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Abstract: several waysto build rational approximationgo variousspeciesof analytic functionsare
examined. Specialemphasiss put on strongasymptoticestimatef theform f(z) — Ry(2) ~ 0(2)p"(2),
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1. Complexapproximation theory and potential theory.
2. The exponentialfunction.

2.1. Pade.
for €,
1M 2 m(m— 1) z m(m-1)...2.1 z
m+n1l " (m+n)(m+n-1) 2! (m+n)(m+n-1)---(n+1) m!
[my/n]= n z n(n—1) z n nin-1)...2.1 z
ST (m-|—n)(m-|—n—1)§_m+(_1) (m+n)(m+n—1)---(m+1) nl
[27]

Exponentiabehaiour of numeratoanddenominatohasbeemmuchworked,especiallythedistribution
of zerosandpoles.Saf & Vargaremark(] that,whenm~ n, thesdlistributionshadalreadybeenexamined
by Olver [26, ] in a studyof Besselpolynomials. For orthogonalpolynomials,seeChené& Ismail [5],
Gawronski& Shavyer[8], alsoPerron

(muchto fill here)
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2.2. Rational interpolation.

2.2.1. Equidistantpoints.[12,17]
As faraswe only neede’? atz= 27,2+ h,...,zo+ (m+n)h,

A= (I ( +A)Z%)/heh
¥ (e /h)m

h
-3 (% ) L2 z)(z-20-h) (- 20— (k= h),

n
whichwe multiply by thedenominatoQ(z) = 'Zqu (z—20) -+ (z— 29— (j — 1)h), using

(z-20)(z-20—) -+ (z- 20— (] - Dh)&*=
. mfn h_ gy k=i
MNzotih) > (eAh 1) G ! I (2= 20)(z—20—h)---(z— 20— (k—=1)h),

K=0 -]

h
Q@er=ey (£ ) Y (2 2) (220 ) - (2= 20— (=D,

k=0

noo -1\ 1 : : : :
whereC(k) = %qjeﬁlh (eA - ) T is a polynomialof degreen in k, which mustvanishat
K=m+1,m+2, .T.,m—|—n,

m k
PR =€? (eAhh_ 1) (T) (M4n—K)!(z—20)(z— 20— h) -+ (z— 20— (k— 1)),

k=0

n —Ah __ k
Q2= (557 () men-Ki-z)E-20-1-+-(z-20- (k- 1),

K=0
and,formally:

0 k
QR -P(Z) = om(-1)" Y (eAh_l) k—l!(k—m—l)(k—m—z)---(k—m—n)(z—zo)(z—zo—h)---

k=mn+1 h

(1)

Rough asymptotics. Let E := exp(Ah) and{ := % — 1. Then,whenm ~ n, eachnew termin the

(Ex1-1)(n—Kk)(n{+n-k)
k(2n-k) '

Weintendto follow thingsat constan€& and(, i.e., afixedexponentialandz expandinglinearly with n,
or A increasindinearly with n, and2n interpolatingpointsfilling a fixed segment[zy, o+ 2nh|. Remark
thatthis segmentof interpolationpointsis —1 < { < 1.

At leastwheneachterm hasthe samephase the sumis roughly given by the termreachedvhenthe
precedingatio hasunit value:

expansionof P andQ is theformeronetimes
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(E¥ = 1k(@+K) _,
1-k2 -
wherek := 1 - k/n. Remarkthattheratio— 0 whenk — 0, and— o whenk — 1.
Of courseanintegral formulagivesmoreweightto theseasymptoticconstructiongto be continued)
Thedominantterm (therewill sometime$etwo dominantterms,seelater),is, still roughly;
(E*1— 1)"="nl(n+nk)!T (n +n)
(n—nK)!(NK)!T" (n{ 4 nK) '
wherek is oneof therootsof (2). Tediousapplicationof Stirling’sformulayields,keepingonly thewildest
factors,

(@)

Conn | (EE = )2 (14 k) (14 ]
(1—K)1 KKK (L +K)HK

—2n,2N ( 1_K2 )K (Eil—l)(1+K)(1+Z)l+Z
- (E*— DK({+K) (1= K) ([ +K)C

- 1

onon | (EEL— 1) (14 K) (14 Q)+ :
- (1K) [+ K)?

o [ (14 Eﬂx)lﬂ(lml-zr

3)

K

-1 +1

usingl = ] K , from (2).

