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SPACE AND TIME ADAPTIVITY IN THE NUMERICAL
INTEGRATION OF PARTIAL DIFFERENTIAL EQUATIONS

W. E. SCHIESSER

LehighUniversity
Bethlehem,PA 18015USA

wes1@lehigh.edu

An essentialaspectof thenumericalintegrationof partialdifferentialequations(PDEs)is the
monitoringandcontrol of numericalerrors. In this paper, we review threebasicapproachesto
adaptiveerrorcontrol(for discretizationerrorsin spaceandtime):

1. h refinement:Variationof thespaceandtime integrationintervals.

2. p refinement:Variationin theorderof thespaceandtimeapproximations.

3. r refinement:Adaptive movementof the grid points to regionsof large variationsin the
solution.

Thesethreestrategiescanbe implementedmanually(by observingthe solutionandmaking
adjustments),or automatically(by having thecomputercodemaketheadjustments).

We illustratethesestrategieswithin themethodof lines(MOL), which is a flexible approach
to the numericalintegrationof systemsof ordinarydifferentialequations(ODEs), differential-
algebraicequations(DAEs)andPDEs.

Somerepresentative numericalmethodswill be reviewed and illustratedthroughcomputer
codesfor: (a) a systemof two initial-valueODEsof arbitrarystiffnessand(b) a specialcaseof
theEinsteinfield equationsof generalrelativity.

The talk will concludewith a brief discussionof the softwareavailable for MOL analysis,
includinga setof Matlab“m” files andtheFortrancodefor theEinsteinfield equationsthatwill
beprovidedto theattendees.
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MONO-IMPLICIT RUNGE-KUTTA-NYSTRÖM METHODS :
EFFICIENT IRKN METHODS

T. VAN HECKE , ResearchAssistentof theUniversityof Gent,
G. VANDEN BERGHE, M. VAN DAELE

andH. DE MEYER , ResearchDirectorat theNationalFundfor ScientificResearch
(N.F.W.O. Belgium)

VakgroepToegepasteWiskundeenInformatica, Universiteit–Gent
Krijgslaan281– S9,B9000Gent,Belgium

e-mail: Tanja.VanHecke@rug.ac.be

Implicit Runge-Kutta-Nystr̈ommethods(IRKN) aredeterminedby theButchertableau

c A

b̄T

bT

with c � b̄ � b � IRs � 1 andA � IRs � s. IRKN methodsareexpensive andexplicit RKN methodshave
badstability properties.We considerthesubclassof mono-implicitmethods(MIRKN) for which
a strictly lower triangularmatrix X � IRs � s anda vector v � IRs � 1 exist suchthat the Butcher
matrixA canbewritten as

A � X � vb̄T � wbT �
Moreover, sinceweaimat theconstructionof P-stableMIRKN methods,werequirethatthe2 � 2
matrixstability function

M � z�	� 

1 � zb̄T � I � zA�� 1e 1 � zb̄T � I � zA��� 1c

zbT � I � zA��� 1e 1 � zbT � I � zA��� 1c � �
wherebye � IRs � 1 denotesthevectorwith unit entries,satisfiesfor all realz � 0 both thecondi-
tionsdetM � z�	� 1 and(TrM � z��� 2 � 4.

An analysisis madeof P-stableFSAL methodswith v � c. It will alsobe shown how the
requiredLU-decompositioncanbesimplified.Symplecticmethodsarediscussedwithin theclass
of MIRKN methods.
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FAST DIRECT SOLVERS AS PRECONDITIONER
IN WAVEFORM RELAXATION

JO SIMOENS

KatholiekeUniversiteitLeuven
Departmentof ComputerScience

Celestijnenlaan200A
B-3001Heverlee

(jo.simoens@cs.kuleuven.ac.be)

Waveform relaxationis an iterative techniquefor solving large systemsof ODEs. It is the
continuous-in-timeanalogueof iterative methodsfor stationaryproblemsbasedon matrix split-
ting, suchastheJacobiandGauss–Seideliterations. In this talk we considerits applicationfor
solvingsemi-discretisedparabolicinitial-boundaryvalueproblems.

The waveform relaxationmethodparallellisesvery well if the preconditioneris highly par-
allellisable. We discussthe useaspreconditionerof direct parabolicPDE solverswith known
optimal parallel complexity. Thesepreconditionersare derived from direct solvers for elliptic
PDEs,andusetheFFTin thespatialdimensionsandcyclic reductionin thetimedimension.Fine
andcoarse-grainvariantsof theparallelalgorithmarepresented.

Theconvergencerateof theresultingwaveformrelaxationiterationis shown to beindependent
of the meshsizeusedin the spatialdiscretisation.We concludeby comparingthe methodwith
someotherwaveformrelaxationandmultigrid methodsfor parabolicproblems.
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CONTINUATION OF CODIMENSION 2 EQUIL IBRIUM
BIFURCATIONS IN CONTENT

B. SIJNAVE , W. GOVAERTS (Fundfor ScientificResearch(F.W.O.Belgium)
andYU. A. KUZNETSOV (CWI, Amsterdam(TheNetherlands))

VakgroepToegepasteWiskundeenInformatica,Universiteit–Gent
Krijgslaan281– S9,B9000Gent,Belgium

e-mail: Bart.Sijnave@rug.ac.be

In this talk, we discussrecentextensionsto CONTENT, an interactive softwarepackage
developedatCWI (Amsterdam)by Yu.A. Kuznetsov andV. V. Levitin, to computeandpathfollow
numericallyall codimension2 bifurcationsof thesolutionsof theequilibriumequationsF � u � α ���
0 associatedwith thedynamicalsystem

u̇ � F � u � α � u � F � u � � IRn � α � IRm �
Wewill dealwith Bogdanov-Takenspoints(BT), Zero-Hopfpoints(ZH), DoubleHopf points(DH)
andGeneralizedHopf points (GH) which canbe found while following a curve of singleHopf
pointsandalsowith cusppoints(CP) thatcanbe foundon limit point curves. Also, detectionof
severalcodimension3 bifurcationswill bediscussed.

