MAPA 3011A Special topics in approximation theory.

1997: CF-Hankel-BMO(A) Rational approximation.

Alphonse Magnus, Institut de Mathématique Pure et Appliquée, Université Catholique de Louvain, Chemin du Cyclotron,2, B-1348 Louvain-la-Neuve (Belgium) (0)(10)473157 , magnus@anma.ucl.ac.be, http://www.math.ucl.ac.be/~magnus/

There has been quite a mood about 15 years ago about near-best rational approximation. The subject is strongly linked to Hankel approximation (system & control theory in engineering) and approximation in BMO(A) function spaces (highbrow mathematical analysis). While these two latter fields are alive and well, nobody (but me) speaks on near-best approximation anymore. What happened?

1. Approximation by one-step reductions.

1.1. Polynomial and rational approximations.

Polynomial approximation.

Best approximation p_n of degree 6 n of a real function f on [−1, 1] is such that the graph of the error f − p_n equioscillates n + 2 times

- 6

The determination of p_n happens to be quite easy when f happens to be a polynomial p_{n+1} of degree 6 n + 1: then,

p_n(x) = p_{n+1}(x) − c_{n+1}T_{n+1}(x),

Rational approximation.

Best approximation r_n of degree 6 n of a real function f on [−1, 1] is such that the graph of the error f − r_n equioscillates 2n + 2 times (normally) - 6

We certainly would like to know if something as simple as what is going on on the left side of this page holds for rational approximation . . . where T_{n+1} is the Chebyshev polynomial of degree n + 1.

Near-best approximation is seen through a sequence of such one-step reductions (or economizations), starting with a high degree approximation p_N ≈ f p_{N −1} = p_N − c_N T_N f ≈ p_N = p_{N −1} + c_N T_N p_{N −2} = p_{N −1} − c_{N −1}T_{N −1} f ≈ p_N = p_{N −2} + c_{N −1} + c_N T_N · · · · · · p_0 = p_1 − c_1T_1 f ≈ p_N = p_0 + c_1T_1 + · · · + c_N T_N .

1.2. Rational one-step reduction.

p_{n+1} − p_n = constant times T_{n+1}(x) = cos((n + 1)θ) = real part of z^{n+1} = exp(i(n + 1)θ) , a function which describes a circle with winding number n + 1 when x = cos θ goes from −1 to 1.

Let us try to construct r_n such that r_{n+1} − r_n is the real part of a function which describes a circle with winding number 2n + 1. Let r_{n+1}(x) = Re n_{n+1}(z) d_{n+1}(z)

, where n_{n+1} and d_{n+1} are polynomials of degree 6 n + 1. This can be done, for instance from the partial fractions expansion of r_{n+1}

r_{n+1}(x) = π_{n+1}(x) + n+1∑ k=1 ρ_{n+1,k} x − x_{n+1,k} , where π_{n+1} is a polynomial of degree 6 n + 1 and the poles x_{n+1,k} /∈ [−1, 1] (only simple poles are assumed; the number of poles is actually n + 1− degree π_{n+1}).

Let π_{n+1} be expanded in Chebyshev polynomials π_{n+1}(x) = π_{n+1,0} + π_{n+1,1}T_1(x) + · · · and x_{n+1,k} = (ζ_{n+1,k} + ζ^{−1}_{n+1,k})/2 with |ζ_{n+1,k}| > 1, then

r_{n+1}(x) =

N_{n+1}(x) D_{n+1}(x) = 1 2 [ r^{(+)}_{n+1}(z) + r^{(+)}_{n+1}(z^{−1}) ]

= 1 2 [ n_{n+1}(z) d_{n+1}(z) + n_{n+1}(z^{−1}) d_{n+1}(z^{−1})

] (1)

with

r^{(+)}_{n+1}(z) = n+1∑ k=1 2ρ_{n+1,k} ζ_{n+1,k} − ζ^{−1}_{n+1,k} + π_{n+1,0} + π_{n+1,1}z + · · · + n+1∑ k=1 4ρ_{n+1,k}/(1 − ζ^{−2}_{n+1,k}) z − ζ_{n+1,k} (2) which is indeed a rational function of degree n + 1 in z^1. Now, here is the trick:

