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Abstract. We consider special families of orthogonal polynomials satisfying differential equa-
tions. Besides known hypergeometric cases, we look especially for Heun’s differential equa-
tions.We show that such equations are satisfied by orthogonal polynomials related to some classical
weight functions modified by Dirac weights or by division of powers of binomials. An appropriate
set of biorthogonal rational functions, or 2-point Padé approximations, is also described.
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1. Introduction.

Classical orthogonal polynomials satisfy hypergeometric differential equations. Their descrip-
tion fills many textbooks and handbooks [1,19] [82, §18.3] etc.

The hypergeometric differential equations are second order differential equations of Fuchsian
type with three singular points. The usual canonical setting sends one singular point to co and
the equation is

d*y y ) ay
(u—a)(u b){du2+[u—a+u—b} du} AY = 0. (1)
For instance Jacobi polynomials, orthogonal with respect to the weight function
(I1—2)P(14x)% on (—1,1) satisfy () witha = —1,b =1,y = q+1,0 = p+1, A = n(n+p+qg+1) [1,
22.6.1] [82, §18.3] etc.

The simplest second order differential equation of Fuchsian type just above the hypergeometric
one is the Heun’s equation, after Karl Heun 1859-1929 [89]. It has now four singular points and,
when one of them is sent to oo, has the form

1
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(u—a)(u—b)(u—c){flz};+[ L) ) ]%

u—a u—b wu-—c

Near a,b, or ¢, a solution behaves like a power (v — a)? etc. with p(p — 1) + vp = 0, whence
a regular solution (p = 0) and a solution showing the exponent 1 — 7, and similar results at the
other singular points.

When u — oo, a u” behaviour implies now p(p — 1)+ (y+0+€)p+ P =0= p= —a and — 03,
where a+ 3 =v+d+e—1and aff = P [61, Example 3, p. 394], [11,27,37,58,60,87,89,92], that’s
where the symbols « and 3 are used, and they will not be found with another meaning here.

However, orthogonal polynomials related to what seems the simplest generalization of a Jacobi
weight function w(x) = zP(1 — x)%(z — t)" are shown to satisfy a differential equation more
complicated than (). This will be considered in §[Z2

} + (Pu—Q)Y =0. (2)

Non classical orthogonal polynomials satisfying differential relations and equations have been
studied in the 19th century by Laguerre [73] these polynomials are sometimes called semi-classical,
the corresponding measure may contain point masses

dp(x) = w(z)dz + Y prd(x — &)da,
k

where w satisfies W (z)w'(z) = V(z)w(z) with polynomials W,V [39,56,85,86]. The orthogonal
polynomials Py, P;,... are found to be solutions of linear second order differential equations, a
different equation for each new degree. See also Atkinson & Everitt [6], Shohat [91].

Semi-classical orthogonal polynomials which are not classical are not eigenfunctions of a second
order differential operator. A very small number of higher order operators with a set of polynomial
eigenfunctions of all degrees have been found [72,76,107]

Recently, more second order operators with polynomial eigenfunctions have been investigated,
where some degrees are missing, although the set of eigenfunctions is complete in a reasonable
L?—space. These new families are often called ”exceptional orthogonal polynomials” [12,13,43
45,59,83].

After some transformations, the invariant, or Schrédinger, form is considered,

LY = d’Y/dX? + VY,

leading to research on interesting new special potentials V with simple formulas of eigenfunctions
[62,63,83,84],

Heun’s differential equation is of course the first choice of this theory [20,21,27-33, 50,63, 95]
, [61, Example 3, p. 394], we give a short survey and some new proofs in §

2. Semi-classical orthogonal polynomials satisfying Heun’s
differential equations.

After an introduction to basic tools (recurrence relation, etc.) in § ZIl and excerpts of the
Laguerre theory of differential equations in § 22, we conclude that the measure must be a Jacobi
measure plus a point mass, a complete proof being given. Addition of a point mass is discussed in
§ B4 using a technique of W. Hahn, also following Belmehdi, Maroni, and Kiesel & Wimp. The
last sections give more details on the recurrence relation and the differential equation, special and
limit cases (Laguerre-type and Hermite-type).
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2.1. Recurrence relations and Stieltjes-Markov function.

Let Py, P, ..., be orthogonal polynomials with respect to the measure
b

du(zr) = w(z)dx + >, prd(x — & )dx, / Py () Py(x)du(xz) = 0 if m # n.

Here, w is piecewise analytic and need not be a positive weight function, not even a true
integrable function on (a,b), the integral may have to be considered on a particular contour,
including a double loop called Pochhammer contour [82, pp. 326, 389], such contours are needed
with Jacobi weights with negative exponents [102, §12.43, p.257].

A finite number of point masses may also be present. Of course, we could use a more abstract
setting with a linear form [16,17,78,80], but the function w will be too useful later on.

Such orthogonal polynomials must satisfy a recurrence relation of the following form [16,17,19,
34,41, 65] etc.

Poii(x) = (rpx + 1)) Po(x) — spPa_i1(z), P_1(z) =0, Py(x) = 1. (3)

P, has degree n and its main coefficient is X,, = r¢---7,_1. Sometimes we will need the

coefficient Y,, = X,t,, of "1 as well: Y,,.1 = 7, Yy + 7/ X0, or tyi1 = Vo1 /Xni1 =ty + 70 /70,
SO

7 T _
Pn(x):ro...rn_l(wn_i_tnwn_l_i_...), tn:_0_|_+ n 1_ (4)
To Tn—1

b b
and a relation for the square norms || P,||*> = / P2(z)dp(z) =719 Tn_1 / " Py (z)dp(z):
b a a

b b
0 :/ 2" P (z)dp(x) = rn/ 2" Py (x)dp(z) — sn/ 2" P, (z)du(zx), or

TnHPnHZ :Tn—lanPn—1||2 (5)
We will also need the numerator polynomials satisfying the same recurrence relation (Bl):

Npt1(z) = (rpz +70)Np(x) — spNp—1(x), No(z) = 0. (6)
Nn(l’) _ Nl
Pn(x) 7‘0%4—7’6 — 51

Sp—1

Tn=2T FThg Tp—1Z + 7

Py =1, Pi(z) = rox + 1y, Pa(x) = (rox + r{) (riz +11) — s1.

Ny =0, N7 is a constant, Na(z) = (riz + r}) Ny, ete.

Note that the degree of N,, is n — 1. One sometimes prefers to write N, (z) = P,—1(x; 1), called
the first associated polynomial to {P,} [74,75,98,104].

The Stieltjes-Markov function related to the measure dy is

b
du(t)dt — po |
S = [ LEE BB g ©
where u; = ff thdu(t), k = 0,1,..., are the power moments of du. The shown expansion in

negative powers of x is an asymptotic expansion at z — oo. If (a,b) is bounded, the expansion is
convergent for all real or complex = with |z| > max(|al, |b]) [98], [101, chap. XIII, XIV].

A very important solution of the recurrence relations ([BHE]) is given by the functions of the
second kind
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r—t

b
On(z) = / Pulldit) _ p )8 (w) = No(w)n = 0,1,... (8)

[97, §5.4] [98]. Under mild conditions (determinated case of the moment problem), if x is not
in the support of du, Qn(x)/P,(x) — 0 which also means that N,(z)/P,(x) — S(z) when
n — oo, [40], [41, Thms 1.41, 1.43].

Of course, S = Qo. Next, Q1(2) = ro(w — p/o)(uo/w + p/a? + pz/a® +--+) —rop10 =
P2(t)dp(t
ro(p2 — p2/po) /2% + o(x™2) = s1uo/(r12?%) + o(z72). We also have P, (z)Q,(z) = / ";)f'l:()
[98, (2.8)] [97, §5.4.3], so that the expansion of @,(x) in negative powers of 2 starts with
”PnH2 =851 SnTO,U*O/Tn
pn+l

roTno1
There is another interesting property of P,(z)Qy(x) related to the inverse of the tridiagonal
matrix of the recurrence relation (Bl see Wall [101, §60]

 APy(z) 1 [0]
rox + 1{) -1 : :
—s1 rmx -+ -1 AP, 1 (z 0| ..
—sy  mx+rh —1 A;n(li)) = || eiving the n'" column of the
BQn+1($) 0

inverse matrix if AP,(z) = BQ,(z) and —s,:APn_l(x) + (rpz + 1)) AP, () —BQpi1(z) = 1, so

APn+1($)
the n'h (starting with 0) diagonal element of the inverse matrix is AP, (r) =
(z) = (2)Qn(2) (Casorati)

Prii1(z) — Po(2)Qni1(2)/Qn(z)  s1---snTopo
Po(z)Qn(x) 1 1y

= — %5 +o(z7?), or
S1++-SpToflo  ThT TR

1 r!
P = DY [ n _2
L 2)Qua) =1 suropn | = 2] o)
Divide by Py(z) =rg -+ rp—12" [1 + tp /2 + o(z™1)]:
81 oo STLTO)U’O

Qn(fll') = W [1 — tn+1/£17] + O(IL'_n_2) from tn+1 = tn + T‘;L/’I"n in (m)

0 n
We shall need another division by P,

Qn(z) _ S1° - SpToMo

Py(z)  rg--r2_ rppintl

[1— (ta +tus1) /2] + o(a™>" 7). (9)

2.2. Differential relations and equations.

Differential properties are not to be expected in general, unless the weight function itself satisfies
a differential equation. In the simplest case, if w’/w is a rational function piecewise in (a,b), i.e.,
up to a finite number of singular points, the same rational function V/W on each subinterval, the
Stieltjes-Markov function satisfies

WS =VS+U (10)
with polynomial coefficients, the Laguerre’s starting point [73] (almost the same notation).

