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Abstract. Let E, betheerrornormof the bestL., rationalapproximatiorof degreen to the exponential
functionexp(—t) on [0, ). Groundsaregivenfor settingthe conjecturedimit E,/q" — 29~/ 2 whenn —
o, whereq is theknown constant1/ 9'= 1/9.2890254919208891875549435951 745)610310486/7. . .,
basedn the singularvaluesandfunctionsof therelevantHankeloperato(Caratteodory-Fegr's method).
Moreover, hintsaregivenaccordingto which a valuableasymptoticexpansionof E,, shouldalsocontain
n" powersof new constantsy; = ‘1/56, g, = '1/ 240, etc.
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1. Intr oduction

Bestrationalapproximatiorto exp(—t) on0 < t < c hasbeenmuchworkedsince[5]: asrecalledin [3]
and[26] chap.2, the bestL,, errornorms

ot Palt)
Qn(t)

wherethe minimumis takenontherealpolynomialsP, andQ, of degree< n, have beenfoundto decrease
geometrically Therateof decreasegncethoughtto bel/9, latercalled'l/ 9', hasbeendeterminedn [11].
Thiswill berecalledbriefly in section2.
Ontheotherhand,quasioptimaltationalapproximationdasedon the Caratteodory-Fegr's (CF) method
have beenshawn in [24] to be closeto the optimal ones(seesection3). Tablel shows valuesof E,
(from [3]) andeigervaluesh, of theappropriatédHankelmatrix (from [15] and[24]): therelative closeness
of the o, = |Ay|'sto the E,'sis amazingatentatve explanationwill begivenin section5. Following [15],
more asymptoticspectralpropertiesof the relevant Hankel matrix are studiedhere. More precisely a
descriptionof the asymptoticbehaiour of the eigenfunctionf a spectrallyequivalentintegral Hankel
operatowill beattemptechere(in sectiord).
Thefollowing conjecturewill bepresented:

Conjecture 1. En/q" and|A,|/q" — 2q/2 whenn — o, whereq=‘1/ 9, theconstantiescribedn [11]
(Theorem?2) and[15].

E, = min max

Pn,Qn 0<t<oo k

2. Exponential behaviour of the error norm.

LetusfirstconsidethattheapproximatiorP,/Q, interpolategxp(—t) atthepositvenumberg;, ..., thy1.
Fromthe Hermite-Walshremaindeformula,
Pt Zoja(t) 11 Qn(T) dt
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TABLE 1. Errornormsandeigervalues.

n En An
0  5.000000000000000E-01 5.601715174207940 E-01
1  6.683104216185045E-02 -6.680573308019967 E-02
2  7.358670169580528E-03 7.355581867871742 E-03
3 7.993806363356878E-04 -7.994517064498902 E-04
4  8.652240695288851E-05 8.652095258749368 E-05
5 9.345713153026646E-06 -9.345740936352446 E-06
6 1.008454374899671E-06 1.008453857122026 E-06
7  1.087497491375248E-07 -1.087497586430036 E-07
8 1.172265211633491E-08 1.172265194363526 E-08
9 1.263292483322314E-09 -1.263292486435714 E-09
10 1.361120523345448E-10 1.361120522787731 E-10
11 1.466311194937487E-11 -1.466311195036850 E-11
12 1.579456837051239E-12 1.579456837033622 E-12
13 1.701187076340353E-13 -1.701187076343463 E-13
14 1.832174378254041E-14 1.832174378253495 E-14
15  1.973138996612803E-15 -1.973138996612899 E-15
16  2.124853710495224E-16 2.124853710495207 E-16
17  2.288148563247892E-17 -2.288148563247895 E-17
18  2.463915737765169E-18 2.463915737765169 E-18
19  2.653114658063313E-19 -2.653114658063313 E-19
20  2.856777383549094E-20 2.856777383549094 E-20

whereZ,,1(t) = (t —t1)...(t —th+1), andwherethe parabola-likecontourC encloses and[0,«). One
canthenchooseQ,, Z,;1 andC (which may dependon n) suchthat the absolutevalue of the rational
functionZ,,1/Qn is muchsmalleron [0, «) thanon C (Zolotares problem). A geometricdecreasef the
errornormscanthenalreadybe exhibited ( [7] chap.6) but happendo belargerthanthe obsenedvalue.
Thisis explainedby the numerouphasechange®f Q,/Z, 1 onC, makingtheintegralmuchsmallerthat
theintegral of theabsolutevalue. The properwayto gofurtheris to takeinto accounin moreinterpolation
pointsty, 2, . . .,tony 1, thisamountgo the propertythat Q,, is orthogonato polynomialsof degree< nwith
respecto the complex weightexp(—1)/Zan11(t) onC, whereZyn1(t) = (t —t1) ... (t —tonp1). We then
have amorecornvenientremaindeformula

