Simple iteration procedure
Solve A r=25 [—> Known approximate solution
(-1 1
M Az = M""'b
< M = —— Jacobi
M = |, —— Gauss-Seidel

Preconditionning:

L Lower triangle

ro =b— Axo > residue

M zo = 10 ———— use of pre-conditionner
— T = Tk_1 + 2Zk—1 ——— correction

r. =b—Ax, ——— residue

—— M z,, = rp, —— use of pre-conditionner



Convergence
€ — A tb— T
e =T —M 1A ey 1 =..= (I —M1A)~e
limp —oo||(I = M~ A)F|| =0

| » Spectral radius (magnitude
gk — ey 0 of largest eigenvalue)

Convergence rate (from now on, we replace A by Aand M'b by y):
lresall < V1= a?/[JA][? [lrill (0 & F(A™) )
Eos
= =
y-y

Field of values:

F(A) ={y"Ay : ye C", y"y =1}



Key elements of iterative solvers

» Good pre-conditionner (often based on nearest interactions)

 Fast matrix-vector multiplication (e.g. based on Fast Multipoles)
(get far below N2 complexity, e.g. N log, N)

« lterative technique with good convergence/stability properties
(get far below N iterations)

——> Get far below O(N3) complexity (D N log, N)

Number of iterations



Minimization by projection

q.

Projection:
<

Distance:

g — @l =l —al*+ g —q|°




Orthomin(1) and orthomin(2)

T € span {b, Ab, ... A1 b} —— Krylov subspace

Th+1 = Tk + ag (b — Axy)

- |
Pk =Tk i1 = TE — ag A p . Residue orthogonal

to subspace /A r
GYANLSE (Tky ATg) . .p -
ap = > Projection on A 7y
A?‘k <A Tk, A?‘k>
Orthomin(2):
DL — T — <A Tk’Apk_1> _+ — Project on larger
Pk k Pk—1
(Apr—1, Apr_1) subspace

0 ¢ F(A") { Orthodir(n)

Beyond that, project on all previous values of A, GMRES



Modified Gram-Schmidt (MGS) algorithm

i1 = [[va]]
C]1=’U1/?"11
E=1,...n
qr = Uk
i=1...k—1
Qk < Gr — (Qr- ¢i) 4
ek =lanll

Qe = G/ Tkk



MGS defines a QR decompositon

k—1

UV — E Vik i = Tkk (k

1=1

A=QR = <

/

For overdetermined problems,

QR solution = least-squares solution

Normal equations: AH Ar =

ﬂ

Rx =

Ar =10>

QRx =10
Rzx=0Q"b
At p

Q" b



Arnoldi algorithm: MGS on Krylov subspace

H%‘lH =1 | span {rg, Arg, ..., A"ro}
normalize |
7 =1,2 ...,
gj+1=Aq
1 =1,...,7
hii = (qj+1,qi)
Qi1 < qj+1— hij qi
Piv1s = [lgj1]]

Git1 = Qi+1/Rjv1,



Simple iteration procedure
Solve A r=25 [—> Known approximate solution
(-1 1
M Az = M""'b
< M = —— Jacobi
M = |, —— Gauss-Seidel

Preconditionning:

L Lower triangle

ro =b— Axo > residue

M zo = 10 ———— use of pre-conditionner
— T = Tk_1 + 2Zk—1 ——— correction

r. =b—Ax, ——— residue

—— M z,, = rp, —— use of pre-conditionner



Formation of Krylov subspace

T = T — T
If A already preconditionned:
ZB;{: = (L‘;C_l -+ (b — ACC;C_l)

v, =x,_ 1+ ((b—Ax,—Ax),)
v, =ro+ (I —Ax)_,)

/
331 :TO

v, € span {ro, Arg,..., A" ro}



Primitive GMRES (Generalized Minimum Residual)
Principle: the solution belongs to the (orthogonalized) Krylov subspace...

T = To + QL yg

...with coefficients ¥, obtained in the least-square sense

...for instance with the help of a QR solution !

Theresidue: b —Axp,=0b —Ax,—AQLyx
re =10 — AQL Yk

IS minimized if orthogonal to the subspace

formed by A (), o /™ ]



Primitive FOM (Full orthogonalization method)
Principle: the solution belongs to the (orthogonalized) Krylov subspace...

