, Ay, Ap), A €R™MN "y = (1.5)

i=1

Let N; denote the set of column indices that belong to cluster 7. The centroid ¢(*) is
computed by taking the average of the columns in cluster i; i.e.,

C(i) :% Z (Lj

' jEN;

and the global centroid c is defined as

n
1
c=— E a;.
n 4 /
Jj=1

Then the within-cluster, between-cluster, and mixture scatter matrices are defined
[Fuk90, TK99] as
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k
Sy = Z Z (aj — D) (a; — )T,

i=1 jEN;

k
Sy = Z Z (D — ) (e — )T

i=1 jEN;

kol

ni (e —e)(e¢” — )T, and

@
Il
_

(a; — ¢)(a; — )T,

|
M: ..

S

.
I
—

respectively. The scatter matrices have the relationship [JD88]
Sm = Sw + Sb. (1.6)

Applying G7 to the matrix A transforms the scatter matrices Sy, Sp, and S,, to the
[ x | matrices
G's,G, G'S,G, and G7'S,.G,

respectively.

There are several measures of cluster quality that involve the three scatter matri-
ces [Fuk90, TK99]. When cluster quality is high, each cluster is tightly grouped, but
well separated from the other clusters. Since

trace(Sy) =

KM?

> (a; =) (a; = V)
N.

-
Z laj — <13
EN;

measures the closeness of the columns within the clusters, and

trace(Sp) = Z Z () —¢)

EN;
Z e = cll3
EN;

measures the separation between clusters, an optimal transformation that preserves
the given cluster structure would be

7

Il
T M?v

=

Il
i Mw I

méxxtrace(GTSbG) and méntrace(GTSwG). (L.7)

Assuming the matrix S,, is nonsingular, classical LDA approximates this simul-
taneous trace optimization by finding a transformation G that maximizes
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J1(G) = trace((GT S,G)1GT S,G). (1.8)

It is well-known that the J; criterion in Eq. (1.8) is maximized when the columns of
G are the [ eigenvectors of S, 1S}, corresponding to the [ largest eigenvalues [Fuk90].

In other words, LDA solves
S-1Syxs = Ny (1.9)

for the x;’s corresponding to the largest A;’s. For these [ eigenvectors, the maximum
achieved is J1(G) = A1 + - - - + \;. Since rank(.S,) of the eigenvalues of S, 1S}, are
greater than zero, if [ > rank(S}), this optimal G preserves trace(S,1S;) exactly
upon dimension reduction.

For the case when S, is singular, [HJP03] assumes the cluster structure given in
Eq. (1.5), and defines the m x n matrices

Hy = [A; —cWe®" A4y — @@ 4, — Re®)] (1.10)
Hy = [(¢V) — c)e(l)T, (c® — 6)6(2)T, (P — c)e(k)T]
Hyp=la1—¢...,an —c] = A—cel, (1.11)

where e = (1,...,1)T € R**! and e = (1,--- ,1)T € R™*!, Then the scatter
matrices can be expressed as

Sy =H,HY, S,=HmHH!, and S, =H,H]. (1.12)
Another way to define H} that satisfies Eq. (1.12) is

Hy = [Var(e®) = o), yia(e® — o). i =) (113)

and using this m x k form reduces the storage requirements and computational com-
plexity of the LDA/GSVD algorithm.
As the product of an m X n matrix and an n X m matrix, Sy, is singular when
m > n [Ort87]. This means that .J; cannot be applied when the number of available
data points is smaller than the dimension of the data. In other words, classical LDA
fails when the number of terms in the document collection is larger than the total
number of documents (i.e., m > n in the term-document matrix A). To circumvent
this restriction, we express A; as o /37, and the eigenvalue problem in Eq. (1.9)
becomes
BEH,H v; = o?H, H ;. (1.14)

This has the form of a problem that can be solved using the GSVD of the matrix pair
(HI', HL), as described in Section 1.3.1.

1.3.1 Generalized Singular Value Decomposition

After the GSVD was originally defined by Van Loan [Loa76], Paige and Saunders
[PS81] defined the GSVD for any two matrices with the same number of columns,
which we restate as follows.
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Theorem 1.3.1 Suppose two matrices HL € R¥*™ and HL € R"™ ™ are given.
Then for
HT
K= (HbT> and t=rank(K),

there exist orthogonal matrices U € RF*F vV ¢ R™™ W € R, and Q € R™*™
such that

UTHI'Q = X, (WTR, 0 )
t m—t
and
VTHZ:Q = Zw(WTRv 0 )a
——
t m—t
where
Ib Ow
Xy = D, y o = Dy, ;
kxt Ob nxt Iw

and R € R s nonsingular with its singular values equal to the nonzero singular
values of K. The matrices

I, eR™" and I, € RU-T—9)x(=r=s)
are identity matrices, where
r=t—rank(HL) and s=rank(H])+ rank(HL) —t,
O, € RETT=)x(t=r=9)  ypng O, e RHHxr
are zero matrices with possibly no rows or no columns, and
Dy = diag(oty41, ..., Qrys)

and
D, = diag(Brs+1,---,Brts)

satisfy
1>a,412 2 >0, 0< 841 << By <1, (1.15)
and? + B2 =1fori=r+1,....,7r+s.
This form of GSVD is related to that of Van Loan [Loa76] as

Uraf X = (5,,0) and VITHIX =(%,,0), (1.16)
where .
R'W 0

This implies that
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T
XTH,HT X = <2b >y 0)
0 0
and "
XTHwHZ:X = <§w2w 8) )

Letting z; represent the ith column of X, and defining
a;=1,06,=0fori=1,....r

and
a;=0,0;=1fori=r+s+1,...,t,
we see that Eq. (1.14) is satisfied for 1 < ¢ < ¢. Since

HyHl'2; =0 and H,HIz;=0

for the remaining m—t columns of X, Eq. (1.14) is satisfied for arbitrary values of a;
and 3; when t + 1 < ¢ < m. The columns of X are the generalized singular vectors
for the matrix pair (H;', H). They correspond to the generalized singular values,
or the «; /3; quotients, as follows. The first  columns correspond to infinite values,
and the next s columns correspond to finite and nonzero values. The following ¢ —
r — s columns correspond to zero values, and the last m — ¢t columns correspond to
the arbitrary values. This correspondence between generalized singular vectors and
values is illustrated in Figure 1.1(a).

a_ o Bi
B arbitrary

null(S,)| null(Sv)
= N
null(S,,)| null(Se)

r rts t m

X
(a) Appliedto A (b) After PCA — rank(H.,,)

Fig. 1.1. Generalized singular vectors and their corresponding generalized singular values.
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1.3.2 Application of the GSVD to Dimension Reduction

A question that remains is which columns of X to include in the solution G. If S,
is nonsingular, both » = 0 and m — ¢t = 0, so s = rank(H, bT ) generalized singular
values are finite and nonzero, and the rest are zero. The generalized singular vectors
are eigenvectors of S;;15,, so we choose the z;’s that correspond to the largest \;’s,
where \; = a?/3?. When the GSVD construction orders the singular value pairs
as in Eq. (1.15), the generalized singular values, or the «;/(3; quotients, are in non-
increasing order. Therefore, the first s columns of X are all we need.

When m > n, the scatter matrix S, is singular. Hence, the eigenvectors of
S, 1S} are undefined, and classical discriminant analysis fails. [HJP03] argues in
terms of the simultaneous optimization Eq. (1.7) that criterion J; is approximating.
Letting g; represent a column of G, we write

trace(GTS,G) = g7 Sig;

and
trace(GT S, @) Zg] w3j-

If z; is one of the leftmost r vectors, then x; € null(S,,) — null(S,). Because
¥ Spx; > 0 and 2! S,x; = 0, including this vector in G increases the trace we
want to maximize while leaving the trace we want to minimize unchanged. On the
other hand, for the rightmost m — t vectors, x; € null(S,,) N null(S,). Adding the
column z; to GG has no effect on these traces, since :ciTwai = 0 and :EZTszi =0,
and therefore does not contribute to either maximization or minimization in Eq. (1.7).
We conclude that, whether S, is singular or nonsingular, G should be comprised of
the leftmost r + s = rank(H;' ) columns of X, which are shaded in Figure 1.1(a).
As a practical matter, the LDA/GSVD algorithm includes the first £ — 1 columns
of X in G. This is due to the fact that rank(H}) < k— 1, which is clear from the def-
inition of H, given in Eq. (1.13). If rank(H}) < k — 1, including extra columns in G
(some of which correspond to the t—r—s zero generalized singular values and, possi-
bly, some of which correspond to the arbitrary generalized singular values) will have
approximately no effect on cluster preservation. As summarized in Algorithm 1.3.1,
we first compute the matrices Hy, and H,, from the data matrix A. We then solve for
a very limited portion of the GSVD of the matrix pair (H;", HX). This solution is ac-
complished by following the construction in the proof of Theorem 1.3.1 [PS81]. The
major steps are limited to the complete orthogonal decomposition [GV96, LH95] of

o ()

which produces orthogonal matrices P and () and a nonsingular matrix R, followed
by the singular value decomposition of a leading principal submatrix of P, whose
size is much smaller than that of the data matrix. (This & x ¢ submatrix is specified
in Algorithm 1.3.1 using the colon notation of MATLAB!.) Finally, we assign the
leftmost k — 1 generalized singular vectors to G.

! http://www.mathworks.com
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Algorithm 1.3.1 LDA/GSVD

Given a data matrix A € R™*™ with k clusters and an input vector a € R™*!, compute the
matrix G € R™*(*~1) that preserves the cluster structure in the reduced dimensional space,
using

J1(G) = trace((GT 5,G)'GT S,@G).
Also compute the k£ — 1 dimensional representation y of a.

1. Compute Hp and H,, from A according to

Hy = (Vi (e = ¢), vna(c!® = o), /(™ = )

and Eq. (1.10), respectively. (Using this equivalent but m x k form of Hj reduces com-
plexity.)
2. Compute the complete orthogonal decomposition

T
PTKQ = (fg) , where K = (g’;) g R+ xm

w

. Lett = rank(K).
4. Compute W from the SVD of P(1 : k, 1 : t), which is

UTP(1:k,1: )W = 4.

R™'W 0

5. Compute the first kK — 1 columns of X = @ ( 0 7

) , and assign them to G.

6. y=GTa

1.4 Equivalent Two-Stage Methods

Another way to apply LDA to the data matrix A € R™*" with m > n (and hence S,
singular) is to perform dimension reduction in two stages. The LDA stage is preceded
by a stage in which the cluster structure is ignored. A common approach [TorOl,
SW96, BHK97] for the first part of this process is rank reduction by the truncated
singular value decomposition (SVD). A drawback of these two-stage approaches
is that experimentation has been needed to determine which intermediate reduced
dimension produces optimal results after the second stage.

Moreover, since either PCA or LSI ignores the cluster structure in the first stage,
theoretical justification for such two-stage approaches is needed. Yang and Yang
[YYO3] supply theoretical justification for PCA plus LDA, for a single discriminant
vector. In this section, we justify the two-stage approach that uses either LSI or PCA,
followed by LDA. We do this by establishing the equivalence of the single-stage
LDA/GSVD to the two-stage method, provided that the intermediate dimension af-
ter the first stage falls within a specific range. In this range .S,, remains singular, and
hence LDA/GSVD is required for the second stage. We also present a computation-
ally simpler choice for the first stage, which uses QR decomposition (QRD) rather
than the SVD.
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1.4.1 Rank Reduction Based on the Truncated SVD

PCA and LSI differ only in that PCA centers the data by subtracting the global cen-
troid from each column of A. In this section, we express both methods in terms of
the maximization of Jo(G) = trace(GT S,,G).

If we let G € R™*! be any matrix with full column rank, then essentially Jo(G)
has no upper bound and maximization is meaningless. Now, let us restrict the solu-
tion to the case when G has orthonormal columns. Then there exists G/ € R™* (m—1)
such that (G Nes ) is an orthogonal matrix. In addition, since .S,, is positive semidef-
inite, we have

trace(G* S,,G) < trace(G' S,,G) + trace((G')*'S,,G")
= trace(Sp, ).

Reserving the notation in Eq. (1.1) for the SVD of A, let the SVD of H,, be
given by o
H,=A—cel =UXVT. (1.17)
Then o
Sy = H,HL =UXSTUT.

Hence the columns of U form an orthonormal set of eigenvectors of S,, corre-
sponding to the non-increasing eigenvalues on the diagonal of A = 2yt =
diag(6%,...,62,0,...,0). For p = rank(H,,), if we denote the first p columns
of U by U,, and let A, = diag(5?, ... ,07), we have

Jo(U,) = trace(U''S,,U,)

= trace(Sp,). (1.18)

This means that we preserve trace(S,,) if we take Up as G. Clearly, the same is true
for U; with [ > p, so PCA to a dimension of at least rank(H,,, ) preserves trace(Sy, ).

Now we show that LST also preserves trace(.Sy, ). Suppose x is an eigenvector of
S corresponding to the eigenvalue A # 0. Then

n

Simx = Z(aj - C) (aj - c)Tx = \z.

j=1

This means = € span{a; — ¢|1 < j < n}, and hence = € span{a;|1 < j < n}.
Accordingly, B
range(U,) C range(A).

From Eq. (1.1), we write

A=U,2, V] for g¢=rank(A), (1.19)
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where U, and V,, denote the first ¢ columns of U and V/, respectively, and Y/, =
Y(1:q,1:q). Thenrange(A) = range(U,), which implies that

range(U,) C range(U,).

Hence

U, = U,W

for some matrix W € R?*P with orthonormal columns. This yields

J2(Up) = J2(UqW)

= trace(W U] S, U, W)

< trace(U;meUq)

= J2(Uy).
Since J»(U,) = trace(S,,) from Eq. (1.18), we preserve trace(S,,) if we take U,
as G. The same argument holds for U; with [ > ¢, so LSI to any dimension greater
than or equal to rank(A) also preserves trace(Sp, ).

Finally, in the range of reduced dimensions for which PCA and LSI preserve

trace(Sy, ), they preserve trace(S,,) and trace(Sy) as well. This follows from the
scatter matrix relationship in Eq. (1.6) and the inequalities

trace(GT S,,G) < trace(S,,)
trace(GT S,G) < trace(Sy),

which are satisfied for any G with orthonormal columns, since S, and .S}, are positive
semidefinite. In summary, the individual traces of S,,,, .S,,, and S, are preserved by
using PCA to reduce to a dimension of at least rank(H,, ), or by using LSI to reduce
to a dimension of at least rank(A).

1.4.2 LSI Plus LDA

In this section, we establish the equivalence of the LDA/GSVD method to a two-
stage approach composed of LSI followed by LDA, and denoted by LSI + LDA.
Using the notation of Eq. (1.19), the ¢-dimensional representation of A after the LSI
stage is

B=U]A,
and the second stage applies LDA to B. Letting the superscript B denote matrices
after the LSI stage, we have

HP =UJH, and HJ}=UIH,.

Hence
Sy =UlHH U, and SJ =U]H,H,U,.

Suppose
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SBx = \SBu;
i.e., z and A are an eigenvector-eigenvalue pair of the generalized eigenvalue problem
that LDA solves in the second stage. Then, for A = o?/3?,
B°U] HyH Uyz = o*U) Hy H,, U,z

w

Suppose the matrix (U,, Uy) is orthogonal. Then (U})TA = (U)TU, 2,V =
0, and accordingly, (U})" Hy = 0 and (U})" H,, = 0, since the columns of both H,,
and H,, are linear combinations of the columns of A. Hence
vl BAUTHyHI'U,x
2 q T _ q bily Ugq
B <(U5)T> HyH, qu ( 0
_ a2UEHwH£qu
o 0
UT
=o? q T
o} ((Ué)T> H,H, U,x,
which implies
BHHI (Uyjz) = *H,HE(U,x).
That is, U,z and o/ are a generalized singular vector and value of the gen-
eralized singular value problem that LDA solves when applied to A. To show

that these U,x vectors include all the LDA solution vectors for A, we show that
rank(S2) = rank(S,,). From the definition in Eq. (1.11), we have

1 1
H, =A—cel = A(I — ﬁeeT) = U2,V (I - EeeT)

and

HP =UlH,,
and hence

H,, =U,HE.
Since H,,, and Hﬁ have the same null space, their ranks are the same. This means
that the number of non-arbitrary generalized singular value pairs is the same for
LDA/GSVD applied to B, which produces ¢t = rank(SZ2) pairs, and LDA/GSVD
applied to A, which produces t = rank(.S,,) pairs.

We have shown the following.

Theorem 1.4.1 If G is an optimal LDA transformation for B, the q-dimensional
representation of the matrix A via LSI, then U,G is an optimal LDA transformation

for A.
In other words, LDA applied to A produces
Y =(U,G)"A=G"U]A=G"B,

which is the same result as applying LSI to reduce the dimension to g, followed by
LDA. Finally, we note that if the dimension after the LSI stage is at least rank(A),
thatis B = U, lT A for | > g, the equivalency argument remains unchanged.
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1.4.3 PCA Plus LDA

As in the previous section for LSI, it can be shown that a two-stage approach in
which PCA is followed by LDA is equivalent to LDA applied directly to A. From
Eq. (1.17), we write

Hy =U,%,VI for p=rank(Hy,), (1.20)

where U, and V, denote the first p columns of U and V, respectively, and X, =

X(1:p,1:p). Then the p-dimensional representation of A after the PCA stage is
B=UrA,

and the second stage applies LDA/GSVD to B. Letting the superscript B denote
matrices after the PCA stage, we have

B T 7 12
SE =Urs,,0, = 2, (1.21)

which implies LDA/GSVD applied to B produces rank(SZ) = p non-arbitrary
generalized singular value pairs. That is the same number of non-arbitrary pairs as
LDA/GSVD applied to A.