DR Zaa®) 1 QRO dr W
Qn(t)  QR() 2m Jo Zonya(T) ~ Tt
Using andextendingresultsof Stahl( [21]; see[22]- [23] for otherstriking examplesof Stahls savoir
faire), Gontarand Rahmanu [11] shoved that the interpolationpoints and the zerosof Q, tendto be
distributedfor large n in sucha way that [Q3(1) /Zzn.1(1)]Y/" behaes essentiallyas exp(—29/(1/n)),
wheretherealpartof 9/ is constanbn [0, «), therealpartof 29/(z) + zis anotherconstanbn a fixed cut
F (which hasto befound),andwherethe phaseof exp(27/(z) + z) takesoppositevalueson the two sides
of F (from the Stahl-GortarRahmana symmetrypropertyaboutthe normalderivativesof the real part
of 27/ + zandthe Cauchy-Riemangonditionstranslatingthis asa propertyof the tangentderivativesof
theimaginarypartof 29/ + z, i.e., thephaseof theexponential).Fromthevalueson [0, ») andF, thelimit
‘1/ 9’ of then! root of thenormof (1) couldbe establisheqTheorem2 of [11]).
Hereis anotherway to recoser an approximatedescriptionof the error function, using a changeof
variableswhich will be usefullaterin connectiorwith the CF method: Zon,1(t) /QA(t) is very closeto
equioscillatingon [0, ), let Q. bethepolynomialwhosezerosarethe squareootswith positivereal parts
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TABLE 2. ‘1/ 9’ relateddata.

k=sinB; = 0.908908557548541478 23611890874 47935049010 13969 34041
K'=cosB; = 0.416995484406042056 39041957807 08777669261 0248051382
1/g=exp(TK'/K) = 9.289025491920818918 75544 943595 17450 610316 94867 75012
K = 2.321049732530421147 34283739983 63391 884921 30611 06173

E=K/2 = 1.160524866265210573 67141869991 81695 942460 65305 53086

K’ = 1.646691444319468373 72958 069030 71310 342303 61789 30922

E' = 1.500106889651998925 76311071782 20799513106 39988 66470

&1,&2 =K £ik)/K 0.564412701731271 + 1.230228033100522 i

of —n~! timesthe zerosof Qy, i.e.,if p1,..., p, arethe zerosof Qp, —np2,...,—npZ arethe zerosof Qn,
andén(u)én(_u) = Qn(_nuz)- ThenaZZnJrl(_nUZ)/Q%(_nuz) ~ [Qn(U)/Qn(—U)]Z—}— [Qn(—U)/Qn(U)]Z
is agoodguessgelatingthedistributionof theinterpolationpointsonu € theimaginaryaxis(t = —nu? > 0)
to the polesof the approximation.Accordingto [11], the py’s tendto be distributedon a fixed locusT:
Qn(—U)/Qn(u) ~ exp(nd(u)), where

W= [log =" 7 du(p), %)

wherep is a (still unknavn) positive measuref unit total Welghton I (still unknowvntoo). Remarkthat®
is anodd functiondefinedoutsidel" and—T", that®(u) is a pureimaginarynumberwhenu is imaginary
becausehedistributionp is symmetricabouttherealaxis: dy(p) = du(p), thatits expansionaboutO starts
as®(u) =2 - p~ldyu(p) u+ -+, andthat®(«) = 11 (as fr du(p) = 1). Then,(1) becomeswith t = —nu?
andt = —né&2:

enuz Pn( I’]UZ) _ ZZnH(—nuZ)i Q%(_nzz) enEZ 2t de
Qu(-n®) T QX(-n?) 2m Jr Zonpa(-nE2) T -2
g’ 2
N (eznd)(u) +e—2n¢(u)) / ST Euz & 3)

