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Abstract: several ways to build rational approximationsto variousspeciesof analytic functionsare
examined.Specialemphasisis put on strongasymptoticestimatesof theform f

�
z��� Rn

�
z��� σ

�
z� ρn � z� ,

whensuchestimatesareavailable.
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1. Complexapproximation theory and potential theory.

2. The exponentialfunction.
2.1. Padé.
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[27]
Exponentialbehaviour of numeratoranddenominatorhasbeenmuchworked,especiallythedistribution

of zerosandpoles.Saff & Vargaremark[] that,whenm � n, thesedistributionshadalreadybeenexamined
by Olver [26, ,] in a studyof Besselpolynomials. For orthogonalpolynomials,seeChen& Ismail [5],
Gawronski& Shawyer [8], alsoPerron

(muchto fill here)
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2.2. Rational interpolation.

2.2.1. Equidistantpoints.[12,13]
As far aswe only needeAz atz � z0 � z0 
 h � ��� � z0 
 �

m 
 n� h,

eAz � �
III 
 ∆∆∆ ��� z� z0 ��� heAz0� m� n

∑
k � 0

� �
z � z0 ��� h

k � ∆∆∆keAz0� m� n

∑
k � 0

�
eAh � 1

h � k
1
k!

�
z � z0 � � z � z0 � h����� � z � z0 � �

k � 1� h� �
whichwe multiply by thedenominatorQ

�
z��� n

∑
j � 0

q j
�
z � z0 ������ � z � z0 � � j � 1� h� , using�

z � z0 � � z � z0 � h����� � z � z0 � �
j � 1� h� eAz �

eA � z0 � jh � m� n

∑
k � 0

�
eAh � 1

h � k � j
1�

k � j � ! � z � z0 � � z � z0 � h������ � z � z0 � � k � 1� h� �
Q
�
z� eAz � eAz0

m� n

∑
k � 0

�
eAh � 1

h � k
C
�
k �

k!

�
z � z0 � � z � z0 � h������ � z � z0 � � k � 1� h� �

whereC
�
k � � n

∑
j � 0

q je
Ajh

�
eAh � 1

h � � j
1�

k � j � ! is a polynomialof degreen in k, which mustvanishat

k � m 
 1 � m 
 2 � ���� � m 
 n,

P
�
z��� eAz0

m

∑
k � 0

�
eAh � 1

h � k �
m
k � � m 
 n � k� ! � z � z0 � � z � z0 � h����� � z � z0 � � k � 1� h� �

Q
�
z��� n

∑
k � 0

�
e� Ah � 1

h � k �
n
k � � m 
 n � k � ! � z � z0 � � z � z0 � h������ � z � z0 � � k � 1� h� �

and,formally:

Q
�
z� eAz � P

�
z��� eAz0m!

� � 1� n ∞

∑
k � m� n � 1

�
eAh � 1

h � k
1
k!

�
k � m � 1� � k � m � 2����� � k � m � n� � z � z0 � � z � z0 � h����� � z z0 k 1 h

(1)

Rough asymptotics. Let E : � exp
�
Ah� andζ : � z � z0

nh
� 1. Then,whenm � n, eachnew termin the

expansionsof P andQ is theformeronetimes

�
E ! 1 � 1� � n � k� � nζ 
 n � k �

k
�
2n � k� .

We intendto follow thingsatconstantE andζ, i.e.,afixedexponentialandzexpandinglinearlywith n,
or A increasinglinearly with n, and2n interpolatingpointsfilling a fixedsegment

�
z0 � z0 
 2nh� . Remark

thatthis segmentof interpolationpointsis � 1 " ζ " 1.
At leastwheneachterm hasthe samephase,the sumis roughlygivenby the termreachedwhenthe

precedingratiohasunit value:
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E ! 1 � 1� κ � ζ 
 κ �

1 � κ2 � 1 � (2)

whereκ : � 1 � k � n. Remarkthattheratio # 0 whenκ # 0, and # ∞ whenκ # 1.
Of course,anintegral formulagivesmoreweightto theseasymptoticconstructions(to becontinued)
Thedominantterm(therewill sometimesbetwo dominantterms,seelater),is, still roughly,�

E ! 1 � 1� n � nκn!
�
n 
 nκ � !Γ � nζ 
 n��

n � nκ � ! � nκ � !Γ � nζ 
 nκ � �
whereκ is oneof therootsof (2). Tediousapplicationof Stirling’sformulayields,keepingonly thewildest
factors,

e� 2nn2n $ � E ! 1 � 1� 1 � κ � 1 
 κ � 1 � κ � 1 
 ζ � 1 � ζ�
1 � κ � 1 � κκκ � ζ 
 κ � ζ � κ % n

� e� 2nn2n &''( � 1 � κ2�
E ! 1 � 1� κ � ζ 
 κ � � κ) *,+ -

1

�
E ! 1 � 1� � 1 
 κ � � 1 
 ζ � 1 � ζ�

1 � κ � � ζ 
 κ � ζ .0//1 n

� e� 2nn2n $ � E ! 1 � 1� � 1 
 κ � � 1 
 ζ � 1 � ζ�
1 � κ � � ζ 
 κ � ζ % n

� e� 2nn2n $ � 1 
 E ! 1κ � 1 � ζ � 1 
 κ � 1 � ζ

κ % n � (3)

usingζ � κ � 1 � E ! 1κ
E ! 1 � 1

, from (2).

Check: for large z, we shouldhave
�
E ! 1 � 1� nn!

�
z� h� n 2 �

E ! 1 � 1� ne� nn2nζn. Indeed,with the root2 0 of (2), i.e.,κ � �3�
E ! 1 � 1� ζ� � 1, onefindse� 2nn2n 4 κ � 1 �3� 1 
 �

E ! 1 � 1� κ � ζ 5 n.