Check: for large z, we shouldha/e (E*1 - 1)"nl(z/h)"~ (E*! - 1)"e~"n?"¢". Indeed,with the root
~00f (2),i.e., K~ [(E¥1—1)7]~1, onefindse=2"n?"{k~1[(14 (E*L — 1)K]¢}".

3. Simplestpotential problems.
3.1. Conditions on a singlearc.

P dpp(t)

z—t

_ ][B dup(t) ), @)

with g analyticin somedomain(thearc[a, f] is notyet known). Thetrick is to multiply 7/ by afunction
[(z— a)(z— B)]¥/? taking oppositevalueson the two sidesof [a, B]. We consideronly y = 1 andy = —1.
Also, [(z— a)(z— B)]Y/? is definedto be continuousoutsidethe arc, andbehaeslike 2! for large z. As
Vp(2)[(z—a)(z—B)] V28,1 hasa Laurentexpansmnmth only negative powersat oo,

'V' _ y/2
Vil(z- )z B2 3y = o f PP Z00

on a big counterclockwiseontourhaving the arc [a, ] inside andz outside. Making the contourshrink

PA{VRO[(t—a)(t—B)]2—8ya} dt, whereA{F}
z—t ’

meanghe differenceF_ — F, betweenthe limit valuesof F on the “lower” side of the arc (from which

Let thefunction (oftenassociatetb adistributionof poles)?),(z) = /
a
that

. Supposehatwe know

to a neighbourhoodf the arc [a, 3], we get ﬁ
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thearcis seenatleft), andthe “upper” side. The differenceis here2g(t)[(t — o) (t — [3)]‘1/2, whencequite
explicit solutions

B _ y/2
Vyl(z— ) (z— B)]/? - 3y1 m/ 9o — t P y=a1 (5)
B-
It mayhelptorealizethatthe phaseof
. [(t—a)(t—sni/z
a, Bl

Somequestionsthe —1 in theleft-handsideof (5) wheny = 1 is neededrom /() = 1/z+ O(1/7%) for
large z. But thetwo sidesof (5) wheny = —1 shouldbe ~ 1/72 for largez, everythingworksonly if

B t) dt B tg(t)dt .
/ 9(t) o =0, / 9(t) o =T, 6)
o [(t—a)(t-B)]- o [(t—a)(t—PB))-
Thetwo formsof (5) thenagree githerwith y= —1, ory= 1. It will alsobeusefulto checkthat,as(4) is
aplainintegralwhenz= o andz= 3, onehas¥}(a) = g(a), and ¥, (B) = g(B).

is exactlytheoneof +i ontherectilinearsegment

3.1.1. Alittle bit of Chebyshe polynomialscalculus. Let usconsideithe Chebyshe polynomialsexpan-
sionof agenericfunctionF ona, f3]:
> 2t—a-—
+Z nTn( B) :

B F(t)dt . Co
/ 1/2 =Tl E
o [(t-—a)(t-P)IZ
Thereforefrom (5) with y = —1, V[(z— o) (z— B)]~Y/2 is the constantermof the Chebyshe expansion

of g(t)/(z-1).
Letgo/2+ 37 onTn betheexpansionof g. Remarkthat(6) becomes

Then,we have theintegral

go =0, o= (7)

2(z—t) 2z-a-B 2t—-a-B,
B—a  B-a  PB-a

_Ti((2ta— )/ ) i (zz o BTn—T“;T”“))

Weneedheexpansiorof 1/(z—t) = Xo/2+ 37 XnTn, whichwemultiply by

2 Xof2z-a-p
B-a Z(Ba

2z—a -3

B_

whencetherecurrenceX, ;1 — 2 Xn+Xn1=0forn=1,2,... solvedby X, = Xop", wherep is
arootof
p-|-p‘1:22—0(—[3 ®)
2 B—a ’
normallywith |p| < 1, but thiswill have to bediscussedater. The valueof Xo comesfromn=0: 4/( —
a) =Xo((p+p71)/2) = X1 =Xo(p* — p) /2,50