The connectiorwith thefunction 4 of [11] is ®(u) = —¥(—u?)4 constant.
Thefollowing expressiorof @ asanelliptic integral will beneeded:

v G -HEH % e

whereg; and&, aretwo comple conjugatenumberswvhich will soonbedeterminedandwhere

2 2\ 71-1/2
[(1— §—> (1— %)] ~ |€1]?/&% when§ is large. In orderto seethat (4) hasthe desiredprop-
1 2

erties, we first establishthe link with the Jacobinotationfor elliptic integrals throughthe changeof
variables( [17]) n = 2i/[&/|8| — [€]/&] ,v = 2i/[u/|&| —[&]/u] , then, with &; = [&]exp(iBy), & =
€1/ exp(—i61), k= Sineli/i =i[&/(1+/1-n2)/nif [ > &, § =i[&](1—/1-n?)/nif |§] <[&],

2 2 -1/2 .
[(1— §—2> (1— 2—2)] dg = i12|zl|(1_ k?n?)~12(1-n?)~% 2dn (with the+ signif |£] > |4, with

1 2

0 EZ EZ -1/2
the minussign otherwise). Then, ®(0) =i — [ [(1— E_2> (1— 5_2)] d§ = 1 —i|&1|K, where
Hieo

K = [5(1-n?)~Y2(1- kn?)~%2dn is the completeelliptic integral of first kind of modulusk. The
condition®(0) = 0 yieldsthe first condition|&1|K = 1. Next, we wantu — @’ (u) to takeoppositevalues
onthesidesof I', in particular®’(u) /u=1 at&:
Um0 (U) = =[] f§[L+ (1- )Y Pn?(1—n?) "M 2(1- Kn?)~Y Zdn =
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: 2\1/2
- |EI_| 2(1- k%lﬁﬂ FK(VK) - 2E(vK) |,
1

whereK (v;k) = (1 -n?)~Y2(1-k?n?)~Y2dn andE(v;k) = [5(1-n?)~Y%(1—k?n?)Y/2dn arethe
incompleteelliptic integralsof first and secondkind (the resultsof [2] section3.1 are used,but the no-
tation is slightly differenthere[Akhiezer usesK asthe agumentof E]). At u= &;, n = 1/k, where
onehask (k~1;k) = K+ iK' andE (k~1;k) = E+i(EK’ — 11/2) /K (seebottomof [2] section3.1),sothat
®'(81)/&1=1—-(i/mM)(K - 2E)(K +iK’) whencetheconditionK = 2E discussedh variousforms(going
backto Halphen1886!)in [11] [15] [26]. TheconditionK = 2E couldbe obtainedmoreeasily( [17]) by
expressing®’'(§1)/§1 — P'(§2) /&2 = 0, but the presenderivationshavedthat®’(§,) /§1 = 1 aswell. It is
thenclearthat®'(u) — u takesoppositevalueson thesidesof I', as®’(u) —u =

u EZ EZ -1/2

iZu/‘E g2 [(1— 5_2) (1— ?)] d€. If we call ®; the analyticcontinuationof ® = ®q acrossl,
1 1 2

we seethat @ (u) = 2u— @'(u), therefored; (u) = u? — ®(u)+ constant. This constantis found from

®1(&1) = ®(&1), hencepy ®(u) = 10 +ud’(u) /2 —i|&1|K(V;K) /2: D(E1) =TI +&2/2—[&1|(K+IK') /2=

Ti/2+&2/24 1K'/ (2K), so

®;(u) = u? — d(u) 411 - logq, (5)
whereq = exp(—T1K'/K) is thefamous'1l/ 9’ constant Similarly, continuationof ® across-TI yields
®(u) = —u? — d(u) 4 logg+ 1. (6)

Therealpartof &2 — 2d(§) is theconstantogq onthearcr, asit should. Thenumericahaluesarerecalled
in Tablell. Thepoint&; (/—ain [11]) is markedon figure 2; thearcT is almostthe rectilinearsegment
joining &; and&, = &, (seealsofig.1 (m= 1) of [15] where&; and&, arecalledX, andX;). Interesting
expansionof ® are,

near0: ®(u) = 2u— (72 + &2 u/3— (E7%/4+87%65%/6 4+ 854 /4)u°/5 4 -- @)
near+ i : ®(u) = 1 +2|&4)%/(3u) + |&1|?(E3 + €3) /(15U%) + - -- 8)