3. Simplestpotential problems.
3.1. Conditions on a singlearc.

Let thefunction(oftenassociatedto adistributionof poles) 687p � z���:9 β

α

dµp
�
t �

z � t
. Supposethatweknow

that � 9 β

α

dµp
�
t �

z � t
� g

�
z� � (4)

with g analyticin somedomain(thearc
�
α � β� is not yet known). Thetrick is to multiply 6 7p by a function�3�

z � α � � z � β �;� γ � 2 takingoppositevalueson thetwo sidesof
�
α � β � . We consideronly γ � 1 andγ �<� 1.

Also,
�3�

z � α � � z � β �=� γ � 2 is definedto be continuousoutsidethe arc, andbehaveslike zγ for large z. As6 7p � z� �3� z � α � � z � β �;� γ � 2 � δγ > 1 hasaLaurentexpansionwith only negativepowersat ∞,6 7p �3� z � α � � z � β �;� γ � 2 � δγ > 1 � 1
2πi ? 6 7p � t � �3� t � α � � t � β �;� γ � 2 � δγ > 1

z � t
dt

on a big counterclockwisecontourhaving thearc
�
α � β� insideandz outside.Making thecontourshrink

to a neighbourhoodof the arc
�
α � β� , we get

1
2πi

9 β

α

∆ 4 6 7p � t � �3� t � α � � t � β �;� γ � 2 � δγ > 1 5
z � t

dt � where∆ 4 F 5
meansthe differenceF� � F� betweenthe limit valuesof F on the“lower” sideof the arc (from which
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thearc is seenat left), andthe“upper” side.Thedifferenceis here2g
�
t � �3� t � α � � t � β �;� γ � 2� , whencequite

explicit solutions6 7p �3� z � α � � z � β �;� γ � 2 � δγ > 1 � 1
πi
9 β

α

g
�
t � �3� t � α � � t � β �;� γ � 2�

z � t
dt � γ �A@ 1 � (5)

It mayhelpto realizethatthephaseof
β � α�3�

t � α � � t � β �;� 1 � 2� isexactly theoneof 
 i ontherectilinearsegment�
α � β � .

Somequestions:the � 1 in theleft-handsideof (5) whenγ � 1 is neededfrom 6 7p � z��� 1� z 
 O
�
1� z2 � for

largez. But thetwo sidesof (5) whenγ �B� 1 shouldbe � 1� z2 for largez, everythingworksonly if9 β

α

g
�
t � dt�C�

t � α � � t � β �;� 1 � 2� � 0 � 9 β

α

tg
�
t � dt�3�

t � α � � t � β �;� 1 � 2� � πi � (6)

Thetwo formsof (5) thenagree,eitherwith γ �D� 1, or γ � 1. It will alsobeusefulto checkthat,as(4) is
a plain integralwhenz � α andz � β, onehas 6 7p � α �E� g

�
α � , and 6 7p � β ��� g

�
β � .

3.1.1. A little bit of Chebyshev polynomialscalculus. Let usconsidertheChebyshev polynomialsexpan-
sionof a genericfunctionF on

�
α � β� :

F
�
t �E� c0

2

 ∞

∑
1

cnTn

�
2t � α � β

β � α � �
Then,wehave theintegral 9 β

α

F
�
t � dt�3�

t � α � � t � β �;� 1 � 2� � πi
c0

2
�

Therefore,from (5) with γ �B� 1, 6 7p �3� z � α � � z � β �;� � 1 � 2 is theconstanttermof theChebyshev expansion
of g

�
t �� � z � t � .

Let g0 � 2 
 ∑∞
1 gnTn betheexpansionof g. Remarkthat(6) becomes

g0 � 0 � g1 � 4
β � α

� (7)

Weneedtheexpansionof 1� � z � t �F� X0� 2 
 ∑∞
1 XnTn, whichwemultiply by

2
�
z � t �

β � α
� 2z � α � β

β � α
� 2t � α � β

β � α
:

2
β � α

� X0

2

�
2z � α � β

β � α
� T1

��
2tα � β �� � β � α �� � 
 ∞

∑
n � 1

Xn

�
2z � α � β

β � α
Tn � Tn � 1 
 Tn � 1

2
� �

whencetherecurrenceXn � 1 � 2
2z � α � β

β � α
Xn 
 Xn � 1 � 0 for n � 1 � 2 � ��� solvedby Xn � X0ρn, whereρ is

a rootof

ρ 
 ρ � 1

2
� 2z � α � β

β � α � (8)

normallywith G ρ GIH 1, but thiswill have to bediscussedlater. Thevalueof X0 comesfrom n � 0: 4� � β �
α �E� X0

��
ρ 
 ρ � 1 �� 2�F� X1 � X0

�
ρ1 � ρ ��� 2, so

X0 � 8�
β � α � � ρ � 1 � ρ � �

Remarkthat
�3�

z � α � � z � β ��� 1 � 2 � �
β � α � 2 � 1 � ρ2 � 2 � � 16ρ2 � , sothat6J7p � z��� ∞

∑
n � 1

gnρn � (9)
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Thetwo determinationsof 6 7p on thetwo sidesof thecut
�
α � β� areobtainedwith the two rootsρ and1� ρ

of (8). Onechecksthatthearithmeticmeanis indeed� 687p > � � z�K
L687p > � � z��� 2 � ∞

∑
1

gn
�
ρn 
 ρ � n �� 2 � ∞

∑
1

gnTn � g
�
z�,�

As for thediscontinuityalongthecut,@ πiµ 7p � z�E�M6N7p > � � z�K
L6N7p > � � z��� ∞

∑
1

gn
�
ρ � n � ρn � � 4

β � α
�3�

z � α � � z � β ��� 1 � 2 ∞

∑
1

gnUn � 1
�
z� � (10)

it appearsasa kind of harmonicconjugateto g.

