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We give here the mathematical derivation of some propositions and statements of the paper.
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1. Preliminaries: the second period maximization problem.

We see that the full problem (7) contains several times the same subproblem: we first have to
maximize with respect to a variable e > 0 an expression of the form Ae” — Be+C, with A, B > 0,

and v < 1.
The derivative yAe?~! — B has exactly one positive zero:
A7V
e= {%] , (A1)

which leads to Be = yAe”, so that the maximum is

[1—~]Ae" 4+ C =y AYEB=7/0=9 L ¢ where 4/ = [1 — A]y/1E7] (A.2)
We apply now this to Il,.
fig A.1 In (A1, 72), for a given 79, A and B depend on Ag: A = Xg, B = pet+7o+pirAa,

and so

| Iy (A1, 72) :glzai(l F(\g;72) + C,

Blpetm] A2 where F(\og;m):= HQI%)O(G;)\Q — [pe + T2 + prA2lea
(S

Py

fig. A2 :W/Ag/[l—v][pejLTQ+pk)\2rw/[14]7 (A.3)

| F()Ag;72) increases between A = 0 and Ay = B[pe + 72]/[apk], and decreases
| afterwards (see fig. A.1). Therefore, when A1 < B[pe + 72]/[apk], the maximum

Uo over A2 = A1 of F(Ag;72) is the maximal value of F, i.e.,
Blpetr] A1
Pk F (B[P;;; TQ] : 7_2> _ '7”[pe + 7_2}7(1/[177]19];5/[177]7 (A4)

where 7" = ~/38/1=11q/ 171 J47/ =] = [1 — ) g8/ 1=/ 171,
whereas, when \; > ([pe + 72]/[apk], the maximum over Ay > A\; of F(Ag;72) is merely F(A1;72).
Thus:

Hg(/\l, TQ) = 7/)\?/[1_7] [pe + 71 + pk/\ﬂ_’Y/[l_’Y] + C, if Ay > 5[}76 + TQ}/[O{pkL
=7"lpe + )~/ if Ay < Blpe + 72 /op],

Remark that IIa(A1, 72) is a non increasing function of A\; (see figure A.2).
This also holds for the integral term of (7), as this term is a positive linear combination of
functions IIg(A1, 72) for an interval of values of 75.

(A.5)
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2. The absolute baseline case.

2.a. Proof of proposition 2.a (existence, unicity and characterization of \,;).

2.a.1. The equation for A\41: the maximum condition.

We now come to the full problem (4), with an absolute baseline:

T\ A S
elZHOI,a)\)fZO €171 [Pe + Pk 1}61 +T1[61 61}

+P/ f(m2) max {63/\5 — [pe + prA2ea + mo[éa — d[er —e1] — 62]} dry
2

Tmi =
min o>

Emphasizing the dependence in eq, using (2):

a a TN A — poT
IAI}Z}S{E}%{% ! — [pe + PrX1 + 11 — pdTa)er

Tmax
+P/ f(m2) max {max {e%Ag — [pe + prA2 + 72}62}} dTQ} + 1181 + T2pléz — d€]
A2>A | €220

Tmin

which is first solved with respect to ey:

max {Hal(/\l, 1) := F(A\1;71 — pdTa) + p/ f(TQ)[mgX F()g; Tg)}dTg} + 1€ + Tapléa — dEy],
1= Tmin 2241
(A.6)
using the definition of F' in [AZJ).
Recall that the first term is an increasing function of A; as long as A\; < A, where
e - 6~
/\ref = BLP n P TQ}) (A?)

Pk
and that the second term contains only non-increasing functions of ;.
Moreover, if A; is small enough, so that the condition seen above \; < B[pe + 72]/[apk] holds for
all the 7o’s in the integral, i.e., if Ay < B[pe + Tomin)/[apk], all the IIy’s are constant functions of
A1, and the net result is a function II,; behaving like the first term F' plus a constant.

fig. A.3 When Ay > B[pe + T2min)/[apk], the sum is F plus an actually
case (1) decreasing function of A;, and is smaller than the continuation of
J"+const. the rule F plus a constant (shown by a dashed line in the figures A.3
=~ and A.4 nearby, whereas the actual II,; [solid line] is even smaller).
Therefore,

If 71 < Tomin + pd72, g1 reaches its maximum value at A = Aper =
Blpe + 11 — pdTe]/[apk], as this latter value is smaller than ([p. +
Tomin)/[@pr], which is the place where a more complicated behaviour
occurs, but we don’t have to care, as the maximum has already been
encountered.