3. Useof the Caratheodory-Fejér’ smethod.

CaratteodoryandFejer (andalso Schurand Takagi) studiedseveral problemsof estimationof Fourier
andLaurentseriesandgave very constructve answerslnitially, the problemwas: givenaboundedcom-
plex sequencep, g, .. ., estimatev = sup| ¥§ gkl¥| on || < 1. Looking at the normsof the partial sums
| T okl would be mostclumsy and would suggestvrong answersin somecases. The methodof

CaratfeodoryandFejér is the following: for eachN > 1, constructthe expansiony §~* guZ¥ + 3% g(kN)Z"
of lowestpossibleL, normvy. It is thenshavn thatthe vy’s form an increasingsequencevith limit
v, morewer, thatvy is thelargestsingularvalueof a Hankelmatrix constructedvith go, ..., gn_1 Other
singularvaluesbecomeusefulif n polesin |{| < 1 are allowed, by addingan expressionof the form
SRoe T/ shed .

Theappropriatesettingfor approximatingagivenseriesf, (z) = 7 aZ with realcoeficientsis to look
for afunctionof theform

M(2) = 320 h#/ T8 = 320 tkn2/ T0€n-kZ ™",

wherethenumeratoseriesconvergesin |z| > 1, with npolesin |z > 1, andsuchthatthenormof ) a2 —
rn(2) is thelowestpossibleon |zl = 1 ([24], sectionl; theconnectiorwith theoriginal CF problemis made
by z=1/(,9« = an—k). If the givenfunctionis continuouson the unit circle, we may considerinfinite
Hankelmatrices(N — o) ascompacbperatorg [1], [4], [16]). We thenarrive atanerror of theform

Up+ Uxz+...
f — =Az—=
+(Z) rn(z) nZU1+ u22—1+...

(9)
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with realA, ug, Uy, ..., andwhereu; + upz+ - - - hasexactly n zerosin |z| < 1, sothattheerrorcurveis a
perfectcircle abouttheorigin of radiusc, = |A,| andwinding number2n+ 1. Factorizingu; 4 Uz~ 4 - --
asyfen_kz X timesasecondactor, which is anotherexpansionin z-1, we seethatgatheringthe positive
powersin the productof (9) by us 4+ Uzt + - -, we have auy + ag U + - - - = AU, k= 1,2, .., i.e., the
eigenproblenHu = Apu, whereH is theinfinite Hankelmatrix [ai+i+l]i°?j:01 andwhereh, is the (n+ 1)th
eigervalueof H in decreasingrderof theabsoluteralues:|Ag| > |A1| > ... Thisbrief descriptiorsupposes
that |An| is not repeated:An_1| > |A|n > |Ans1|, See[1], [9], [12], [16] for a more completediscussion
includingcomple functionsanddegenerateases.

The expression(ag + 'n(z) + rn(1/2)) /2 yields thenan approximationwith n polesoutside[—1,1] in
thex= (z+1/z)/2planeto F (x) = (ao+ f1(2) + f1(1/2)) /2= apg/2+ 37 aTk(X), with anerrorfunction
which equi-oscillategxactly at2n+ 2 pointsof [—1, 1]. Finally, a Chebyshe economizatiors performed
on (ag+rn(2) +rn(1/2))/2in orderto getarationalfunctionof x [24].