3.1.2. Check with rationalapproximationto exp
�
Az� .

From(3), 6 p
�
z�E� lim

n O ∞

logQ
�
z�

n
� �

1 
 ζ � log
�
1 
 E � 1κ �P
 �

1 � ζ � log
�
1 
 κ �F� log

�
κ � �

whereζ is basicallyour z (managedsothattheinterpolationpointsarein
� � 1 � 1� ). Then,thederivative in

ζ simplifiesinto
d 6 p

�
z�

dζ
� log

1 
 E � 1κ
1 
 κ �

whereκ is relatedto ζ throughζ � κ � 1 � E � 1κ
E � 1 � 1

, from (2). Thismatches(8) provided

ρ � iE � 1 � 2κ � α �B� β � 2i

E1 � 2 � E � 1 � 2 �
and

d 6 p
�
z�

dζ
� log

1 � iE � 1 � 2ρ
1 � iE1 � 2ρ

�B� ∞

∑
n � 1

in
�
E � n � 2 � En � 2 �

n
ρn �

Remarkthatg1 �Q� i
�
E � 1 � 2 � E1 � 2 � � 4� � β � α � asit should.

3.1.3. Rationalinterpolationto exp
�
nB1z 
 nB2z2 � .

Thisvery interestingrationalinterpolationappearsin specialnonlinearSchr̈odingerproblems( [19] and
remarksby J.Nuttall)

Let theinterpolationpointsbeequidistanton
�
I1 � I2� . Then,

g
�
z�E� 9 I2

I1

�
I2 � I1 � � 1dt

z � t
� B1

2
� B2z � log

z � I1
z � I2

I2 � I1
� B1

2
� B2

�
β � α

2
2z � α � β

β � α

 α 
 β

2 � (11)

Thelogarithmshave theexpansions

log
�
z � Ik � � log

α � β
4ρk

� 2
∞

∑
1

ρn
k

n
Tn �

whereρk is now a rootof

ρk 
 ρ � 1
k

2
� 2Ik � α � β

β � α � k � 1 � 2 � (12)

where G ρk G	H 1 shouldbetheorthodoxchoice,but which will not bekept in thefinal formula. Precisely,
theclosedform is now 6J7p � z��� ∞

∑
1

gnρn � 2
I2 � I1

log
1 � ρ1ρ
1 � ρ2ρ

� B2
β � α

2
ρ � (13)
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with theconditions(7) on g0 andg1

log
�
ρ2 � ρ1 �

I2 � I1
� B1

2
� B2

α 
 β
2

� 0 � (14)

g1 � 2
ρ2 � ρ1

I2 � I1
� B2

β � α
2

� 4
β � α � (15)

If ρ1 andρ2 areknown, α andβ aregotby (12):

α � ρ1
�
1 
 ρ2 � 2I1 � ρ2

�
1 
 ρ1 � 2I2�

ρ2 � ρ1 � � ρ1ρ2 � 1� � β � ρ1
�
1 � ρ2 � 2I1 � ρ2

�
1 � ρ1 � 2I2�

ρ2 � ρ1 � � ρ1ρ2 � 1� � (16)

(As for ρ1 andρ2, they aresimplyfoundto be,if B2 � 0, ρ1 � i exp
� � B1

�
I2 � I1 �� 4� andρ2 � i exp

�
B1
�
I2 �

I1 �� 4� . Remarkthatρ1ρ2 �B� 1: no chanceto have thecomfortableG ρk GRH 1 ���� )
Also,

β � α
2

� 2ρ1ρ2
�
I2 � I1 ��

ρ2 � ρ1 � � ρ1ρ2 � 1� � α 
 β
2

� I1 
 I2
2

� �
ρ1 
 ρ2 � � ρ1ρ2 
 1� � I2 � I1 �

2
�
ρ2 � ρ1 � � ρ1ρ2 � 1� �

and(14) and(15) become

log
�
ρ2 � ρ1 �

I2 � I1
� B1

2
� B2

I1 
 I2
2


 B2

2

�
ρ2 
 ρ1 � � ρ1ρ2 
 1��
ρ2 � ρ1 � � ρ1ρ2 � 1� � I2 � I1 ��� 0 � B2

�
I2 � I1 � 2 � �

ρ2 � ρ1 � 2 � ρ2
1ρ2

2 � 1�
2ρ2

1ρ2
2

�
or this form emphasizingρ1ρ2 andρ2 � ρ1:

2B2
�
I2 � I1 � 2 � �

ρ2

ρ1
� 2 
 ρ1

ρ2 � �
ρ1ρ2 � 1

ρ1ρ2 � � (17)

log

�
ρ2

ρ1 � 
 1
4

�
ρ2

ρ1
� ρ1

ρ2 � �
ρ1ρ2 
 2 
 1

ρ1ρ2 � � B1

2

�
I2 � I1 �P
 B2

I2
2 � I2

1

2
� (18)

For agivenB2 andvariousratiosρ2 � ρ1, wefind validvaluesfor B1, etc.For instance,I1 �M� Ai, I2 � Ai,
B2 negativeimaginaryandρ2 � ρ1 negative real,which is of interestin [19]:

Script V1.1 session started Mon Jan 17 14:32:31 2000

C:\calc\pari>gp
GP/PARI CALCULATORVersion 2.0.12 (alpha)

Copyright (C) 1989-1998 by
C. Batut, K. Belabas, D. Bernardi, H. Cohen and M. Olivier.