XO_

8
(B-o)(p~t=p)
Remarkthat[(z— o) (z—B)]Y2 = (B—a)?(1 - p?)?/(16p?), sothat

00

Vy2) =T np". (©)

n=1
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Thetwo determination®f 7/, onthetwo sidesof the cut [a, 3] areobtainedwith thetwo rootsp and1/p
of (8). Onecheckghatthe arithmeticmeanis indeed

(Vo4 (@ +%5-(2)/2= 5 (" +p7") /2= § anTn=9(2
As for thediscontinuityalongthe cut,

T2 = Vo (D + Vot Zgn - —Bfauz4n@—mrﬂigwmﬁa, (10)

it appearssakind of harmonicconjugateto g.

3.1.2. Ched with rational approximationto exp(Az).
From(3),
|
Vy(2) = lim OgQ( 2 _ (147)log(1+E-1) + (1—7) log(1-+K) — log(K),

n— o0

where( is basicallyour z (managed;othattheinterpolationpointsarein [-1,1]). Then,thederivativein
¢ simplifiesinto

d?p(2) 1+E-1k
:Iog )
d¢ 1+K
-1_Eg-1
wherek is relatedto ¢ through¢ = T from (2). This matcheg8) provided
2i
—iE-1/2 q— _R—
p=IE"*,0=—B= e
and P 1/2p /2 _ En/2
d¥(2) , 1-iE- nNE-Y2_EY?)
a9 TTE, —‘Z P

Remarkthatg; = —i(E~Y2? - EY/?) = 4/(B - a) asit should.
3.1.3. Rationalinterpolationto exp(nB;z+ nB,7?).

Thisveryinterestingrationalinterpolationappearsn specialhonlinearSchibdingerproblemdq [19] and
remarksby J. Nuttall)
Let theinterpolationpointsbe equidistanbn[ly,1,]. Then,

_Il

V4

_ log

_ 2 (la=1y)~tdt By Tz, B B—a2z—oa—-B o+p

a0 = [ G e B +950)  av

Thelogarithmshave the expansions

a-B < Pk
log(z—Ix) = lo -2 Th,
9(z— k) =log an Z T
wherepy is now aroot of
pktprt  2k-a-P
2 B—G Y 14 (12)

where|pk| < 1 shouldbe the orthodoxchoice,but which will notbe keptin the final formula. Precisely
the closedform is now

2 1-pip B-a
Zgnp N 091 02D —Bo——p, (13)
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with the conditions(7) on gg andg:

log(p2/py) _Bi_p a+B (14)
lo—1q 2 2
_P2-pr B-a 4

gl_2|2_|l BZ 2 —B_aa (15)

If p1 andp, areknown, a andp aregotby (12):

P1(1+p2)21—p2(1+p1)%2 ,  pu(l—p2)2l1—p2(l—p1)2>

o= B= o o) (P = 1) (16)

(P2 —p1)(P1p2—1)

(Asfor p; andpg, they aresimplyfoundto be,if B, =0, p1 = iexp(—Bi(l2—11)/4) andpz =i exp(B1(l2—
I1)/4). Remarkthatp;p, = —1: no chanceo have thecomfortablelpy| < 1...)
Also,

B-a _ 2p1p2(l2—11) a+B _ 1412 B (P14 pP2) (P1P2+ 1) (I2—11)
2 (P2—p1)(p1p2—1)" 2 2 2(p2—p1)(pp2—1)

and(14) and(15) become

log(p2/p1) Bi g litlo + Bz (p2+p1)(Prp2+1) (P2—p1)%(PiP5— 1)

(I2—11) =0,By(lz—11)? =

l2—11 2 22 2 (p2—p1)(P2p2—1) 2p7p3 7
or thisform emphasizing,p, andp,/p1:
P2 P1 1 )
2Bo(lo— )%= =242 - 17
2(l2—11) (pl + pz) (Plpz o102) 17)
o9 (&) +g (& - &) (plpz+2+ i) - E('Z— l1) + leg - If- (18)
P/ 4\p1 P2 P1P2 2 2

For agivenB; andvariousratiosp,/p1, we find valid valuesfor By, etc. Forinstance); = —Ali, I, = Al,
B, negativeimaginaryandp,/p1 negative real,whichis of interestin [19]:

Script V1.1 session started Mon Jan 17 14:32:31 2000

C:\calc\pari>gp
GP/PARI CALCULATORVersion 2.0.12 (alpha)
Copyright  (C) 1989-1998 by
C. Batut, K. Belabas, D. Bernardi, H. Cohen and M. Olivier.