We have the following, which is proven in [HP04].

Theorem 1.4.2 If G is an optimal LDA transformation for B, the p-dimensional
representation of the matrix A via PCA, then U,G is an optimal LDA transformation

for A.
In other words, LDA applied to A produces

Y = (U,6)"A=G"U'A=G"B,

which is the same result as applying PCA to reduce the dimension to p, followed by
LDA. Note that if the dimension after the PCA stage is at least rank(H,, ), that is
B=T, A forl > p, the equivalency argument remains unchanged.

An additional consequence of Eq. (1.21) is that

null(S2) = {0}.

Due to the relationship in Eq. (1.6) and the fact that .S,, and S}, are positive semidef-
inite,

null(S5) = null(SZ) N null(SE).
Thus the PCA stage eliminates only the joint null space, as illustrated in Fig-

ure 1.1(b), which is why we don’t lose any discriminatory information before ap-
plying LDA.
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1.4.4 QRD Plus LDA

To simplify the computation in the first stage, we use the reduced QR decomposition
[GVI6]
A=QR,

where Q € R™*"™ and R € R™*", and let () play the role that U, or Up played be-
fore. Then the n-dimensional representation of A after the QR decomposition (QRD)
stage is

B=Q"4,

and the second stage applies LDA to B. An argument similar to that for LSI [HP04]
yields Theorem 1.4.3.

Theorem 1.4.3 If G is an optimal LDA transformation for B, the n-dimensional rep-
resentation of the matrix A after QRD, then QG is an optimal LDA transformation
for A.

In other words, LDA applied to A produces
Y =(QG)TA=G"QTA=G"B,

which is the same result as applying QRD to reduce the dimension to n, followed by
LDA.

1.5 Factor Analysis Approximations

In this section, we investigate the use of the centroid method as the first step of a
two-step process. By using a low-cost SVD approximation, we can avoid truncation
and reduce no further than the theoretically optimal intermediate reduced dimension.
That is, the centroid approximation may be both inexpensive and accurate enough to
outperform an expensive SVD approximation that loses discriminatory information
by truncation.

Thurstone [Thu35] gives a complete description of the centroid method, in which
he applies the Wedderburn rank reduction process in Eq. (1.4) to the correlation ma-
trix R = AA”. To approximate the SVD, a sign vector (for which each component is
1 or —1)  is chosen so that triple product #7 Rz is maximized. This is analogous to
finding a general unit vector in which the triple product is maximized. At the kth step,
a single factor loading vector is solved for at a time, starting with 2 = (1---1)7.
The algorithm changes the sign of the element in zj, that increases z7. Rj,xy, the most,
and repeats until any sign change would decrease x} Ryxy.

The rank-one reduction formula is

Rk$k> (kak>T
Rii1 = Ry —

where [, = a:kaxk is the triple product. If rank(R) = r, then a recursion yields
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% vI' Ry
R = [Ryv1 - Ryvy]

ﬁ vI'R,
oTR,
_ Rivq R,v, \m
-] .
Vi

In factor analysis, Rj%’“ is called the kth factor loading vector.

In [Hor65], the centroid method is described for the data matrix itself. That is, to
approximate the SVD of A, sign vectors y and x are chosen so that the bilinear form
yT Az is maximized. At the kth step, the method starts with ), = y, = (1---1)7.
It alternates between changing the sign of the element in yy, that increases yi Ay
most, and changing the sign of element in x; that increases it most. After repeating
until any sign change would decrease ykTAk.xk, this process yields

A= Z(Akxk)(ygAkxk)il(ylek)v

where (y,{Akxk)*l is split so that y%Ak is normalized.

Chu and Funderlic [CF02] give an algorithm for factoring the correlation matrix
AAT without explicitly forming a cross product. That is, they approximate SVD of
AAT by maximizing 7 AAT x over sign vectors . Their algorithm uses pre-factor
x, and post-factor Agz 1 as follows:

Apyr = Ay — (Ap(Af x) (2, Ap (A )~ (2 Ap).
This yields

Agﬁck x{Ak
A= L) TaTad)
They also claim that if truncated, the approximation loses statistical meaning unless
the rows of A are centered at 0. Finally, they show that the cost of computing [
terms of the centroid decomposition involves O(Im?n) complexity for an m x n
data matrix A.

Our goal is to determine how effectively the centroid method approximates the
SVD when used as a first stage before applying LDA/GSVD. Toward that end, we
have initially implemented the centroid method as applied to the data matrix. To
further reduce the computational complexity of the first stage approximation, we
will also implement the implicit algorithm of Chu and Funderlic.

1.6 Document Classification Experiments

The first set of experiments were performed on five categories of abstracts from
the MEDLINE? database. Each category has 500 documents. The dataset was di-

2 http://www.ncbi.nlm.nih.gov/PubMed
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Table 1.1. MEDLINE training data set

Class|| Category |No. of documents
1 heart attack 250
2 ||colon cancer 250
3 diabetes 250
4 oral cancer 250
5 || tooth decay 250
dimension | 22095 x 1250

Table 1.2. Classification accuracy (%) on MEDLINE test data

Dimension reduction methods

Classification Full LSI— 1246 LSI— 5 LDA/GSVD
methods 22095x 1250 1246x1250 5x 1250 4x1250
Centroid (L2) 85.2 85.2 71.6 88.7
Centroid (cosine) 88.3 88.3 78.5 83.9
5NN (L2) 79.0 79.0 77.8 81.5
15NN (L2) 83.4 83.4 717.5 88.7
30NN (L2) 83.8 83.8 71.5 88.7
5NN (cosine) 77.8 77.8 77.8 83.8
15NN (cosine) 82.5 82.5 80.2 83.8
30NN (cosine) 83.8 83.8 79.8 83.8

vided into 1250 training documents and 1250 test documents (see Table 1.1). After
stemming and removal of stop words [Kow97], the training set contains 22,095 dis-
tinct terms. Since the dimension (22,095) exceeds the number of training documents
(1250), S,, is singular and classical discriminant analysis breaks down. However,
LDA/GSVD circumvents this singularity problem.

Table 1.2 reports classification accuracy for the test documents in the full space as
well as those in the reduced spaces obtained by LSI and LDA/GSVD methods. Here
we use a centroid-based classification method [PJR03], which assigns a document
to the cluster to whose centroid it is closest, and K nearest neighbor classification
[TK99] for three different values of K. Closeness is determined by both the Ly norm
and cosine similarity measures.

Since the training set has the nearly full rank of 1246, we use LSI to reduce to
that. As expected, we observe that the classification accuracies match those from
the full space. To illustrate the effectiveness of the GSVD extension, whose opti-
mal reduced dimension is four, LSI reduction to dimension five is included here.
With the exception of centroid-based classification using the cosine similarity mea-
sure, LDA/GSVD results also compare favorably to those in the original full space,
while achieving a significant reduction in time and space complexity. For details, see
[KHPOS5].

To confirm our theoretical results regarding equivalent two-stage methods, we
use a MEDLINE dataset of five categories of abstracts with 40 documents in each.
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Table 1.3. Traces and classification accuracy (%) on 200 MEDLINE documents

Traces & Dimension reduction methods
classification Full LSI PCA QRD
methods 7519 x 200 198 x 200 197 x 200 200 x 200
Trace(Sy) 73048 73048 73048 73048

Trace(Sy) 6229 6229 6229 6229
Centroid (L2) 95% 95% 95% 95%
INN (L2) 60% 60% 60% 59%
3NN (L2) 49% 48% 49% 48%

Table 1.4. Traces and classification accuracy (%) on 200 MEDLINE documents

Two-stage methods
LSI— 198 PCA— 197 QRD— 200 Centroid— 198

Traces & + + + +
classification LDA/GSVD LDA/GSVD LDA/GSVD LDA/GSVD LDA/GSVD
methods 4 x 200 4 x 200 4 x 200 4 x 200 4 x 200
Trace(Sy) 0.05 0.05 0.05 0.05 0.05
Trace(Sp) 3.95 3.95 3.95 3.95 3.95
Centroid (L2) 99% 99% 99% 99% 99%
INN (L2) 99% 99% 99% 99% 99%
3NN (L2) 98.5% 98.5% 98.5% 99% 98.5%

There are 7519 terms after preprocessing with stemming and removal of stop words
[Kow97]. Since 7519 exceeds the number of documents (200), S,, is singular, and
classical discriminant analysis breaks down. However, LDA/GSVD and the equiva-
lent two-stage methods circumvent this singularity problem.

Table 1.3 confirms the preservation of the traces of individual scatter matrices
upon dimension reduction by the methods we use in the first stage. Specifically,
since rank(A) = 198, using LSI to reduce the dimension to 198 preserves the val-
ues of trace(S,,) and trace(Sy) from the full space. Likewise, PCA reduction to
rank(H,,,) = 197 and QRD reduction to n = 200 preserve the individual traces.
The effect of these first stages is further illustrated by the lack of significant differ-
ences in classification accuracies resulting from each method, as compared to the full
space. Closeness is determined by Lo norm or Euclidean distance.

To confirm the equivalence of the two-stage methods to single-stage LDA/GSVD,
we report trace values and classification accuracies for these in Table 1.4. Since S,
is singular, we cannot compute trace(S;,S) of the J; criterion. However, we ob-
serve that trace(S,,) and trace(Ss) are identical for LDA/GSVD and each two-stage
method, and they sum to the final reduced dimension of k¥ — 1 = 4. Classification
results after dimension reduction by each method do not differ significantly, whether
obtained by centroid-based or KNN classification.

Finally, the last column in Table 1.4 illustrates how effectively the centroid
method approximates the SVD when used as a first stage before LDA/GSVD.
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1.7 Conclusion

Our experimental results verify that maximizing the J; criterion in Eq. (1.8) ef-
fectively optimizes document classification in the reduced-dimensional space, while
LDA/GSVD extends its applicability to text data for which S,, is singular. In addi-
tion, the LDA/GSVD algorithm avoids the numerical problems inherent in explicitly
forming the scatter matrices.

In terms of computational complexity, the most expensive part of Algorithm
LDA/GSVD is step 2, where a complete orthogonal decomposition is needed. As-
suming k < n, t < m, and t = O(n), the complete orthogonal decomposition of K
costs O(nmt) when m < n, and O(m?t) when m > n. Therefore, a fast algorithm
needs to be developed for step 2.

Since K € R(F+7)xm one way to lower the computational cost of LDA/GSVD
is to first use another method to reduce the dimension of a document vector from
m to n, so that the data matrix becomes a roughly square matrix. For this reason,
it is significant that the single-stage LDA/GSVD is equivalent to two-stage methods
that use either LSI or PCA as a first stage. Either of these maximizes J>(G) =
trace(GT'S,,G) over all G with GTG = I, preserving trace(S,,) and trace(S).
The same can be accomplished with the computationally simpler QRD. Thus we
provide both theoretical and experimental justification for the increasingly common
approach of either LSI + LDA or PCA + LDA, although most studies have reduced
the intermediate dimension below that required for equivalence.

Regardless of which approach is taken in the first stage, LDA/GSVD provides
both a method for circumventing the singularity that occurs in the second stage and
a mathematical framework for understanding the singular case. When applied to the
reduced representation in the second stage, the solution vectors correspond one-to-
one with those obtained using the single-stage LDA/GSVD. Hence the second stage
is a straightforward application of LDA/GSVD to a smaller representation of the
original data matrix. Given the relative expense of LDA/GSVD and the two-stage
methods, we observe that, in general, QRD is a significantly cheaper first stage for
LDA/GSVD than either LST or PCA. However, if rank(A) < n, LSI may be cheaper
than the reduced QR decomposition, and will avoid the centering of the data required
in PCA. Therefore, the appropriate two-stage method provides a faster algorithm for
LDA/GSVD.

We have also proposed a two-stage approach that combines the theoretical ad-
vantages of linear discriminant analysis with the computational advantages of factor
analysis methods. Here we use the centroid method from factor analysis in the first
stage. The motivation stems from its ability to approximate the SVD while simplify-
ing the computational steps. Factor analysis approximations also have the potential
to preserve sparsity of the data matrix by restricting the domain of vectors to consider
in rank reduction to sign or binary vectors. Our experiments show that the centroid
method may provide a sufficiently accurate SVD approximation for the purposes of
dimension reduction.

Finally, it bears repeating that dimension reduction is only a preprocessing stage.
Since classification and document retrieval will be the dominating parts computation-
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ally, the expense of dimension reduction should be weighed against its effectiveness
in reducing the cost involved in those processes.
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Automatic Discovery of Similar Words

Pierre Senellart and Vincent D. Blondel

Overview

The purpose of this chapter is to review some methods used for automatic extraction
of similar words from different kinds of sources: large corpora of documents, the
World Wide Web, and monolingual dictionaries. The underlying goal of these meth-
ods is in general the automatic discovery of synonyms. This goal, however, is most
of the time too difficult to achieve since it is often hard to distinguish in an automatic
way among synonyms, antonyms, and, more generally, words that are semantically
close to each others. Most methods provide words that are “similar” to each other,
with some vague notion of semantic similarity. We mainly describe two kinds of
methods: techniques that, upon input of a word, automatically compile a list of good
synonyms or near-synonyms, and techniques that generate a thesaurus (from some
source, they build a complete lexicon of related words). They differ because in the
latter case, a complete thesaurus is generated at the same time while there may not
be an entry in the thesaurus for each word in the source. Nevertheless, the purposes
of both sorts of techniques are very similar and we shall therefore not distinguish
much between them.

2.1 Introduction

There are many applications of methods for extracting similar words. For example, in
natural language processing and information retrieval, they can be used to broaden
and rewrite natural language queries. They can also be used as a support for the
compilation of synonym dictionaries, which is a tremendous task. In this chapter we
focus on the search of similar words rather than on applications of these techniques.

Many approaches for the automatic construction of thesauri from large corpora
have been proposed. Some of them are presented in Section 2.2. The interest of
such domain-specific thesauri, as opposed to general-purpose human-written syn-
onym dictionaries, will be stressed. The question of how to combine the result of
different techniques will also be broached. We then look at the particular case of the
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World Wide Web, whose large size and other specific features do not allow it to be
dealt with in the same way as more classical corpora. In Section 2.3, we propose
an original approach, which is based on a monolingual dictionary and uses an algo-
rithm that generalizes an algorithm initially proposed by Kleinberg for searching the
Web. Two other methods working from a monolingual dictionary are also presented.
Finally, in light of this example technique, we discuss the more fundamental rela-
tions that exist between text mining and graph mining techniques for the discovery
of similar words.

2.2 Discovery of Similar Words from a Large Corpus

Much research has been carried out about the search for similar words in textual
corpora, mostly for applications in information retrieval tasks. The basic assumption
of most of these approaches is that words are similar if they are used in the same
contexts. The methods differ in the way the contexts are defined (the document, a
textual window, or more or less elaborate grammatical contexts) and the way the
similarity function is computed.

Depending on the type of corpus, we may obtain different emphasis in the re-
sulting lists of synonyms. The thesaurus built from a corpus is domain-specific to
this corpus and is thus more adapted to a particular application in this domain than
a general human-written dictionary. There are several other advantages to the use of
computer-written thesauri. In particular, they may be rebuilt easily to mirror a change
in the collection of documents (and thus in the corresponding field), and they are not
biased by the lexicon writer (but are of course biased by the corpus in use). Obvi-
ously, however, human-written synonym dictionaries are bound to be more liable,
with fewer gross mistakes. In terms of the two classical measures of information re-
trieval, we expect computer-written thesauri to have a better recall (or coverage) and
a lower precision (except for words whose meaning is highly biased by the applica-
tion domain) than general-purpose human-written synonym dictionaries.

We describe below three methods that may be used to discover similar words. We
do not pretend to be exhaustive, but have rather chosen to present some of the main
approaches, selected for the variety of techniques used and specific intents. Variants
and related methods are briefly discussed where appropriate. In Section 2.2.1, we
present a straightforward method, involving a document vector space model and the
cosine similarity measure. This method is used by Chen and Lynch to extract infor-
mation from a corpus on East-bloc computing [CL92] and we briefly report their
results. We then look at an approach proposed by Crouch [Cro90] for the automatic
construction of a thesaurus. The method is based on a term vector space model and
term discrimination values [SYY75], and is specifically adapted for words that are
not too frequent. In Section 2.2.3, we focus on Grefenstette’s SEXTANT system
[Gre94], which uses a partial syntactical analysis. We might need a way to combine
the result of various different techniques for building thesauri: this is the object of
Section 2.2.4, which describes the ensemble method. Finally, we consider the par-
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ticular case of the World Wide Web as a corpus, and discuss the problem of finding
synonyms in a very large collection of documents.