Indeed, we perform ([l) on subintervals (a;, b;) where w is regular, and add the effect of possible
Dirac masses as a rational function R:



ORTH POL HEUN  October 18, 2020  version 3 5

b; w
SOEDY / | (?Cff + R(2),

X

bs x) — w bi w
W(z)S(x) = Z [/ W(z) xmi(;)] (t)dt + / W] + W (x)R(x), where the integrals

involving (W (x) — W (t))/(x — t) are polynomials, as well as the product W R, if we care to have
W to vanish at every singular point. We derivate, and perform integration by parts, using the
rational function w'/w =V/W,

bi / w
(W(x)S(z)) = Z / (VI(t) + W) w(t)dt + polynomial ,

z—1

and we get (), where U is still another polynomial, if we added a sufficient number of common
factors to V and W to have a polynomial product (V + W')R. For instance we will find in the
next section an example with R(z) = x/(x — a) and W(z) = (z — a)?(x — b), V() being (z — a)
times a first degree polynomial.

We may also perform all the operations of calculus on distributions containing Dirac distribu-
tions and their derivatives z:6(z) = 0,x¢'(z) = —d(x) [24, Problem 9.8].

Let the expansions of the polynomials W and V be W (z) = S+2 wyrk and V(z) = SH vpak,
then putting these expansions in ([l), using the power moments expansion (), we get the recur-
rence relation for these moments

s+2 s+1
—Zwk(n—i—k)un_prk :ka,umrk,n:O,l,... (11)
k=0 k=0

which is equivalent to (I) [80, eq. (7.2)] [81, Prop. 1.21].
From (I0), Laguerre achieved a number of remarkable results culminating in the differential
equation

K
pry B
nt e,

! /
il —%} P, =0, (12)

P//
"+{ W e,

[73], where ©,, and K, are polynomials. In particular,

0, = W(N,P. — N'P,) + VN, P, + UP?

= p? [W (5—]]\3[—:)/—1/(5—];—:)] (13)
(%) v (@)
from (B

As S(x) — Np(x)/Po(z) = Qn(z)/ P, (z) = O(z=2""1) (Padé property), the degree of ©,, is s =
max (degree(W)—2, degree(V)—1), the class of the semi-classical orthogonal polynomials [9,10].

We look at the coefficients of 2* and 257! of ©,,(x), let

W(z) = Wepor®2 + Wepz*t + - Land V(z) = Vepra®t + Vea + -+

then (3] becomes

Op(@) = 51+ Spropo/Tn [22" + 2pa® 1+ | {(Wepoa™2 + Wopa®t 41
[—2n+1)z72 2 4+ 2n+2)(ty +tng)z 23+ ] = (Vegaz* T+ Vizt + )
(27207 — (ty, + tpq1)z 272 4 -]}, from @) and @) put in (T3), or
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Op(z) = — 2500 r(9p 4 1Y Wiyyo + Vigr)a®

n

+[(2n 4+ DWaso 4+ Veg1) (tn — tnsr) + (20 + DWeir + Ve = Wopo(tn + tngr)] 2 - (14)

When s = 1, there is no --- anymore, and 0,,(z) = 0/ (z — 6,,), with

Wg(tn + tn+1) — (271 + 1)W2 -V
(2n + 1)W3 + Vs '

With a Jacobi weight, W(z) = (x — a)(x — b), ©,, is a constant, and we have only two singular
points in the finite plane. No wonder, as one just recovers then the hypergeometric differential
equation of Jacobi orthogonal polynomials!

However, with the simplest generalized Jacobi weight (x —e)P(z — d)%(x — ¢)", the degree of O,
now raises to 1, and we have four singular points in the finite plane, one too much!

([I2) becomes (when ¢ =0,d = 1,e =1t) )

9 r+1 q¢+1 p+1 1 , AT + wp® + w), o
P+ +x—1 :L'—t_x—en}P"—I—x(:z:—l)(:n—t)(:n—@n)Pn_O’WhIChISNOT
of Heun’s type, and where 6,,, \,, etc. depend on n and, if also considered as functions of t, may
be shown to be Painlevé functions [22,77].

Invariant, or Schridinger form: we see that Z,(z) = z+)/2(x — 1)(@+D/2(x — )P+D/2 (5 —
0,) /2P, (x) satisfies the equation without first order derivative Z/+1I,Z, = 0, with the invariant

ZIN" (Z\?
I(z) =— <Z—n> - <Z—”> . Here,

() — (r+1)/2 (¢g+1)/2 (p+1)/2 1/2 A2 4+ wpx + W
e N Poory -l Py By o e Y pegry Py
2
(R e )

considered by D. Chudnovsky [22, eq. (3.5) p.401] to compare with Heun’s eq. with invariant

Ina) = — 12 —€ —1<1+ . >2+1<7+ . ) (16b)

rz—1)(r—¢) 4\x x-1 =x—¢ 2\22 " (z—1)?2 ' (z—c)?

[33,63]

Of course, the only way to have I,,(x) = Ij,(x) in ([[Ba) and ([G6H) is by the confluence of two
singular points, here, t — 0. Then, y=p+r+2,d =q¢+1,e = —1,¢c = 6,, and we will also have
to check that w], = 0.

We return to the example of the simplest generalized Jacobi weight

w(z) = (z — )" (x — d)1(z — e)P, satisfying Ww' = Vw with the polynomials

W(z)=(x—c)(zx—d)(x—e)and V(z) =r(x —d)(x —e) + q(z — c)(z —e) + p(x — ¢)(x — d)
and look at what happens when d — ¢. However, the actual complete description of the weight
function is some constant C' times (z — ¢)"(d — x)%(e — )P on the subinterval (or arc) (¢, d), and
another constant D times (z — ¢)"(x — d)?(e — z)P on (d,e), see fig. [l

If we make d — ¢, do we return to a simple Jacobi weight D(z — ¢)"t%(e — x)P on the whole
interval (c,e)? No. If C depends on d — ¢ so that the total weight fcd w(z)dr on (c,d) has
a nonzero limit, say, k, the true limit of the measure on its whole support [c, €] is du(x) =
D(z —c¢)"t(e — x)Pdx + ké(z — c)dx [9, eq. 4.27, p. 265](C must have a (d —c¢)~"~9~! behavior).

Remark also that 2 — ¢ is a common factor of the limits W (z) — (z — ¢)?(z — e) and
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Clx—c¢)'(d—x)l(e —x)P

T 1
c d €
FIGURE 1. Generalized Jacobi weight on two subintervals (¢, d) and (d,e).

V(z) — (x —o)[(r + q)(x — e) + p(x — ¢)], so that §(z — ¢) is indeed a particular solution of
Wy = Vy, see the simplest example of Encyc [100], also Davies [24, Problem 9.8] x2¢'(z) and
xd(z) = 0.