Weillustratetheuseof thissoftwarewith severalmodelcomputationsfor all typesof theabove
mentionedbifurcations.Oneof thepresentedmodelsis a realisticmodelof a neuron,developed
atCornellUniversityby J.Guckenheimerandcoworkers.
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AN ADAPTIVE GRID METHOD BASED ON SMOOTHED
EQUIDISTRIBUTION AND ITS APPLICATION TO PDES WITH

HIGHER ORDER DERIVATIVES.

DR. P. A. ZEGELING

Dept.of Mathematics,Universityof Utrecht
P.O. Box 80.010,3508TA Utrecht,TheNetherlands

e-mail: zegeling@math.ruu.nl
WWW: http://www.math.ruu.nl/people/zegeling/

Abstract:Traditionalnumericaltechniquesto solve time-dependentPDEsintegrateon a uni-
form spatialgrid that is kept fixed on the entire time interval. If the solutionshave regionsof
highspatialactivity, astandardfixed-gridtechniqueis computationallyinefficient,sinceto afford
anaccuratenumericalapproximation,it shouldcontain,in general,a very largenumberof grid
points.

Thegrid onwhich thePDEis discretizedthenneedsto belocally refined.Moreover, if there-
gionsof highspatialactivity aremoving in time,like for steepmoving frontsin reaction-diffusion
or hyperbolicequations,thentechniquesareneededthatalsoadapt(move) thegrid in time: con-
tinuouslydeforminggrid methods,whicharealsodenotedby thetermr-refinement.

In this talk I will describeanadaptivemoving-gridmethodthatis basedonanequidistribution
principlesuppliedwith smoothingboth in the time andspacedirection. In onespacedimension
this is ratherstraightforwardandit cantheoreticallybeshown that the ratiosof adjacentspatial
grid cells are forced to be boundedfrom below and above, due to the smoothing. In two di-
mensions,an adaptive moving grid canbe definedby applyingthe 1D-principlealong the two
coordinatedirections. Numerical resultswill be shown in one and two spacedimensionsfor,
amongothers,reaction-diffusionmodelsandhigher-orderPDEsin time andspace,suchaswave
equations,KWdV-equationandtheExtendedFisher-Kolmogorov PDEmodel.
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IMPLICIT UPWIND RESIDUAL DISTRIBUTION SCHEMES FOR
EULER/NAVIER-STOKES EQUATIONS.

GÉRARD DEGREZ

VonKarmanInstitutefor Fluid Dynamics,
72,ChausseedeWaterlooWaterloosesteenweg 72

1640Rhode-Saint-Genese1640Sint-Genesius-RodeBelgium

A review is madeof implicit residualdistribution schemesfor the solutionof compressible
flowsonunstructuredgridswhichhave beenextensively studiedat thevonKarmanInstituteover
thepastfew years.

Spacediscretizationis consideredfirst. Themainmotivationfor thedevelopmentof upwind
residualdistributiondiscretizationsis to genuinelyaccountfor themultidimensionalflow physics,
contraryto state-of-the-artfinite volumesolverswhicharebasedon1D Riemannsolvers.Theba-
sicprinciplesof residualdistributionschemesareexplainedin detailfor thelinearscalaradvection
equation.It is shown in particularthatmoreclassicalschemessuchastheSUPGfinite element
andLax-Wendroff schemescanbe viewed asresidualdistribution schemes.Then,their gener-
alizationto non-commutinghyperbolicsystemsis presented.Theapplicationof upwindresidual
schemesto thenon-linearEulerequationsof gasdynamicsrequirestwo additionalingredients,i.e.
suitabledecompositionsof thesystemanda conservative linearization,which arediscussednext.
Finally, extensionto viscousflow problemsis achievedby aGalerkinfinite elementdiscretization
of theviscousterms.

Having selectedthe spacediscretizationscheme,thereremainsto specifythe iterative solu-
tion strategy for theresultingsetof non-linearalgebraicequations.We considerhereanimplicit
time-stepping/dampedNewton strategy. It is shown that, thanksto thecompactnessof thespace
discretization,it is possibleto computetheJacobianmatrix neededby thedampedNewton algo-
rithm economicallybothin termsof CPUtime andstorage.Linearsystemsaresolvediteratively
usingpreconditionedKrylov subspacealgorithms(GMRES,BiCG-STAB). Finally, the presen-
tation concludeswith illustrative applicationsto a wide rangeof inviscid, laminarandturbulent
flows.
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NUMERICAL EXPERIMENTS WITH THE MOVING FINITE
ELEMENT METHOD

ALAIN VANDE WOUWER

Facult́ePolytechniquedeMons
AutomaticControlLab

In this talk, themoving finite elementandthegradientweightedmoving finite elementmeth-
odsfor solvingpartialdifferentialequationsin onespacedimensionarebriefly described.Several
test-examplesfrom scienceandengineeringareusedto illustratethemethodfeatures,including
theselectionof an initial nodedistribution, theparametertuningandtheuseof matrix precondi-
tioning.
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