? \r exprlr2

A=1,B; = 11— 2ix,x=0.5,B, = —2iAt,



MAPA3xxxA 2000-2001 — Comple rationalapprox. 3 — Exponentiafunction.— 7
At —p2/p1 Q P1 P2 a=B
010 2758 0.02455 0.600240.04711 —1.655—0.1301  0.03677+ 0.8865
010 0439 3971 0128441502 —0.05646—0.6606 —4.554+ 10.81i
020 2.888 0.09570 0.5812+0.09100 —1.679—0.2629  0.076044 0.8847
020 0429 3883  0.2604+1504  —0.1117-0.6454  —2.307+5.374
030 3138 02038 0.54994+0.1274 —1.725-0.3998  0.1197+0.8788
030 0411 3737 0399741507  —0.1643-0.619% —1.574+3.545
040 3553 0.3275 0.5082+0.1518 —1.806-0.5394  0.16744 0.8641
040 0384 3533 05507+1514  —02119-0.5830  —1.221+2.622
050 4.176 04363 04618401616 —1.928-0.6749  0.2147+0.8365
050 0351 3277 0717141527 —0.2517-0.5363 —1.023+2.064
060 5006 05082 0417540.1593  —2.090-0.7976  0.2544+0.7974
060 0311 2988 0.9009+1.548  —0.2805-0.4824 —0.9027+ 1.692
070 6.007 05430 0.379240.1503 —2.278-0.9031  0.2832+0.7524
070 0270 2692  1.099+1578  —0.2972-0.4266 —0.8243+1.431i
080 7.139 05518 0.3474+0.1390  —2480-0.9924  0.301740.7071
080 0232 2414  1307+1.613  —-0.3033-0.3742 —0.7690+ 1.241i
090 8372 05452 0.3211+0.1275  —-2.689—1.068  0.312440.6643
090 0198 2166 151741650  —0.3019-0.3284 —0.7263+1.099
1.0 9692 05303 02991401169  —2.899-1133  0.3178+0.6252
1.0 0171 1953 172741687  —0.2962—0.2893 —0.6908+ 0.9883
1.1 1108 05113 0.2804+0.1073  —3.109-1190  0.319540.5899
11 0149 1770 193341723  —0.2882-0.2568 —0.6599+ 0.9000
1.2 1255 0.4906 0.26434+0.09885 —3.318-1240  0.3187+0.5582
12 0130 1613  2136+1.754  —0.2791-0.2296 —0.632340.827d
? quit
Good bye!
C:\calc\pari>exit
Script  completed Mon Jan 17 14:34:12 2000
We integrate(13) alongthelinessuggestedby the exercisesof section3.1.2 p. 5:
2
Vo(2) = - [(z=11)10g(1~p1p) — (2~ I2) log(1 - p2p) +X ()],
L . . B-—a Pk 1
whichyieldsindeed,usingfrom (8) and(12) z— Iy = - 1- o p— o)’
k
d%(2 2 Iog1—p1p+ z— 1y z—1y +dX(p) dp
dz lo—1 1-p2p p—prt p-pr? dp | dz
2 1-pip  [B-ap2—pi  dX(p) 4
= log + + —
=11 |~ 1-p2p 4 p do | (B—a)(1-p~?)
dX  B-ap—p1 , (B—a)? 1
Onemusthave — = — -B lo—1 — =}, finally:
dp 4 p 2716 (l2=12) (P p y
dX _ l—lipp+1 1
dp 2 pp2—1" p’
» | | pp2+1p% |
p(2) = [(z=11)l0g(1-p1p) — (z—I2)log(1 - p2p)] — ——=—= —logp. (19)
l2—11 p1p2—12

Thetwo determinationsf 7}, onthetwo sidesof the cutarefoundwith thetwo rootsp and1/p of (8).
In particular the arithmeticmeanof thetwo valuesof the derivative mustgive (4) again,with g givenby
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(11). Indeed,onefinds