Here is a complete proof that orthogonal polynomials satisfying Heun’s equations must be
related to a Jacobi weight augmented by a point mass:

2.3. Theorem. Let {P,}° be a sequence of orthogonal polynomials, degree(P,) = n. Then, if
each P, satisfies a Heun’s differential equation

d’P, (x 1) € dPy(z
(& — an) (@ — by)(@ — c) { d;2< )} L Ty e —ncJ 5; )} + Ko(2)Pa(x) =0,
(17)
with distinct a,, by, ¢, in the finite complex plane, and first degree polynomials K,,, we have
(1) two of ay, by, ¢, are independent of n, say, a,, = a, b, =,
(2) the orthogonality measure has support [a,b], and is du(z) = w(z)dx + kd(x — ¢)dx, where
w is a Jacobi weight function A\(b — x)P(x — a)?, and ¢ = a or ¢ = b,
(3) let c=a, then v, =q+ 2,0, =p+ 1,6, = —1.
The full formulas for ¢,, and the coefficients of the first degree polynomials K,, will be given in
sections
Proof. The first part of the proof comes from a paper [54] where W. Hahn supposes the
existence of second order differential equations (not necessarily of the Heun kind) for each P,,
and supposes nothing on the orthogonality measure, which could not exist, but even in the most
formal setting [16,17,34,42,78,80], we have the recurrence relation (B), where one only supposes
spn#0,n=1,2,... so that P, and P,_; have never common zeros. Then, the (difficult) proof
of Hahn produces various differential relations resulting in the disclosure of a linear recurrence
relation of the form (), so that we are back to the Laguerre-Shohat-Atkinson-Everitt theory of
(). From this equivalence of Laguerre and Hahn theories, the name Laguerre-Hahn is sometimes
used [14,39,85].
We compare now the coefficient of dP,(z)/dz in ([[Z) and (I7):
V) + W) Ohe) _ w0 e
W (z) On(r) x—a, xz—b, x—0¢,
If degree(W) < 2, we are back to the hypergeometric case instead of a true Heun situation,
if degree(W) > 3, we saw that degree(©,,) > 1, and that makes at least four bounded poles,
unless
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W has a double zero, say W (x) = (z — a)?(z — b), so the three poles are a,b, and the zero 6,
of ©,,.
As V/W has simple poles, V must vanish at the double zero of W:

V() = (- a)[p(z — a) + q(x — b)), 50 Z,((f)) e
Az —a)?(b— z)P on (a,b).

b
Finally, W' — VS = U, what is U? Let S(z) = /

.Lety=q+2, =p+1,w(x) =

w(t)dt
r—t
part of the measure into account. Let {fi,}5° be the power moments of w alone.

We start with (z—a)(z—b)S"(z)—[p(x—a)+q(x—0)]S(x), which is not W(z)S'(z)—V (z)S(x) =
U(z), but the rational function U(z)/(x — a).

+ R(z), where R takes the singular

P+1(t _ a)q—i—l

b _
(@ — o)z — BS@) = N@) — / A=t it + (@ — a)(z — bR(),

x—1

b pe— pe— f— fe— f—
where N is the polynomial N(z) = / (z—a)l@ l;)_t(t o)(t b)w(t)dt = [ipx + -+, and
b b ¢
o= [ witdt =X [0 0P~ a)tdt = A6~ 0 B+ 1p 4 1)

p+q+1r(p + )P(q + 1)

Ho+a+2) b p+1 q+1
d[(z — a)(z — b)S(x)] /dz = fio — A/ UGk x(: D"V by di(e — a)(b— 2)R(x)) fd =

fio— (p+ g+ 2fio + [(p+ (@ —a) + (q+ 1)@ — b[S() - R@)] + [(z — a)(z — bR@)],

(z —a)(z —b)S"(z) — (p(x — a) + q(x — b)) S(x)
=—(p+q+ o+ (x —a)(x —b)R () — [p(x — a) + g(x — b)]R(z), see Grosjean [49, eq. (80)
p. 283], which is the rational function U(z)/(z — a), so we have a differential equation for R.
The general solution of the homogeneous equation is constant times (x — a)?(x — b)P discarded
ifp+qg+1+#0,as R(x) ~ (o — f1p)/x for large z. A particular solution is k/(x — a). Indeed,
Ux) =—(p+q+1)jo(x —a) — klp(x —a) + (¢ +1)(xz —b)], so that kK = U(a)/[(¢ + 1)(b— a)]. Of
course, k/(x — a) is the Stieljes-Markov function of ké(x — a), and we complete the proof:

du(x) = Mz — a)¥(b — z)Pdz + ké(x — a)dx. O

See also Belmehdi [9, eq. (4.27), p. 265].

More details on the recurrence coefficients, on 6,, = ¢,, and K,(0) in K,(z) = K|z + K,(0),
with K] = —n(n +p+ ¢+ 1), will now be given.

=Ab—a)

2.4. Addition of a mass point.

We survey known results about a single mass point addition.
Let us consider the measure

du(x) = w(z)dr + ké(x — c)dx, (18)

where w is a known weight function. The orthogonal polynomials P, with respect to du are
often given by their expansion in the basis of the orthogonal polynomials P, with respect to
w alone, and this involves the corresponding kernel polynomial of degree n (simplest Uvarov
formula, [65, 2.9] [88]).

b ) b N N
Indeed, if m < n, 0 = / P, (z)Pp,(z)du(x) = / P, (z)Pp,(z)w(x)dx + kP, (c)Pp(c), so

that the m'™ coefficient in the expansion of P, in the {P,,} basis is —kP,(¢)Py(c)/||Pn||?, and
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n—1

the closure P,(c) = P,(c) involves the kernel polynomial k,,_;(z;c) = Z o ( (©) /|| Pmll?.

Building and using kernel polynomials may be difficult in general, but k‘n is known to be the
orthogonal polynomial of degree n with respect to (z — ¢)w(x) which may be easier to handle.
For instance, we shall use the Jacobi weight w(z) = (b — z)P(x — a)? on (a,b) and ¢ = a so that
(x — c)w(x) is still a Jacobi weight (with parameters p and ¢ + 1).

So, we start with the set {]3”} of orthogonal polynomials with respect to

w(z)dr = (z — c)w(z)dz, which is the same measure as (z — ¢)du(z), as (z —c¢)o(x —c) =0 [24,
Problem 9.8] so B, is some constant, say C,, times the kernel polynomial k, (and also another
constant én times l;:n, which will not be needed here).

~ o Pn(C)Pn—l—l(x) - Pn+1(C)Pn($)
P,(z) = Cpkn(z;¢) = Cy, Z |P H2 Y _g, B — o (19)

the last term being Chrlstoffel—Darboux. We shall need the relations between the moments p,, of
dp and fi,, of w(t)dt = (t — c)w(t)dt = (t — ¢)du(t):

b
IELn = / tn(t — C)d/lz(t) = Hnt1 — Clp, N = 07 17 s (20)

so that pu1 = fig + cpo, 2 = fi1 + cfig + o ete. if the fi,s are known. The value of py remains a
degree of liberty.
First polynomials are Py = 1 with || Py||? = po, and Py with Py(z) = ro(x — pu1/po) = ro(x —
¢~ fo/po)s |1P1I* = r§(ne — ui/pmo) = r§(fn — cio — 1§/ 1o) = r§fo(~74/70 — ¢ — fio/Ho)
The first Cys are Cyp = || Py||*> = po;C1 = the ratio of the main coefficients of P; and ki:
o — 7o _ Tofio(=76/Po — ¢ — fio/ o)
roPi(c)/||Pr? —fio/ 1o ’
Co = po;  C1 = po(foc + 7o) + fiofo.- (21)

We have

2 T b (z
Py(z) = |]|3]:E!) (kn(z;¢) = kp—1(z;0) = |1|31:(!) < C(n) - P0n1_(1 )> (22)

giving P, as a combination of B, and P,_; (the coefficients C,,, P, (c), etc. being still unknown).

W. Hahn discussed in [51,52], how to form a new sequence of orthogonal polynomials { P, } from
a known set {P,} satisfying a differential equation (IZ). He found the new differential equation
solved by a combination of Pn and Pn_l provided that the combination is such that it makes
an actual set of orthogonal polynomials satisfying a recurrence relation of the required form ().
There is no weight function discussion there, but Hahn’s results on P, and b, are equivalent to
). o

When there are several mass points, P, is a combination of a higher number of P,,..., P,
which may be condensed as a polynomial combination Pn and Pn_l, as found in Ronveaux &
Marcellan [88, eq. (13)], also Kiesel & Wimp [69, 105].

We now look for a recurrence relation for the Cps. Hahn [51, p.95-96], [52], and Kiesel &
Wimp [105] relate the recurrence coefficients of the P,s and the P,s and find a four-term recurrence
relation for C,, curiously simplified as a three-term one. We follow the much faster derivation of
Maroni [79], the result is that C,, satisfies the recurrence relation of P, at z = ¢:

Cni1 = (Fpe+7)Ch —8,Cnq, n=1,2,... (23)
Zhedanov [107, § 6] gives the same result from papers of Geronimus of 1940.
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Indeed, it is obvious from (Z2) that P,(x) is orthogonal to all polynomials (x — ¢)p(x) with
degree p < n — 1, as P, and P,_1 are orthogonal to polynomials up to the degree n — 2 with
respect to w(z) = (r — c)w(x) = (x — ¢)du(x). It only remains to settle C), so that P, in (22 is
orthogonal to the constants with respect to du:

b A b A
b [Pall® [ Jo Po(@)dpu(x) [, Paoa(z)dp(z)
0= [ P,(x)d = a —=a

fab P, (x)du(z)/C,, is a constant independent of n, and is uo/po = 1 from () at n = 0:

), and it follows that

b
C, = / Py (x)du(z), forn=0,1,..., (24)

and the 3-term recurrence relation

Coir — (Fnc 4 7)Cn + 50 Chuy = / (Bos1 (&) — (Fuc + 7 Ba(2) + 5 B ()] dpa(2)

a
b
= f’n/ P, (z)(x — c)w(x)dz =0,n =1,2,... follows.
a
C), is therefore a combination of P,(c) and N,(c), say, oN,(c) + 7FP,(c), n = 0,1,... At
n=0,7 = po follows; at n = 1,Cy = po(Foc + 7)) + froTo = ofiofo + po(foc + 7)), so, o = 1:

Cp = Nu(¢) 4+ poPn(c),n =0,1,... (25)

b b
A t— t)dt t—c)du(t
The Stieltjes-Markov functions of du and dji are related by S(x) = / % = / % =

2o [ =w(t) s [C w(t)dt ba(t)at
—pp+(x—c)S(z). FromS(ac)—/a ?dt,S(x)—/a m—k/c (ErIEED)

b c A~ b A
t)dt t)dt A
and its first moment [y = / w(t)dt = / u;( ) +/ u;(_)c . We still have S(x) = —jig + (x —
¢)S(x), so 3
S(x) = S(x) + ,u:(; : 'zo, confirming the point mass (ug — fig)d(t — ¢) [79].