? \r expr1r2

A S 1 T B1 S π U 2ix T x S 0 V 5 T B2 SWU 2iAt,
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At U ρ2 X ρ1 Q ρ1 ρ2 α S β
0 V 10 2 V 758 0 V 02455 0 V 6002Y 0 V 04717i U 1 V 655 U 0 V 1301i 0 V 03677Y 0 V 8865i
0 V 10 0 V 439 3 V 971 0 V 1284Y 1 V 502i U 0 V 05646U 0 V 6606i U 4 V 554 Y 10V 81i
0 V 20 2 V 888 0 V 09570 0 V 5812Y 0 V 09100i U 1 V 679 U 0 V 2629i 0 V 07604Y 0 V 8847i
0 V 20 0 V 429 3 V 883 0 V 2604Y 1 V 504i U 0 V 1117 U 0 V 6454i U 2 V 307 Y 5 V 374i
0 V 30 3 V 138 0 V 2038 0 V 5499Y 0 V 1274i U 1 V 725 U 0 V 3998i 0 V 1197Y 0 V 8788i
0 V 30 0 V 411 3 V 737 0 V 3997Y 1 V 507i U 0 V 1643 U 0 V 6197i U 1 V 574 Y 3 V 545i
0 V 40 3 V 553 0 V 3275 0 V 5082Y 0 V 1518i U 1 V 806 U 0 V 5394i 0 V 1674Y 0 V 8641i
0 V 40 0 V 384 3 V 533 0 V 5507Y 1 V 514i U 0 V 2119 U 0 V 5830i U 1 V 221 Y 2 V 622i
0 V 50 4 V 176 0 V 4363 0 V 4618Y 0 V 1616i U 1 V 928 U 0 V 6749i 0 V 2147Y 0 V 8365i
0 V 50 0 V 351 3 V 277 0 V 7171Y 1 V 527i U 0 V 2517 U 0 V 5363i U 1 V 023 Y 2 V 064i
0 V 60 5 V 006 0 V 5082 0 V 4175Y 0 V 1593i U 2 V 090 U 0 V 7976i 0 V 2544Y 0 V 7974i
0 V 60 0 V 311 2 V 988 0 V 9009Y 1 V 548i U 0 V 2805 U 0 V 4824i U 0 V 9027Y 1 V 692i
0 V 70 6 V 007 0 V 5430 0 V 3792Y 0 V 1503i U 2 V 278 U 0 V 9031i 0 V 2832Y 0 V 7524i
0 V 70 0 V 270 2 V 692 1 V 099 Y 1 V 578i U 0 V 2972 U 0 V 4266i U 0 V 8243Y 1 V 431i
0 V 80 7 V 139 0 V 5518 0 V 3474Y 0 V 1390i U 2 V 480 U 0 V 9924i 0 V 3017Y 0 V 7071i
0 V 80 0 V 232 2 V 414 1 V 307 Y 1 V 612i U 0 V 3033 U 0 V 3742i U 0 V 7690Y 1 V 241i
0 V 90 8 V 372 0 V 5452 0 V 3211Y 0 V 1275i U 2 V 689 U 1 V 068i 0 V 3124Y 0 V 6643i
0 V 90 0 V 198 2 V 166 1 V 517 Y 1 V 650i U 0 V 3019 U 0 V 3282i U 0 V 7263Y 1 V 099i
1 V 0 9 V 692 0 V 5303 0 V 2991Y 0 V 1169i U 2 V 899 U 1 V 133i 0 V 3178Y 0 V 6252i
1 V 0 0 V 171 1 V 953 1 V 727 Y 1 V 687i U 0 V 2962 U 0 V 2893i U 0 V 6908Y 0 V 9883i
1 V 1 11V 08 0 V 5113 0 V 2804Y 0 V 1073i U 3 V 109 U 1 V 190i 0 V 3195Y 0 V 5899i
1 V 1 0 V 149 1 V 770 1 V 933 Y 1 V 723i U 0 V 2882 U 0 V 2568i U 0 V 6599Y 0 V 9000i
1 V 2 12V 55 0 V 4906 0 V 2643Y 0 V 09885i U 3 V 318 U 1 V 240i 0 V 3187Y 0 V 5582i
1 V 2 0 V 130 1 V 613 2 V 136 Y 1 V 757i U 0 V 2791 U 0 V 2296i U 0 V 6323Y 0 V 8278i

? quit
Good bye!
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We integrate(13) alongthelinessuggestedby theexercisesof section3.1.2, p. 5:6 p
�
z��� 2

I2 � I1

�3�
z � I1 � log

�
1 � ρ1ρ �Z� � z � I2 � log

�
1 � ρ2ρ �P
 X

�
ρ �;� �

whichyieldsindeed,usingfrom (8) and(12) z � Ik � β � α
4

�
1 � ρk

ρ � �
ρ � 1

ρk � ,

d 6 p
�
z�

dz
� 2

I2 � I1 [ log
1 � ρ1ρ
1 � ρ2ρ


 $ z � I1
ρ � ρ � 1

1

� z � I2
ρ � ρ � 2

1


 dX
�
ρ �

dρ % dρ
dz \� 2

I2 � I1 ] log
1 � ρ1ρ
1 � ρ2ρ


_^ β � α
4

ρ2 � ρ1

ρ

 dX

�
ρ �

dρ ` 4�
β � α � � 1 � ρ � 2 ��a

Onemusthave
dX
dρ

�B� β � α
4

ρ2 � ρ1

ρ
� B2

�
β � α � 2

16

�
I2 � I1 � � ρ � 1

ρ � , finally:

dX
dρ

�D� I2 � I1
2

ρ1ρ2 
 1
ρ1ρ2 � 1

ρ 
 1
ρ �6 p

�
z��� 2

I2 � I1

�C�
z � I1 � log

�
1 � ρ1ρ �F� �

z � I2 � log
�
1 � ρ2ρ ���I� ρ1ρ2 
 1

ρ1ρ2 � 1
ρ2

2
� logρ � (19)

Thetwo determinationsof 6 p onthetwo sidesof thecutarefoundwith thetwo rootsρ and1� ρ of (8).
In particular, thearithmeticmeanof thetwo valuesof thederivativemustgive (4) again,with g givenby
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(11). Indeed,onefinds

1
I2 � I1

4 log
�3�

1 � ρ1ρ � � 1 � ρ1 � ρ �;�	� log
�3�

1 � ρ2ρ � � 1 � ρ2 � ρ �;� 5 � B2
β � α

2
ρ 
 ρ � 1

2 �
which is

1
I2 � I1

^ log
z � I1
z � I2


 log
ρ1

ρ2 ` � B2z 
 B2
α 
 β

2 �
Thedifferenceof thetwo determinationsof 6 7p mustbe @ 2πiµ 7 :

@ 2πiµ 7 � z�E� 2
I2 � I1

^ log
1 � ρ1ρ
1 � ρ1 � ρ

� log
1 � ρ2ρ
1 � ρ2 � ρ ` � B2

β � α
2

�
ρ � ρ � 1 � � (20)