2.2.1 A Document Vector Space Model

The first obvious definition of similarity with respect to a context is, given a collec-
tion of documents, to say that terms are similar if they tend to occur in the same doc-
uments. This can be represented in a multidimensional space, where each document
is a dimension and each term is a vector in the document space with boolean entries
indicating whether the term appears in the corresponding document. It is common
in text mining to use this type of vector space model. In the dual model, terms are
coordinates and documents are vectors in term space; we see an application of this
dual model in the next section.

Thus, two terms are similar if their corresponding vectors are close to each other.
The similarity between the vector i and the vector j is computed using a similarity
measure, such as cosine: o

i-j

where i- j is the inner product of i and j. With this definition we have |cos(i, j)| < 1,
defining an angle 6 with cos § = cos(i, j) as the angle between i and j. Similar terms
tend to occur in the same documents and the angle between them is small (they tend
to be collinear). Thus, the cosine similarity measure is close to +1. On the contrary,
terms with little in common do not occur in the same documents, the angle between
them is close to /2 (they tend to be orthogonal), and the cosine similarity measure
is close to zero.

Cosine is a commonly used similarity measure. However, one must not forget
that the mathematical justification of its use is based on the assumption that the axes
are orthogonal, which is seldom the case in practice since documents in the collection
are bound to have something in common and not be completely independent.

Chen and Lynch compare in [CL92] the cosine measure with another measure,
referred to as the cluster measure. The cluster measure is asymmetrical, thus giving
asymmetrical similarity relationships between terms. It is defined by:

cos(i, ) =

cluster(i, j) = u
12
where ||i]|; is the sum of the magnitudes of i’s coordinates (i.e., the [1-norm of i).

For both these similarity measures the algorithm is then straightforward: Once
a similarity measure has been selected, its value is computed between every pair of
terms, and the best similar terms are kept for each term.

The corpus Chen and Lynch worked on was a 200-MB collection of various text
documents on computing in the former East-bloc countries. They did not run the
algorithms on the raw text. The whole database was manually annotated so that ev-
ery document was assigned a list of appropriate keywords, countries, organization
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names, journal names, person names, and folders. Around 60,000 terms were ob-
tained in this way and the similarity measures were computed on them.

For instance, the best similar keywords (with the cosine measure) for the keyword
technology transfer were: export controls, trade, covert, export, import, micro-
electronics, software, microcomputer, and microprocessor. These are indeed related
(in the context of the corpus) and words like trade, import, and export are likely to
be some of the best near-synonyms in this context.

The two similarity measures were compared on randomly chosen terms with
lists of words given by human experts in the field. Chen and Lynch report that the
cluster algorithm presents a better recall (that is, the proportion of relevant terms
that are selected) than cosine and human experts. Both similarity measures exhibit
similar precisions (that is, the proportion of selected terms that are relevant), which
are inferior to that of human experts, as expected. The asymmetry of the cluster
measure here seems to be a real advantage.

2.2.2 A Thesaurus of Infrequent Words

Crouch presents in [Cro90] a method for the automatic construction of a thesaurus,
consisting of classes of similar words, with only words appearing seldom in the cor-
pus. Her purpose is to use this thesaurus to rewrite queries asked to an information
retrieval system. She uses a term vector space model, which is the dual of the space
used in previous section: Words are dimensions and documents are vectors. The pro-
jection of a vector along an axis is the weight of the corresponding word in the doc-
ument. Different weighting schemes might be used; one that is effective and widely
used is the “term frequency inverse document frequency” (¢f-idf), that is, the number
of times the word appears in the document multiplied by a (monotonous) function of
the inverse of the number of documents the word appears in. Terms that appear often
in a document and do not appear in many documents have therefore an important
weight.

As we saw earlier, we can use a similarity measure such as cosine to characterize
the similarity between two vectors (that is, two documents). The algorithm proposed
by Crouch, presented in more detail below, is to cluster the set of documents, accord-
ing to this similarity, and then to select indifferent discriminators from the resulting
clusters to build thesaurus classes.

Salton, Yang, and Yu introduce in [SYY75] the notion of term discrimination
value. It is a measure of the effect of the addition of a term (as a dimension) to
the vector space on the similarities between documents. A good discriminator is a
term that tends to raise the distances between documents; a poor discriminator tends
to lower the distances between documents; finally, an indifferent discriminator does
not change much the distances between documents. Exact or even approximate com-
putation of all term discrimination values is an expensive task. To avoid this problem,
the authors propose to use the term document frequency (i.e., the number of docu-
ments the term appears in) instead of the discrimination value, since experiments
show they are strongly related. Terms appearing in less than about 1% of the doc-
uments are mostly indifferent discriminators; terms appearing in more than 1% and
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less than 10% of the documents are good discriminators; very frequent terms are
poor discriminators. Neither good discriminators (which tend to be specific to sub-
parts of the original corpus) nor poor discriminators (which tend to be stop words or
other universally apparent words) are used here.

Crouch suggests using low-frequency terms to form thesaurus classes (these
classes should thus be made of indifferent discriminators). The first idea to build
the thesaurus would be to cluster together these low-frequency terms with an ade-
quate clustering algorithm. This is not very interesting, however, since, by defini-
tion, one has not much information about low-frequency terms. But the documents
themselves may be clustered in a meaningful way. The complete link clustering al-
gorithm, presented next and which produces small and tight clusters, is adapted to
the problem. Each document is first considered as a cluster by itself, and, iteratively,
the two closest clusters—the similarity between clusters is defined as the minimum
of all similarities (computed by the cosine measure) between pairs of documents in
the two clusters—are merged together, until the distance between clusters becomes
higher than a user-supplied threshold.

When this clustering step is performed, low-frequency words are extracted from
each cluster, thus forming corresponding thesaurus classes. Crouch does not describe
these classes but has used them directly for broadening information retrieval queries,
and has observed substantial improvements in both recall and precision, on two clas-
sical test corpora. It is therefore legitimate to assume that words in the thesaurus
classes are related to each other. This method only works on low-frequency words,
but the other methods presented here do not generally deal well with such words for
which we have little information.

2.2.3 Syntactical Contexts

Perhaps the most successful methods for extracting similar words from text are based
on a light syntactical analysis, and the notion of syntactical context: For instance, two
nouns are similar if they occur as the subject or the direct object of the same verbs.
We present here in detail an approach by Grefenstette [Gre94], namely SEXTANT
(Semantic EXtraction from Text via Analyzed Networks of Terms); other similar
works are discussed next.

Lexical Analysis

Words in the corpus are separated using a simple lexical analysis. A proper name
analyzer is also applied. Then, each word is looked up in a human-written lexicon
and is assigned a part of speech. If a word has several possible parts of speech, a
disambiguator is used to choose the most probable one.

Noun and Verb Phrase Bracketing

Noun and verb phrases are then detected in the sentences of the corpus, using starting,
ending, and continuation rules. For instance, a determiner can start a noun phrase, a
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noun can follow a determiner in a noun phrase, an adjective cannot neither start, end,
or follow any kind of word in a verb phrase, and so on.

Parsing

Several syntactic relations (or contexts) are then extracted from the bracketed sen-
tences, requiring five successive passes over the text. Table 2.1, taken from [Gre94],
shows the list of extracted relations.

Table 2.1. Syntactical relations extracted by SEXTANT

ADJ|an adjective modifies a noun (e.g., civil unrest)

NN|a noun modifies a noun (e.g., animal rights)
NNPREP |a noun that is the object of a proposi-|(e.g., measurements along the crest)
tion modifies a preceding noun

SUBJ|a noun is the subject of a verb (e.g., the table shook)

DOBJ|a noun is the direct object of a verb |(e.g., he ate an apple)
IOBJ|a noun in a prepositional phrase mod-|(e.g., the book was placed on the table)
ifying a verb

The relations generated are thus not perfect (on a sample of 60 sentences Grefen-
stette found a correctness ratio of 75%) and could be better if a more elaborate parser
was used, but it would be more expensive too. Five passes over the text are enough
to extract these relations, and since the corpus used may be very large, backtracking,
recursion or other time-consuming techniques used by elaborate parsers would be
inappropriate.

Similarity

Grefenstette focuses on the similarity between nouns; other parts of speech are not
dealt with. After the parsing step, a noun has a number of attributes: all the words
that modify it, along with the kind of syntactical relation (ADJ for an adjective, NN
or NNPREP for a noun and SUBJ, DOBJ or IOBJ for a verb). For instance, the
noun cause, which appears 83 times in a corpus of medical abstracts, has 67 unique
attributes in this corpus. These attributes constitute the context of the noun, on which
similarity computations are made. Each attribute is assigned a weight by:

Patt,i 10g(Patt,i)
total number of relations)

weight(att) =1+ » o
. 10,

noun @

where . iy
number of times att appears with ¢

Patt,i = total number of attributes of ¢

The similarity measure used by Grefenstette is a weighted Jaccard similarity
measure defined as follows:
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Zatt attribute of both ¢ and j Welght(att)

Zatt attribute of either ¢ or j Welght((ltt)

jac(i, j) =

Results

Table 2.2. SEXTANT similar words for case, from different corpora

1. CRAN (Aeronautics abstract)
case: characteristic, analysis, field, distribution, flaw, number, layer, problem
2. JFK (Articles on JFK assassination conspiracy theories)
case: film, evidence, investigation, photograph, picture, conspiracy, murder
3. MED (Medical abstracts)
case: change, study, patient, result, treatment, child, defect, type, disease, lesion

Grefenstette used SEXTANT on various corpora and many examples of the re-
sults returned are available in [Gre94]. Table 2.2 shows the most similar words of
case in three completely different corpora. It is interesting to note that the corpus
has a great impact on the meaning of the word according to which similar words are
selected. This is a good illustration of the interest of working on a domain-specific
corpus.

Table 2.3. SEXTANT similar words for words with most contexts in Grolier’s Encyclopedia
animal articles

species|bird, fish, family, group, form, animal, insect, range, snake

fish animal, species, bird, form, snake, insect, group, water

bird  |species, fish, animal, snake, insect, form, mammal, duck

water |sea, area, region, coast, forest, ocean, part, fish, form, lake

egg nest, female, male, larva, insect, day, form, adult

Table 2.3 shows other examples, in a corpus on animals. Most words are closely
related to the initial word and some of them are indeed very good (sea, ocean, lake
for water; family, group for species...) There remain completely unrelated words
though, such as day for egg.

Other Techniques Based on a Light Syntactical Analysis

A number of works deal with the extraction of similar words from corpora with the
help of a light syntactical analysis. They rely on grammatical contexts, which can be
seen as 3-tuples (w,r,w’), where w and w’ are two words and r characterizes the
relation between w and w’. In particular, [Lin98] and [CMO02] propose systems quite
similar to SEXTANT, and apply them to much larger corpora. Another interesting
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feature of these works is that the authors try to compare numerous similarity mea-
sures; [CMO02] especially presents an extensive comparison of the results obtained
with different similarity and weight measures.

Another interesting approach is presented in [PTL93]. The relative entropy be-
tween distributions of grammatical contexts for each word is used as a similarity
measure between these two words, and this similarity measure is used in turn for a
hierarchical clustering of the set of words. This clustering provides a rich thesaurus
of similar words. Only the DOBJ relation is considered in [PTL93], but others can
be used in the same manner.

2.2.4 Combining the Output of Multiple Techniques

The techniques presented above may use different similarity measures, different
parsers, or may have different inherent biases. In some contexts, using a combination
of various techniques may be useful to increase the overall quality of lists of similar
words. A general solution to this problem in the general context of machine learn-
ing is the use of ensemble methods [Die00]; these methods may be fairly elaborate,
but a simple one (Bayesian voting) amounts to performing some renormalization
of the similarity scores and averaging them together. Curran uses such a technique
in [Cur02] to aggregate the results of different techniques based on a light parsing;
each of these uses the same similarity measure, making the renormalization step use-
less. Another use of the combination of different techniques is to be able to benefit
from different kinds of sources: Wu and Zhou [WZ03] extend Curran’s approach to
derive a thesaurus of similar words from very different sources: a monolingual dictio-
nary (using a method similar to the distance method of Section 2.3.3), a monolingual
corpus (using grammatical contexts), and the combination of a bilingual dictionary
and a bilingual corpus with an original algorithm.

2.2.5 How to Deal with the Web

The World Wide Web is a very particular corpus: Its size simply cannot be compared
with the largest corpora traditionally used for synonym extraction, its access times
are high, and it is also richer and more lively than any other corpus. Moreover, a
large part of it is conveniently indexed by search engines. One could imagine that its
hyperlinked structure could be of some use too (see the discussion in Section 2.3.7).
And of course it is not a domain-specific source, though domain-specific parts of
the Web could be extracted by restricting ourselves to pages matching appropriate
keyword queries. Is it possible to use the Web for the discovery of similar words?
Obviously, because of the size of the Web, none of the above techniques can apply.
Turney partially deals with the issue in [TurO1]. He does not try to obtain a list of
synonyms of a word ¢ but, given a word ¢, he proposes a way to assign a synonymy
score to any word j. His method was validated against synonym recognition ques-
tions extracted from two English tests: the Test Of English as a Foreign Language
(TOEFL) and the English as a Second Language test (ESL). Four different synonymy
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scores are compared, and each of these use the advanced search capabilities of the
Altavista search engine (http://www.altavista.com/).

hits(i AND j)

scoreq (j) = hits(j)

. hits(i NEAR j)
scorez(j) = T(j)

Gy = hits ((4 NEAR j) AND NOT ((i OR j) NEAR not))

c -
seoresly hits (j AND NOT(j NEAR not))

. hits ((¢ NEAR j) AND contezt AND NOT ((i OR j) NEAR not))
scoreq(j) =

hits (j AND context AND NOT(j NEAR not))

In these expressions, hits(+) represents the number of pages returned by Altavista
for the corresponding query, AND, OR, and NOT are the classical boolean opera-
tors, NEAR imposes that the two words are not separated by more than ten words,
and context is a context word (a context was given along with the question in ESL,
the context word may be automatically derived from it). The difference between
scoreo and scores was introduced in order not to assign a good score to antonyms.

The four scores are presented in increasing order of quality of the corresponding
results: scores gives the right synonym for 73.75% of the questions from TOEFL
(scoreq was not applicable since no context was given) and score4 gives the right
synonym in 74% of the questions from ESL. These results are arguably good, since,
as reported by Turney, the average score of TOEFL by a large sample of students is
64.5%.

This algorithm cannot be used to obtain a global synonym dictionary, as it is too
expensive to run for each candidate word in a dictionary because of network access
times, but it may be used, for instance, to refine a list of synonyms given by another
method.

2.3 Discovery of Similar Words in a Dictionary

2.3.1 Introduction

We propose now a method for automatic synonym extraction in a monolingual dic-
tionary [SenO1]. Our method uses a graph constructed from the dictionary and is
based on the assumption that synonyms have many words in common in their defi-
nitions and are used in the definition of many common words. Our method is based
on an algorithm that generalizes the HITS algorithm initially proposed by Kleinberg
for searching the Web [Kl1e99].

Starting from a dictionary, we first construct the associated dictionary graph G;
each word of the dictionary is a vertex of the graph and there is an edge from u to
v if v appears in the definition of u. Then, associated to a given query word w, we
construct a neighborhood graph G, that is the subgraph of G whose vertices are
those pointed to by w or pointing to w. Finally, we look in the graph G, for vertices
that are similar to the vertex 2 in the structure graph
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and choose these as synonyms. For this last step we use a similarity measure between
vertices in graphs that was introduced in [BGH'04].

The problem of searching synonyms is similar to that of searching similar pages
on the Web, a problem that is dealt with in [Kle99] and [DH99]. In these references,
similar pages are found by searching authoritative pages in a subgraph focused on the
original page. Authoritative pages are pages that are similar to the vertex “authority”
in the structure graph

hub — authority.

We ran the same method on the dictionary graph and obtained lists of good hubs
and good authorities of the neighborhood graph. There were duplicates in these lists
but not all good synonyms were duplicated. Neither authorities nor hubs appear to
be the right concept for discovering synonyms.

In the next section, we describe our method in some detail. In Section 2.3.3, we
briefly survey two other methods that are used for comparison. We then describe
in Section 2.3.4 how we have constructed a dictionary graph from 1913 Webster’s
dictionary. We compare next the three methods on a sample of words chosen for
their variety. Finally, we generalize the approach presented here by discussing the
relations existing between the fields of text mining and graph mining, in the context
of synonym discovery.