Rationalapproximationgo exp(—t) on [0, «) arefirst translatedasrationalfunctionsof x= (c—t)/(c+
t), ¢ > 0, sothat we have to considerthe Chebyshe expansionF (x) = exp(c(x—1)/(x+ 1)), or the
Laurentcoeficientsof F ((z+1/2) /2) = exp(c(z— 1)2/(z+1)?). Any positivevalueof c yieldsaspectrally
equivalentHankelmatrix H, but the mostexplicit settingappearsvhenoneconsiderss — co:

Theorem 1. The eigervaluesof the Hankelmatrix H arethe sameasthoseof the integral Hankel
operatorH givenonlL;(0, ) by

(1109 == [ iy ay (10)

Indeed the meaningfulpartof theintegralax = (1i)~* f,_; exp(c(z— 1)%/(z+ 1)?)z*~*dzis aneigh-

bourhoodof z= 1, asc(z— 1)?/(z+ 1)? hasa strongly negative real partwhenz # 1 on the unit circle.
Letz=1+42iuc™Y2 ag ~ 21 1c~Y/2 [® exp(—u? — 2ikc~Y 2u)du = 2(1c) =Y/ 2exp(—k?/c) whenc — .
Theelements

(HU)k = 3@t ~ 2(T0) "2 35 exp(— (k-+ m)2/C)m
behae essentiallyas valuesof a function of the variablekc™/2: let x = ke™¥2, y = mc™¥/2, f(y) =
umcY4, (sothat sy u2 = ¢ ¥/252[f(mcY2)]2 ~ [ (f(y))?dy remainsconstant) g(x) = (Hu)xc/* ~
2(10) M2 35_oexp(— (K-+ m)?/c)ct4um ~ 201/2 [ exp(— (x+Y)?) F (y) d.
In particular if Hu = Au, then# f = A f, with thesameA.

Theeigenfunctionsf, .. ., fg correspondindo Ao, . ..,Ag of A areplottedin figure 1. The studyof the
asymptotichehaiour of f, for largen shouldshedsomellght onthevalueof An. If auniform asymptotic
formula f, couldbefoundsothatthel, norm||# f,— An || < & couldhold, with || f|| = 1 ande,/|An| —
0 whenn — o, thenA, would be a valuableasymptoticestimateof A,,. Unfortunately the subjectis not
yetso ad\anced.

4. Asymptotic behaviour of the eigenfunctions.

The typical oscillationsof the eigenfunctionsshown by figure 1 suggesthat f,(x) containsthe ex-
ponentialof n times a function taking imaginaryvalues(from 0 to 1) on a part of the real axis. Ac-
tually, asthe transitionpoint separatingpscillatory behaiour from monotonouslydecreasindgehaiour
seemsto increaselike n'/2, we expect an asymptoticformula involving the exponentialof n times a
fixed function of x/n'/2... For a more accurateguess,we know that if the CF methodis successful,
the polesof the CF approximantare very closeto the polesof the bestrational approximation[24], so
U+ Upz-t+ .. andQ,(u) shouldhave commonfactorswith n'/2u = ¢'/2(z— 1) /(z+1). Whenc — «:
STWZ ~ 3T fo(ke Y 2)[14 2(n/c)Y 2k ~ Y2 [ £4(E) exp(—2nY/ 2u€) dE i.e., the Laplacetransform
of f, shouldcontainat leastthe factor exp(—n®(u)). This asksfor the inverseLaplacetransformof
exp(—nd): fn(&) is expectedto involve [5, exp[—nd(u/(2n*?)) 4 Eu]du on someBromwich contour A
saddlepointnalysispredictsthis integral to behae like exp[—n®d(s/(2n'/?)) + s, wheres is a root of
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FIGURE 1. Eigenfunctionsof #.
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FIGURE 2. Imageof theupperright quarterplaneby @'

& = (n¥2/2)d'(s/(2n*/?)). So,s/nY/ 2 is arootx of theequatior2y = @' (x/2) wheny = &/n'/? is given.
Let W' betheinversefunctionof @', thenx = 2¥'(2y) and

D(x/2) =10 +xy—W(2y) if 2y=d'(x/2), i.e x=2W(2y) (11)
indeed,®(x/2) — i = [X/20(2)dZ = [P ndW'(n) = 2yW (2y) — W(2y), sothat —d(s/(2nY/?)) + Es =
W(28/nl/2),