If 71 > Tomin + p07e, the actual maximum of Il,; occurs between
B[PetT2min)/[apr] and Aot = B[pe+T11—pdTa]/[apk], as the A} —derivative
is still positive at the first bound (F is still increasing, and the in-
tegral term still contains constant values with respect to A1), and
Blpe+T2 min] A is negative at the second bound (the integral now contains actually

Pk decreasing functions of Aq).
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We have therefore established parts (i) and (iii) of Proposition 2.a, i.e., that the maximum is

(i
5[ e + TQmin}

reached at A\;1 = At in case (1); that
aPg

< A1 < et In case (2).
2.a.2. Existence of \g1: the first order condition.

In order to establish more properties of A\y1 when 71 > Tonin + pd7e (case (2) above) we get a
closer look at the equation for A,; from the A\ —derivative

Ol (A1, 7)) 0 _ N T2 max ) _
T on oM F(A1;11 — pdTe) JFP/ f(TQ)[gg{(l F(A2;m)]drs ¢ =0,

T2 min

or

6F(/\1;7'1—p(57~'2) aprA1/B—pe aF()\l;TQ)
o +p/72min Flr) =53
as we saw in (AR) that IIo(A\1,72) is a constant function with respect to A\; while \; < S[pe +
7o)/ [apk], and leaves therefore no trace in the integral of the A\; —derivative, so that we only have to
consider the derivative when \; > ([pe + 72| /[apk], or T2 < appA1/F — pe in the integral. Remark
that the upper bound in the integral is actually larger than the lower bound, i.e., apgA1/0 — pe >
Tomin, a8 A1 > B[Pe + Tamin]/[apk] (case (2) above).
We now perform the A;—derivative of F'(\;7) = const. )\5/[1_7] [pe + T + ppho) /0

BAYI T pe 71+ e — po7a) T — AU e -y Ay — poy] /B

dTQ = 0,

aprA1/B—pe
+P/ Fr) BN g M ) Y N By oy )7 1, = 0,

T2 min

The condition on A1 amounts to

[Bpe + 11 — pd7a] — appAi][pe + 71 + prAL — pdia) "M/

aprA1/B—pe "
+ P/ F(12)[Bpe + 2] — apiMi][pe + 12 + pp)a] "V dry = 0.

T2 min

Remark that the first term is positive, while the second term is negative

when ﬂ[pe + 7 min]/[apk} <AL < Apet = 6[296 + 71— P57~'2}/[apk}
Managing to keep only positive terms:

)\1 G()\l,Tl)Zl,

, where
/B[pe"l‘TZ mln] )\
agf re_f aprA1/B—pe apk)\l _ ﬁ[pe + 7—2} [pe + 7 +pk>\1 _ pé{—ﬂl/[l—'ﬂ
(A1,71) =p f(72 YR [T
T2 min B[pe + Tl p(STQ} apk)\l [pe + TQ +pk>\l} i
(A.8)

G(A1,71) = 0 when Ay = B[pe + Tamin)/[apk], and G(A1,71) — +oo when Ay — SB[pe + 71 —
poT7e]/[apk], so there must be at least one intermediate value of A\; where G = 1 (see fig. A.5).
This is another way to ensure parts (i) and (iii) of Proposition 2.a, i.e., the existence of a solution

Blpe + Tominl/[apr] < At < Awet = Blpe + 71 — pdT2]/[opi].
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2.a.3. Unicity of the solution of the first order condition.

fig. A.6 When A; maximizes (7), the equation G = 1 is certainly solved. The
converse is not clear, as solutions of G = 1, i.e., of 9ll,1/0A; = 0, may be
any kind of stationary point for (7) (see fig. A.6). The situation is non
ambiguous when G is a monotonous function of A1, as G = 1 can then have
at most one root. We will look for a condition ensuring that G(A1,71) is
an increasing function of A;. Thus, we have to consider

oG\, 1) aprA1/B—pe ~
aAl B p/TQmin f(TQ)[Tl - p6T2 - 7—2} 1 - ’Y

A1

apl =] 1

[apr A1 — Bpe + T2]][Blpe + 11 — pdT2] — aprAi]  [pe + T1 + prA1 — pdT][pe + T2 + PrA1]

appAi — Bpe + ) [pe + 71 + prA1 — pdio) /1]

= dr
Blpe + 71 = poTo] —aprdi [pe + 7o+ ppa] /I ?