2.5. Jacobi weight +xd(x — a).

2.5.1. Formula for P,.

We consider du(z) = Az — a)?(b — )P + ké(x — a)dz.
We start with @(z) = A(b — z)P(z — a)?*! corresponding to Jacobi polynomials [82, §18.3.1]
Bo(x) = (p.a+1) <2x—a—b> _ m+p+q+2)n+p+qg+3)---2Cn+p+q+1)

b—a 2" nl
n n—1

" 2r —a—b n np—qg—1) (2z—a—b 4+ | so that

b—a 2n+p+qg+1 b—a

. . Fr@2n+p+q+2) - np—qg—1) b—ua

fy = A b) /2 . 2

o et (b—a)"nT'(n+p+q+2) nla+b)/ Jr2n+p+q+1 2 (26)
Recurrence relation from [82, 18.9.1,2]

A 2n+p+q+3 Fn+p+q+2 ] g (n+p)(n+q+1) 4
P,ii(x) = T+ tpe1 — tyn)Pp(x) — P,_1(x)| .
(@) (n+)(n+p+q+2) — +1 = tn)Fa(2) 2n+p+q+1 1)

(27)
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. 1
Also, By(a) = PP (1) = (—1)" (” +g * ) 82, 18.5.8]
. I'(p+1)I'(g+2)
M = _ q)Ptet2p 1 2) = (b — q)PTe+2
oments fig = A(b — a) (p+1,qg+2)=(b—a) T+ q+3)
/A = —(b— Q)P IB(p+ 2,0 +2) +b(b— AP B(p+1,g+2) = LT Z)T ip; D pary,
pr4q
$a) = [1 N (q+2b+(p+1Da  (g+2)(g+3)b> +2(p+ 1)(q+ 2)ab+ (p+ 1)(p + 2)a? N
T T gt a? (p+a+3)p+qtd)ad

Finally we need from ) at ¢ = a, C,, = Nyp(a) + poP,(a) asking for special values of N,
satisfying the Jacobi polynomials recurrence relation (Z6H27])

2(n+1)(n+p+q+2)(2n+p+q+1) {Nn+1(a) —2n+p+q+1)2n+p+q+2)2n+p+q+3)
((n+1)(p—q—1) _ nlp—g-—1) _1> Nn(a)}
2Zn+p+q+3 2n+ptqg+1
+2(n+p)(n+q+1)2n+p+q+3)Nu_i(a) =0
~ ~ ( N 0 4 4 2
First items are No(a) = 0, Ny (a) = M)Nz@ __ho(p+q+4)(pg+4p+59+8+q°)
b—a 2(p+q+3)(b—a)

I 2 1 2)(2 1
Special solutions of the form (—1)”M must satisfy (nt+ D +pt+a+2)@n+ptat)(ntu =
I'(n+wv) n+v
2n+p)(n+q+1)2n+p+q+3)(n+v—1
(2n4+p+q+2)[(2n+p+q+1) 2n+p+q+3)—p*+(g+1)%]— nEp)n L 31(411 u _p 1 o)
2)... 1
Solved by (u,v) = (¢+ 2, 1), corresponding to Pr(;”’q“)(—l) = (—=1)" (¢+2) n('q Tnt ), (82,
table 18.6.1] and also by (u,v) = (p+ 1,p+ ¢+ 2). '
N T 2 r 1
So, Nyp(a) is a linear combination of (—1)"M and (—1)" (ntp+l) and we
T(n+1) F(n+p+q+2)

match n =0 and n = 1:
A i hoptg+2) [ Tntqg+2) TFlp+g+2)Pn+p+1)
Np(a) = (=1)" -
@+ -a) [T(g+2T(n+1) Tp+Dl(n+p+q+2)
Interesting confirmation by Lewanowicz [74], also Wimp [104], who considers associated poly-
nomials of level ¢, R\ (x;0) = P,(La’ﬁ)@x —1;0) [104, eq.(13)], P,(La’ﬁ)(—l;ﬁ)
B (=)™ [F(€+1)P(n+ﬂ+€+1)(a+ﬂ+€)_€F(a+ﬂ+€+1)F(n+a+€+l)
Bla+ B+ 20) rB+1)(n+£+1) Fa+O(n+a+B+L0+1)
(33) p.990], which we apply with p,¢+1,n —1 and £ = 1:
pat (1) = -y [F(n+q+2)(p+q+2) _ F(p+q+3)F(n+p+1)]
i RN EE) (g +2)n! Lp+DL(n+p+q+2)
see also [49, 75]
(_1)n—lu(()p7q+1)
(b—a)(g+1)
1

] 104,

(@+2)(q+3) - (g+n+1) p+1)---(p+n)
[(p+q+2) ] _(p+q+3)--’(p+q+n+1)}

N B (pyg+1)(_ _\n (p+1)”’(p+n)
_“O(b—a)(qﬂ)[ (p+q+?)P" H;)Al)ﬂ ! (p+q+3)---(p+q+n+1)]

i =N wAa kP, (a) instead of N,,(a D (a), an
We shall write C), = Ny(a) + (b—a)(q—l—l)P"( ) + kP, (a) instead of N, (a) + poPy(a), and

we show that x is the Dirac mass, indeed,

(Pa) _ 5o O\ (+—a)ddt — _ o \pta+l _ _ p+q+1r(p+1)F(Q+1):
I fio = X [ (b—t)P(t—a)dt = A\(b—a) B(p+1,q+1) = A(b—a) Tt atD

+ K, and du(t) = A(b—t)P(t — a)? + kd(t — a) is confirmed.

flo(p+q+2) :
b a1 =



ORTH POL HEUN  October 18, 2020  version 3 12

p 1) ptm) (@2 gkt )

Final formula for C), is (—1)" , SO

P+q+2)---(p+g+n+1) n!
o [Ae =P T+ n+ D¢ +1)  (g+2)---(g+n+1)
Cn = (=1) [ Lp+qg+n+2) o n! } (28)

See also Zhedanov [107, eq. (7. 7)]
Final check from 4] C,, = / B, (z)du(x / P (x)[Mw(z) + ké(x — a)]dx
b

— > M _ (pq+1) g — _ — N(h — P

_/ Pale) N2y it —a) d:v—/\/ (22— a — )/ (b — a))(@ — a)2(b — 2)Pda +
K (pog+1) 1\ — — q)Pta F(q+1)r(p+n+1)(_1)(_2)
FPD(=1) = Ab - ayt™ n!l'(p+q+n+2)

§16.4, (1), (2) p.284] with a = p, 3 = ¢+ 1,0 = q (a n! seems to be missing in the denominator
of (1)).