Figure 2 shows the imagesof horizontaland vertical lines of the upperright quarterplaneReu > 0
andlmu > 0 by @' andits analyticcontinuationd® (u) = 2u — ®'(u) acrosshecut” = [£1,&,]. Thenet
of solid lines (imagesof verticalsReu=0,0.25,0.50,etchby ®') anddashedines (imagesof horizontals
Imu=0,0.25,0.50etc. by ') cover aregion extendingup to —2 to theleft (—2 = @/ (0)). Thismeanghat
W' mapsthis region to the upperright quarterplane. For instancethe point 1.311+ 0.344i marked2g in
figure 2 is at the intersectionof the solid line of label 0.25andthe dashedine of label 1.00: this means

that1.311+4 0.344 = @'(0.25+4 i) andals00.25+4 i = W'(1.311+ 0.344)).
Fromthe expansiong7) and(8):

nearO: W(v) =2 (_2|E_1|2) 1/2\,1/2_|_ e (12)
; = 3 ’
5 3 1/2
near2: W(v) :ru'+§ <_W) (v—2)324 ..., (13)
1 2

So,0and2 aresingularpointsof W whichis pureimaginaryin [0, 2]. Thisseemso explaintheobsened
behaiour of theeigenfunctiondy,:

Conjecture 2. Theeigervalueshy, A1, ... of the Hankelintegral operator(10), with |Ao| > |A1] > ...,
satisfy

An~ 2(—1)"g™Y 2 whenn — . (14)
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Thecorrespondingigenfunctiondy, f1,... of (10) satisfy
fa(X) ~ A(x/VY 2) explvW(2x/vY ?)] 4 B(x/vY/ ?) exp[-vW(2x/vY/ )] ,n — co. (15)

withv = n+ 1/ 2, andwhereA andB are(still unknown) fixed functions,andwhereV is suchthatWV' is
theinversefunctionof @' (with ® givenby (2) and(4)).

To explore thevalidity of this conjecturelet usintroducethe proposedormulaof f, (vl/ 2y) in (10):

(H ) (V/28) ~ (2v/1?) [57 exp(—v(E+1)?) [Aexp(v¥(2n)) + Bexp(—v¥(2n))]dn.

We estimatehesentegralsby saddlepoinainalysis:
(H ) (VY 28) ~ 2A(s1) (1 - 29" (251)) 2exp[ v (€ +51)2 — W(2s0) ]+

+2B(sp) (1+29"(25,)) " 2exp[ -V (& + %)%+ W(25)],
wheres; ands; arerootsof § + s= +£W¥'(2s), foundthrough®' andits continuationsicrosd™ and—T": let
2¢€ bein therangeof @', say2§ = ®'(w). Then,as®'(w) + @ (w) = 2wand®'(w) + P, (w) = —2w, 51 =
®(w)/2 ands, = d,(w) /2 arevalid solutions.For instancefigure 2 shovs apoint 2§ = 1.311+ 0.344
correspondingo w = 0.25+i. The point marked2sis @} (w) = 25, = —0.811+ 1.656 (2s; is not on
figure2).

Now, using(5), (6) and(11): — (& +s1)%+W(2s1) = —W2 — D1 (W) + 25 W+ Ti = —W2 + D(W) — w2 +
logq — T + 281w+ Ti = —W(2€) +logq+ Ti, — (§+51)2— W(25) = W2+ D(W) — 25w — Ti = WP —
D (W) —W? +logq+ i — 25w — T = W(2€) + logq — T, S0, we seethatthe exponentialof £vW(2¢) are
recorered.Eigenfunctionshouldthereforesatisfy

2A(s1)[1—2W" (2s7)] Y/ 2exp(vTi) g’ = AnB(E) (16)

2B(s2)[1 429" (25)] 7/ 2exp(-vTi) 0" = AnA(E) (17)
wheres;, s = @1 5(W) /2= —-§ £ W' (28) if 28 = P'(w).