2.3.2 A Generalization of Kleinberg’s Method

In [Kl1e99], Jon Kleinberg proposes the HITS method for identifying Web pages that
are good hubs or good authorities for a given query. For example, for the query
“automobile makers,” the home pages of Ford, Toyota and other car makers are good
authorities, whereas Web pages that list these home pages are good hubs. To identify
hubs and authorities, Kleinberg’s method exploits the natural graph structure of the
Web in which each Web page is a vertex and there is an edge from vertex a to vertex
b if page a points to page b. Associated to any given query word w, the method first
constructs a “focused subgraph” GG, analogous to our neighborhood graph and then
computes hub and authority scores for all vertices of G,. These scores are obtained
as the result of a converging iterative process. Initial hub and authority weights are all
setto one, ' = 1 and 22 = 1. These initial weights are then updated simultaneously
according to a mutually reinforcing rule: The hub score of the vertex i, x}, is set
equal to the sum of the authority scores of all vertices pointed by ¢ and, similarly,
the authority scores of the vertex j, x?, is set equal to the sum of the hub scores of
all vertices pointing to j. Let M, be the adjacency matrix associated to G,,. The
updating equations can be written as

xt 0 M, xt
(2),., = (i '5) (), om0
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It can be shown that under weak conditions the normalized vector x' (respec-
tively, x2) converges to the normalized principal eigenvector of M,, ML (respec-
tively, ng M,).

The authority score of a vertex v in a graph G can be seen as a similarity measure
between v in G and vertex 2 in the graph

1— 2.

Similarly, the hub score of v can be seen as a measure of similarity between v in G
and vertex 1 in the same structure graph. As presented in [BGH'04], this measure
of similarity can be generalized to graphs that are different from the authority-hub
structure graph. We describe below an extension of the method to a structure graph
with three vertices and illustrate an application of this extension to synonym extrac-
tion.

Let GG be a dictionary graph. The neighborhood graph of a word w is constructed
with the words that appear in the definition of w and those that use w in their defi-
nition. Because of this, the word w in G, is similar to the vertex 2 in the structure
graph (denoted Ps)

1—2—3.

For instance, Figure 2.1 shows a part of the neighborhood graph of likely. The
words probable and likely in the neighborhood graph are similar to the vertex 2 in
Ps5. The words truthy and belief are similar to, respectively, vertices 1 and 3. We say
that a vertex is similar to the vertex 2 of the preceding graph if it points to vertices
that are similar to the vertex 3 and if it is pointed to by vertices that are similar to the
vertex 1. This mutually reinforcing definition is analogous to Kleinberg’s definitions
of hubs and authorities.

adapted

) //
invidious/ likely \

giving
truthy
belief
verisimilar —————— > probable
T probably

Fig. 2.1. Subgraph of the neighborhood graph of likely.

The similarity between vertices in graphs can be computed as follows. To every
vertex ¢ of G, we associate three scores (as many scores as there are vertices in the
structure graph) x}, 2, and 7 and initially set them equal to one. We then iteratively
update the scores according to the following mutually reinforcing rule: The score z}

i
is set equal to the sum of the scores azf of all vertices j pointed by i; the score z7
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is set equal to the sum of the scores .73:; of vertices pointed by ¢ and the scores x]l of
vertices pointing to ; finally, the score x? is set equal to the sum of the scores x?
of vertices pointing to ¢. At each step, the scores are updated simultaneously and are

subsequently normalized:

k

T

It can be shown that when this process converges, the normalized vector score 2
converges to the normalized principal eigenvector of the matrix M,, ML + M M,,.
Thus, our list of synonyms can be obtained by ranking in decreasing order the entries
of the principal eigenvector of M,, qu + MZ; M,,.

2.3.3 Other Methods

In this section, we briefly describe two synonym extraction methods that will be
compared to ours on a selection of four words.

The Distance Method

One possible way of defining a synonym distance is to declare that two words are
close to being synonyms if they appear in the definition of many common words and
have many common words in their definition. A way of formalizing this is to define
a distance between two words by counting the number of words that appear in one
of the definitions but not in both, and add to this the number of words that use one
of the words but not both in their definition. Let A be the adjacency matrix of the
dictionary graph, and 7 and j be the vertices associated to two words. The distance
between ¢ and j can be expressed as

d(i, j) = |(Ai. = Aj )l + (A = A )T L

where || - ||1 is the I;-norm. For a given word 7 we may compute d(i, j) for all j and
sort the words according to increasing distance.

Unlike the other methods presented here, we can apply this algorithm directly
to the entire dictionary graph rather than on the neighborhood graph. However, this
gives very bad results: The first two synonyms of sugar in the dictionary graph
constructed from Webster’s Dictionary are pigwidgeon and ivoride. We shall see in
Section 2.3.5 that much better results are achieved if we use the neighborhood graph.

ArcRank

ArcRank is a method introduced by Jannink and Wiederhold for building a thesaurus
[JW99]; their intent was not to find synonyms but related words. The method is based
on the PageRank algorithm, used by the Web search engine Google and described
in [BP98]. PageRank assigns a ranking to each vertex of the dictionary graph in the
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following way. All vertices start with identical initial ranking and then iteratively
distribute it to the vertices they point to, while receiving the sum of the ranks from
vertices they are pointed to by. Under conditions that are often satisfied in practice,
the normalized ranking converges to a stationary distribution corresponding to the
principal eigenvector of the adjacency matrix of the graph. This algorithm is actually
slightly modified so that sources (nodes with no incoming edges, that is words not
used in any definition) and sinks (nodes with no outgoing edges, that is words not
defined) are not assigned extreme rankings.

ArcRank assigns a ranking to each edge according to the ranking of its vertices.
If |a| is the number of outgoing edges from vertex s and p; is the page rank of vertex
t, then the edge relevance of (s, t) is defined by

Edge relevances are then converted into rankings. Those rankings are computed
only once. When looking for words related to some word w, one selects the edges
starting from or arriving to w that have the best rankings and extract the correspond-
ing incident vertices.

2.3.4 Dictionary Graph

Before proceeding to the description of our experiments, we describe how we con-
structed the dictionary graph. We used the Online Plain Text English Dictionary
[OPT], which is based on the ‘“Project Gutenberg Etext of Webster’s Unabridged
Dictionary,” which is in turn based on the 1913 U.S. Webster’s Unabridged Dic-
tionary. The dictionary consists of 27 HTML files (one for each letter of the al-
phabet, and one for several additions). These files are available from the Web-
site http://www.gutenberg.net/. To obtain the dictionary graph, several
choices had to be made.

e Some words defined in Webster’s dictionary are multi-words (e.g., All Saints,
Surinam toad). We did not include these words in the graph since there is no
simple way to decide, when the words are found side-by-side, whether or not
they should be interpreted as single words or as a multi-word (for instance, at
one is defined but the two words ar and one appear several times side-by-side in
the dictionary in their usual meanings).

e Some head words of definitions were prefixes or suffixes (e.g., un-, -ous), these
were excluded from the graph.

e Many words have several meanings and are head words of multiple definitions.
For, once more, it is not possible to determine which meaning of a word is em-
ployed in a definition, we gathered the definitions of a word into a single one.

e The recognition of inflected forms of a word in a definition is also a problem. We
dealt with the cases of regular and semiregular plurals (e.g., daisies, albatrosses)
and regular verbs, assuming that irregular forms of nouns or verbs (e.g., oxen,
sought) had entries in the dictionary. Note that a classical stemming here would
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not be of use, since we do not want to merge the dictionary entries of lexically
close words, such as connect and connection).

The resulting graph has 112,169 vertices and 1,398,424 edges, and can be down-
loadedathttp://pierre.senellart.com/stagemaitrise/graphe/.
We analyzed several features of the graph: connectivity and strong connectivity, num-
ber of connected components, distribution of connected components, degree distri-
butions, graph diameter, etc. Our findings are reported in [SenO1].

We also decided to exclude stop words in the construction of neighborhood
graphs, that is words that appear in more than L definitions (best results were ob-
tained for L =~ 1,000).

2.3.5 Results

To be able to compare the different methods presented above (Distance, ArcRank,
and our method based on graph similarity) and to evaluate their relevance, we ex-
amine the first ten results given by each of them for four words, chosen for their
variety.

disappear a word with various synonyms such as vanish.
parallelogram a very specific word with no true synonyms but with some similar
words: quadrilateral, square, rectangle, rhomb...

sugar a common word with different meanings (in chemistry, cooking, di-
etetics. .. ). One can expect glucose as a candidate.
science a common and vague word. It is hard to say what to expect as syn-

onym. Perhaps knowledge is the best option.

Words of the English language belong to different parts of speech: nouns, verbs,
adjectives, adverbs, prepositions, etc. It is natural, when looking for a synonym of a
word, to get only words of the same kind. Websters’s Dictionary provides for each
word its part of speech. But this presentation has not been standardized and we
counted no less than 305 different categories. We have chosen to select five types:
nouns, adjectives, adverbs, verbs, others (including articles, conjunctions, and inter-
jections), and have transformed the 305 categories into combinations of these types.
A word may of course belong to different types. Thus, when looking for synonyms,
we have excluded from the list all words that do not have a common part of speech
with our word. This technique may be applied with all synonym extraction methods
but since we did not implement ArcRank, we did not use it for ArcRank. In fact,
the gain is not huge, because many words in English have several grammatical na-
tures. For instance, adagio or tete-a-tete are at the same time nouns, adjectives, and
adverbs.

We have also included lists of synonyms coming from WordNet [Wor], which is
human-written. The order of appearance of the words for this last source is arbitrary,
whereas it is well defined for the distance method and for our method. The results
given by the Web interface implementing ArcRank are two rankings, one for words
pointed by and one for words pointed to. We have interleaved them into one ranking.
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We have not kept the query word in the list of synonyms, since this has not much
sense except for our method, where it is interesting to note that in every example we
have experimented with, the original word appeared as the first word of the list (a
point that tends to give credit to the method).

To have an objective evaluation of the different methods, we asked a sample of
21 persons to give a mark (from 0 to 10, 10 being the best one) to the lists of syn-
onyms, according to their relevance to synonymy. The lists were of course presented
in random order for each word. Tables 2.4, 2.5, 2.6, and 2.7 give the results.

Table 2.4. Proposed synonyms for disappear

Distance|Our method| ArcRank |WordNet
1 vanish vanish epidemic vanish
2 wear pass disappearing| go away
3 die die port end
4 sail wear dissipate finish
5 faint faint cease terminate
6 light fade eat cease
7 port sail gradually
8 absorb light instrumental
9 appear | dissipate darkness
10 cease cease efface
Mark 3.6 6.3 1.2 7.5
Std dev.| 1.8 1.7 1.2 1.4

Concerning disappear, the distance method (restricted to the neighborhood
graph) and our method do pretty well. vanish, cease, fade, die, pass, dissipate,
faint are very relevant (one must not forget that verbs necessarily appear without their
postposition). dissipate or faint are relevant too. However, some words like light
or port are completely irrelevant, but they appear only in 6th, 7th, or 8th position. If
we compare these two methods, we observe that our method is better: An important
synonym like pass takes a good ranking, whereas port or appear go out of the top
ten words. It is hard to explain this phenomenon, but we can say that the mutually
reinforcing aspect of our method is apparently a positive point. On the contrary, Arc-
Rank gives rather poor results with words such as eat, instrumental, or epidemic
that are out of the point.

Because the neighborhood graph of parallelogram is rather small (30 vertices),
the first two algorithms give similar results, which are not absurd: square, rhomb,
quadrilateral, rectangle, and figure are rather interesting. Other words are less rel-
evant but still are in the semantic domain of parallelogram. ArcRank, which also
works on the same subgraph, does not give as interesting words, although gnomon
makes its appearance, since consequently and popular are irrelevant. It is interest-
ing to note that WordNet here is less rich because it focuses on a particular aspect
(quadrilateral).
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Table 2.5. Proposed synonyms for parallelogram

Distance Our method |  ArcRank WordNet
1 square square quadrilateral |quadrilateral
2 parallel rhomb gnomon quadrangle
3 rhomb parallel right-lined tetragon
4 prism figure rectangle
5 figure prism consequently
6 equal equal  |parallelepiped
7 quadrilateral |  opposite parallel
8 opposite angles cylinder
9 altitude  |quadrilateral|  popular
10 |parallelepiped| rectangle prism
Mark 4.6 4.8 33 6.3
Std dev. 2.7 2.5 2.2 2.5
Table 2.6. Proposed synonyms for sugar
Distance |Our method| ArcRank WordNet
1 Juice cane granulation sweetening
2 starch starch shrub sweetener
2 cane sucrose sucrose carbohydrate
4 milk milk preserve saccharide
5 molasses sweet honeyed |organic compound
6 sucrose | dextrose | property saccarify
7 wax molasses | sorghum sweeten
8 root Juice grocer dulcify
9 |crystalline| glucose acetate edulcorate
10 |confection| lactose |saccharine dulcorate
Mark 39 6.3 4.3 6.2
Std dev. 2.0 2.4 2.3 2.9

Once more, the results given by ArcRank for sugar are mainly irrelevant (prop-
erty, grocer...) Our method is again better than the distance method: starch, su-
crose, sweet, dextrose, glucose, and lactose are highly relevant words, even if the
first given near-synonym (cane) is not as good. Its given mark is even better than for
WordNet.

The results for science are perhaps the most difficult to analyze. The distance
method and ours are comparable. ArcRank gives perhaps better results than for other
words but is still poorer than the two other methods.

As a conclusion, the first two algorithms give interesting and relevant words,
whereas it is clear that ArcRank is not adapted to the search for synonyms. The vari-
ation of Kleinberg’s algorithm and its mutually reinforcing relationship demonstrates
its superiority on the basic distance method, even if the difference is not obvious for
all words. The quality of the results obtained with these different methods is still
quite different from that of human-written dictionaries such as WordNet. Still, these
automatic techniques show their interest, since they present more complete aspects
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Table 2.7. Proposed synonyms for science

Distance |Our method| ArcRank WordNet
1 art art formulate |knowledge domain
2 branch branch arithmetic | knowledge base
3 nature law systematize discipline
4 law study scientific subject
5 |knowledge| practice | knowledge subject area
6 principle | natural geometry subject field
7 life knowledge |philosophical field
8 natural | learning learning field of study
9 electricity| theory expertness ability
10 biology | principle | mathematics power
Mark 3.6 44 32 7.1
Std dev. 2.0 2.5 2.9 2.6

of a word than human-written dictionaries. They can profitably be used to broaden a
topic (see the example of parallelogram) and to help with the compilation of syn-
onym dictionaries.

2.3.6 Perspectives

A first immediate improvement of our method would be to work on a larger subgraph
than the neighborhood subgraph. The neighborhood graph we have introduced may
be rather small, and therefore may not include important near-synonyms. A good ex-
ample is ox, of which cow seems to be a good synonym. Unfortunately, ox does not
appear in the definition of cow, neither does the latter appear in the definition of the
former. Thus, the methods described above cannot find this word. Larger neighbor-
hood graphs could be obtained either as Kleinberg does in [K1e99] for searching sim-
ilar pages on the Web, or as Dean and Henzinger do in [DH99] for the same purpose.
However, such subgraphs are not any longer focused on the original word. That im-
plies that our variation of Kleinberg’s algorithm “forgets” the original word and may
produce irrelevant results. When we use the vicinity graph of Dean and Henzinger,
we obtain a few interesting results with specific words: For example, trapezoid ap-
pears as a near-synonym of parallelogram or cow as a near-synonym of ox. Yet
there are also many degradations of performance for more general words. Perhaps a
choice of neighborhood graph that depends on the word itself would be appropriate.
For instance, the extended vicinity graph may be used either for words whose neigh-
borhood graph has less than a fixed number of vertices, or for words whose incoming
degree is small, or for words who do not belong to the largest connected component
of the dictionary graph.

One may wonder whether the results obtained are specific to Webster’s dictio-
nary or whether the same methods could work on other dictionaries (using domain-
specific dictionaries could for instance generate domain-specific thesauri, whose in-
terest was mentioned in Section 2.2), in English or in other languages. Although the
latter is most likely since our techniques were not designed for the particular graph
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we worked on, there are undoubtedly differences with other languages. For example,
in French, postpositions do not exist and thus verbs do not have as many different
meanings as in English. Besides, it is much rarer in French to have the same word for
the noun and for the verb than in English. Furthermore, the way words are defined
vary from language to language. Despite these differences, preliminary studies on a
monolingual French dictionary seem to show equally good results.

2.3.7 Text Mining and Graph Mining

All three methods described for synonym extraction from a dictionary use classi-
cal techniques from text mining: stemming (in our case, in the form of a simple
lemmatization), stop-word removal, a vector space model for representing dictio-
nary entries. .. But a specificity of monolingual dictionaries makes this vector space
very peculiar: Both the dimensions of the vector space and the vectors stand for the
same kind of objects—words. In other words, rows and columns of the correspond-
ing matrix are indexed by the same set. This peculiarity makes it possible to see the
dictionary, and this vector space model, as a (possibly weighted) directed graph. This
allows us to see the whole synonym extraction problem as a problem of information
retrieval on graphs, for which a number of different approaches have been elaborated,
especially in the case of the World Wide Web [BP98, DH99, K1e99]. Thus, classical
techniques from both text mining (distance between vectors, cosine similarity, tf-idf
weighting. .. ) and graph mining (cocitation count, PageRank, HITS, graph similarity
measures. .. ) can be used in this context. A study [OS07] on the Wikipedia on-line
encyclopedia [Wik], which is similar to a monolingual dictionary, compares some
methods from both worlds, along with an original approach for defining similarity in
graphs based on Green measures of Markov chains.