T1 — pdTa — To is positive in the whole integration interval, as 70 < apgAi/f — Pe, 80 A1 >
Blpe + 12]/[apk], and we saw that Ay < B[pe + 71 — pdTa]/[cpi]-

: appAi — Blpe + )]
We also see that the ratio Bl + 71— po7a] —apiit

is positive for 79 in the (open) integration
interval.

To be sure that G is increasing, it remains to show that the big intermediate factor is positive
too, or that
> apA1 = Blpe + 2] Blpe + 11 — pdTa] — aprhi

Pe + T2 + PrA1 Pe + T1 + prA1 — poTo

on the whole mo—interval, i.e., at 79 = Tomin, as the right-hand side is a decreasing function of 7.
And as we do not know more about A\; that 5[pe + Tomin]/[apr] < M < Blpe + 71 — pdTa]/[apk],
we take the first fraction of the right hand side at its largest possible value, which is reached at
A1 = B[pe+71—pdTa]/[apk], and so for the second fraction, but this one at Ay = B[pe+7T2 min]/ [Pk ]-

The sufficient condition of unicity is then

af[l —

o’ B2[r1 — pdTy — Tomin)”
[a[pe + TQmin] + 6[296 + 71— /067:2}} [5[}% + TQmin} + a[pe + 71— P57:2]]
which depends only on known values. The condition can be reworked as

ap[l =] >

2
1—v> abz ,
[y + Bz][y + az]
_ T1— pOT2 — Tomin ] o Lo 2
where z = Do T Tomim ,or vy < o e or, as af is always smaller than v°/4, a
1+ —
¥ 1+=x
stronger sufficient condition
14z
< — 5. A9
TS T ey x2/4 (A.9)

For a given z (or, equivalently, 1), returns to scale must be sufficiently decreasing (v sufficiently
low), and conversely. So that part (ii) of Proposition 2.a is established.
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2.b. Proof of Proposition 2.b (behaviour of e, k, and y with respect to 7).

We now discuss e, k, and y, which are positive powers of A1 divided by powers of pxA\1 + pe +

71 — pd7y: constant A%/[prA1 + pe + 71 — pdTa)®, where the coefficients a and b are
a b
el™ I5] 1
B 1—a 1
y'r o B o

Remark that a < b.
Things are simple when 71 < 7o iy + pd72, as exact formulas are available:
M = Blpe + 11 — pdTa]/ o], so that

AT
[PkA1 + pe + 1 — pOT2]
is obviously a decreasing function of 7.

= constant [p. + 71 — pd7]* "

When 71 > Tomin + pd72, things are less explicit.

We discuss first variations of A; with respect to 7;. As G must keep a fixed value G = 1,
dG = [0G/OM]d\ + [0G/Om]dm = 0, so, d\1/dm = —[0G/011]/[0G/OA1]. As seen above, G
being an increasing function of A1, 0G/0A\; > 0 (see fig. A.5).

For a fixed A1, G(A1,71) will increase or decrease according to the sign of dG/97 which, from

[AR), is the sign of

9 [pe + 71+ ppA1 — pd7p) /1 -
— _ = e+T1— po0Ta] —[1— A —
01 Blpe + 11 — pdT2] — aprh MBlpetmi=p0%] =[1=Flpeh] [Blpe + 11 — pdTa] — aprph1

[Pe + 7+ prA — ,0(5712]7/[177]
>

So, we see that G decreases when 17 increases for a fixed A1, as long as A1 > B[pe+71—pd7a]/[px[1—
Al
Therefore, A; will increase with 71 as long as A\; > B[pe + 71 — pd72]/[pk[1 — 5], and decreases
if A1 is lower than this bound.
Let us derivate A%/[px\ + pe + 71 — pd72]® with respect to 7. The sign of the derivative is the
sign of
- 1A\
[[a — blpk A1 + alpe + 1 — péTg]]d— —bA1.
T1
For e, a = 8 and b = 1, the sign of d\; /dr; is exactly the sign of [1 — B]prA1 — B[pe + 71 — pdT2],
as seen above. So, e is a decreasing function of 71, and this settles the first part of Proposition
2.b.
For k and y, it will be shown here that these functions of 7 are smaller than their values at
Aref = B[pe + 71 — pd72]/[apy], i.e., that
[)‘al}a ?ef

3 < ~
[PEAa1 + e + 71 — p72]°  [PEAret + Pe + 1 — pOTa

1

knowing that A1 < Awer. Indeed, A\%/[prA1 + pe + 71 — pd72] is an increasing function of A\; up to
A1 = Blpe + 71 — pdT2]/[apy] if

a[prA1 + pe + 11 — pdT2] — bpp A1 = [[a — b]B/a + a][pe + 11 — pdTe] > 0,

or ary > b, which holds for k and y. Now, the upper bound A% ./ [pxAret + Pe + 71 —p(57~'2]b = const.

ref
[pe + 711 — péfg}a_b is a decreasing function of 71, so that the remaining part of Proposition 2.b is

established.
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3. The relative baseline case.