(=n) + kPP (1) from [38,

1
Remark that =— ptn if Kk =0; —Mif)\:o.
Ch-1 ptg+n+l n
. P, Cnp(p,cﬁ-l)
The polynomial P,(z) is a constant times P, (x) — CC71($) = P}f”q“)(m) — “C;(ZE)
n—1 n—1
whicl is here m+p+qg+2)(n+p+q+3)---2n+p+qg+1)
(b—a)"n!
_ np—q-1 .
X n __ +b nl2+b_ 77/1_1_”‘
2" —n(a+b)x" /24 ( a)2(2n+p+q+1)x
B C, (n+p+q+1)(n+p+q+2)...(2n+p+q—1)[xn_1+”.]
Ch-1 (b—a)" 1 (n—1)! ’
This means that ¢, — — 0t  (b-amp—g-1)  C (G-anntptetl)
2 22n+p+q+1) Cho1(2n+p+q@(2n+p+qg+1)
We will need later
; _ (n+D(a+b) N b—a)n+Dp—qg-1) Cpn (b—a)n+1)(n+p+q+2)
i 2 2(2n +p+q+3) Cn 2n+p+q+2)2n+p+qg+3)’
with the recurrence relation [Z6H27) at x = a giving C),41:

( + tn—i—l - tn)Cn - (

oL 2n+p+q+3 [2n+p+q+2

n+1_(n+1)(n+p—|—q+2 Mm+ptqtl

(n+1)(n+p+q+2) C n+1 ( I (n+D)p-q-1) n(p—q—1) )
2n+p+q+2 + - -

Mmt+ptqgt3 B A A G i T s ST maa

(n+p)n+q+1) Cpy

2n+p+qg+1  C, '’

(n+1)(a+b) 1 n(p—q—1) (n+p)n+qg+1)(b—a) Cn

e (b—a) (

t = — — + 7
et 2 2 22n4+p+q+1)) Cn+p+q+1)2n+p+q+2) C,

2.5.2. Heun’s differential equation for P,.

n+p)(n+q+1)c 1}

We build (@) with V(z)/W(z) = w'(z)/w(z) = q/(x — a) + p/(z — b) and
W(z) = (z — b)(z — a)?, so

Pl(a) + (i i 2 4 zfi -~ E 0n> Pl(x) - "(f;_q&z * ;;f;j:;m Pu@)=0  (29)

Wg(tn + tn+1) — (271 + 1)W2 -

(2n+ 1)W3 + V;
Wiz + Wy = (z — a)?(z — b) and Vox? + Viz + Vo = p(x — a)? + q(z — a)(z — b):

where 6, =t 41 —tn + is given by (&) with W3z® + Waa? +
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2n+p+q+2tpi1— Cn+p+@Qtn + (2n+1)(2a + b) + 2pa + q(a + b)

2n+p+qg+1
2n—|—p+q—|—2<1 n(p—q—1) >

0, =

:(4n+3p+q—|—2)a—|—(q—p)b+(b_a) 1
22n+p+q+1) 2n+p+q+1\2 22n+p+q+1)

(n+p)n+q+1)(b—a) Cosx 2n4+p+q (b—anlp—q—1) (b—ann+p+q+1) C,

2n+p+q+1)2 Cn 2n+p+q+1 22n+p+q+1) Cn+p+qg+1)?2 Cuhy
(n+q+1)(b—a) (1 ntp  Cos
2n+p+qg+1 2n+p+qg+1 C,

nb—-a) g1t (ndpgt1)
@ntprgriz "1 rrrTaeT e

One readily checks that 6,, = a when x = 0 (then, C,,/C,,—1 = —(p+n)/(p+q+n+1) as seen
above), and also when A = 0 (with C,/Cp,—1 = (¢ +n+1)/n). As 6, — a is a quadratic form
in Cp, and C,,_1, so of k and A, divided by C,_1C,, only the Ax term remains. So we expand

b—a

nbn—1\Un — = 1)((2 1)Cr-1Cy 2_ -
CuCuet(Bn =) = G (g £ (204 D+ 4+ 1) Cans Gt (n+ ICE) +n((p
q—1)Cp1Cy + (n+p+q+1)C2)} and keep only the A« terms:

(b—a)Ptat? Ig+1)
CrCp-1(0y, —a) = A
O =) =A@y T g (0 - 2)2
I(p+n+1)(g+n+1) F(p+n)F(q+n+2)>

—[(n+qg+1)2n+p+qg+1)+ —q—1 +

[(n+q+1)2n+p+g+1)+nlp—q-1)] Tp+qg+n+2)n—1 " Tlhp+qg+n+1)nl

F(p+n)'(g+n+1) F(p+n+1)F(q+n+2)]
'p+qg+n+1)(n—1) I'(p+q+n+2)n!

+2(n+qg+1)(n+p)

neatly simplifies as

rF2n(n+p+q+1)

(P+1)"'(p+n—1)(q+1)2(q+2)...(q+n)ﬂép,q),€
nlp+q+2)--(p+qgt+n+1)ChiC,
— a— (b— a)Ptr? (+ DI (p+n)l(g+n+1) Ax
nT(p+q+n+2)C,1Cy

O,=a—(b—a)

with C,,—1 and C, from (2§]).

We proceed now to the K,,(z) term in the differential equation (2Z9)
(z —a)(x —b)(z — 0n) P/ (z) +{[(p+ g+ 3)x —alp+1) —blg+2)](z — On) — (x — a)(x — )} P} (x)

Kn(x) = - Pn(x)
Pl(z) nn-1)z"24+m—1)(n—2)t,2" >+
= = — Dz 2—-92(n—Dt,x3+---
P,(z) " 4ty 4 n(n — 1)z (n—1Dtpz™ + -+,
Py(@) _ ma" ' 4 (n— g 24 wel g
Pn(JE) "™ + tngpn—l + ..

we expand in decreasing powers of x, knowing that the final result is an exact polynomial of
degree 1:

Ky(z)=-—nn—-1Dz+2n—1t,+(a+b+0,)n(n—1)—(p+qg+2)nx+ (p+q+2)t,
—nl—alp+1)=blg+2) — (p+q+3)0,) +a+1

=-—nn+p+q+l)z+(p+qg+2n)ty,+nn+p+q+2)0,+n(n+p—1)a+n(n+qb

= —n(n+p—|—q—|—1)(ﬂc—a)~|—(p~|—q~|—2n)(tn—|(—n(a+)b)(/2)+n(n4)—p—|—qé{—2)((9n—c)z)—(i—n(q—p)(b—a))/Q

b—an(p—qg—1 n (b—ann+p+qg+1

= —nntptatl)z—a)+(p+a+n) 22n+p+q+1) Cp n+p+qg+1
n(n+p+q+2)(0n, —a)+n(g—p)(b—a)/2

As in the discussion of 6,, — a above, C,,C,,_1 K, (a) is a quadratic form in A\ and k.




ORTH POL HEUN  October 18, 2020  version 3 14

When x = 0, the Heun’s differential equation is (z — a) times the hypergeometric equation, so

_ _ B _ _i __ np—q) b-a
Ky(x) =X (z—a)=—-nn+p+q+1)(x—a), 0, =a,t, =t, = n(a+b)/2—|—2n+p+q 5

from E8) (with (p, ) instead of (p,q + 1)), and there is no A? term in C,,C,,_1 K, (a).

CnP(P,IH-l)
When A = 0, P,(z) = Pr(Lp’qH)(ac) _Gbin @) with Cn _ _afnt 1, so t, =
Cn—l Cn—l n
watd) | G-anp-q-1) gtntl Goanbbprat) oo
2 22n+p+q+1) n @2n+p+q(2n+ptq+1)
1

(q+1)(b—a) remains, meaning that the 2 term in C,,Cp,_1 Ky, (a) is 5%(g+1) (b—a) (n ks 2)(F(( nt q)—)i— )

Finally, we must look at the Ax term in C,,Cy,—1[(p+q+2n)(t, +n(a+b)/2)+n(q p)(b a)/2] =

b— -1 b— 1

(04 g+ 2m)CoCy -4 ) pplbmanlntptatd) 0 oo b—a)2

22n+p+q+1) " 2n+p+qg+1
which is \e =@ T(p+n)T(g+ )l(g+n+1)
22n+p+q+1) T'(p+qg+n+2)nl(q+2)
{=lp+g+2n)p—g-1)+2n+p+qg+1)(g—pllp+n)n+(p+g+n+1)(¢g+n+1)
—dn+p+qg+r)p+n)g+n+1)=—=20q+)p+n)2n+p+q+1)},
and—)\/-;(b—a)”q*zF(p+n+1)P(Q+n+l)
I'p+qg+n+2)(n—1)

comes out, and we add n(n+p+q+2)(6,, —a):

a)ptat? (¢+2)L(p+n)(g+n+1)
T(p+q+n+1)(n—1)C, 1Cp,
_ (b_a)ﬁz(Q-F1)(Q+2)2"-(q+n)2(q+n+l)
(n—1)InlC,_1Cy,

Kp(x)=-nlp+q+n+1)(x—a)— Aa(b—

(31)

For derivatives of Dirac distributions, see Arvesu et al. [5].

2.6. Point masses at the two endpoints.

Orthogonal polynomials with respect to a Jacobi weight plus point masses at the two endpoints
have been considered by H.L. Krall and followers, see [72], also [107], for survey and new results,
and were sometimes called Koornwinder polynomials for a short while after [71] was published, but
the name Koornwinder is associated now to the much deeper subject of orthogonal polynomials
in several variables.

Krall and followers looked for eigenproblems of high order for special choices of the Jacobi
exponents; Koornwinder, and also Kiesel and Wimp [69], showed that a second order differential
equation, normally not of spectral type, can always be exhibited. We show that this equation is
normally not a Heun’s equation, unless in special cases with a transformed variable.