1 —ap4pt
= -{logl(1— p19) (1 p1/p)] ~logl(1— p2p) (1 po/p)]} B 5 T,
whichis
1 z—1y P1 a+pB
Y [Iogz_lz-l-logg] —Byz+B; 5
Thedifferenceof thetwo determination®f 4, mustbe +2rip".
. 2 1-pap 1—929] B—a -1
+2mip' (z2) = lo —lo -B — , 20
W2 IZ_Il[ 9T p/p 91 p,/p] B2z (PP (20)

(Nuttall'sAW,)

andthe cut itself is the locus {z: |/ (z)dz real }, which is integratedas {z: ¥} +(2) — Vp,-(2) pure
imaginary},

2 1-pip

1-pp| pap2+1p?—p~2
z—1Iy)lo — —
lo—11 (2=1) gl—Pl/p

1-p2/p] p1p2—-1 2

(z—12)log — 2logp pureimaginary

(21)
Writing (21) asafunctionof p (using(8) and(12)), we have

_ 2 B 1N 1 _ pip2+1p*—p7?
PP = (oo A= 1/ (p102)) [(p P (1 ppl) L= (P=p2) (1 sz) LZ] pip2—1 2

1_plp 7L2: Iogl_p2p

—P1 P—pP2
p2 from (17) and(18).

with L; = log

, andwhere,for given By, By, 11,12, onemustdeterminep; and

Caustic.

The presensettingof the limit setof polesasasinglearcjoiningz=atoz=B(orp=—-1top=1)
holdsaslong asii, (z)dzremainspositiveonthecut. A critical situationoccurswhenit, happenso vanish
rightonthecut,i.e.,if dF /dz vanishesatapointwheretherealpartof F vanishegoo.
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x=0.10, At=0.25000 x=0.10, At=0.50000 x=0.10, At=0.5965

The locusof (x,At) with B; = 11— 2ix, B, = —2iAt, wherethis happenss called the (first) caustic
in [19]. We thenhave p; = R"Y2€®, p, = —RY2€®, with realR and6. For atrial valueof At, we look
for Rand@ suchthat (R+ 1/R) /2= 2At/sin28 — 1 (from (17)) and2x = logR+ (1/R— R) sir? 8 (from
(18)). Knowing p; andp,, onelooksfor the zeroof theanalyticfunctiondF /dz, or dF /dp. Thisyields

1 p—p*
Li—Lo=(1+— — .
1-L2 (+p1pz> (P2—p1)—

Onethenmanageso have therealpartof F = 0 aswell.
Somevalues:
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X At sin® P2 R=—p2/p1 p F
0.001 0.500973 0.6990 -0.749-0.733i 1.098 -1.27846-0.24352i 6.282i
0.010 0.509711 0.6781 -0.854-0.788i 1.350 -1.52506-0.51989 6.261i
0.050 0.548383 0.6288 -1.095-0.885i 1.982 -1.84975-0.94099 6.123i
0.100 0.596697 0.5838 -1.324-0.952i 2.660 -2.06555-1.232831 5.922i
0.250 0.744301 0.4821 -1.928-1.061i 4.842 -2.48476-1.76294i 5.301i
0.500 1.009193 0.3636 -2.919-1.139i 9.817 -2.98988-2.26747 4.371i

0.750 1.312145 0.2794 -4.017-1.169i 17.504 -3.41534-2.564071 3.587i
1.000 1.672677 0.2167 -5.311-1.179i 29.600 -3.78112-2.727551 2.923i
1.250 2.117750 0.1686 -6.897-1.180i 48.954 -4.06939-2.79596i 2.359i
1.500 2.682341 0.1314 -8.888-1.178i 80.381 -4.27061-2.81082 1.884i
1.750 3.408138 0.1024 -11.423-1.176i 131.867 -4.39913-2.80582 1.493i
2.000 4.344519 0.0798 -14.669-1.174i 216.553 -4.47798-2.79719 1.175i
2.500 7.107960 0.0484 -24.179-1.172i 585.997 -4.55461-2.78484i 0.721i
3.000 11.684073 0.0294 -39.858-1.171i 1590.003 -4.58262-2.77939 0.439i
We seethat® — 11/4 whenx — 0, andthat® — 0 whenx — oo, but mary featuresarestill unexplained

