366

Such bounds were already established by other means in 1873 [20] for any a = 1; the

upper bound can be deduced from the Freud-Lubinsky theory ([11 ] lemma 7.2).

what are the best bounds that can be obtained in this way ? From a lower (resp.

1/2

upper) bound a’ behaving like c'n ™ £or large n, used for a INPTRED in (8),

1/2
one solves for an and find an upper [(resp. lower) bound behaving like c"n'/ m, and

nt1

the process can be iterated. Concentrating on the relation between ¢' and c”, one

finds a polynomial equation (40"2[20’2 + c"ZJ =1 form= 2, 60"2{53'4+4C'Zc;ac 4]=1

for m = 3,...) that can be written c" = flc'). The iteration will converge if
4 < £'(c) < 0 at the fixed point (f is decreasingl, which happens for m=1,2 and 3
(the values are 0, -1/2 and ~7/8), allowing a proof of the Freud's conjecture in

these cases [51. Unfortunately, this argument breaks down for m > 3 : the values

of ' for m = 4 and 5 are -18/16 and -187/128... (the formula seems to be

m=1 K (-1/2y,
21t

T (-1°
k=1 :

Next, one tries an expression a: that we hope to be close to the solution, at

least for large n : Fn[a*] - n - p oddln) = o(n). Returning to (4) as guiding
e E 2 .
principle, one has, if a:+i ~ a:, Fn{a*] n C[ZmJ[a:] m’ where C(2m) is the function

: 2m- : :
of (1), i.e., 2ml mqu, found by using [B) and knowing that the elements of a power

of a matrix A with equal elements (Toeplitz matrix]) are the coefficients of the

expansion of the same power of az_/l + az. With a: = (n/C[Zm)Jq/Zm, it is easy to

. 1/2m
show that Fn[a*J - n - p odd(n) = 0(1), using [DﬁEJ v 1 o+ i/(2mn) . One can go

further, and build an asymptotic series satisfying formally the equations [17 ] : for

. n L 1/2m p-(-1)"(2m-1)p
our problem, the two first terms are a " (ETEET] [1 + - 1.

Fipally, we must show how such an a* is actually close to the true solution a.

Indeed, the preceding manipulations show only that F(a*) and F(a) are close together,

which is not conclusive. Should F be a linear operator, say Fla) = Xa, the relation

would be a* - a = quiF[a*J - F(a)) : one should investigate the bounded invertibility