The most elegant way to discuss the new polynomials is to extend the Hahn’s trick of the pre-
ceding section by P,(x) = a combination of P,(z), P,_1(x), P,_a(z), or P,(z) and some product
(un® + v,)P,_1(z), where the Py, are known Jacobi polynomials [69, 88].

We don’t try to remake the full derivation here, we just consider a symmetric configuration
where the results of the preceding section can be used.

So, let du(x) = A(1 — 22)"dx + (k/2)(6(x — 1) + 6(z + 1))dz on [—1,1].

1. The polynomial of even degree Ps,(x) is the orthogonal polynomial of degree n in the
variable y = 1 — 22 with respect to the measure \y" (1 — y)~'/2dy + kd(y) on y € [0,1], and we
apply the Heun equation (Z9) with a =0,b=1,p=—1/2,q=1:
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2Py (T=) g + (L1 ] T 9n> 4Py (VT=5) /dy
-t o= ey (=) =0, of

r+2 1 4K, (1 — 22
Pon(z) +2 <_1 R R 6, Py () - (1-— 332)((1 — 2 )— 0r)
given by (E5), @), @) with [a,b,p, ] = 0,1, ~1/2,7].

2. The polynomial of odd degree Py,.1(x) is x times the orthogonal polynomial of degree n in
the variable y = 1 — 22 with respect to the measure \y"(1 — y)"/2dy + kd(y) on y € [0,1], and we
apply the Heun equation (9) with a =0,b=1,p=1/2,q9 = r:

@ Py (2) n < 3/2 N r+2 1 >iP2n+1($) K, (y) Popii(x)

dy? @ y—-1 'y  y-6)dy =z yy—Dy—0n) =

T4 2 1
Phn)+2 (1254 ey ) P @

P, (z) = 0, with 6, K,,

=0, or

-z
2(r+2) 2 4K, (1 — 22)
+<1—x2 1—22-0, (1—22)1—a2—
by £8), B0), @1) with [a,b,p,q] =[0,1,1/2,r].
2.7. Laguerre-type polynomials. We consider the limit Az9e™*+rd(x) of Axd(1—2 /L) +rkd(x)
when L — oo.
We build ([[2) with V(z)/W(z) = ' (x)/w(x) = q/xr — 1 = limit of ¢/x + p/(x — L) and
W(z) = (z — L)%, so p and b = L — oo together, and we have

7 )> Py +1(x) = 0, with appropriate 6,,, K,,(0)
n

P! (x) + ( 1+ % — —19n> P (z) + %Pn(x) = 0. (32)

where K, (z) is the limit of K, (z) of [BI) divided by —L. We have therefore a confluent Heun
equation [89, Part B, eq. (1.2.27)].

In (32), 6,, and K,,(z) depend on the limit of C,, of [Z8) where A\ must be replaced by \/L*. We
also take the Jacobi polynomials times (—1)" for convenience (the limits are Laguerre polynomials
with main coefficients alternating sign with n). Result is

2)... 1
Cp=X'(qg+1)+=k (9+2)--(g+n+ ) It figures: from the general theory of ([Z3)) in § B4,

n!
the auxiliary polynomials b, are the Laguerre polynomials L (q+ ) , so that C,, must be solution of

the recurrence relation of Lg{”l)(O) :(n+1)Chyq = (2n—|—q—|—2)C’n—(n+q+ 1)Ch—1. By @), Cy =
po = [° Axle  de 4k = AT (q+1)+k, C1 = po(Foc+7h)+fiofo = (¢+2)(AT(¢+1)+£)— AT (¢+2),
Cp=A(¢g+1)+ /iLqu—H)(O) and we recover the formula above. Value A + k(n + 1) when ¢ = 0
is found by Ronveaux & Marcelldn [88, §4].

(g+ 1)(q+n+1) Ax/LE

i imi =b= _ 1 L+q+2
From (B0), 6,, is the limit at p=b= L — oo of —L T (=G G 50
_ kMg + 1T (g+n+1) Y
. h p— n = , , X .
" nlCrnCn_1 Whena =000 = Ok nla 1 |00 88 e (39)

K, (z) is the K, (z) of @) with p=b= L — oo divided by —L:
(q+2)T(g+n+1) | (g+1)(qg+2)? - (¢+n)*(g+n+1)
K, (z) =
(@) =ne+ M= e e T (n = DnlCp1C
Kn!)\(q +2)L(g+n+1)+r(g+1)(g+2)* - (g+n)*(g+n+1)
(n—1)In!C,-1C, ’

LOne of the authors is so unsure of his differential calculus knowledge that dPan(v/1 —y)/dy was obtained by
considering that Ps, (/I — y) is a combination of even powers (v/I —)?* = (1 — y)° derivated as —s(1 — )"

whence dPay, (/T —y)/dy = — P, (x)/(2x), etc.
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For derivatives of Dirac distributions, see Alvarez-Nodarse & Marcelldn (3]
2.8. Hermite weight +r0(z).

Let the measure du(z) = |z|" exp(—2?)dz + ké(z)dx, a (slightly) generalized) Hermite weight
+a point mass at the origin.

The orthogonal polynomials of odd degree ignore the point mass, and are wLn(H'l)/ 2) (2?).

The orthogonal polynomials of even degree Pa, () is the polynomial of degree n of the preceding
section at 2 , with ¢ = (r — 1)/2 and 2, so

d |dPy,(x r—+3)/2 1 APy, (x nx? + K, (0 L

) [ deg )] + <—1—|—( :132)/ o _9n> deg ) + PRI _HEL))Pgn(aj) = 0, which is

Heun in 22, but the final equation is not:

+3 2
pz/;l(x)—i—(—l/w—%—i—rgj _xz_:ng
n

> Py () + szn(w) =0.

3. An example of biorthogonal rational functions set, or of
2—point Padé approximation.

3.1. Biorthogonal rational functions and rational interpolation.

Let A,, and B, be polynomials of degres m and n, with m,n = 0,1,... such that the rational
functions A,,(z)/(z — a)™! and B,(x)/(z — b)"T! are orthogonal with respect to a (formal)
measure dy on an interval, or a contour, [c, d]:

¢ Ap(z) By ()

/c (z —a)mH (z — b)nﬂdu(a:) =0,m#n

Existence and unicity depends on the non vanishing of determinants of moments
fcd(a: —a) "(x — b)"%du(x), see general expositions of biorthogonality [15,25,93,108].

It follows then that A,, is orthogonal to all polynomials of degree < m w.r.t. to
dp(z)/[(z — a)™ (2 = b)™], to du(x)/[(x — a)"(z — b)"*!] for B,.

This cries for polynomials C), orthogonal to all polynomials of degree < n w.r.t.
dp(z)/[(z — a)(z = b)]"+1.

One often uses the variable z = k(z —a)/(x — b) < x = (bz — ak)/(z — k), so that 1/(z —a) =
(1 —kzY/(b—a) and k/(x —b) = (2 — k)/(b — a), and the relevant rational functions are
polynomials in z and polynomials in 2~ (Laurent polynomials).

For a very special case, consider the Jacobi weight (b — z)P(x — a)? on (a,b): C,, is then
the (rather unconventional) Jacobi polynomial of parameters p —n — 1 and ¢ — n — 1 involving
the hypergeometric expansion 9 Fy(—n,1 — p;q — n;z) with z = (z — a)/(x — b) [1, 22.5.45] [57,
p.31] [106, eq. (5.5)]. That’s where the Pochhammer contour discussed above is needed [82, pp.
326, 389, [102, §12.43, p.257].

There are recurrence relations between the A, B and the Cs, for instance

Ap(z) = On($)An+1(bg)j_ f:n+1($)0n(b)7 C(z) = An+1($)cn+1(ag)j - fn+1(33)14n+1(a)
multiplicative constants (Christoffel-Darboux-type [19,41,65] etc. ), leading to a recurrence rela-
tion of the form

Cri1(x) = (&nx + 1nn)Cn(x) 4+ Cu(x — a)(x — b)Cr—1(x) (special case of type-II rec of Ismail &
Masson [66, sec. 3])

, up to

We now call P,, = C},, and show that P, is the denominator of rational function achieving Taylor
match of order n of the Stieltjes-Markov function ([l) at a and b (two-point Padé approximation).
Indeed, the required interpolant to P,S is
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d Pn(ﬂi) _ Pn(t) (t _ a)n-l—l(t _ b)n-i—l _ (gj _ a)n-i—l(:n _ b)n-i—l
(o) = [ 2E=PE - po e e )
from Hermite-Walsh formulas [25, Thm 3.6.1] seems to have degree 2n + 1 in x, but the terms
(tk — 2%)/(x —t) turn in sums of products +*2*~17* killed by orthogonality with P, = C,, when
s <mn,sothe powers k—1—s<k—1—n<n+1 remain for z.