Numerator and interpolation.
Remindthat 7} (z) is thelimit whenn — « of n=tlogQn(z) = n~! ¥ log(z— poles. It mustbehae like
log(z) + O(1/z) for large z, compatiblewith (19) if oneaddsa constant:

2
+1
Vp(2) = ——I(z— 1) log(1— p1p) - (z— 1) log(1— pop)] — - P22 _jogp 4
lo—11 2 p1p2—1
whichbehaesfor largez aslogz— IogB;a + (B_z((]l)(pzl_) Py) +C,, fromp~ (B—a)/(42). Therefore,
2—I1,
oo (B-a)(p2—p1)
R Ty

Thenumeratoof theinterpolantio exp(n(B,z+ B,7%) ) is thedenominatoof theinterpolanto exp(n(—B;z—
B,Z%)), sothatthe calculationsmadebeforeapplywith (By,B;) — (—By, —By). Theequationg14) and
(15) arenow satisfiedby (p1,p2) — (1/p1,1/p2). And thevaluesfor a and arethe sameasbefore.
Let Vhum(2) bethe (presumedo exist) limit whenn — « of n=1logP,(z), whereP, is the numerator We
expectaformulasimilarto (19), but with anotherconstant:

2
2 _[(z-12)log(1 - p/ps) - (z—12)log(L - p/pz)]+ % Eigii

(Vnum(z) — |ng—}—Cnum.

T -
The remainingconstanCnym is determineddy Vhum(z) — Vp(2) = Biz+ B,Z2 in a neighbourhoof the
setof the interpolationpoints. Everythingworks if onedeterminationsaywith p, is usedfor 7/, while
thedeterminatiorwith 1/p is usedfor “hym:

B _ B 1-1/(pp1) 1—1/(9/92)] p1p2+1p~2+p?
Vhum(2) ‘Vp(z)_lz_Il (z—11)log 1~ ppy (z—12)log 1 pps o0y 1 2 +2logp+Chur
_ B o (o g P2t (22—a-B\? B
—IZ_II[(Z I2) log(—p2) — (z— 1) log( pl)]+plp2_1 2( b a ) 1| +Chum—Cy,

l1109(—p1) —I2109(—p2) B2 97— q_py2_ PPzt

_I__
p1p2—1

= [Br+Bo(a+B)z+ 2 D >
2— 11

+Cnum_cpa
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whence

I2l0g(—p2) —1110g(—p1) BZ( a+p)2+ p1p2+1. (22)

-Cy=2
Coum=Cp lo—1y 4 p1p2—1

3.2. Bestrational approximation on arealinterval.
Bestrationalapproximatiorto exp(—z) onagivenrealinterval, say[0, c| shavsthe now familiar linear

scalewith respecto the degreen, asseenwith thesequencef realpoles:
1/1 3/3 5/5

c=0 -2 —-4.644 —7.293

c=1 -1572 -4.176 —-6.80(?)

c=2 -1274 -3.768 -6.37
=5 -0862 -2875 -5277

c=10 -0.697 —-2.141 -4.086
c=o0o -—-0579 -1.369 -2155
We thereforeget a stabilizedpicture by taking z/n asnew variable,so thatwe approximateexp(—nz)
onashrinkingintenval [0, c/n], andjust reproduce for ary finite c, the Pace performancéc = 0). [More
dataforn=7,9... welcome]
It is muchmoreinterestingio approximatexp(—nz) on|[0,cl:
1/1 3/3 5/5
0O -2 —1.548 -1.459
1 -1572 -1.140 -1.055
=2 -1.274 -0.890 -0.817
5 -0.862 -0.615 -0.570
10 -0.697 -0.526 -0.49
=ow -0.579 -0.456 -0431

We expectthe polesto tendto be distributedon a fixed arc F with a limit distribution dy,, andthe
interpolationpointson E = [0, c] with alimit distributiond;, sothatthe complex potential

1
= / log—— f Iog— dui(t) (23)

F z—-t

satisfies
V :=Re? = aconstant= ponE, (24)
Rez
V(2)+ - = aconstant= o onF, (25)
Rez I .