T = To + Qr Y

...with coefficients Y. obtained such that (for SDP A matrices)
the A-norm of the error gets minimized:

e= (2 —a2)" A@—2)
¥ —i+06, Ovespan{ro, Arg,..., Ao}
oM (A(z —x))+6M A5, >0

\T’C Qk-1
70 N
‘ 0/



« Brutal » algorithm for FOM and GMRES

ql1=ro;q=q1; % hyp: x0=0, q = Krylov
stop=0; k=0;

while (stop==0)
k=k+1;

p1=A*q1; % maitrix-vector product
g=[q,p1]; % A*Kyrlov subspace

ga=q(:,1:k); % Kylov subspace K
gb=q(:,2:k+1); % A*Krylov subspace
[ga,rr]=gr(ga,0); % Orthogonalize K
gb=(rr\gb")"; % same transformation to A*K

\

We should not orthogonalize
at each step !

if (gmres)
[q,rr]=qgr(gb,0); % GMRES
% has been simplified w.r.t. course
y=rr\(aq™ro);

elseif (fom)
[gq,rr]=qgr(ga™qb,0); % FOM
y=rr\(qq™qa"ro);

end

x=qay;

res=norm(gb*y-ro)/norm(ro) % residue
if ((res<1e-12)||(k>20)) stop=1;

end

end



Arnoldi algorithm: Upper Hessenberg Matrix

Qj+1 < qj+1— hij g
Piv1 = ||qi+1]]
qi+1 = qi+1/ 11,



Arnoldi recursion

From orthogonalization algorithm:

J
Agy = hijai =hjy1; ¢

1=1

Recursion formula:

AQr =Qr Hi. + [0y i hiert ke Qreat] = Qrar Hivoqk

J

nxn nxk ! nx(k+1) (k+1)xk

T
Pkt 1,k Q1 €,



Arnoldi recursion applied to FOM

Preliminary: 3;1, A Qm = H,,

Orthogonality w.r.t. Q: Q2 7, = QL (b— A (2o + Qo ym)) =0
ng, T'o = ng, A Qm Um
6 €1 = H’m YUm

[[7ol[¥

Ym — Hf;zl (661)

Residue:

6 qd1 — A Q'm, Ym =— %_ Wt _ h'm—l—l,?’n dm—+1 6;1;;, Ym



GMRES: residue minimization

— miny||ro — AQy y|| = miny|[ro — Qr+1 Hyr 1,6yl =

min,, || Q-1 (KI? €1 — Hyy1 1 y)|| = miny||5€1 — Hip1 kY]

ol

All O’s, except
as proven earlier entry 1
b — Awy|| = ||Be1— F" Ry*|| = ||pFe1 — Ry,
QR decomposition of [, | | |
Succession of k+1 comp. of 3”FC1 ||
orthonormal )
transformations:

FFH=]



Recursive orthogonal transformations for H

Orthogonalisation realised xr T X
at previous iteration: 0 T
(F,szl) ch+1,k = e L
0 0 @
0 0
_ r T ]
Same operations on new 0
Hessenberg matrix: L X e ow
Fir..Fy) Hi o114 = operation to
(£ 1) Hiy2 b4 0o .. 0 =« null that entry
0 0 I
0 0

operations applied

from same
to new column of H



Givens rotations

c=|d|/\/|d]?+ |h]? s*=ch/d ifd#0
c=0 s=1 ifd=0
Expression of residual

2 2
b— Az =3¢ — FE Ry"|| = ||BF¢ — Ryl

— Norm® of k+1 comp. of FCl



Conjugate Gradients for symmetric DP matrices

H,, = Q% A (),,, mustbe symmetric H,, =1,,

7 =12,...,

Bi=hij—1,; =(q-1,4¢)
q; —— Aq; — Biqj-1

o = (G, q;)

qj < qj — Qi q;

Bit1 =]
Qi+1 = q;/Bj+1

Tri-diagonal !!!

General Arnoldi:

hjvi = |qi+1]]

Gj+1 = Qj+1/Njt1



Conjugate Gradients for symmetric DP matrices

H,, = Q% A (),,, mustbe symmetric H,, =1,,

Tri-diagonal
Solution: ¥ = 1.1 (Ber)

Arnoldi’s 3-terms recurrence:

Biv1qi+1 =Aq; —a;q; — Bi—1q-1