3.2. Chebyshev example.

3.2.1. Chebyshev polynomials formulas [66, Example 3.1].

Consider the measure du(t) = a constant times +/(d —t)(t —¢) dt on (c,d) leading to the
Stieltjes-Markov function ({)

S(z) = R(z) — x + (¢ + d)/2), where R(z) = \/(z — ¢)(x —d). We don’t need to tell exactly
how the square root is chosen, we only have to make two ch01ces at x = a and at * = b (the
germs of [70]).

Let I(z) := ((x — a)R(b) — (x —b)R(a))/(b — a) be the linear interpolant of R, and let L(x) :=
((x —a)S() — (x —b)S(a))/(b—a) = I(z) — z + (c+ d)/2 be the linear interpolant of S.

We start a continued fraction expansion as

S(z) = L(z) + S(x) — L(x)

(x —a)(x—0)

= L(z) + @)@ =0 ~ S@ie-(rd2+I@
5($)—I()+9€—(C+d)/2 [R*(z) — I*(2)]/((z — a)(z — b))

simplifies in \/(z — ¢)(z — I(x) =2I( 1@ —a)@—b) , where
P )+ O e—ow a0+ 1@
v=1—[R(b) — R(a)]?/(b — a)? is the coefficient of z? in R%(z) — I%*(z) = v(x — a)(z — b).

With the Laurent variable z = k(z —a)/(z —b), (k # 0), sending ¢ and d to ¢ = k(c—a)/(c—b)
and d’ = k(d—a)/(d—b), one has I(x) = [zR(b)—kR(a)]/(z—k), (x—a)(x—b) = (b—a)?kz/(2—k)?,

(z —c)(z—d) =k*(b—a)*(z = )z — &) /((¢ = k)(d — k)(z = k)?), s0,

(a—c)(a—d) = (b—a)’)dd /(¢ = k)(d — k), (b—c)(b—d) = k*(b—a)?/((d —k)(d —Fk)), and
R(a) and R(b) are two independent choices of the square root in (b — a)/cd'/((¢ —k)(d' — k))
and (b — a)k/1/((¢ — k)(d' —k)),

v=1-[k—Vd]? /(( k)(d —k)) = —k[d' +d' —2v/d] /(¢ — k)(d' —k)), finally, I(z) =

Ko=) —VID) (b= )~ VI
G- -R@ -8 (V- V)~ k) |

Numerators and denominators are solutions of the recurrence relation

Poii(z) =2I(z) Py (z) + v(z — a)(x — b) Py—1(z) with

Py(z) =1, P(z) = 2I(z); No(z) =I(x) —x+ (c+d)/2 = L(x),

Ni(z) = 4I%(z) + (2 — a)(z = b) = (I(2) + @ — (c+d)/2) P (2) = 21 (2) L(z) + v(z — a)(z — b) =
P_1(z)=0,N_1(x) = 1.
With the variable z, the recurrence relation becomes

(b—a)(z—Vdd)/—ky (b —a)?kz o). or
Pn+1(w)_2 (\/_/—\/J)(Z—k’) Pn(x)+ (Z—k)2 Pn—l( )7
z—dd z—k "
Xnt1 = 2an — Xp—1, where X, = [WT’YJ Pn(x)u

and this recurrence relation is solved by Chebyshev polynomials
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FIGURE 2. Red and blue dots: zeros and poles for the exponents (1/4,—1/4)
(Suetin [94]); black dots and + signs: divergence locus for the exponents (1/2,1/2)
for two different choices of the sign of Ved. Here, ¢ = 0.45 + 0.55i, d = 2 — 44,
a =0 and b = oo, the Laurent polynomials choice.

L
VAR

Ni(z) = L(z)Pa(x) — (b— a)n+1(_'}’kz)(n+1)/2Un—l <

Po(x) = (b= a)" (—vkz)"*U, ( ) /(z = k)",

T

_— z—k)"thn =
ﬁ(ﬁ—ﬁ))“ B n = 0,1,

(33)
Incidentally, convergence occurs in the non oscillatory region, the limit is
L(z) — (b—a)(—vk2)"2Z(2) /(2 — k), where | Z(z)| < 1 and Z(z) +1/Z(z) = 2
z—Vdd £\/(z—)(z—d) I(z) £ /(x — ¢)(x — d)
V(W =V (b—a)y—kyz
checked to be L(z) — I(x) F /(2 — ¢)(x — d), which is a determination of S(z), as it should!
z—dcdd
NEEERTD:

= 0, a part of a particular cubic curve (Deaux [26]),see fig. &

NG
VAT )

so that Z(z) = The limit is

= (z — k)

The divergence locus is the oscillatory region

LT 20/ dd +d )z
d—2/dd +d
No similar simple results must be expected when the exponents p and ¢ in
du(t) = (d—t)P(t — c)? dt on (¢, d) are not half integers! Komlov & Suetin [70] built an elaborate
theory of asymptotic behavior; Zhedanov [106] showed that recurrence coefficients have normally
no simple formulas.

=te[-1,1], or

I

3.2.2. Differential equation.

We start with the differential equation of U,, (NIST [82, 18.9.19-20] with A = 2),
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d dU,(X) _ _ o Ved
T |- X2 b n(n + 2)(1 - X2)PUL(X) = 0, where X = VAT — V)

A !

from (B3), and we see that 1 — X2 = _=d) d)/z. The two solutions of the differ-
(V' —d')?

ential equation for U, are (X 4+ /X2 —1)""1//X2 —1 = a constant times [\/z — \/cd'/z +

ViE=)z=d)/z" )\ (z =)z —d)/=

We use dX /dz = (2712 4/dd 2=%/2) /(2(V'd—V/d')), P,(x) = constant times (\/z2—k//z) "Upn(X)

and get with the help of computer algebra,

+ _
dz? z—c’+z—d’ z—k z  Z4/dd

0, where R, is a third degree polynomial.

This equation is certainly not Heun, as we already have singular points at ¢’,d’,0, 0o, k, and
—Vdd'. At z = 0 and oo, particular solutions behave like z=+1); at z = k (corresponding to
x=o00inz=k(z—a)/(x —0)), one has R, (k)/(k(k —)(k —d)(k+Vdd')) = n(n—1), so that
powers near z = k are (z — k)" and (z — k)~ Y finally, —/¢/d’ is an apparent singularity.

We return to x in z = k(z — a)/(x — b), to have

3/2 32 1
Pl(z) — [t - 22 2y >PN
(@) <:E—a r=b w-—c x—d 22— (ak+b/Id)/(k+Vd) )
n Pn
+ Su@)Fn(2) = 0, where S,(7) = (z — b)3R,,(k(x —

(x —a)(z —b)(z — ¢)(x — d)(k(x —a) + Vd (x — b))

a)/(x —b))/(k(k —)(k — d)). Consider now the symmetric situation a = —b,c = —d, so that
d=k(c—a)/(c+a),d =k(c+a)/(c—a), and Vd is either k or —k.

2nx 3x 1 n(n — 1)x2 P, (z) .

PR Rl R + ;) Pl (x)+ CETDIrEr) = 0, which does
not always yield a polynomial of degree n, as P; is a mere constant.

dan(aj)+< 3/2 3/2 2n n 1 > dPn(:E)+ R, (2)P,(x)

In the first case, P)/(x)—

dz 2(z =)z —d)(z —k)?2(z +Vd)

n[(n —2)2% — ((¢? — 2a%)/(a + ¢) + n(c — a)] P, (x)

2nzx 3x
In the second case P,/ (x)— <3:2 2 C2> P! (x)+ (2 — a2)(22 — 2)

0, corresponds to the odd Stieltjes-Markov function va2 — ¢z — x.
The obvious change of variable is 22 = ¢, then d/dx = 2v/td/dt and

dr? 2 t—a t— 2
0, a Heun differential equation.

dPPy(z) (1 n 3/2 \ dP,(z) n[(n—2)t— ((c® —2a%)/(a+c) + n(c— a)|P.(z)
a 1t — a2)(t — )

4. Polynomial eigenfunctions of a Heun operator.
4.1. The Heun operator.

Heun’s differential equation appears in investigations of special cases of the Schrodinger equa-
tion, through the invariant form ([IGH) Y"(x) — I (2)Y (z) = 0 [28-33, 62, 83] with relations to
exceptional orthogonal polynomials, which are sets of eigenfunctions of some differential operators
extending the classical setup [43,48] which includes Heun examples [11,95].

This field of particular Sturm-Liouville operators allowing a full set of polynomial eigenfunctions
has expanded at an incredible rate in a few years. The name ”exceptional orthogonal polynomials”
is given to known non classical cases where the eigenfunctions do not have all possible degrees,
for instance, the equation (B4]) has no constant solution if gy # ¢pg. It is known however that the
polynomial eigenfunctions make a complete set in the relevant L? weighted space, new corrected
proofs have been published recently [36,47].