V(z)+ > hasequalnormalderivativeson thetwo sidesof F, (26)

Lau® = [ dup(t) =

(chageson E andF), equivalentto 4’ boundedat o, actually 9" (z) ~ constantz-2 for large z, and

ov(t
ar(]) |dt| = —2monary contourcontainingF but notE, or also,thattheimaginarypartof 7’ increases
by rton [0, c].

Conditions(25) and (26) amountto the realizationthatV + Rez/2 hasoppositegradientsalongthe
normalon thetwo sidesof F:
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AN
N

As the deriative of an analyticfunction hasreal andimaginarypartsbuilding the gradientof its real
part (Cauchy-RiemanngradReF = F'), it followsthat 7” + 1/2 takesoppositevalueson the two sides
of F.

Now, limit valuesof suchfunctionsaregivenby Sokhotskyi-Plemelj formulas[11], chap.14, etc.

q/'(z):—/E d“—(t):—][E B | i) 27)

UrF z—t UF z—t

whenztendsto apointof E or F, andwhere][ is the Cauchyprincipalvalue. We thereforehave

][ du(t) :][ dup(t) _/ dui(t) _ 1 ek (28)
EUF Z—t F z—t E z—t 2
whichis anintegral equationfor the distribution iy, to be consideredvith (24) asanotherequationfor i,

andy ...
We getrid of the condition(24) by usingcomplex Greenfunctions® of E: first, let

-
d(2) ::%Z—l+\/(%z—1) -1 (29)

with the squareroot suchthat |¢p(z)| > 1 for z¢ E: ¢ mapsC\ E on the exterior of the unit disk, with
B(e0) = oo ,
z

1
Remarkthat¢(z) + 0@ " 2.

We now build ¢(z,t), with ¢(t,t) = oo:

t¢E, (30)

andreconsidel formulafor 7/:
= [1ogo(zt) du(t). (D)

which automaticallysatisfieg24), with p = 0, asRelog$(z,t) = log|¢(zt)| = Owhenz € E.

d R T C
Y Y OB [ 10k
dvY(2)
do(2) / 1/¢ / ¢Z) ¢ 42

correspondingo chagesandtheirimagesspreadn ¢(F) and1/¢(F) in the¢—plane.

lusedby Goncharin severalworks. ..
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?? As an aigumentof validity of the form (31), let us shav how to recover, at leastpartially, the
derivative of (31):

V'(2)= / du(tt) is analyticin a neighbourhooaf «, andcanbe written for largezas 7' (z) =
EUF

az 14z %4 (actuallya:O) with thecontourintegralsa = (271 ‘1/ V'(t)dt, B= (2 ‘1/t‘V’

(VI
. 50,7"(2) 2ru/ dt onalarge contourC containingthe singularloci E andF, for z outsideC.
We mayaswell conS|derthe Laurentseriesin powersof ¢(2)

V(2 = ( ¢+1ﬁ¢+2) zm/ V'(( c/4¢u+ul/u+2) du.

andwe makethe contourD shrinkaboutthe singularloci ¢(F) and1/¢(F)
The contributionsaboutd (F) and1/¢(F) sumas

2
V(e +1/8+2) = o [0 |2 T

As remarkedby J. Nuttall (22 Oct. 1999),we may adaptGoncharandRakhmane [9], andfind thatall
theserequirementsiremetby anexpression

V"(2) =

constantt constantz
\/2(z—-c)3(z—a)(z-b)

wherea andb = a arethe (still unknavn) endpointof F. Onemusthave 7'(a) = 9'(b) = —1/2

_/Z (C+Dt)dt
e VB )(t—b)’

)(C+Dt)dt
V(z) = constant—l-/ \/t3 t_c)3 (t—a)(t-b)

(33)

areelliptic integralsof first andsecondkind.
The standardorms of the elliptic integralsof 15tand2"? kindsare[20]

Fb\a) = /0¢<1_ siff asi?6)~/d6 = /(,XZSin¢[(1— 1) (1 Ku?)]~Y2du,

sm¢

E(dp\a) = /¢(1 sirfasir?0)/2de = / 1-w2)~1/2(1 - Ka2)Y2du,
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Elementarychangeof variablewill not easily lead to theseforms, but what is closestto our needs
appeardso be[20, 17.4.51]