If thisis enoughto guesghatA, will behae like (—1)"q", theseequationglo notgive clearindications
onwhatthefunctionsA andB shouldbe. Moreover, thesefunctionsareprobablydiscontinuougon Stokes
lines),asaresultof representinghe entirefunction f, by anasymptotidormulainvolving functionswith
branch-pointsSo,asW(§) — +e when§ — +, andas f, € L,, onemusthave A(§) = 0 in aregion con-
taining[2, ), but A(§) # 0in [0, 2] wherethetwo imaginaryexponentialsareneededn orderto explainthe
oscillationsof f,. This stateof thingsis commonin differentialequationgliscussiong¢JWKB-Liouville-
Green-Stekla theory[6]), whereonehasconnectiorformulas.Assumingsimilartoolsto bevaluablehere,
let uslook for amodelentirefunctionsharingthepropertieof fn(vl/ZE) near§ = 1: asthemainbehaiour
is exp(VW(28)) ~ const.exp((€ — 1)%/?), let uschoosethe Airy function Ai which shareghis behaiour,
andis often found in asymptoticestimateq [6] [18] [19]): fn(vl/ZE) ~ const.(—1)" Ai ((3v(W(28) —
1i)/2)%/2) ~ const.(—1)"(W(28) — i) ~Esin(v(-W(28) /i + 1) 4 T1/4) near = 1 whennis large. This
formula(with v = n+ 1/ 2) agreeqquite well with the numericalresults, morewer, estimatef integrals
in termsof Airy functionsareknown to be valid whentwo saddlepointscoalescd [18], [19]), which is
preciselytruewheng = 1 (s; = s, = —1). Near = 0, ¥(28) ~ const.(—£)/? andaclosemodelappears
now to be the Besselfunction const.Jo(VW(28) /i) ~ const.(W(28))~Y2cogvW¥(28)/i — i/4). Thesat-
isfactorymatchingof the oscillatingterms(—1)"sin(vW¥/i 4 11/4) = cogvW¥/i — 11/4) holdson thewhole
interval § € [0,1] if v=n+1/2. This suggestshattheratio A(§) /B(§) is the constanexp(—iTy/2) = —i
in aregion containing[0, 1]. If thisis trueupto & =&;/2, wheres; = § = &1/ 2, (andwhereW'(§;) = 0)
(16) givesindeed\, ~ —2i exp((n+1/2)m)q" 2, i.e., (14).

A more completeasymptoticexpansionhasbeenworkedin [3], the mostconciseexpressionseemgo
beEn ~ 2q™Y/ 2exp[—1/(12(n+1/2)) +O(n~5)].

5. Superand hyper asymptotics: ‘1/56’, etc.

The useof CF as quasioptimal rational approximationis justified by variousresults(inequalitiesin
[9] [14]) shaving how the E,'s canindeedbe closeto the o,’s. But Tablelll shaws thatthe matchingis
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TABLE 3. Differencedetweererrornormsandsingularvalues.

n E,—on ratios acceleration
0 -6.017152E-02 -16.619159 16.619159
1 2.530908E-05 -2377.467434 198.775020
2 3.088302E-06 8.195145 68.668900
3 -7.107011E-08 -43.454295 61.246073
4 1.454365E-09 -48.866753 58.541695
5 -2.778333E-11 -52.346699 57.460486
6 5.177776E-13 -53.658797 56.901326
7 -9.505479E-15 -54.471496 56.591766
8 1.726997E-16 -55.040521 56.417269
9 -3.113400E-18 -55.46979 56.32180

10 557717 E-20 -55.8240 56.2763

11 -9.9363E-22 -56.129 56.264

12 1.7617E-23 -56.402 56.275

13 -3.110E-25 -56.65 56.30

14 5.46E-27 -57. 56.3

15 -9.6E-29 -57. 56.

16 1.7E-30 -56. 56.

17 -3.E-32

TABLE 4. Otherratesof decrease*1/56’ etc.

K S D'(s) /s 1/0k

=

0.72878+1.48300 0.33333 56.690353
0.86860+1.70178 0.20000 240.251663
0.97785+1.87517 0.14286 846.908936

[CSIN\V]

quite dramatic. Trefethenand Gutknechthave studiedclasseof functionswith Chebyshe coeficients
decreasindike powersof €, to shaw thatif E, ~ o, behaeslike e2"1, |En — 0n| coulddecreasasfast
ase>t3l ([24), sec.2).Tablelll shavsindeedthatthe|E, — on| = |En— |An||'sdecreastike powersof a
numbercloseto 1/56,definitelysmallerthat‘1/ 9’. How canwe explain this phenomenon?