A further step would be to consider any text mining problem as a graph min-
ing problem, by considering any finite set of vectors (in a finite-dimensional vector
space) as a directed, weighted, bipartite graph, the two partitions representing respec-
tively the vectors and the dimensions. Benefits of this view are somewhat lower, be-
cause of the very particular nature of a bipartite graph, but some notions from graph
theory (for instance, matchings, vertex covers, or bipartite random walks), may still
be of interest.

2.4 Conclusion

A number of different methods exist for the automatic discovery of similar words.
Most of these methods are based on various text corpora, and three of these are
described in this chapter. Each of them may be more or less adapted to a specific
problem (for instance, Crouch’s techniques are more adapted to infrequent words
than SEXTANT). We have also described the use of a more structured source—a
monolingual dictionary—for the discovery of similar words. None of these methods
is perfect and in fact none of them favorably competes with human-written dictionar-
ies in terms of liability. Computer-written thesauri, however, have other advantages
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such as their ease to build and maintain. We also discussed how different methods,
with their own pros and cons, might be integrated.

Another problem of the methods presented is the vagueness of the notion of
“similar word” that they use. Depending on the context, this notion may or may
not include the notion of synonyms, near-synonyms, antonyms, hyponyms, etc. The
distinction between these very different notions by automatic means is a challenging
problem that should be addressed to make it possible to build thesauri in a completely
automatic way.
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3

Principal Direction Divisive Partitioning with Kernels
and k-Means Steering

Dimitrios Zeimpekis and Efstratios Gallopoulos

Overview

Clustering is a fundamental task in data mining. We propose, implement, and eval-
uate several schemes that combine partitioning and hierarchical algorithms, specifi-
cally k-means and principal direction divisive partitioning (PDDP). Using available
theory regarding the solution of the clustering indicator vector problem, we use 2-
means to induce partitionings around fixed or varying cut-points. 2-means is applied
either on the data or over its projection on a one-dimensional subspace. These tech-
niques are also extended to the case of PDDP(]), a multiway clustering algorithm
generalizing PDDP. To handle data that do not lend themselves to linear separabil-
ity, the algebraic framework is established for a kernel variant, KPDDP. Extensive
experiments demonstrate the performance of the above methods and suggest that it
is advantageous to steer PDDP using k-means. It is also shown that KPDDP can
provide results of superior quality than kernel k-means.

3.1 Introduction

Clustering is a major operation in text mining and in a myriad of other applications.
We consider algorithms that assume the vector space representation for data objects
[SB88], modeled as feature-object matrices (term-document matrices in text mining,
hereafter abbreviated as tdms). Data collections are represented as m X m matrices
A, where a;; measures the importance of term ¢ in document j. Two broad cate-
gories of clustering algorithms are partitional (the best known being k-means) and
hierarchical, the latter being very desirable for Web-type applications[Ber06].

The k-means algorithm models clusters by means of their centroids. Starting
from some initial guess for the k centroids, say {c;}¥_,, representing the clus-
ters, it iterates by first reclustering data depending on their distance from the cur-
rent set of centroids, and then updating the centroids based on the new assign-
ments. The progress of the algorithm can be evaluated using the objective function
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DO 2_a;ectuster(i) 4(Ci> @;), where d is some distance metric, e.g., quadratic Eu-
clidean distance [Kog07]. This minimization problem for the general case is NP-
hard. Two well-known disadvantages of the algorithm are that the generated clusters
depend on the specific selection of initial centroids (e.g., random, in the absence of
any data or application related information) and that the algorithm can be trapped
at local minima of the objective function. Therefore, one run of k-means can easily
lead to clusters that are not satisfactory and users are forced to initialize and run the
algorithm multiple times.

On the other hand, a highly desirable feature, especially for Web-based applica-
tions, is the clustering structure imposed by hierarchical clustering algorithms (di-
visive or agglomerative), such as Single Link [SKKO0O0]. Bisecting k-means is a di-
visive hierarchical variant of k-means that constructs binary hierarchies of clusters.
The algorithm starts from a single cluster containing all data points, and at each step
selects a cluster and partitions it into two subclusters using the classical k-means for
the special case of k = 2. Unfortunately, the weaknesses of k-means (cluster quality
dependent upon initialization and trappings at local minima) remain.

One particularly powerful class of clustering algorithms, with origins in graph
partitioning ([DH73]), utilizes spectral information from the underlying tdm.! These
algorithms provide the opportunity for the deployment of computational technolo-
gies from numerical linear algebra, an area that has seen enormous expansion in
recent decades. In this paper we focus on principal direction divisive partitioning
(PDDP), a clustering algorithm from this class that can be interpreted using princi-
pal component analysis (PCA). The algorithm first proposed by D. Boley [Bol98]
is the primary source. PDDP can be quite effective when clustering text collections
as it exploits sparse matrix technology and iterative algorithms for very large eigen-
value problems. See [BolO1, LB06, SBBG02, ZG03] as well as the recent monograph
[Kog07] and references therein that present several variants of PDDP. At each iter-
ation, PDDP selects one of the current clusters and partitions it into two subclusters
using information from the PCA of the corresponding tdm. In fact, the basic PDDP
algorithm can be viewed as a special case of a more general algorithm, PDDP(!), that
constructs 2'-ary cluster trees. PDDP is known to be an effective clustering method
for text mining, where tdms are very large and extremely sparse. The algorithm re-
quires the repeated extraction of leading singular vector information from the tdm?
and submatrices thereof via the singular value decomposition (SVD). Even though,
in general, the SVD is an expensive computation, it has long been known that signif-
icant savings can result when seeking only selected singular triplets from very sparse
tdms [Ber92]. PDDP, however, is typically more expensive than k-means. Further-
more, the partitioning performed at each step of PDDP is duly determined by the
outcome of the partial SVD of the cluster tdm (Section 3.2). Despite the convenient

! See Chris Ding’s collection of tutorials and references at https://crd.1bl.gov/~
cding/Spectral.

2 More precisely, from the matrix resulting from the tdm after centering it by subtracting
from each column its centroid.
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deterministic nature of this step, it is easy to construct examples where PDDP pro-
duces inferior partitionings than k-means.

For some time now, we have been studying the characteristics of PDDP and have
been considering ways to improve its performance. An early contribution in this
direction was PDDP(]) ([ZG03]), a generalization along the lines of early work in
multiway spectral graph partitioning [AKY99, AY95, HL95]. Our first original con-
tribution here is to show how to leverage the power of k-means and some interesting
recent theory ([DHO04, ZHD"01]) in order to better steer the partitioning decision
at each iteration of PDDP. Our results confirm that such an approach leads to better
performance compared to standard PDDP, in which the decision criteria are readily
available from the spectral characteristics of the tdm.

Our second contribution is that we combine PDDP with kernel techniques, mak-
ing the algorithm suitable for datasets not easily linearly separable. Specifically, we
establish the necessary algebraic framework and propose KPDDP, a kernel version
of PDDP as well as variants that we analyze and demonstrate that they return results
of high quality compared to kernel k-means, albeit at higher cost.

The chapter is organized as follows. Section 3.2 describes algorithms that gen-
eralize PDDP and introduces the concept of k-means steering. Section 3.3 reviews
kernel PCA, and Section 3.4 discusses the kernel versions of the above algorithms.
Finally, Section 3.5 contains extensive experimental results.

As is frequently done, we will be using capital letters to denote matrices, lower-
case letters for (column) vectors, and lower-case Greek letters for scalars. When
referring to specific matrix elements (scalars), we will use the lower case Greek
letter corresponding to the Latin capital letter. When referring to vectors (rows or
columns) of a matrix, we will use the corresponding lower case Latin letter. We also
use diag(-) to denote the diagonal of its argument.

3.2 PDDP Multipartitioning and Steering

It has long been known that the effectiveness of clustering algorithms depends on the
application and data at hand. We focus on PDDP as an example of a spectral cluster-
ing algorithm that has been reported to be quite effective for high dimensional data,
such as text, where standard density-based algorithms, such as DBSCAN, are not
as effective because of their high computational cost and difficulty to achieve effec-
tive discrimination [BGRS99, SEKX98]. PDDP, on the other hand, extracts spectral
information from the data and uses it to construct clusterings that can be of better
quality than those provided by k-means. PDDP can be quite efficient in comparison
to other agglomerative hierarchical algorithms and can be used either as an indepen-
dent clustering tool or as a “preconditioning tool” for the initialization of k-means.
We next highlight some features of PDDP that motivate the proposals and vari-
ants of our chapter. At each step of PDDP, a cluster is selected and then partitioned in
two subclusters using information from the PCA of the matrix corresponding to the
data points belonging to the cluster. In this manner, the algorithm constructs a binary
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tree of clusters. More precisely, let p indicate the cluster node selected for parti-
tioning at step i, A®) the corresponding matrix (i.e., a submatrix of A with n(®
columns), ¢P) its column centroid, and C®) = (A®) — cPleT)(AP) — PT)T
the corresponding covariance matrix. During the split process, ordinary PDDP uses
the first principal component of A(). Equivalently, if [u(P?), o(P?) 4(P9)] is the ith
singular triplet of the centered matrix B(®) = (A®) — ¢)eT), the two subclusters
are determined by the sign of the projection coefficients of each centered data point
into the first principal component, (u(P1)) T (a(Pi) — c(P)) = o(P1)y(P13) e, the sign
of the corresponding element of v(P*), since o(*1) > 0.

Geometrically, the points (u(P1))T(z — ¢(P)) = 0 define a hyperplane pass-
ing through the origin and perpendicular to u(P*). Each data element is classified
to one of two hyperplane-defined half-spaces. This can be extended to an 2'-way
partitioning strategy, based on information readily available from [ > 1 singular
vectors [ZG03]. This method, named PDDP(]), classifies data points to one of 2! or-

thants, based on the specific sign combination of the vector (Ul(p ))T(a(T’J') — )y =

sP WP G, N, where UP P/ (VP)T s the I-factor truncated SVD of B(®),
Each one of (u(P))T (2 — ¢(P)) = 0 defines a hyperplane passing through the origin
orthogonal to u(P*). In the sequel it would be useful to note that PDDP(!) reduces to
the original PDDP algorithm when [ = 1. Moreover, [ is the dimension of the space
in which lie the projection coefficients used to decide upon the splitting at each step
of the algorithm. Finally, since PDDP(/) immediately classifies data into 2 clusters,
it can be used to partition k = 2! clusters in one single step.

Note that throughout our discussion, the cluster selected for partitioning will
be the one with maximum scatter value, defined as s, = ||A®) — c(P)eT||2. This
quantity is a measure of coherence, and it is the same as the one used by k-means
[KMN™02, Llo82]. For convenience, we tabulate PDDP(/) in Algorithm 3.2.1.

Algorithm 3.2.1 Algorithm PDDP(]).

Input: Feature X object matrix A (tdm), desired number
of clusters k, number of principal components [
Output: Structure of pddp_tree, with

[ k-1 —‘ (2" — 1) + 1 leaves

2l—1
Initialize pddp_tree(A);
T
fori=1: [2,71

Select a cluster node p to split with n(® ) elements;
Let A® be the tdm of cluster node p, ¢P) the corresponding centroid;
Compute the leading [ singular triplets [u(P3), s®3) y(®3)],
j=1,...,lof (AP —cPeT);
Assign each column a(P?) of A®) to node 2 + (i — 2)2' + j,
j = 0: 2 — 1 according to the signs of row j of [P, ..., v(PD];
Update pddp-tree;
end
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We have seen that with some work, PDDP classifies data from the cluster under
consideration (possibly the entire dataset) into 2! subclusters at the end of the first
iteration. As outlined above, data are classified based on their orthant address, ob-
tained from the corresponding sign combination of the [ right singular vectors of the
tdm. As we will see, there are cases where the sign combination is not a good cluster
predictor and alternative classification techniques must be sought.

k-Means Steered PDDP

We next show how k-means can provide an effective steering mechanism for the
partitioning at each step of PDDP(l). As we will see there are several alternatives;
we first describe them in the context of the simplest version of PDDP. There, cluster
membership of each datapoint is based on the sign of the corresponding element
of the leading (I = 1) right singular vector of the centered tdm. Restating slightly,
membership is decided based on whether the aforementioned element of the singular
vector is smaller or larger than some “cut-point,” which in this case is selected to be
Zero.

We call the “cluster indicator vector problem” the computation of an indicator
vector d with elements J; € {£1}, whose values could imply a specific cluster
assignment, for example, assigning data element ¢ to cluster C (resp. Cy) if 6; = 1
(resp. “-1’). We make use of the following result:

Theorem 1 ([DHO04]). Let A € R™*™ be the tdm. For k-means clustering where
k = 2, the continuous solution of the cluster indicator vector problem is the leading
principal component, v = [p1, ..., p,) ", of A, that is, data will be assigned to each
of the two clusters according to the following index partitioning: C1 = {i|p; <
0}, Co = {i|p; > 0}, wherei =1,....n.

The above theorem suggests that if we relax the condition that §; € {£1} and
allow the elements of the indicator vector to take any real value, the resulting vector
would be r. Therefore, one partitioning technique could be to classify every data
element in the cluster that is a candidate for splitting based on the position of the
corresponding element of r relative to 0. Theorem 1 suggests that splitting the data
vectors according to r could be a good initialization for bisecting k-means. This
technique can also be viewed as a refinement of the basic PDDP, in which 2-means
is applied to ameliorate the initial splitting. We refer to this approach as PDDP-
2MEANS.

Initial centroids of 2-means are given by the ordering of r, that is,

c1=(1/nq1) Z a; and cg = (1/nz) Z s,

3:0;, <0 i:p; >0

where n1, ne denote respectively the numbers of negative or zero and positive ele-
ments of . Therefore, the nondeterminism in (bisecting) k-means is eliminated.

We next note that even though r gives the solution of the relaxed problem, zero
might not be the best cut-point. Indeed, Theorem 1 provides only an ordering for
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the data vectors, but not necessarily the best solution for the relaxed problem. In
particular, another cut-point could lead to a smaller value for the k-means objective
function. Specifically, we can check all possible splittings using the ordering implied
by r, and select the one that optimizes the k-means objective function.

Lemma 1. Let A € R™*™ and let (j1,j2,---,jn) be an ordering of its columns.
Then the optimal cut-point for 2-means can be obtained at cost O(mn).

Proof. Let {aj,aj, ...a;, } the ordering of A’s columns and C; = {a;, ...a;,},
Co = {aj,,, -..a;,} apartition. The objective function value of C1, Cy is

Ji Ji
s1=Y llai =il = llaill® = U]

i=J1 1=J1
In In
s2= Y llai—col® = D lail® = (n=Dlea?
1=J14+1 1=J14+1

while the objective function value for the clustering is given by s = s; +so. Consider
now the partition C = {a;, ...aja;.,,}, Co = {a;,, -..a;, }. The new centroid
vectors are given by

2 :lcl+aj,+1 2 :lCQ—CLjH_l
! I+1 7 n—i-1

while

in
§= laill> = 1+ 1)ér — (n—1— 1)éy.

1=J1

Clearly, the update of the centroid vectors requires O(m) operations as well as the
computation of the new value of the objective function. This operation is applied
n — 1 times and the proof follows.

Based on the above proof, we can construct an algorithm to determine the optimal
cut-point corresponding to the elements of the leading principal component of A. The
resulting splitting can be used directly in PDDP; alternatively, it provides a starting
point for the application of 2-means. We refer to the algorithms corresponding to
these two options as PDDP-OC and PDDP-OC-2MEANS respectively. The above
techniques can be extended to the case of PDDP(]).

We next note that in the course of their 2-means phase, all the above enhance-
ments of PDDP (PDDP-2MEANS, PDDP-OC, PDDP-OC-2MEANS) necessitate
further operations between m-dimensional data vectors. Despite the savings im-
plied by Lemma 1, costs can quickly become prohibitive for datasets of very high-
dimensionality. On the other extreme, costs would be minimal for datasets consisting
of only one feature. We can thus consider constructing algorithms in which we ap-
ply the above enhancements, not on the original dataset but on some compressed
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representation. We know, for example, that in terms of the Euclidean norm, the op-
timal unit rank approximation of the centered tdm can be written as oy uj v, , where
{o1,u1,v1} is its largest singular triplet. Vector v, contains the coefficients of the
projection of the centered tdm on the space spanned by u; and can be used as a one-
dimensional encoding of the dataset. We further refine the usual PDDP policy, which
utilizes zero as the cut-point, that is, employs a sign-based splitting induced by this
vector. In this manner, however, the magnitude of the corresponding elements plays
no role in the decision process.

-0.4 -0.3 -0.2 -0.1 0 0.1 02 0.3 0.4

Fig. 3.1. Histogram of the projection coefficients employed by PDDP.

To see that this could lead to an inferior partitioning, we depict in Fig. 3.1 a his-
togram of the elements of v; corresponding to part of the Reuters-21578 collection.
Many elements cluster around the origin; however, a value near —0.1 appears to be
a more reasonable choice for cut-point than 0. Our next proposal is an algorithm
that addresses this issue in the spirit of the previous enhancements of PDDP. Specif-
ically, we propose the application of the 2-means algorithm on the elements of v;. A
key feature of this proposal is the fact that 2-means is applied on a one-dimensional
dataset. We can thus evade NP-hardness, in fact we can compute the optimal cut-
point so that the centroids of the two subsets of data points on either side of this
point maximize the objective function of 2-means. To accomplish this, it is sufficient
to sort the elements of v; and examine all possible partitions. Since the objective
function for each attained partitioning can be computed in constant time and there
are only n — 1 possible partitions, the entire process can be completed at a cost of
only O(n) operations. Note that this is a direct extension of Lemma 1 for the case of
one-dimensional datasets.