We rewrite (4) with a relative baseline:

7\B €1 €
max el A\ — Ale T |=——
om0 | 1 [pe + PrA1]er + 1{ }

Tmax
+P/ f(TQ) ren%)((); {6;)\5 — [Pe +pk)\2]62 + TQ[éQ — (5[@1 — 61} — 62]} dry
P 2>
min PYSSS Y

Emphasizing the dependence in e;, using (1) and (2):

G 8 -
1 — | eI\ — A — pé
3111%{16111%{[ +T1y1}61 L= et oM +T1—p 72}61}

A2>Ap | €220

+P/ f(72) max {maX {6%5 — [pe + prA2 + T2]62}} dTQ} + Topléa — de1]

min

which is first solved with respect to ey:

&1 1/[1—-7]
g\rll?é I (A1, 1) := {1 + le—l] F(A1, 7 — pdTe)

A2> A1

—i—p/TmaX f(TQ) max F()\Q,Tg) dTQ} + %Q[ég — 551} (AlO)

min

where, as before, F' is given by ([B3).
Optimal emissions of period 1 with respect to A; and 7 are given by

o {)\ﬁ 1+ e /vy ] /0=
€r1 = 1 p
Pe + T1 + PrA1L — poT2

Note that &) and 7, are the solutions of the elementary problem when 71 = 0: A = fS[pe —
po7a)/[ape], €77 = YN /[pe + A — pdTa] = BAT! [y, or
&) = all=A/I=A g8/ 0=, — po7y) 81/ 1B/ (A.11)
e/y = eI\ = B3/[pp)], or
€1 «Q
- = A2
Y1 De— poT2 (812)

3.a. Proof of proposition 3.a (existence, unicity and characterization of \,;).

As seen before, the integral does not depend on A1 if 71 < Tomin + 072, and the maximum is
reached at A\ = Aer = B[pe + 71 — pdT2]/[apk], as in the absolute case.

Fig. A.7 ! When 71 > Tomin + p072, we consider the A\; —derivative which is

| /1)

€ - U _

! {1 + le_l] [B[pe + 1 — po7a] — aprAi][pe + 1 + prd1 — poTy] /]
1

apkAl/ﬂ_pe n
1AL+ P/ F(m)[Blpe + 2] — appMi][pe + 2 + ppAi] Y dm = 0,

To i
| )\’I"ll 2 min
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or

)

=, 11/
G(/\l,Tl) = |:1 +7'1_—:|
Y1

with the same G as above, in ([AZ). As before, G(A,71) = 0 when Ay = 3[pe + T2 min]/[apk], and
G(A1,71) — +oo when A\ — [[pe + 11 — pd72|/[apk], so there must be at least one intermediate
value of \; where the equation for \; is satisfied: 3[pe+T2min]/[apr] < M1 < Bpe+11—pdT2]/[opk]
(see fig. A.7).

As the right-hand side is larger than 1, and if G is an increasing function of A\; (remember
the sufficient condition ([AJ) v < [1 + z]/[1/x + 22 /4], which is still valid here), we have B[p. +
Tomin)/[aPr] < Aa1 < A1 < B[pe + 11 — pdTa]/[apk], and the whole Proposition 3.a is established.

3.b. Discussion of Result 3.b (behaviour of e, k, and y with respect to 7).

e1, k1 = A\eq, and y; = ep\’f now contain a power of 1 + 71% too, so e1, k1, and y; write like
= C
constant \{[peA1 + pe + 71 — pdia] [1 + Tlg—ﬂ , where the coeficients a, b, ¢ are

a b ¢
el B 11
K7 1—-a 101
v’ B8y Y

We look at the variation with respect to 71 assuming A\; = B[pe + 71 — pdTa]/[apk], which is
exact when 71 < Topin + pd7e, and found numerically to be very close for larger ;’s.

Then, the above expresion for e1, ki, y; becomes: constant [p. + 71 — pd7]®~°[1 + 1181 /7,]°,

= constant [pe + 71 — pdTa]*Cpe + ar — pdT)°.