1 dv
F($\a) = (A2+BZ) /2/ [(V+A2)(BZ_\2)]1/2’ (34)
) 1 d
E(p\a) = A%(A%+B) /2/ V1A [(v2-|-A2)(I;>/2—V2)]1/2 )
(A2-|— 2)

wheretana = B/A, k? = B?/(A2+B?), s|n2¢— m OnemaycheckthatdF /d sing anddE /dsin¢
A2(B? — x?) A?

arewhatthey shouldbe (usingcos ¢ = Wandl K2sint$ = ey ). We will alsoneed
/X dv B /X (VFiA)dv B
0 (VHIA)\/(V+A?)(BZ—2) Jo (4A2)\/(VZ+A?)(BZ—\2)
35
1 B2 —x2 B iE(d\a) 49

“pree\ermt AAZ1B2) T A/AZ T B2
In orderto translatethe conditionson 9’ (a) and %' (b) ascompleteelliptic integrals (¢ = 1/2, i.e.,
Xx= £B), we haveto mapt =aandt =b=ain (33) onv= £Bin (34), andt = 0,t = conv = %iA. If
cis twice thecommonrealpartof a andb, thevery elementary = ¢/2+ iv doesthetrick, with B=Im a
andA=c/2. Letustry

A+t
14w
2A A+iB .
So,v=iAis mappedont = 0, onemusthave, for v= —iA, TrA =g, andlfiilyB = a,b. As neithera

. o 2 1 .
nor b is known, we mayaswell takeA andB, keepingin mindthaty = P (for givenA, aandb areon
acircle of diametralpointsA and1/y).

-1/k -1 1 1/k

Thez— planeandthesing—plane.

/Z \/tt— dt a)t—b)’

whereR is arationalfunctionwith at most3|mplepolesat0 and/orc. Onefinds

1+yA V@ ( A+iv ) dv
1+4y2B? R . ,
\/( VBT A YA Jiry 1+iw/ /(A2 +V2) (B2 - 2)

We needintegrals
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So,theconstantandthe simplefractions1/t and1/(t — c) leadto the (indefinite)integrals

1+V2B2)(1+ VYA
R(t) = 1: \/ A e Fe\,

R =+ \/ A {vF<¢\a> e Lt (1Av>E<¢\a>/A} ,

2 _y2
R(t)tlc;\/((11+\\//2;2)((A121V§2))3{VF(q,\o()H\/E% 52+X2(1+AV)E(¢\0()/A},

. C+Dt -C/c C/c+D
Forfl/(z),R(t):t(t_C): t/ {—c ,

(1+y?B?)(1+YA)
(1-YA)3(A2+B?)

V' (z) = constant+ \/

{v[-Sa-w+ (S+0) arm]Fone ,

[ C C
- Z(1-VA?+ [ Z4D ) (14+VA?| | >——
+\/A2+BZ[ W +(C+ )( oy )] X2+ A?
C C
- [E(l—yA)2+ (E+D> (1+yA)2] E(q)\a)/A}.
Thefunction 7" mustbesingle-valuedin C\ {E JF}, i.e., have vanishingperiodsaboutthe setsE and
F.

Y [—%(1—%) + (%+ D) (1+vA)] K- [%(1—VA)2+ (%+ D) (1+vA)2} E/A=0,  (37)
or
[(1—YA)K+ (1 - YA’E/A](~C/c) + [y(1+ YA)K — (14 YA)*E/A](C/c+D) = 0

Remarkthat everythingbut the constantvanishedn (36) atx = £B, i.e.,atz= a andz = b, sothatthis
constanis 7'(a) = V'(b) = —1/2.
With X = —C(1-yA)/candY = (C/c+D)(1+YA),

V@ =3 T )

1 \/ (1+Y2B2)(1+YA)
2

{y(X FY)F(O\a) +iK[(1— YA)X + (1—|—yA)Y]¥+ [(1—yAX — (14 VA)Y] E(q;\“) } . (398)

(1+y?B?)(1+YyA)
(1-yA)3(A2+B?)
{[—D(l— YA) +Y(zX+ (2= ©)Y)IF ($\0) +iK[(1 - YA) X+ (1+ YA) (z— c)v]¥

+H[(1-yA)zX— (1+VYA)(z— c)Y]@} . (39)

V(z) = constant+ \/
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