We can apply the same principle to PDDP(!), where [ > 1, by identifying the
optimal cut-point along each one of the [ leading principal components (equivalently,
the leading right singular vectors). If z := [¢; ... (;]T consists of the [ cut-points
that are optimal for each dimension, we can apply the basic PDDP(!) procedure by
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first shifting the origin by z. We denote by PDDP-OCPC the implied technique.
Note that all the above policies eliminate the random start from 2-means and make it
deterministic.

It is fair to mention here that the potential for alternative partitioning strategies
was already mentioned in the original PDDP paper.> Two related approaches are
[DhiO1] and [KDNO4]. The former paper proposes the use of k-means to best assign
scalar data into k clusters, the case k = 2 being the most prominent. In the lat-
ter, an algorithm called spherical PDDP (sPDDP for short) is proposed, employing
[ = 2 principal components during the split procedure and computing the optimal
separation line into the circle defined by the normalized vectors of the projection
coefficients.

We finally note that PDDP could be deployed as a preconditioner, to determine
the k initial clusters necessary to start the iterations of k-means. This idea was de-
scribed in [XZ04] and also resolves the indeterminacy in k-means but is fundamen-
tally different from our proposed k-means steered PDDP variants.

3.3 Kernel PCA

The key idea in kernel learning methods is the mapping of a set of data points into
a more informative high-dimensional feature space through a nonlinear mapping.
Using Mercer kernels, any algorithm that can be expressed solely in terms of inner
products, can be applied without computing explicitly the mapping. Kernel meth-
ods have been used widely in support vector machine (SVM) research [CSTO0O].
In the context of clustering, Finley and Joachims in [FJOS] and Ben-Hur et al. in
[BHHSVO1] propose some SVM based clustering algorithms. Scholkopf et al. in
[SSM98] and Camastra and Verri in [CV05] propose the kernel k-means algorithm,
while Zhang and Chen in [ZCO03] propose a kernel fuzzy c-means variant. Dhillon
et al. in [DGKO04] provide a useful connection between kernel k-means and spectral
clustering.

PCA is an important statistical tool used in a wide range of applications where
there is a need for dimensionality reduction. Kernel PCA (KPCA) is an extension of
PCA that is applied to a vector space defined by a nonlinear mapping and has been
used with success in a wide range of applications (e.g., [KS05, MMR*01, SM97,
SSM98, YAKOO]). In particular, let ¢ be a general mapping, ¢ : X — F, mapping
input vectors € X to vectors ¢(x) € F. We assume that X is a subset of R™.
KPCA amounts to the application of standard PCA to a new vector space, called
feature space. Let (-, -) denote the Euclidean inner product. Inner products in F' can
be computed via the “kernel trick,” that is, by defining an appropriate symmetric
kernel function, k(x, y) over X x X, which satisfies Mercer’s theorem ([CSTO00]) so
that

3 As stated in [Bol98], “... the values of the singular vector are used to determine the splitting
... in the simplest version of the algorithm we split the documents strictly according to the
sign ..”
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k@, 2) = (p(a®), ¢(a1)) (3.1

for z() , ) € X . There are various kernel functions, with the polynomial, k(z,y) =
(z"y + 1)?, and Gaussian, k(z,y) = exp(—|lz — y||?/o?), being two of the most
common. It then becomes possible to express algorithms over F’ that use only inner
products via kernels, specifically without ever computing the gb(x(i))’s.

Assume for now that the ¢(x(?))’s are already centered. The covariance matrix

of A= [p(zM) ... p(x(™)]is
C= Zn: $e)p(a)T = AAT.
=1

The principal components of A are the eigenvectors of C, that is, the solutions

of Cv = Av. Each v can be expressed as a linear combination of the columns
of A, ie, v = S0 p(x@). The latter can be rewritten as v = Ay, where
y = [, ¥y,] T; therefore, projecting the eigenvalue problem into each column

of A, it turns out that the PCA of A amounts to an eigenvalue problem for the Gram
matrix, namely solutions of Ky = Ay where (K); ; := r;; = (¢(z?), p(z0))).
This can be solved using Eq. (3.1) without forming the ¢(x("))’s, assuming that the
Gram matrix K is available. The last step is the normalization of the eigenvectors
yY),j =1,...,n. This is necessary since (v\/),v(/)) = 1 must hold:

n

1= 0, 00) = (3 uP9(a), Y- uoa)

i=1 r=1

= Y (0, 0

i,r=1
= (7, KyW) = Ny, y9) = As[lyD5.
So, the final step is the normalization of ) according to
1
VA

The coefficients of the projection of a column d(z(")) of A into an eigenvector v()
of C' are given by

ly9 2 = (3.2)

<v(j)7¢(l,(r))> _ Zyl(j)@(m(i)),(zg(x(r)» — (y(j))TK:m

where K. ;. denotes the rth column of the Gram matrix.
Setting Y}, to be the matrix formed by the k leading eigenvectors of K, YkTK
contains a k-dimensional representation for each vector ¢(z(/)). If the qﬁgx(i))’s are

not centered, it was shown in [SSM98] that the principal components of C' are given
by the eigenvectors of
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5 I+ 1 T, 1 7 T
K=K-—-ee K- —Kee +—ee Kee . (3.3)
n n n

After some algebraic manipulation, K can be expressed as (I — P)K (I — P), where
P := ee' /n is an orthogonal projector. In this case the projection coefficients of the
data points into the first k principal components are Y," K, where Y}, consists of the
leading k eigenvectors of K.

3.4 Kernel Clustering

Our proposal is to use KPCA in place of PCA during the splitting step of PDDP.
Assuming that, based on scatter, p is the cluster node selected for partitioning at
step 7, we accomplish this using information from the KPCA of the corresponding
matrix A®), i.e., from the linear PCA of B®) = &(B®) = $(AP) — cP)eT),
where &(-) denotes the matrix $(X)U) = ¢(x())) and $(-) a nonlinear mapping
(e.g., polynomial kernel).

As indicated in Eq. (3.3), the principal components of B®) are given by the
eigenvectors of

K® = g® _ prg® — g®pr + P (3.4)

where M = n(lp) ee' and [KZ(JP)] = [(p(aP) — c®)) p(aPi) — ¢(P))], the Gram
matrix corresponding to cluster p. The projection coefficients of B®) into the top {
eigenvectors of the covariance matrix (B))(B®))T are given by

(VE(P))TB(p) c Rlxn(p) (35)

(p)

where V' are the [ leading eigenvectors of [K Z(jp )}. Note that the normalization con-

dition for the eigenvectors of K® also causes the normalization of V (®)’s columns
according to Eq. (3.2).
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Algorithm 3.4.1 Algorithm KPDDP(]).

Input: Feature x object matrix A (tdm), desired number
of clusters k, number of principal components [

Output: Structure of pddp_tree, with

k’lw (2" — 1) + 1 leaves

2l—1
Initialize pddp_tree(A);
fori=1:[A5="]
Select a cluster node p to split according to (3.6); Let A® be the tdm
of cluster p, P the corresponding centroid;
Form the Gram matrix K ®;
Compute the leading ! eigenvectors and eigenvalues of K®:.
Normalize the eigenvectors V P¥), i = 1,...,1 of K® according to (3.2);
Assign each column a(P3) of A®) to cluster node 2 + (i — 2)2' + j,
§ = 0:2' — 1 according to the signs of row j of (Vl(p))TB(p);
Update pddp_tree;
end

Regarding the cluster selection step, note that

Sp, = ||@(A(P)) _ é(P)(e(P))TH%

n(P) n(®)

= Z ) — &2, = Z |aPa) — &P)||2
j=1 j=1

where é(P) the centroid of @(A®)) into the feature space defined by ¢(-). Since
lz —yll3 = (z,2)% + {y,y)? — 2(z,y), it follows that the scatter value can be

computed from

n(P) n(P) n(P)

spy = D 18(a®P N5+ [1EP]3 =2 (p(al), &)
Jj=1 j=1 j=1
n(P)

H(APHe P(AP)
_ Z<¢(a(pj))’ d)(a(pj)» + n(P)< (n(p) )e7 (n(P) )e>

Jj=1

) Z<¢(a(m))’ B(AP)eP))

n(®)

2 K@)
= (ps) (ps) [ K Pel|y _ | ell1
= (¢(al)), ¢(al??)) + ) 20

Jj=1

where K fjp ) = (¢(aP?)), ¢(a'Pi))) denotes the Gram matrix of AP), Therefore,

|j{(p)e||1

. |
Spy = trace(KP)) — 2 e (3.6)
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We call the proposed algorithm KPDDP(/) (Kernel PDDP(?)). The algorithm is
tabulated in Algorithm 3.4.1. As in the basic algorithm, at each step the cluster node
p with the largest scatter value [Eq. (3.6)] is selected and partitioned into 2! subclus-
ters. Each member of the selected node is classified into the subcluster defined by the
combination of its projection coefficients [Eq. (3.5)] into the ! principal components
of B® . In our implementation, we experimented with polynomial and Gaussian
kernels. Our formulation, however, is general and can be applied for any kernel. The
leading eigenpairs of the covariance matrix were computed from the SVD of the
centered tdm using PROPACK [Lar]. This consists of a very efficient MATLAB im-
plementation that applies Lanczos bidiagonalization with partial reorthogonalization
to compute selected singular triplets. The algorithm requires access to a routine to
form matrix-vector products K (p)x, but does not necessitate the explicit construction
of the Gram matrix K ).

Kernel k-Means

Kernel learning has already been applied in k-means clustering; e.g., [CV05, SSM98§]
outline efficient implementations. As in the linear case, each cluster is represented by
its centroid into the new feature space, ¢®) = L (¢(a,,) + ... + ¢(a,, )); however,

there is no need to compute ¢()’s. In particular, the algorithm operates iteratively as
k-means by assigning each data point to the nearest cluster and updates centroids
using the last assignment. The norm of the Euclidean distance of z,y equals to
lz — 9|3 = (z,7) + (y,y) — 2(z, y). Denoting by K the Gram matrix of A and
using MATLAB notation, the distance of a single data point a; from a centroid é®)
is (aj,aj) +diag(K)p, ... p, — 2K (p, ... pn)- (aj,a;)’s can be computed initially,
and then during each iteration the cluster membership indication matrix can be com-
puted as P = er! + yeT — 27, where x contains the norms of A’s columns, y the
norms of centroids computed from a partial sum of K’s elements once in each itera-
tion, and Z the k x n matrix with elements ¢; , = (¢, a;). The algorithm assigns
each element j to cluster ¢; = arg{min; P (i, j)}.

k-means can be extended as in the linear case in order to get a hierarchical cluster-
ing solution (kernel bisecting k-means). Furthermore, using the same reasoning, we
can combine the kernel versions of PDDP and k-means in order to derive more effec-
tive clustering solutions. In particular, we propose the use of the kernel 2-means al-
gorithm during the splitting process of KPDDP (we refer to it as KPDDP-2MEANS).
Finally, we can extend the PDDP-OCPC variant in the kernel learning framework.*

3.5 Experimental Results

We next conduct extensive experiments in order to evaluate the impact of the pro-
posed techniques. For this purpose, we use the well known Reuters-21578, Ohsumed

4 We note that methods PDDP-OC and PDDP-OC-2MEANS can also be extended in kernel
variants (see Theorem 3.5 in [DHO04]); however, we observed that this results in a high
computational overhead that makes these approaches prohibitive.
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(part of the TREC filtering track), and CLASSIC3 (a merge of MEDLINE, CRAN-
FIELD, and CISI) collections. For the linear case, we use the ModApte split of
the Reuters-21578 collection as well as part of the Ohsumed collection composed
of those documents that belong to a single cluster. Furthermore, we use CLAS-
S1C3 for a toy example. For the nonlinear case, we use four datasets, named REUT}
(7 = 1,...,4), constructed from the ModApte split with varying number of clusters
and cluster sizes.” Table 3.1 depicts the characteristics of those collections. TMG
[ZGO06] has been used for the construction of the tdms. Based on [ZG06], we used
logarithmic local term and IDF global weightings with normalization, stemming,
and stopword removal, removing also terms that appeared only once in the collec-
tion. Our experiments were conducted on a Pentium IV PC with 1-GB RAM using
MATLAB.

Table 3.1. Dataset statistics

[Feature MODAPTE[OHSUMED|CLASSIC3[REUT1[REUT2[REUT3[REUT4]|
Documents 9,052 3,672 3,891 840 | 1,000 | 1,200 | 3,034
terms 10,123 6,646 7,823 2,955 | 3,334 | 3,470 | 5,843
Terms/document 60 81 77 76 75 60 78
tdm nonzeros (%) 0.37 0.76 0.64 1.60 | 143 | 0.37 84
Number of clusters 52 63 3 21 10 6 25

In the following discussion, we denote by & the sought number of clusters. For
each dataset we ran all algorithms for a range of k. In particular, denoting by r the
true number of clusters for a dataset, we ran all algorithms for & = 4 : 3 : kyax
and k = 8:7: kyayx for some k. > 7 in order to record the results of PDDP(!)
and related variants for [ = 1, 2, 3. For all k-means variants we have conducted 10
experiments with random initialization of centroids and recorded the minimum, max-
imum, and mean values of attained accuracy and run time. Although we present only
mean-value results, minimum and maximum values are important to the discussion
that follows. For the SVD and eigendecomposition we used the MATLAB interface
of the PROPACK software package [Lar]. For the algorithms’ evaluation, we use the
objective function of k-means (and PDDP), the entopy and run-time measures.

Fig. 3.2 depicts the objective function, entropy values, and run time for all vari-
ants, for the linear case and datasets MODAPTE and OHSUMED. Although k-means
appears to give the best results between all variants and all measures, we note that
these plots report mean values attained by k-means and related variants. In practice,
a single run of k-means may lead to poor results. As a result, a “good” partitioning
may require several executions of the algorithm. Compared to the basic algorithm, its
hierarchical counterpart (bisecting k-means) appears to degrade the quality of clus-
tering and suffers from the same problems as k-means. On the other hand, PDDP
appears to give results inferior to k-means. Regarding the proposed variants, we note
that all techniques always improve PDDP and bisecting k-means in most cases, while

5 We will call the ModApte and Ohsumed datasets as MODAPTE, OHSUMED.
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Fig. 3.2. Objective function, entropy values, and run time for k-means, PDDP, and variants.

approaching the clustering quality of k-means. PDDP-OC-2MEANS and PDDP-OC
appear to give the best results; however, their high run times make them relatively
expensive solutions. On the other hand, PDDP-2MEANS and PDDP-OCPC provide
results similar to k-means without impacting significantly the overall efficiency of
PDDP.

Fig. 3.3 (upper) depicts the quality of clustering of PDDP-OCPC vs. PDDP(() for
[l =1,2,3. PDDP-OCPC appears to improve significantly the efficiency of PDDP(])
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Fig. 3.3. Objective function and entropy values for PDDP and PDDP-OCPC and | = 1,2, 3,
linear (upper) and nonlinear (lower) case.

Table 3.2. Confusion matrices for CLASSIC3 for PDDP (upper left quadrant for £k = 3 and
right for £ = 4) and PDDP-OCPC (lower left quadrant for £ = 3 and right for & = 4)

Cluster| 1T [ 2 [ 3 [ 1 ]2 ]3]4]
Class 1] 12 [ 6 [1,015] 12 [1,015] 4 [ 2
Class 2[[1,364] 14 | 20 [[1.364] 20 [8 | 6
Class 3] 2 [1,392] 66 || 2 [ 66 [788]604
Class 1] 0 [ 9 [1,024[ 0 [1.024[ 7 [ 2

Class 2|[1,253] 29 | 116 ([1,253] 116 |23 | 6
Class 3|| 0 (1,431 29 0 29 917|514

for equal values of parameter [. A simple example that demonstrates the success of
PDDP-OCPC is given in Table 3.2, where we give the confusion matrices for PDDP
and PDDP-OCPC for CLASSIC3 and k = 3, 4. PDDP-OCPC appears to approximate
better the cluster structure of the collection by producing “cleaner” clusters.

In Figs. 3.4, 3.5 (polynomial and gaussian kernels, respectively) we give the re-
sults for the kernel versions of the algorithms for datasets REUT1-REUT4. As in the
linear case, kernel k-means appears to give better results than kernel PDDP. However,
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Fig. 3.4. Objective function, entropy values and runtime for kernel versions of k-means, PDDP

and variants (polynomial kernels).

our hybrid schemes appear to improve even the k-means algorithm at low additional
run time. Fig. 3.3 (lower) depicts the quality of clustering of the kernel versions
PDDP-OCPC vs. PDDP(!) for I = 1,2,3. As in the linear case, PDDP-OCPC ap-
pears to provide significant improvements over PDDP. It is worth noting that in our
experiments, results with the linear versions appeared to be uniformly better than
results with the kernel implementations. This does not cause concern since our goal
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Fig. 3.5. Objective function, entropy values and runtime for kernel versions of k-means, PDDP
and variants (gaussian kernel).

was to improve kernel k-means algorithm along deterministic approaches that are
expected to give better results in case there are strong nonlinearities in the data at

hand.