The 7 —derivative at 71 = 0 has the sign of a —b+ ac = v—1,0, and afy —1] for ey, k1, and y;.
Whereas for large 71, the behaviour is Tf_b+c always increasing in the long run (3,1 — «, and ),
which are indications of a U—shape behaviour of ey, k1, and y; with respect to 7. This U—shape
behaviour is indeed confirmed numerically.

Finally, e; and y;, computed assuming A1 = Aref, are minimal when [a — b + ac|[pe — pdTa] +
afa — b+ ¢|m =0, so argmin y; = « argmin e;.

This closes the discussion of result 3.b.

3.c. Proof of Proposition 3.c (comparison of y and k¥ under both baselines).

We already saw that k1 and y; are increasing functions of A1, so k,1 > kq1 and y,1 > y,1 hold,
as Ag1 < A1 < Aef = B[pe + 71 — p072]/[apr], and as there is a further factor 1 + 7€, /y; > 1 in
the relative case.

Note that for ej, the expected result is not established, but the factor 1 + m€;/7; present in
the formula for e;, makes the inequality e,.; > e, valid in most cases. Indeed, the inequality is
verified numerically.

3.d. Proof of Proposition 3.d (comparison of II; under both baselines).

* *x .
IT7; versus II7;:

We show that II; <II7; while is smaller than the smallest positive root of

De — POT2
X - 1% [0+ X0 1] 1y x)me/0) = o, (A.13)

From ([A6), (AI0), and [A3), we may write for a given 71:
Hal(Al) = Ha()\l) + K()\l), where Ha(>\l) = F()\l;Tl — p(57:2) + 711€é1;
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5 1/l
and T,y (A1) = Hy(A) + K (A1), where Hy(\) = [1+ ﬁg—ﬂ Y Fym — po)

and where K (A1) is the integral term K(A1) = p [T f(12) maxy,>x, F(A2, 72)ds + Topl€2 —
(551}.

Then,
Ha1(Ma1) = T (Ar1) — a1 (Aret) — 1 (Aver)]
)\ )\ref
= / H )\1 d\1 +/ H;,l()\l)dAl
/\ 1 /\rl
rl )\ref Aref
= / )\1 d\ — / Hfﬂ(/\l)d)\l +/ H;«l()\l)d)\l
)\7-1 1
ref )\ref )\ref
> / [H (M) + K'(A)]dM +/ [H (A1) + K'(\)]dh = / [H} (M) = Hg(M)]dM
/\rl )\rl /\rl
2 07

as II/; is negative between \,1 and A1, II;1 = H, + K being a decreasing function of A\; when
)\rl
A1 > Aa1 (see fig. A.4), so that / I, (A)dA; <0.
A

Finally, H] and H/ are positivea;s H, and H,, both of the form const. F'+ const. (see section
), reach their maximum at A\; = A\er, and H. = [1 + m&, /7] 1H, > H.
So,
Hal(/\al) - Hr1</\r1) 2 Ha1</\ref) - Hr1</\ref)-
We even have an equality while 71 < Topin + 072, as Ag1 = A1 = Aper in this case.
We compute now the right-hand side in order to estimate the 71 —interval where this lower
bound is positive. It is

a0 e - /1]
Hal(Aref) - Hrl(Aref) = Ti€1 — |:1 + 7 __:| -1 Y )\1 [pe + 7+ pk>\1 - /067—2} K K

Y1
- na[l Bl/[1— ﬂﬂ/[l v][p *p(sTQ][ —1]/[1—w]p;ﬂ/[1—v]

/=] ]
aT] 8/11— o )
|:1 * - p57~'2:| -1 ,)\re/f[ g [pe + 71 + PrAref — ,0(57'2] v/[1=7]
1-— 1/[1-~] —a/[1-9]

= const. no 7 [1 + L] ~1 [1 + L}

ek “ — pOT2 De — POT2
= const. { _l=v [[1 +ax]V/i - 1} 14 X]_O‘/[l—’Y]} | A1

«

< _ Blpe — pdTa] 71
from (A1), (ATD), and X\ = , and where X = —————.
apy Pe — p0T2
The lower bound 141 (Aref) — 11 (Aref) is positive for small positive 71, as the Taylor expansion of
a2 —
) 2[[1 }}X2 > 0, but the bound behaves
like —X1=l/=7) < 0 for large X, so there is a finite lowest positive root, however comfortably
large if 7y is not too close to 1. An empirical formula for a valid interval is 0 < X < 64/1 — .

([AZI4) with respect to X about X = 0 starts with const
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