The name ”exceptional” will probably disappear, we will soon have to consider these new
families within the realm of orthogonal polynomials.



ORTH POL HEUN  October 18, 2020  version 3 20

The still called ”exceptional” orthogonal polynomials related to Heun’s differential equation
are polynomial eigenfunctions of the operator L in

Ly= (oo =) [0 + (71 + g+ ) V@ Ry G

where y is a polynomial of degree n, but not for any non negative integer, for n € some set A.
The eigenfunctions of the operator L of (B4]) are orthogonal with respect to a weight function
w of support [a,b] if L can be shown to be (formally) selfadjoint in the relevant scalar product

b
space, i.e., if/ (Lf)g(x)w(x)dx is symmetric in f and g:

/ab<Lf>g<:c>w<x>dw= [{(w—a)(z—b) o (7t ) @)

r—a x-—b xz-—c¢

+wf(x)}g(w)w(fc)dx,

x—c
we perform integration by parts on the term containing f”(x), and kill the contributions of the
unsymmetric f'g:

)
—[(z = a)(x — b)w(z)] + (x — a)(x — b) < T 4 P + c> w(r) =0

r—a

leading to

w(z) = constant x (z —a)’ Yz —b)° "Lz — ), (35)

[43, eq. (32), (36a)], [89, Part A, §5.2].

4.2. Theorem. Non hypergeometric polynomial eigenfunctions of a Heun operator (B4l are
related to a Jacobi weight function divided by an even power (x — c)?™.

This means that € is a negative integer —2m in ([B4) and (B3).

When e = —2, the polynomials are the X; exceptional Jacobi or Laguerre polynomials [43,83,
95].

Exceptional X, polynomials are related to Jacobi or Laguerre weight functions divided by the
square of a polynomial of degree ¢ [35,45,59,84], they are not related to Heun’s equation when
0> 1.

Note already that the operator of (B4]) has no constant eigenfunction if pgc — go # 0.

It is known that exceptional polynomials are NOT semi-classical orthogonal polynomials [43,
p.353].

Proof: we enter the polynomial eigenfunction Y ¢ cx(z — ¢)* in (B2

(z—a)(x—b) X5 k(k—1)eg(z — )2+ X7 key(z — )2
+ (@ = b) + 8(z — a)] S kex(z — )L+ (pox — qo) S k(@ — e)F 1 = X, S0 er(z — o)F

and look at the coefficient of (z — c)*:

k(k—1+¢€)cy+(2c—a—b)(k+1)(k+e€)cgt1+ (c—a)(c—b)(k+2)(k+ 1+ €)cpra+ (v + )key
+ [y(e = b) + d(c — a)|(k + 1)ckt1 + pock + (poc — qo)ck+1 — Anck = 0, k = 0,...,n. Of course,
Cnt1 = Cne2 =0,80n(n—1+4+¢€)+n(y+9)+po— A\ =0 at k = n, giving A\,. The coefficient of
cpisthen k(k—1+¢€)+k(y+9)+po—An=(k—n)(k+n—14 €+ v+ ) vanishing at k = n,
and the recurrence relation is

(k=n)(k+n—1+e+y+0)ck +Xpchs1+ (c—a)lc=b)(k+2)(k+1+€)cks2 =0,  (36)
fork=n—1,n-2,..., where xx = [(2c—a—0b)(k+¢€) + (y(c —b) + 6(c — a))](k + 1) + poc — qo.
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This recurrence relation (see Andrews & al. [4, App. F], [103]), appears everywhere in relation
with Heun’s equation, function, or polynomials Choun [20, 21] Erdelyi [37, §15.3] Hautot [55]
Ronveaux [89, § 3.3, 3.6] NIST [82, §31.3], see also Alhaidari, [2], Griinbaum et al. [50], Ishkhanyan
[64], for other polynomial expansions.

The recurrence relation at k = n — 1 gives ¢,_1 as a multiple of ¢,, then, ¢,_», etc. That must
end! We must have c_; = 0. Then, c_s = 0 follows from (B@l) at k = —2, and all ¢xs with negative
index do vanish.

One has (n+1)(n —24+ €+ +d)c_1 = (poc — qo)co + €(c — a)(c — b)ey from BH) at k = —1,
c_1 = 0 certainly holds for all n when € = 0 and pgc — g9 = 0, we recover then the hypergeometric
case.

In general, ¢_; is a complicated function of n built by solving the steps of B8 from k = n
downto £ = —1 (a continued fraction in [37, §15.3], also a determinant in [55]) , BUT, if € is a
negative integer, the cj1o term vanishes in [B6]) at k = —e — 1. We now have only to perform the
recurrence steps from k = —e — 1 downto k = —1, so that c¢_1/c_. is a rational function of fixed
degree in n.

When ¢ = —1, ¢ = Xo (poc — qo)co — (¢ — a)(c — b)cy
n(n—24~v+9) (n+1)(n—34+~v+9)
B [ (Poc — qo0) X0 (c—a)(c—b)

cp and c_1 =

— ishing f infinit
Mt D)(n—3+7+0)nn—2+740) (nt1)(n—3+ny+a) |t VSIS IOT Al AL

set of values of n if pgc — go = 0 and ¢ = a or b, again the hypergeometric case.
X1 Xoc1 — 2(c — a)(c —b)ca

e ¢l (n—l)(n—2+’y+5)c2’co n(n—3+~+9)

_ [ X0X1 2(c —a)(c—b) ] e

nn—3+y+d)n—-1)n—-24+~v+9) n(n—-3+v+9)
(n+1)(n—4+~v+d)c_1 = (poc — qo)co — 2(c — a)(c — b)cy
_ [ (poc — qo)xox1 2(poc — go)(c — a)(c —b) 2x1(c —a)(c—b)

nn—3+y+d0)(n—1)(n—-2+~+9) n(n—3+y+9) (n—1)(n—24+~v+90)
vanishes for all n if x1 = qo—poc = a+b—2c+7y(c—b)+5(c—a) = (1—0)a+(1—~)b+(v+5—2)c,
and if the residue
(c—a)(c—0b)

x1—7(c=b)—d(c—a)—2(c—a)(c—b)(2—v—0)/x1 =a+b—2c—2(1 B
2—7y—=9

(a2 —c) 2 atD/2—c)* — (b—a)’/d

vanishes too, an equation for ¢, solved by

(0 —7)(b—a)
m+(a+b)/2—c

_a+b (2—-v—-6)(b—a)

2 206 —v)

We recover the X;—theory [43, eq. 36a] [44] [95, eq. 6.3].

When e is a negative integer < —2, we only look at large n, c_c_1/c_c ~ X—e_1/n>, C_c_2/C_c ~
—¢e(c —a)(e — b)/n?, and different behaviors occur at even and odd steps:

Cocar ~ UpC_e N Cc_api1 ~ VpC_e /DT, With Uy = —(2r+1)(—€e—2r)(c—a)(c—b)u,, V11 =
X—e—2r—1Up — 2r(—€ — 2r + 1)(c — a)(c — b)v,.

If € is the odd negative integer —2m — 1, the main behavior of ¢_1/com+1 1S U1/ n?m+2 leading
to ¢ = a or ¢ = b, the hypergeometric case.

So, only even negative integers ¢ = —2m remain. O

It seems very unlikely that there is a solution when m > 1, so we conjecture that ¢ = —2 is the

only possible solution.
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5. Conclusion.

Sequences of orthogonal polynomials satisfying Heun’s differential equation are only found in
two different classes.

When we try to extend the class of classical orthogonal polynomials {P,}3° by allowing them
to satisfy Heun’s differential equations (variable with the degree n), we only find classical weights
modified by a point mass.

When we look at polynomial sequences {P,}7° made of eigenfunctions of a fixed Heun’s oper-
ator, we only find classical weights divided by a power (z — ¢)? [43,95].

The subfield relating exceptional polynomials to Heun’s differential equation seems completely
explored. For instance, A.M. Ishkhanyan [63] finds and discusses all the 35 possible forms for the
potential function related in some way to Heun’s differential equation (11 when some equivalence
relations are taken into account).

This simply means that important classes of non hypergeometric orthogonal polynomials are
related to Fuchsian differential equations of higher complexity than the Heun class [22].

However, many applications in mathematical physics are currently worked, as seen in recent
papers [28-33,62].

Progress on new soluble potentials must be expected in new directions [12,13, 35, 46,48, 96] no
more related to Heun’s equation.

There may be however interesting mathematical phenomena deserving more attention: for
instance, there is a striking similarity between the apparent singularities phenomenon in the
Laguerre theory of orthogonal polynomials [53,54], and the theory of ”exceptional” orthogonal
polynomials, as it appears in the differential equations [67,68,90].

Recently, new asymptotic expansions involving the Heun’s equation have been found [23, § 4],
[18].

And now, discrete Heun operators enter the arena [7,8,11,99].
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