The above results indicate that our hybrid clustering methods that combine k-
means and PDDP can be quite successful in addressing the nondeterminism in k-
means, while achieving at least its “average-case” effectiveness. The selection of a
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specific technique can be dictated by the quality or run-time constraints imposed by
the problem. Furthermore, we proposed a kernel version of the PDDP algorithm,
along some variants that appear to improve kernel version of both PDDP and k-
means. The implications on memory caused by the use of the tdm Gramian in kernel
methods are currently under investigation.
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Hybrid Clustering with Divergences

Jacob Kogan, Charles Nicholas, and Mike Wiacek

Overview

Clustering algorithms often require that the entire dataset be kept in the computer
memory. When the dataset is large and does not fit into available memory, one has to
compress the dataset to make the application of clustering algorithms possible. The
balanced iterative reducing and clustering algorithm (BIRCH) is designed to operate
under the assumption that “the amount of memory available is limited, whereas the
dataset can be arbitrarily large” [ZRL97]. The algorithm generates a compact dataset
summary minimizing the I/O cost involved. The summaries contain enough informa-
tion to apply the well-known k-means clustering algorithm to the set of summaries
and to generate partitions of the original dataset. (See [BFR98] for an application of
quadratic batch k-means, and [KTO06] for an application of k-means with Bregman
distances to summaries.) An application of k-means requires an initial partition to
be supplied as an input. To generate a “good” initial partition of the summaries, this
chapter suggests a clustering algorithm, PDsDP, motivated by PDDP [Bol98]. We re-
port preliminary numerical experiments involving sequential applications of BIRCH,
PDsDP, and k-means/deterministic annealing to the Enron email dataset.

4.1 Introduction

Clustering very large datasets is a contemporary data mining challenge. A number
of algorithms capable of handling large datasets that do not fit into memory have
been reported in the literature (see [Ber06]). A sequence of algorithms such that the
output of algorithm ¢ is the input to algorithm ¢ + 1 may be useful in this context (see
[KNVO03]). For example, a sequential application of clustering procedures that first
compress data .4, then cluster the compressed data B3, and finally recover a partition-
ing of the original dataset .4 from the partitioning of the compressed dataset 3 has
been reported, for example, in [BFR98, LB06, KNWO07].

BIRCH [ZRL97] is one of the first clustering algorithms that computes sum-
maries (or sufficient statistics), and uses summaries instead of the original dataset
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for clustering. An application of the classical batch k-means to summaries is reported
in [BFR98]. The proposed algorithm clusters summaries, and, through association,
partitions the original dataset without access to its elements.

The choice of a “good” initial partition for k-means is an additional clustering
challenge. The principal direction divisive partitioning (PDDP) introduced by D. Bo-
ley [Bol98] can be used to address this task. PDDP substitutes for the original dataset
A the one-dimensional “approximation” A’, bisects A’ into two clusters, and recov-
ers the induced two-cluster partition of .4. The algorithm is then applied to each of
these two clusters recursively. The subdivision is stopped when, for example, the
desired number of clusters is generated for the dataset .A.

When applying PDDP to the summaries, B one should keep in mind that each
summary represents a vector set, hence the approximation B’ should reflect the size,
the “quality,” and the “geometry” of the vector set. In this chapter we present the
principal directions divisive partitioning (PDsDP), a computationally efficient pro-
cedure to build the approximation set B’. The algorithm applies the building block
of PDDP to each summary separately.

The chapter is organized as follows. Section 4.2 introduces centroids and two
specific families of distance-like functions. In Section 4.3 we briefly review the
well-known clustering algorithms BIRCH, k-means, and DA. The principal direc-
tions divisive partitioning algorithm (which is the main contribution of the chapter)
is introduced in detail. Section 4.4 reports on numerical experiments with the Enron
email datasets. The particular distance-like function d(x,y) we use for numerical
experiments is a combination of weighted squared Euclidean distance and Kullback—
Leibler divergence. Section 4.5 indicates how the clustering strategy can be modified
to reduce its computational complexity and better fit the data, and concludes the
chapter.

4.2 Distance-Like Functions and Centroids

We start with some preliminary notations. For a finite vector set 7 C R"™ and a
distance-like function d(x,y), we define the centroid c(7) as a solution of the mini-
mization problem:

c(w)—argmin{Zd(x,a), XGC}, 4.1)

acTm
where C is a specified subset of R" (as, for example, R”, or an n — 1 dimensional

sphere S = {x : ||x|| = 1}). The quality of 7 is defined by

Q(m) = Z d(c(m),a). 4.2)

acm

For adataset A = {ay,...,a,} C R"the quality of partition IT = {m1, ..., 7},
mNm;=0ifi#j,m U---Um, = Alis given by
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k

Q) => Q(m). (4.3)

i=1

The degree of difficulty involved in solving (4.1) depends on the function d(-, -),
and the set C. In this chapter we shall be concerned with two specific families of
distance-like functions: the Bregman and Csiszar divergences.

4.2.1 Bregman Divergence

Let ¢ : R" — (—o00,+0o0] be a closed proper convex function. Suppose that 1)
is continuously differentiable on int(dom 1)) # (). The Bregman divergence D, :
dom ¢ x int(dom %) — R is defined by

Dy (x,y) = ¢(x) = U(y) = Vi (y)(x —y) (4.4)

where V) is the gradient of 1. This function measures the convexity of 1, that is,

Convex function and tangent Bregman distance
5 5
4 e 4 e}
D, (xy)
3 3
2 2
W) W)
1 1r
0 Yy or v
-1 -1
-1 0 1 2 3 -1 0 1 2 3

Fig. 4.1. Bregman divergence.

Dy (x,y) > 0if and only if the gradient inequality for ¢ holds, that is, if and only
if 9 is convex. With ¢ strictly convex one has Dy, (x,y) > 0 and Dy (x,y) = 0 iff
x =y (see Figure 4.1).

Note that Dy, (x,y) is not a distance (it is, in general, not symmetric and does not
satisfy the triangle inequality). The well-known examples of Bregman divergences
are:

1. The squared Euclidean distance D, (x,y) = ||x — y|? (with ¥ (x) = [|x]|?),
and
2. The Kullback—Leibler divergence

Dy(xy) = > xj]log jﬁ Tyl - x[j]

j=1
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n
(with ¢o(x) = > x[j] log x[4] — x[j]).
j=1

For additional interesting examples we refer the reader to [BMDGO04], [TBD106].
Bregman divergences are convex with respect to the first argument, hence centroids
(solutions for minimization problem (4.1)) can be computed efficiently. Since the
function Dy (x,y) is not symmetric, by reversing the order of variables in D, that
is,

Dy(x,y) = Dy(y,x) = ¢(y) — ¢(x) = Vo (x)(y — %), 4.5)

one obtains a different distance-like function (compare with (4.4)). For example,
using the kernel

= xlillogxj] - x1jl, (4.6)
we obtain
Eﬂ(xa y) Dw Yy, X Z [ log ﬁ + X []] Y[]] , 4.7)

j=1
a distance-like function popular in clustering research.

While in general distances D,,(x,y) given by (4.5) fail to be convex with re-
spect to the first variable, the following surprising result was recently reported in
[BMDGO04].

Theorem 1. If d(x,y) is given by (4.5), = = {a1,...,a,,} C dom v, and

attam € int(dom 7)) ﬂ C, then the solution for (4.1) is
m

c(m)=c(m)= 2 Fam_ WZ : (4.8)

where || is the size of T.
Switching the variables has the potential to change the result. Indeed, for d(x,y) =
ylJ]

Diz,()g y) = Dy(y,x) = E {y[j] log <] +x[j] — y[j]] , the centroid is given by
, x|j
j=1

the arithmetic mean. On the other hand, if d(x,y) = Dy(x,y) Z x[7] log —‘]4-
ylil

y[j] — x[j], then the centroid is given by the geometric mean (see [TBD+06])

4.2.2 Csiszar Divergence

Let = {¢ : R — (—00,+00]} be the class of functions satisfying (1)—(4) below.
We assume that for each ¢ € & one has dom ¢ C [0, +00), p(t) = 0o whent < 0
and ¢ satisfies the following:



4 Hybrid Clustering with Divergences 69

 is twice continuously differentiable on int(dom ¢) = (0, +00).
(p is strictly convex on its domain.

lim ¢'(t) = —oo0.
t—0+

4. p(1) =¢'(1) =0and ¢"(1) > 0.
Given ¢ € @, for x,y € R"™ we define d,(x,y) by

X,y) = Zy[j]@ (;{,BD : 4.9)

The function d,(x,y) is convex with respect to x and with respect to y.! Recall that
centroid computations require us to solve a minimization problem (4.1) involving
d,. Assumptions (1) and (2) above ensure existence of global minimizers, and as-
sumption (3) enforces the minimizer to stay in the positive octant. Condition (4) is
a normalization that allows for the handling of vectors in R} (rather than probabili-
ties).

The functional d, enjoys basic properties of a distance-like function, namely
V(x,y) € R™ x R™. One has:

W=

do(x,y) >0 and dy(x,y) =0 iff x=y
Indeed, the strict convexity of ¢ and Assumption 4 above imply
o(t) >0, and ¢(t) = 0iff t = 1.
The choice ¢(t) = —logt + t — 1, with domyp = (0, +-00) leads to

[ oyl . .
do(xy) = KLy = 3 [yillos X2+ xiil - vli] . @0
j=1
The above examples show that the functions

n

dx,y) = [x — y|?, and d(x,y) = Z[ 1og—j]+ ] - ym}

j=1

are Bregman divergences convex with respect to both variables. In the numerical
experiments section we work with the Bregman divergence

d(x.y) = ||x—y||2+u2[ log—j+ ] - Y[J']],VZO,MEO.

4.11)
In the next section we review briefly two well known clustering algorithms, and
introduce the PDsDP algorithm that mimics PDDP [Bol98].

! In [Ros98] and [WS03] the function d(x,y) is required to be convex with respect to x.
Csiszdr divergences are natural candidates for distance-like functions satisfying this re-
quirement.
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4.3 Clustering Algorithms

We start with a brief review of the BIRCH algorithm.

4.3.1 BIRCH

Let [T = {m,..., 7} be a partition of A = {a;,...,a,}.Fori =1,..., M we
denote by

1. b; the centroid c(m;) of m;,
2. m; or m(b;) the size of m;,
3. g; the quality Q(;) of the cluster ;.

For proof of the next result, consult [TBD*06]:

k k

k k
Q) =Y Q(m)+ Zmid(Qbi) =Y Q(m)+ Zmz‘ [¢b(bi) — ¢ (c)]

=1 =1

4.12)

where

m m
C:C(A):Elb1+~'+ﬁkbk, andm =my + - +my.

Formula (4.12) paves the way to approach the clustering of A along the two lines:

Given a positive real constant R (which controls the “spread” of a cluster), an
integer L (which controls the size of a cluster), p already available clusters
m1,...mp (ie., p summaries (m;, ¢;, b;)), and a vector a € R™, one can compute
Q(m;U{a}),i=1,...,pusing a and summaries only. If for some index i

Q(mUfa}) = gi +d (220 &) + md (2222 b;) < R
and 4.13)

m; +1 <L

then a is assigned to 7;, and the triplet (m;, ¢;, b;) is updated. Otherwise {a}
becomes a new cluster 7, (this is the basic BIRCH construction).

An alternative “greedy” and computationally more expensive strategy is to as-
sign a to the cluster 7 that satisfies (4.13) and minimizes “average quality”

i U e . .
Q(Wiﬁ over all clusters 7; satisfying (4.13). In the numerical experiments
T
preserthed in Section 4.4 we follow the “greedy” approach.
Once a partition IT = {71, ..., mp } of Ais available, one can cluster the set B =
{b1,...,bas}. Note that the M cluster partition {7y, ..., mps} of A associates

each subset 2 C B with a subset A C A through

7T'A: U Ty

bjEﬂ'B
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Hence a k cluster partition [Tz = {7%,..., 75} of the set B is associated with a
k cluster partition I74 = {n{', ..., '} of the set A through
U mi=1,.. K (4.14)
bj €7Ti8

One can, therefore, apply k-means to the smaller dataset B to generate a parti-
tion of the dataset A (this approach is suggested in [BFR98] for batch k-means
equipped with d(x,y) = [|x — y|*).

Consider a k cluster partition IIp = {ﬂf, e 77TE} of the set B and the associated
k cluster partition I74 = {r{',..., 7'} of the set A. Consider, for example, 72 =
{b1,...,b,} with ¢ (r7) and the correspondmg cluster {* = 711 U -+ - U mp. Due

to (4.12) one has

NE

Q (') =D Q)+ Y m(b)d(c(nf).b).

1 berB

<.
Il

Repetition of this argument for other clusters 7%‘8 and summing the corresponding
expressions leads to

k M
YR = QMm) +ZZ ).b). (@15
i=1 =1 i=1 benB

We set Qp (I15) = Z Z 72),b), note that Z Q(m) =Q(I)isa
=1 beﬂ—l
constant, and arrive at the following formula
Q(I1a) = Q) + Qg (1) . (4.16)

We next describe PDsDP—-a deterministic algorithm that generates partitions of the
set BB (these partitions will be fed to a k-means—type algorithm at the next step of the
clustering procedure).

4.3.2 PDsDP

The PDDP algorithm approximates the dataset .A by the projection of the set on the
line 1 that provides the best least squares approximation for A (see [Bol98]). The line
is defined by the arithmetic mean c of .4, and the principal eigenvector of the matrix

M=) (aj—c)(ai—c)". (4.17)

acA
An application of BIRCH to the original dataset .4 generates a partition {7, ..., 7as}
and only the sufficient statistics (|m;|, Q(m;),b;), ¢ = 1,..., k are available (see Fig-

ure 4.2). To apply PDDP to the set {bq, ..., by}, one has to take onto account each
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l‘B\RCH pam‘non of dala‘set A ‘ ‘ Patasel B
2 2r
1r s
or 0 b,
s s
2k ok
3k 1 3 b,
4k —4
-2 -1 0 1 2 3 4 5 -2 -1 0 1 2 3 4 5

Fig. 4.2. BIRCH 2 cluster partition of dataset .4, and the summaries 5.

cluster size |;| as well as the spatial distribution of the cluster’s elements. Figure 4.3
shows that the triplets (|7;|, Q(;), b;) alone do not capture the information required
to generate the best least squares approximation line 1 for the set A.

Indeed, consider the following two different datasets:

1 _1
A= {3 [ moae{2] 2] BT
V2 V2
While the corresponding best least squares approximation lines 1 are different (see

Figure 4.3), the sufficient statistics (|m;|, Q(m;),b;), ¢ = 1,2 for the BIRCH-
generated partitions I, = {r{, 75} and II, = {77, 73} (see Table 4.1) are identi-

Table 4.1. Different datasets with identical sufficient statistics

cal. They are

(22 [o]) e (o 3])

Reconstruction of the best least squares approximation lines 1 based on triplets
(7], Q(m;), b;) alone is therefore not possible.
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To build the principal direction, most of the iterative algorithms compute the
product Mx. Formula (4.17) indicates that access to the entire dataset 4 = {a;,...,a,,}

Two Clusters Two Clusters

05 1 05F

Fig. 4.3. Two BIRCH-generated clusters with identical sufficient statistics and different lines
1.

is needed to determine the projection line 1. When the dataset A does not fit into
memory, we propose to approximate A by the dataset A’ = {a],...,al,} and to use
the covariance matrix

M =3 (a) —¢) (a) — )" . (4.18)

While the size of A’ is identical to the size of A, to compute the product M'x, in
addition to the triplets (|m;|, Q(m;), ¢ (m;)), one needs to know only M additional
vectors x1; and scalars Aq; (see Theorem 2).

The suggested approximations is motivated by PDDP. For each ¢ = 1,..., M,
we propose to identify the principal eigenvector x;; and the corresponding largest
eigenvalue \q; of the covariance matrix corresponding to the cluster 7;:

i

M; =Y (a—b;)(a—b;)" (4.19)

acm;

(see Figure 4.4, top left). For a € 7 the vector a’ is defined as the orthogonal projec-
tion of a on the line 1; = {b; + x1;t, —00 < t < oo} defined by the mean b; and
the cluster’s principal direction vector x;, (see Figure 4.4, bottom center).

Theorem 2. The matrix vector product M'x = Z (@ —c)@ —c) | x is
a’e A/
given by
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Line approximation of BIRCH partition of A Cluster projection onto one-dimensional line
T T T T T T T T T T T T

3L

-4r 4 -af

-2 -1 0 1 2 3 4 5 -2 -1 0 1 2 3 4 5
Dataset A’

Fig. 4.4. Principal directions (top left), projections (top right), and “linear” approximation A4’
(bottom center).

M M
M'x = sz‘mi (szX) + ZXU)\M (XEX) —mc (CTX) :
i=1 i=1

Hence, in addition to sufficient statistics (|m;|, Q(7;),b;), i = 1,..., M required by
BIRCH, computation of M'x requires the eigenvectors x1; along with the eigenval-
ues A5, 1 =1,..., M.