(Nuttall’s∆Ψ2)
and the cut itself is the locus 4 z : µ7 � z� dz real 5 , which is integratedas 4 z : 6 p > � � z���b6 p > � � z� pure

imaginary 5 ,
2

I2 � I1
^ � z � I1 � log

1 � ρ1ρ
1 � ρ1 � ρ

� �
z � I2 � log

1 � ρ2ρ
1 � ρ2 � ρ ` � ρ1ρ2 
 1

ρ1ρ2 � 1
ρ2 � ρ � 2

2
� 2logρ pureimaginary�

(21)

Writing (21) asa functionof ρ (using(8) and(12)), wehave

F
�
ρ �F� 2�

ρ2 � ρ1 � � 1 � 1� � ρ1ρ2 ��� ^ � ρ � ρ1 � � 1 � 1
ρρ1 � L1 � � ρ � ρ2 � � 1 � 1

ρρ2 � L2 ` � ρ1ρ2 
 1
ρ1ρ2 � 1

ρ2 � ρ � 2

2 �
with L1 � log

1 � ρ1ρ
ρ � ρ1

� L2 � log
1 � ρ2ρ
ρ � ρ2

� andwhere,for given B1 � B2 � I1 � I2, onemustdetermineρ1 and

ρ2 from (17) and(18).

Caustic.
Thepresentsettingof thelimit setof polesasa singlearc joining z � α to z � β (or ρ �Q� 1 to ρ � 1)

holdsaslongasµ7p � z� dzremainspositiveonthecut. A critical situationoccurswhenµ7p happensto vanish
right on thecut, i.e., if dF � dzvanishesata pointwheretherealpartof F vanishestoo.
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x=0.10 , At=0.25000 x=0.10 , At=0.50000 x=0.10 , At=0.59650

The locus of
�
x � At � with B1 � π � 2ix, B2 �c� 2iAt, wherethis happensis called the (first) caustic

in [19]. We thenhave ρ1 � R� 1 � 2eiθ, ρ2 �d� R1 � 2eiθ, with realR andθ. For a trial valueof At, we look
for R andθ suchthat

�
R 
 1� R��� 2 � 2At � sin2θ � 1 (from (17)) and2x � logR 
 �

1� R � R� sin2θ (from
(18)). Knowing ρ1 andρ2, onelooksfor thezeroof theanalyticfunctiondF � dz, or dF � dρ. Thisyields

L1 � L2 � �
1 
 1

ρ1ρ2 � �
ρ2 � ρ1 � ρ � ρ � 1

2
�

Onethenmanagesto have therealpartof F � 0 aswell.
Somevalues:
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x At sinθ ρ2 R �B� ρ2 � ρ1 ρ F
0.001 0.500973 0.6990 -0.749-0.733i 1.098 -1.27846-0.24352i 6.282i
0.010 0.509711 0.6781 -0.854-0.788i 1.350 -1.52506-0.51989i 6.261i
0.050 0.548383 0.6288 -1.095-0.885i 1.982 -1.84975-0.94099i 6.123i
0.100 0.596697 0.5838 -1.324-0.952i 2.660 -2.06555-1.23283i 5.922i
0.250 0.744301 0.4821 -1.928-1.061i 4.842 -2.48476-1.76294i 5.301i
0.500 1.009193 0.3636 -2.919-1.139i 9.817 -2.98988-2.26747i 4.371i
0.750 1.312145 0.2794 -4.017-1.169i 17.504 -3.41534-2.56407i 3.587i
1.000 1.672677 0.2167 -5.311-1.179i 29.600 -3.78112-2.72755i 2.923i
1.250 2.117750 0.1686 -6.897-1.180i 48.954 -4.06939-2.79596i 2.359i
1.500 2.682341 0.1314 -8.888-1.178i 80.381 -4.27061-2.81082i 1.884i
1.750 3.408138 0.1024 -11.423-1.176i 131.867 -4.39913-2.80582i 1.493i
2.000 4.344519 0.0798 -14.669-1.174i 216.553 -4.47798-2.79719i 1.175i
2.500 7.107960 0.0484 -24.179-1.172i 585.997 -4.55461-2.78484i 0.721i
3.000 11.684073 0.0294 -39.858-1.171i 1590.003 -4.58262-2.77939i 0.439i

We seethatθ # π � 4 whenx # 0, andthatθ # 0 whenx # ∞, but many featuresarestill unexplained���
Numerator and interpolation.
Remindthat 6 p

�
z� is thelimit whenn # ∞ of n � 1 logQn

�
z�F� n � 1 ∑ log

�
z� poles� . It mustbehave like

log
�
z�P
 O

�
1� z� for largez, compatiblewith (19) if oneaddsa constant:6 p
�
z��� 2

I2 � I1

�3�
z � I1 � log

�
1 � ρ1ρ �F� �

z � I2 � log
�
1 � ρ2ρ ���I� ρ2

2
ρ1ρ2 
 1
ρ1ρ2 � 1

� logρ 
 Cp �
whichbehavesfor largezaslogz � log

β � α
4


 �
β � α � � ρ2 � ρ1 �

2
�
I2 � I1 � 
 Cp, from ρ � �

β � α �� � 4z� . Therefore,

Cp � log
β � α

4
� �

β � α � � ρ2 � ρ1 �
2
�
I2 � I1 � �

Thenumeratorof theinterpolanttoexp
�
n
�
B1z 
 B2z2 �� is thedenominatorof theinterpolanttoexp

�
n
� � B1z �

B2z2 �� , sothatthecalculationsmadebeforeapplywith
�
B1 � B2 �e�Z# � � B1 � � B2 � . Theequations(14) and

(15) arenow satisfiedby
�
ρ1 � ρ2 �f�F# �

1� ρ1 � 1� ρ2 � . And thevaluesfor α andβ arethesameasbefore.
Let 6 num

�
z� bethe(presumedto exist) limit whenn # ∞ of n � 1 logPn

�
z� , wherePn is thenumerator. We

expecta formulasimilar to (19), but with anotherconstant:6 num
�
z��� 2

I2 � I1

�3�
z � I1 � log

�
1 � ρ � ρ1 �F� �

z � I2 � log
�
1 � ρ � ρ2 �;�g
 ρ2

2
ρ1ρ2 
 1
ρ1ρ2 � 1

� logρ 
 Cnum �
TheremainingconstantCnum is determinedby 6 num

�
z���h6 p

�
z�i� B1z 
 B2z2 in a neighbourhoodof the

setof the interpolationpoints. Everythingworks if onedetermination,saywith ρ, is usedfor 6 p, while
thedeterminationwith 1� ρ is usedfor 6 num:6 num