If we considetthatthe oscillationof the besterrorfunctionis completelyexplainedby the exp(2n®) +
exp(—2nd) factorof (3), theamplitudeis thereforegivenby theintegralon I of exp(n&?)[exp(2n® (&) +
exp(—2n® (&)1 = 55 (—1)kexp[n(&2 — 2(1+ 2k)®(E))], asRed > 0 onT. Of course, 1/ 9’ is the con-
stantmodulusof exp(&2 — 2d(&)) on . Curiouslyenoughtheintegrationof the othertermson T yield
otherdecreasingxponentialsof which the first appearsndeedto be closeto 1/56... (seeTablelV: the
exponentialexp[n(&? — 2(1+ 2k)®())] is evaluatedat the saddlepoints,: s — (14 2k)®'(s¢) = 0 for
k=1,2,...) Itisnotclearhow to detecthesenew exponentiallydecreasingontributionsfrom thenumer
ical sequencdE,} alone,but the comparisorof the E,’s andthe o,’s appearso bealucky circumstance
allowing to obsene this new phenomenon.Canwe find a formulafor o, suggestinghow it canbe so
closeto E,? Thebeststartingpointis probablythis one: amongothercharacterizationsg, is the smallest
possiblenorm of a Hankelmatrix of symbolBn¢, whered(2) is hereexp(c(z— 1)?/(z+ 1)?) andBy(2)
is a Blaschkeproduct[]}(z—ax)/(1— za) ( [1], [16]; the a's aresupposedo be symmetricallyplaced
with respectto the real axis(ax| < 1)). This norminvolvesonly the Laurentcoeficientswith negative
index of Bn: it may be estimatedas (2m)~'y 5 1 f,Bn({)$(Q){P~1z7PdZ = (2m)~* [, Bn(Q) (L) (z—
{)~1dZ on |z = 1. By thechangeof variablen/ %€ = ¢'/?(Z — 1) /({ + 1), we have anintegralinvolving
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M7(€ — by) /(£ + by) exp(n€?). This begins to look to exp(n&?)Qn(&)/Qn(—&) in the notationsof sec-
tion 2. It shouldbe possibleto usethe orthogonalityagumentsof [21] in orderto exhibit the squareof
Qn(&) /Qn(—§) instead Thestudyof the CF methodof approximatiorof analyticfunctionswould thenbe
onthe samdevel thanthe existing theoryof rationalapproximation.

Finally, work is presentlydoneon asymptoticexpansionsinvolving several exponentiallydecreasing
term: see[18], [20] for super andhyperasymptotics.It would beinterestingto seeif thesetheoriescan
coverthepresenphenomenonin particularif corvergentasymptoticexpansionsanbe produced:

Conjecture 3. Thebestrationalapproximatiorerrornormsk, andthe appropriateCF singularvalues
0, have hyperasymptotiqperhapsorvergent)expansions

Ea~ S deplS(n+1/2)] 18)

k=0

and .
on~ S chexplUc(n+1/2)], (19)

k=0

whenn — o, with S(X) ~ Y oScmX ™2™ L, Uk(X) ~ T oUemX~2™ 1, Ug(X) = So(X), andwheregy =
exp[sZ — 2(1+ 2K)P(s4)], s beingtheroot of sc — (1+ 2k) @' (s) = 0, k=10,1, ...
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disturbingthe peaceof my mind. Then,notice camethatthe abstractgor the SecondConferenceshould
bereadyfor April 15t (nojoke) 1993.As all | hadto do wasto establishranasymptoticformulaexhibiting
anexponentialbehaiour with respecto n, | proceededo fill thefollowing template:

Theorem. Therequiredeigenfunctiondehave like AX" whenn is large, wherethe functionsA andX
areA = soandso,and X = soandso.

But I did not know neitherA nor X on April 15, Fortunately the contributorswere allowed the new
deadlineMay 1%, it seemsthat it wasknown thatwasin deeptrouble. After painful weeks,| got the
X function, it is the eeriefunctionexpW¥ discussedn Section4. Consideringthe technicaldifficulties, |
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(A theoremis astatementor which | think | have a proof, a propositionis a statemenfor which | have
no proof, but pretendto have one).
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1of all thosewho have nothingto say, themostagreeablarethosewho aresilent.
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Conjecture. Therequiredeigenfunctionbehase like etc. (basically Conjecture2 in Section4).
| don’t know if | shallstill be personagrata on the Third Conferencebut | canpromiseat mostone
Theorem, perhapseveral Propositions quitea numberof Conjecturesandalot of Problems
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