Proof. For a € m; the vector a’ is the projection of a on the line defined by a unit
norm vector x; and the centroid b; of the cluster 7;, that is,
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a’' =b; +x;t(a), t(a) =x! (a—b;)

with (4.20)
D t(a)=0,and > 3 (a) = \;
aem; aem;

(when 7; contains m; identical copies of b; we set x; = 0, and \; = 0). A straight-
forward substitution completes the proof.

We note that in information retrieval (IR) applications with data vectors a € R,
the vector x; is as sparse as b;. Hence when high-quality BIRCH-generated clusters
containing documents with many words in common are available, the centroids b;
as well as principal direction vectors X1, are sparse.

Let A1, Aogy ..., A and X314, X924, ..., Xn; be the N largest eigenvalues of the
cluster m; covariance matrix along with the corresponding eigenvectors. Let a’ be
an orthogonal projection of a € ; on the affine subspace passing through b; and
spanned by the N eigenvectors Xi;,Xa;, ..., Xn;. A straightforward computation
immediately leads to the following generalization of Theorem 2.

Z (@' —c)(a' — c)Tl X is

a’c A’

Theorem 3. The matrix vector product M'x =

given by
M N [ M
M'x = Zbimi (bfx) + Z iji)\ji (XJTZX)] —me (") .
1=1 j=1 Li=1

As N increases the quality of the approximation a’ improves. Additional memory
is needed to accommodate N eigenvectors and /N eigenvalues for each BIRCH-
generated cluster 7;, ¢ = 1,..., M. Provided the centroids b; are sparse, and NV
is not too large, this memory requirement may be negligible.

While this chapter focuses on high-dimensional IR applications, when the vector
space dimension n is relatively small, Theorem 3 opens the way to computation of
the dataset A principal direction when only summaries (|7;|, Q(7;), b;) along with
n eigenvectors and eigenvalues are available for each BIRCH-generated cluster ;.

To indicate the number of eigenvectors N used to generate the approximations a’,
we shall refer to the algorithm as PDsyDP. Numerical results reported in Section 4.4
are generated by PDs; DP and PDs,DP.

4.3.3 k-Means

First we briefly recall batch and incremental k-means (see [DHSO01]).

The batch k—means algorithm is an iterative two-step procedure. An iteration of
the algorithm transforms a partition 7 into a partition T’ so that Q(II) > Q(II') >
0. The iterations run as long as Q(IT) — Q(II") exceeds a user specified tol > 0.

The two-step procedure that builds IT’ from IT = {1, ..., 7} is briefly outlined
next.
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1. Use (4.1) to compute centroids ¢ (7;), i = 1,..., k.
2. For a set of k “centroids” {ci,...,c.}, build the updated partition 1T’ =
().}

m ={a:a€ Ad(c;,a) <d(c,a) foreachl =1,...,k} (4.21)

(we break ties arbitrarily). Note that, in general, ¢ (7;) # ¢; (7).

This popular clustering algorithm was outlined already in the 1956 work of Steinhaus
[Ste56]. While fast and simple to implement, this two-step procedure ignores the
difference between the “old” and “new” centroids, and often “misses” better quality
partitions (for a discussion see [TBDT06]).

An iteration of incremental k-means examines partitions II’ generated from I7
by removing a single vector a from cluster 7; and assigning it to cluster 7;. If the
reassignment leads to a better partition, then the obtained partition becomes the itera-
tion outcome. Otherwise a different reassignment is examined. The stopping criterion
for this algorithm is the same as for the batch k—means algorithm.

While each iteration of incremental k-means changes the cluster affiliation of
a single vector only, the iteration is based on the exact computation of Q(IT) and
Q(IT"). An application of a sequence of batch k-means iterations followed by a sin-
gle incremental k-means iteration combines the speed of the former and the accuracy
of the later. The computational cost of the additional incremental step depends on
the specific distance-like function and may come virtually for free (see [DKNO3],
[TBD™06]). We shall refer to the merger of the batch and incremental k-means as
just the k-means clustering algorithm. The “merger” algorithm was recently sug-
gested in [ZKH99], [HNO1], and [KogO1]. Since the number of different partitions
of a finite set A is finite, one can safely run k-means with tol = 0 (and we select
tol = 0 for numerical experiments described in Section 4.4).

An application of quadratic batch k-means to summaries generated by BIRCH is
reported in [BFR98], and k-means equipped with Bregman divergences and applied
to summaries is reported in [KTO06].

A different approach to clustering transforms k-means into a finite dimensional
optimization problem, and opens the way to application of available optimization
algorithms.

4.3.4 smoka

Rather than focusing on partitions, one can search for the set of k& “centroids”

{x1,...,xx} C R", or the vector x = (xy,...,x;) € R™ = R". Since the

“contribution” of the data vector a; to the partition cost is 1r<nli£1k d (x;,a;), we con-
m

sider the objective function F'(x) = 12111£1k d (x;,a;). The clustering problem is

now reduced to a continuous optimizaZtTén problem in a finite dimensional Euclidean

space RV:

in F(x). 4.22
R (422
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This is a nonconvex and nonsmooth optimization problem. Approximation of F' by
a family of smooth functions Fy as a way to handle (4.22) was suggested recently
in [TKO5] specifically for d(x,a) = ||x — a|?, and in [Teb07] for general distance-
like functions (mathematical techniques dealing with smooth approximations can be
traced to the classic manuscript [HLP34]). The particular choice of the family F}s(x)
given by

m k
Fy(x) = Z —slog <Z e_d(xga”> (4.23)
=1

=1

leads to a special case of a simple iterative algorithm smoothed k—means algorithm
(smoka) that generates a sequence of centroids x(¢) with

Fy(x(t)) > Fy(x(t +1)) > —smlogk.

The iterations run until F,(x(t)) — Fs(x(t + 1)) > tol, where tol > 0 is user
specified [TKOS5].

Due to the lack of convexity, smoka convergence to a global minimum is not
guaranteed (in general smoka converges to a critical point only). The computational
effort of one iteration of smoka does not exceed that of k-means [Teb07] (hence in
Section 4.4 we report and compare the number of iterations).

In 1990 Rose, Gurewitz, and Fox [RGF90] introduced a remarkable clustering
algorithm called deterministic annealing (DA). The algorithm focuses on centroids
rather than on partitions. The algorithm is inspired by principles of statistical me-
chanics. DA is used in order to avoid local minima of the given nonconvex objective
function (see [RGF90]). Simulated annealing (SA, see [KGV83]) is a well-known
method for solving nonconvex optimization problems. This stochastic method is mo-
tivated by its analogy to statistical physics and is based on the Metropolis algorithm
[MRR*53]. Unlike simulated annealing, the DA algorithm replaces the stochastic
search by a deterministic search, whereby the annealing is performed by minimizing
a cost function (the free energy) directly, rather than via stochastic simulations of the
system dynamics. Building on this procedure, global minima is obtained by mini-
mizing the cost function (the free energy) while gradually reducing a parameter that
plays the role of “temperature” (smoothing parameter s of smoka). The “right” rate
of temperature change should lead to the global minimum of the objective function.

Among other things DA offers “the ability to avoid many poor local optima” (see
[Ros98], p. 2210). More recently [Ros98], the DA has been restated within a purely
probabilistic framework within basic information theory principles. The annealing
process consists of keeping a system at equilibrium given by the minimum of the free
energy while gradually reducing the temperature, so that the ground state is achieved
at the limit of a low temperature. Many reports in the literature have indicated that the
DA algorithm outperforms the standard k-means clustering algorithm, and it can be
also used in the context of other important applications (see [Ros98] and references
therein). The “right” rate of temperature decrease still remains an open problem.

The clustering algorithm smoka equipped with the quadratic Euclidean distance
coincides with the deterministic annealing with fixed temperature. The numerical
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results collected in Section 4.4 provide insight into the performance of smoka vs.
k-means. Several additional contributions consider k-means as a finite dimensional
optimization problem (see [NK95], [ZHD99], [Kar99], [Yu05]).

Note that while clustering summaries 5 = {by,...,bys}, one has to modify
F(x) and F,(x) as follows:

mlmmd (x;,b )=—s)» m;log e s . 424
-3 s (30 )

Implementation of an algorithm minimizing the modified Fi(x) is identical to
smoka.

4.4 Numerical Experiments

In this section we report on numerical experiments with the Enron email dataset.”
The dataset contains 517,431 email messages located in 3501 subdirectories. There
are 14 large (over 300 kb) files that apparently contain attachments.> We remove
these large files from the collection, and process the remaining 517417 files.

In all the experiments 5000 “best” terms are selected (see [TBD*06] for the
term selection procedure) to represent the documents in the vector space model (see
[BB99]), and the t fn is applied to normalize the vectors (see [CK99]). In what
follows we refer to a clustering algorithm equipped with the distance-like function
(4.11) as “(v, ) clustering algorithm.”

The three-step clustering procedure includes:

1. (v, ) BIRCH (to generate a set of summaries),

2. PDs; DP or PDs;DP (to generate an initial partition for k-means/smoka),

3. (v, ) k-means/smoka (to partition the summaries B and, by association, the
original dataset .A).

In experiments reported below, k-means, applied to a finite set of partitions, runs
with tol = 0, while smoka, minimizing functions of a vector variable, runs with
tol = 0.0001, and s = 0.0001. The choice of s is motivated by the bound

0 < F(x) — Fs(x) < smlogk

where m is the dataset size, and k is the desired number of clusters [Teb07]. We
run the experiments with two extreme weights (2, 0), (0, 1), and the mixed weight
(50, 1) (this weight is selected to equate contributions of quadratic and logarithmic
parts of Q(A)).

Since each email message contains a time stamp, in an attempt to simulate a data
stream and to improve BIRCH clustering, we sort the messages with respect to time
and feed them in this order to BIRCH.

2 Available at http://www.cs.cmu.edu/ “enron/
3 For example \maildir\dorland-c\deleted_items\20
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The upper bound for BIRCH generated cluster size is L = 100, and the upper

. A
Q(m) as a fraction of @A)
| ] ]
average quality, is reported in Table 4.2 for the three choices of parameters (v, 1)
along with additional characteristics of the collections A and 5.

bound for cluster average quality , the maximal cluster

Table 4.2. Collection: Enron email dataset; size, upper bound for cluster average quality, av-
erage cluster size, and sparsity for the original dataset .A, and (v, ©) BIRCH generated vector
sets B

Dataset/(v, 1) A |B/(2,0)|B/(0,1)|B/(50,1)
Size 517,417 6073 6185 5322
Max clus. av. quality| na 0.9 0.8 0.9
Av. clus. size na 85.19 | 83.65 97.22
Sparsity 1.5% 25% 25% 28%
1 p
We compute sparsity of a vectors set {a,...,a,} € R"™ as n—z n(a;),
i=1

where n(a) is the number of nonzero entries of a vector a.

In these experiments PDsyDP, N = 1,2 generate 10 clusters. Results of se-
quential applications of (2,0) BIRCH, PDs; DP/PDs,DP, and (2, 0) k-means/smoka
are reported in Table 4.3. The results collected in Table 4.3 show that two dimen-

Table 4.3. Collection: Enron email dataset; number of iterations and quality @ of 517,417
vector dataset A partition generated by (2,0) BIRCH, PDs; DP/PDs;DP, (2,0) k-means, and
(2,0) smoka; the size of the dataset BB is 6073, the vector space dimension is 5000, total of 10
clusters

Algorithm  |PDs;DP|(2,0) batch k-means|(2,0) k-means|(2,0) smoka
# of iterations na 7 1389 28
Quality 499,485 498,432 497,467 497,466
Algorithm  |PDs2DP|(2, 0) batch k-means|(2,0) k-means|(2,0) smoka
# of iterations na 11 1519 36
Quality 499,044 498,092 497,334 497,385

sional approximations provided by PDsyDP generate better partitions than those
provided by PDs; DP. The results also indicate that smoka generates clustering re-
sults of quality comparable with those generated by k-means.

The number of iterations performed by smoka is a fraction of the number of
iterations performed by k-means. Note that distance computations are the most nu-
merically expensive operation performed by k-means. In addition to computing the
distances between high-dimensional vectors and centroids performed by k-means,
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each iteration of smoka also computes exponents of the distances. This additional
computational effort is negligible as compared to that required to compute the dis-
tances. Moreover, for distance-like functions other than the quadratic Euclidean dis-
tance the incremental step may require as much computation as the batch step. In
contrast smoka does not perform incremental iterations. In this case the compu-
tational cost of a single smoka iteration requires about 50% of the computational
effort required by one iteration of the k-means algorithm.

In all experiments reported in this chapter smoka converges roughly as fast
as batch k-means, and generates superior results. Convergence for (2,0) k-means,
(2,0) batch k-means, and (2,0) smoka applied to the initial partition generated by
PDs;1DP is shown in Figure 4.5. While smoka stops after 28 iterations, already af-

x 10* Smoka vs k-means
5.25 ; !
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Fig. 4.5. Collection: Enron email dataset; quality ()5 of partitions generated by the first 28
iterations of (2,0) k-means (batch iterations are marked by “*”, incremental iterations are
marked by “0”), and (2,0) smoka (marked by “x”).

ter the first eight iterations the smoka corresponding lower branch of the graph is
almost flat.
Table 4.4 reports results for the purely logarithmic distance-like function

dtx.y) =3 |vlillog 2+ x11] - y1
j=1

In contrast to the quadratic case (reported in Table 4.3) PDs; DP outperforms
PDsoDP. Nonetheless, the final partition generated by BIRCH, PDs;DP, and k-
means/smoka is of about the same quality as that generated by BIRCH, PDs;DP,
and k-means/smoka.

Finally Table 4.5 displays results for the logarithmic function augmented with
the quadratic weight:
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Table 4.4. Collection: Enron email dataset; number of iterations and quality @ of 517,417
vector dataset A partitions generated by (0,1) BIRCH, PDs; DP/PDs,;DP, (0,1) k-means,
and (0,1) smoka; the size of the dataset 3 is 6185, the vector space dimension is 5000, total

of 10 clusters

Algorithm PDs;DP |(0, 1) batch k-means| (0, 1) k-means|(0, 1) smoka
# of iterations na 34 2661 29
Quality 1.3723e+07 1.36203e+07 1.34821e+07 | 1.35365e+07
Algorithm PDs2DP |(0, 1) batch k-means| (0, 1) k-means|(0, 1) smoka
# of iterations na 41 2717 33
Quality 1.37277e+07 1.36271e+07 1.34821e+07 | 1.35316e+07

ax,y) = |xy||2+2[ 1og

Table 4.5. Collection: Enron email dataset;

Y x

<[] [J] -

ylil

number of iterations and quality @ of

517,417 vector dataset A 10 cluster partition partitions generated by (50,1) BIRCH,
PDs; DP/PDs3DP, (50,1) k-means, and (50,1) smoka; the size of the dataset B is 5322,

the vector space dimension is 5000, total of 10 clusters

Algorithm PDs;DP |(50, 1) batch k-means|(50, 1) k-means|(50, 1) smoka
# of iterations na 2 4388 26
Quality 2.65837e+07 2.65796e+07 2.6329e+07 | 2.63877e+07
Algorithm PDs;DP |(50, 1) batch k-means|(50, 1) k-means|(50, 1) smoka
# of iterations na 2 4371 27
Quality 2.6599e+07 2.659449e+07 2.63247e+07 | 2.63903e+07

In this case initial partitions generated through PDs;DP are superior to those
generated through PDs;DP.

4.5 Conclusion

The chapter presented a three-step clustering procedure based on BIRCH, PDsDP,
and k-means or smoka algorithms running with divergences. Our numerical exper-

Aj1+ Ajo

iments show that the fraction varies from 0.95 to 0.1 (here A; is the total

sum of the eigenvalues of cluster 7;, so that A; = Q(7;) when d(x,y) = ||x—y]|?).
This observation suggests that N, the dimension of cluster 7; approximation gener-
ated by PDsnDP, should be cluster dependent. This has the potential to improve the
quality of final partition and, at the same time, to bring additional memory savings.
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The trade-off between the computational cost of high-dimensional approximations
and the quality of the final partitions will be investigated.

Good-quality BIRCH-generated clusters are paramount for consequent PDsyDP
and k-means type clustering. A theoretical foundation for applications of BIRCH
with Csiszar divergences is already available. The k-means algorithm with Csiszar
divergence tends to build clusters with many words in common (see [KTNO3],
[TBD*06]). Application of BIRCH equipped with Csiszér divergence may lead to
clusters with sparse centroids, and this approach will be examined.

In an attempt to speed up BIRCH clustering, one may consider selecting only a
fraction of the existing clusters for an assignment of a “new” vector. A number of
selection techniques have been reported recently in [Wia07].

The numerical experiments conducted by these authors indicate that smoka gen-
erates clustering results of quality comparable with those generated by k-means. At
the same time the number of iterations performed by smoka is a fraction of the num-

ber of iterations performed by k-means. Moreover, the experiments show a sharp

. # of smoka iterations
decrease in

7 of k-means iterations with the growing size of the dataset. Table 4.6
- 1teration:

shows the ratio for some of the results reported in th