�
z�K�W6 p

�
z�F� 2

I2 � I1
^ � z � I1 � log

1 � 1� � ρρ1 �
1 � ρρ1

� � z � I2 � log
1 � 1� � ρ � ρ2 �

1 � ρρ2 ` 
 ρ1ρ2 
 1
ρ1ρ2 � 1

ρ � 2 
 ρ2

2

 2logρ 
 Cnum Cp� 2

I2 � I1

�C�
z � I2 � log

� � ρ2 �F� �
z � I1 � log

� � ρ1 �;�j
 ρ1ρ2 
 1
ρ1ρ2 � 1

$ 2 � 2z � α � β
β � α � 2 � 1% 
 Cnum � Cp �� �

B1 
 B2
�
α 
 β ��� z 
 2

I1 log
� � ρ1 �F� I2 log

� � ρ2 �
I2 � I1


 B2

4

�
2z � α � β � 2 � ρ1ρ2 
 1

ρ1ρ2 � 1

 Cnum � Cp �
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whence

Cnum � Cp � 2
I2 log

� � ρ2 �Z� I1 log
� � ρ1 �

I2 � I1
� B2

4

�
α 
 β � 2 
 ρ1ρ2 
 1

ρ1ρ2 � 1
� (22)

3.2. Bestrational approximation on a real interval.

Bestrationalapproximationto exp
� � z� on agivenrealinterval, say

�
0 � c� showsthenow familiar linear

scalewith respectto thedegreen, asseenwith thesequenceof realpoles:
1� 1 3� 3 5� 5

c � 0 � 2 � 4 � 644 � 7 � 293
c � 1 � 1 � 572 � 4 � 176 � 6 � 80(?)
c � 2 � 1 � 274 � 3 � 768 � 6 � 37
c � 5 � 0 � 862 � 2 � 875 � 5 � 277
c � 10 � 0 � 697 � 2 � 141 � 4 � 086
c � ∞ � 0 � 579 � 1 � 369 � 2 � 155

We thereforegeta stabilizedpictureby takingz� n asnew variable,so thatwe approximateexp
� � nz�

on a shrinkinginterval
�
0 � c� n� , andjust reproduce, for any finite c, thePad́e performance(c � 0). [More

data,for n � 7 � 9 ��� welcome]
It is muchmoreinterestingto approximateexp

� � nz� on
�
0 � c� :

1� 1 3� 3 5� 5
c � 0 � 2 � 1 � 548 � 1 � 459
c � 1 � 1 � 572 � 1 � 140 � 1 � 055
c � 2 � 1 � 274 � 0 � 890 � 0 � 817
c � 5 � 0 � 862 � 0 � 615 � 0 � 570
c � 10 � 0 � 697 � 0 � 526 � 0 � 49
c � ∞ � 0 � 579 � 0 � 456 � 0 � 431

We expect the polesto tend to be distributedon a fixed arc F with a limit distribution dµp, andthe
interpolationpointson E � �

0 � c� with a limit distributiondµi, sothatthecomplex potential6 �
z� : �:9

F
log

1
z � t

dµp
�
t �Z�J9

E
log

1
z � t

dµi
�
t � (23)

satisfies

V : � Re 6k� a constant � ρ onE � (24)

V
�
z�K
 Rez

2
� aconstant � σ onF � (25)

V
�
z�K
 Rez

2
hasequalnormalderivativeson thetwo sidesof F � (26)9

E
dµi

�
t ��� 9

F
dµp

�
t �E� 1

(chargeson E andF), equivalent to 6 boundedat ∞, actually, 6 7 � z�e� constantz� 2 for large z, and9
C

∂V
�
t �

∂n
G dt Gl�D� 2π onany contourcontainingF but notE, or also,thattheimaginarypartof 6 increases

by π on
�
0 � c� .

Conditions(25) and(26) amountto the realizationthatV 
 Rez� 2 hasoppositegradientsalongthe
normalon thetwo sidesof F :
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F

As the derivative of an analyticfunctionhasrealandimaginarypartsbuilding the gradientof its real
part (Cauchy-Riemann:gradReF � F 7 ), it follows that 6 7 
 1� 2 takesoppositevalueson thetwo sides
of F .

Now, limit valuesof suchfunctionsaregivenby Sokhotskyi-Plemelj formulas[11], chap.14,etc.6 7 � z���B� 9
E m F

dµ
�
t �

z � t
�B� 9

E m F

dµ
�
t �

z � t
@ πiµ 7 � z� (27)

whenz tendsto apoint of E or F , andwhere 9 is theCauchyprincipalvalue.Wethereforehave9
E m F

dµ
�
t �

z � t
� 9

F

dµp
�
t �

z � t
�J9

E

dµi
�
t �

z � t
� 1

2 � z n F � (28)

which is anintegralequationfor thedistributionµp, to beconsideredwith (24) asanotherequationfor µp

andµi ���
We getrid of thecondition(24) by usingcomplex Greenfunctions1 of E: first, let

ϕ
�
z� : � 2z

c
� 1 
 �

2z
c
� 1� 2 � 1 (29)

with the squareroot suchthat G ϕ � z�jGpo 1 for z �n E: ϕ maps qsr E on the exterior of the unit disk, with
ϕ
�
∞ � � ∞.

Remarkthatϕ
�
z�K
 1

ϕ
�
z� � 4z

c
� 2.

