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these cases ([20]1[21]1[27 1) and other conjectures [ 22] ; distribution of zeros ([ 24]

[29 1); sharp estimates of the extreme zeros [25] for a > 1 (i.s., P S S

X n/ [n/Cla) ]1/a-——9 2, with the Cla) of (1), but not using nor establishing (1));
3 ol

proof of expected behaviour of geometric mean of a a8 compatible with (1) for

10
a>0[181. Much more must clearly be expected...

If the general tools involved (bounds for Freud-Christoffel function [ 4] [ 20]

[11]1 [12 1, function spaces identities [12 ][ 18 1, potential theory methods [ 18 ]
[19 1[ 25 1) are fairly powerful, they do not seem to be able to reach [(4) naturally.
For this reason, the Freud's proof [5 ] will be expanded here.

FREUD'S EQUATIONS.

The weight function is wi(x) = | x 1P expl- I x e ] - < x <, with integer m.
The factor | x |® is not essential, but useful if one wanfs to investigate weight

functions exp(- x™) on the positive real axis [2 ] chap. 1 §8,3. As w is an even

function, bn = 0, Equations for the an's will be obtained by equivalent forms of

fx [Dn[XJDn_qu]]’WIX]dX. First, by expanding the derivative of the product, using

-0

the orthonormality of the pn’s and the recurrence relation (2), one finds n/an

. Zm-
Next, integration by parts, using w'(x) = (p/x - 2Zm x m 1]w[x), yields

= [p/an]odd[nJ + 2m fm 21

—co

pn[x]pn_q[x)w[xldx where the odd-eveness of the pn’s

with respect to n has been used (odd(n) = 1 if n is odd; 0 if n is even). Finally,

the last integral is found to be a combination of a 7 B from repeated
n-m+1 n+m-1

application of the recurrence (2) written in the form xanxJ = anpn_q[x]+ an+1pn+1[xh
e wlp Tl Ddon o 1 = WD LR e e TE o sl ]
PD :?1 FRCEE PgtX ,D1 X),ean 5 =12, az\
a, 0, N

Let the result be called Freud's equations

_ 2m-1 N L
(6) Fn(aJ = 2m anlA Jn,n+1 =n+ p odd (n), o B 8.

t
where [X)n o Mmeans the nih row - m b column entry of the matrix X.
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