We now build ϕ
�
z� t � , with ϕ

�
t � t �F� ∞:

ϕ
�
z� t �F� ϕ

�
z� ϕ � t ��� 1

ϕ
�
z�Z� ϕ

�
t � � t �n E � (30)

andreconsidera formulafor 6 : 6 �
z� : � 9

F
logϕ

�
z� t � dµ

�
t � � (31)

whichautomaticallysatisfies(24), with ρ � 0, asRelogϕ
�
z� t ��� log G ϕ � z� t �RG� 0 whenz n E.

As
d
dz

logϕ
�
z� t �F� ϕ 7 � z�

ϕ
�
z�F� 1� ϕ

�
t � � ϕ 7 � z�

ϕ
�
z�Z� ϕ

�
t � ,

d 6 �
z�

dϕ
�
z� �t9

F

dµ
�
t �

ϕ
�
z�Z� 1� ϕ

�
t � �u9 F

dµ
�
t �

ϕ
�
z�Z� ϕ

�
t � (32)

correspondingto chargesandtheir imagesspreadon ϕ
�
F � and1� ϕ

�
F � in theϕ � plane.

1usedby Goncharin severalworks VCVCV
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?? As an argumentof validity of the form (31), let us show how to recover, at leastpartially, the
derivativeof (31):6 7 � z���D� 9

E m F

dµ
�
t �

z � t
is analyticin a neighbourhoodof ∞, andcanbewritten for large z as 6 7 � z� �

αz� 1 
 βz� 2 
h��� (actually, α � 0),with thecontourintegralsα � �
2πi � � 19

C
6J7 � t � dt, β � �

2πi � � 19
C

t 6J7 � t � dt,��� so, 687 � z��� 1
2πi

9
C

6 7 � t �
z � t

dt ona largecontourC containingthesingularloci E andF, for zoutsideC.

We mayaswell considertheLaurentseriesin powersof ϕ
�
z�6 7 � z���B6 7 � c

ϕ 
 1� ϕ 
 2
4 � � 1

2πi
9

D

6 7 �� c� 4� � u 
 1� u 
 2�
ϕ � u

du �
andwemakethecontourD shrinkaboutthesingularloci ϕ

�
F � and1� ϕ � F �

Thecontributionsaboutϕ
�
F � and1� ϕ

�
F � sumas687 �� c� 4� � ϕ 
 1� ϕ 
 2�� � 1

2πi
9

ϕ � F � 6J7F^ 1
ϕ � u

� 1� u2

ϕ � 1� u ` du

As remarkedby J.Nuttall (22Oct. 1999),wemayadaptGoncharandRakhmanov [9], andfind thatall
theserequirementsaremetby anexpression6 7 7 � z��� constant
 constantzv

z3
�
z � c� 3 � z � a� � z � b�

wherea andb � a arethe(still unknown) endpointsof F . Onemusthave 6 7 � a�E�w6 7 � b���D� 1� 26 7 � z�E�t9 z

∞

�
C 
 Dt � dtv

t3
�
t � c� 3 � t � a� � t � b� �6 �

z�E� constant
 9 z

∞

�
z � t � � C 
 Dt � dtv

t3
�
t � c� 3 � t � a� � t � b� (33)

areelliptic integralsof first andsecondkind.
Thestandardformsof theelliptic integralsof 1st and2nd kindsare[20]

F
�
ϕ r α �E�t9 ϕ

0

�
1 � sin2 αsin2θ � � 1 � 2dθ �M9 x � sinϕ

0

�3�
1 � u2 � � 1 � k2u2 ��� � 1 � 2du �

E
�
ϕ r α � � 9 ϕ

0

�
1 � sin2 αsin2 θ � 1 � 2dθ � 9 x � sinϕ

0

�
1 � u2 � � 1 � 2 � 1 � k2u2 � 1 � 2du �
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Elementarychangeof variablewill not easily lead to theseforms, but what is closestto our needs
appearsto be[20, 17.4.51]

F
�
ϕ r α �E� �

A2 
 B2 � 1 � 2 9 x

0

dv�3�
v2 
 A2 � � B2 � v2 �;� 1 � 2 �

E
�
ϕ r α �E� A2 � A2 
 B2 � 1 � 2 9 x

0

1
v2 
 A2

dv�3�
v2 
 A2 � � B2 � v2 �;� 1 � 2 � (34)

wheretanα � B� A, k2 � B2 � � A2 
 B2 � , sin2 ϕ � x2 � A2 
 B2 �
B2
�
A2 
 x2 � . OnemaycheckthatdF � dsinϕ anddE � dsinϕ

arewhatthey shouldbe(usingcos2 ϕ � A2 � B2 � x2 �
B2
�
A2 
 x2 � and1 � k2 sin2 ϕ � A2

A2 
 x2 ). We will alsoneed9 x

0

dv�
v @ iA � v �

v2 
 A2 � � B2 � v2 � �:9 x

0

�
v x iA � dv�

v2 
 A2 � v �
v2 
 A2 � � B2 � v2 � �� 1

A2 
 B2

B2 � x2

x2 
 A2 
 B
A
�
A2 
 B2 � x iE

�
ϕ r α �

Ay A2 
 B2

(35)

In order to translatethe conditionson 6 7 � a� and 6 7 � b� ascompleteelliptic integrals(ϕ � π � 2, i.e.,
x �M@ B), we have to mapt � a andt � b � a in (33) on v �B@ B in (34), andt � 0, t � c on v �z@ iA. If
c is twice thecommonrealpartof a andb, thevery elementaryt � c� 2 
 iv doesthetrick, with B � Im a
andA � c� 2. Let ustry

t � A 
 iv
1 
 iγv

�
So,v � iA is mappedon t � 0, onemusthave, for v �D� iA,

2A
1 
 γA

� c, and
A @ iB
1 @ iγB

� a � b. As neithera

norb is known,wemayaswell takeA andB, keepingin mindthatγ � 2
c
� 1

A
(for givenA, a andb areon

a circleof diametralpointsA and1� γ).

a

b

0 c
A

1� γ � 1� k � 1 1 1� k
Thez� planeandthesinϕ � plane.

We needintegrals 9 z

∞
R
�
t � dtv

t
�
t � c� � t � a� � t � b� �

whereR is a rationalfunctionwith atmostsimplepolesat0 and/orc. Onefinds�
1 
 γ2B2 � 1 
 γA

1 � γA
9 v � z�

i � γ R

�
A 
 iv
1 
 iγv � dvv �

A2 
 v2 � � B2 � v2 � �
wherex � v

�
z�E� i

A � z
1 � γz

.
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So,theconstantandthesimplefractions1� t and1� � t � c� leadto the(indefinite)integrals

R
�
t �F� 1 :

�
1 
 γ2B2 � � 1 
 γA��
1 � γA� � A2 
 B2 � F

�
ϕ r α � �

R
�
t ��� 1

t
:

�
1 
 γ2B2 � � 1 
 γA��
1 � γA� � A2 
 B2 �d{| } γF

�
ϕ r α �K
 i

1 � Aγy A2 
 B2

B2 � x2

x2 
 A2 
 �
1 � Aγ � E � ϕ r α �� A ~ �� �

R
�
t �Z� 1

t � c
:

�
1 
 γ2B2 � � 1 
 γA� 3�
1 � γA� 3 � A2 
 B2 � {| } γF

�
ϕ r α �P
 i

1 
 Aγy A2 
 B2

B2 � x2

x2 
 A2 � �
1 
 Aγ � E � ϕ r α �� A ~ �� �

For 6 7 � z� � R� t �F� C 
 Dt
t
�
t � c� � � C� c

t

 C� c 
 D

t � c
,

6N7 � z��� constant
 �
1 
 γ2B2 � � 1 
 γA��
1 � γA� 3 � A2 
 B2 �] γ ^ � C

c

�
1 � γA�P
 �

C
c

 D � �

1 
 γA� ` F
�
ϕ r α �
 iy A2 
 B2

^ � C
c

�
1 � γA� 2 
 �

C
c

 D � �

1 
 γA� 2` B2 � x2

x2 
 A2� ^ C
c

�
1 � γA� 2 
 �

C
c

 D � �

1 
 γA� 2` E
�
ϕ r α �� A a �

(36)

Thefunction 6 7 mustbesingle-valuedin q�r 4 E � F 5 , i.e.,havevanishingperiodsaboutthesetsE and
F .

γ ^ � C
c

�
1 � γA�P
 �

C
c

 D � �

1 
 γA� `�� � ^ C
c

�
1 � γA� 2 
 �

C
c

 D � �

1 
 γA� 2`�� � A � 0 � (37)

or �
γ
�
1 � γA� � 
 �

1 � γA� 2 � � A� � � C � c�P
 �
γ
�
1 
 γA� � � � 1 
 γA� 2 � � A� � C � c 
 D � � 0

Remarkthateverythingbut theconstantvanishesin (36) at x �B@ B, i.e., at z � a andz � b, so that this
constantis 6 7 � a���B6 7 � b�E�Q� 1� 2.

With X �D� C
�
1 � γA�� c andY � �

C� c 
 D � � 1 
 γA� ,
6 7 � z���D� 1

2

 �

1 
 γ2B2 � � 1 
 γA��
1 � γA� 3 � A2 
 B2 �] γ

�
X 
 Y � F � ϕ r α �P
 ik

�3�
1 � γA� X 
 �

1 
 γA� Y � cosϕ
A


 �C�
1 � γA� X � � 1 
 γA� Y � E � ϕ r α �

A a � (38)

6 �
z�E� constant
 �

1 
 γ2B2 � � 1 
 γA��
1 � γA� 3 � A2 
 B2 �� � � D

�
1 � γA�P
 γ

�
zX 
 �

z � c� Y ��� F � ϕ r α �K
 ik
�3�

1 � γA� zX 
 �
1 
 γA� � z � c� Y� cosϕ

A
 �3� 1 � γA� zX � � 1 
 γA� � z � c� Y � E � ϕ r α �
A a � (39)
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[15] NinghuaLi, StrongAsymptoticsof Pad́e Polynomials, Ph.D.Univ. WesternOntario,London,Ontario,1991.
[16] A.P.Magnus,Ontheuseof Carath́eodory-Fej́ermethodfor investigating’1/9’ andsimilarconstants,pp.105-132in A.Cuyt,

Editor: NonlinearNumericalMethodsandRationalApproximation, D.Reidel,Dordrecht1988.
[17] A.P.Magnus,Asymptoticsandsuperasymptoticsof bestrationalapproximationerrornormsfor the exponentialfunction

(the ’1/9’ problem)by theCarath́eodory-Fej́er’s method,pp.173-185in A. Cuyt, editor: NonlinearMethodsandRational
ApproximationII , Kluwer, Dordrecht,1994.

[18] J.Meinguet,On thesolubility of theCauchyproblem,pp.137-163in ApproximationTheory, Proceedingsof aSymposium
heldatLancaster, July 1969(A. Talbot,editor),AcademicPress,London,1970.

[19] P.D. Miller, S.Kamvissis,Onthesemiclassicallimit of thefocusingnonlinearSchr̈odingerequation,PhysicsLettersA 247
(1998)75-86.

[20] L.M. Milne-Thomson,Jacobianelliptic functionsandthetafunctions;Elliptic integrals,chapters16 & 17 in Handbookof
MathematicalFunctions(M. Abramowitz & I.A. Stegun,editors),NationalBureauof Standards,1964,= Dover, 1965,etc.

[21] J.Nuttall, S.R.Singh,OrthogonalpolynomialsandPad́eapproximantsassociatedto a sustemof arcs,J.Approx.Theory21
(1977),1-42.

[22] J.Nuttall, Theconvergenceof Pad́e approximantsto functionswith branchpoints,pp.101-109in E.B. Saff andR.S.Varga,
editors,Pad́e andRationalApproximation,TheoryandApplications, AcademicPress,New York, 1977.

[23] J.Nuttall, Setsof minimumcapacity, Pad́eapproximantsandthebubbleproblem,pp.185–201in C. Bardos,D. Bessis,eds:
BifurcationPhenomenain MathematicalPhysicsandRelatedTopics,ProceedingsNATO ASI Cargèse,1979, NATO ASI
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