Proposition. The best rational approximation r^{(+)}_n of degree n to the given rational function r^{(+)}_{n+1} of degree n + 1 is such that the error curve { r^{(+)}_{n+1}(e^{iθ}) − r^{(+)}_n (e^{iθ}) }_{θ=2π} θ=0 is a circle of winding number^2 2n + 1. Actually, the error function is the Blaschke product

r^{(+)}_{n+1}(z) − r^{(+)}_n (z) = λ_{n+1} n+1∏ k=1 1 − ζ_{n+1,k}z z − ζ_{n+1,k} n∏ k=1 1 − ζ_{n,k}z z − ζ_{n,k} = λ_{n+1} d^∗_{n+1}(z) d_{n+1}(z) d^∗_n(z) d_n(z) = λ_{n+1}B_{n+1}(z)B_n(z), (3) where |ζ_{n,k}| > 1, k = 1, . . ., n, d^∗(z) = δ_pz^p + δ_{p−1}z^{p−1} + · · · + δ_0 if d(z) = δ_0z^p + δ_1z^{p−1} + · · · + δ_p. Only polynomials with real coefficients are considered, so that the zeros of d_n and d_{n+1} are real or come by complex conjugate pairs, and

r^{(+)}_{n+1}(z) − r^{(+)}_n (z) = λ_{n+1} n+1∏ k=1 1 − ζ_{n+1,k}z z − ζ_{n+1,k} n∏ k=1 1 − ζ_{n,k}z z − ζ_{n,k} = λ_{n+1} d^∗_{n+1}(z) d_{n+1}(z) d^∗_n(z) d_n(z) = λ_{n+1}B_{n+1}(z)B_n(z) (4) 1Standard procedure [43] for extracting f^{(+)} from a general real function f so to have f(x) = [f^{(+)}(z) + f^{(+)}(z�^1)]/2, with x = (z + z�^1)/2, is to manage to construct its [possibly approximate] Chebyshev expansion f(x) = P1_0 ckTk(x), then, f^{(+)}(z) = P1_0 ckz^k.

2Winding number W (R) of curve {R(exp(iθ))}^{2π}_0 = (2π)�^1 increase of argument of R(exp(iθ)) = (2π)�^1

increase of imaginary part of log R(exp(iθ)), W (RS) = W (R) + W (S), W (z − a) = 1 if |a| < 1, W (z − a) = 0 if |a| > 1, W (R) = number of zeros − number of poles of R in |z| < 1 if R is rational.

Winding number extends easily to holomorphic functions in the open unit disk, continuous in the closed unit disk, see later remarks ??, p. ?? for BMO . . .

is as good as (3)

Before going further, remark that the form (3-4) holds only for contiguous degrees n and n + 1: the n + 1 known residues of r^{(+)}_{n+1} are matched by the n unknown coefficients of d_n (say, δ_0 = 1) and λ_{n+1}. Matching does not occur for other degrees, say n + 1 and n − 1.

Before exploring a proof of the proposition (I don’t think that a complete proof will be given here), another remark: if (3) holds, then r_n(x) = r^{(+)}_n (z) + r^{(+)}_n (z^{−1}) certainly is the best approximant to r_{n+1}(x) = (r^{(+)}_{n+1}(z) + r^{(+)}_{n+1}(z^{−1}))/2, as the error function r_{n+1}(cos θ) − r_n(cos θ) = λ_{n+1}[B_{n+1}(e^{iθ})B_n(e^{iθ}) + B_{n+1}(e^{−iθ})B_n(e^{−iθ})]/2 shows the right number of oscillations between x = cos θ = −1 and x = cos θ = 1 (we shall have to show that λ_{n+1} is real).

Special best real approximants involving real parts of Blaschke products already appear in works of Chebyshev and Bernstein, thanks to J. Meinguet for pointing that, as well as the references [37, 38] to Talbot.

Optimality of r^{(+)}_n as rational approximation to r^{(+)}_{n+1} on the unit circle: suppose r̃ is a better approximant of degree n, then the curve

(r̃ − r^{(+)}_n )(e^{iθ}) = [(r^{(+)}_{n+1} − r^{(+)}_n )(e^{iθ})] [ 1 − (r^{(+)}_{n+1} − r̃)(e^{iθ})

(r^{(+)}_{n+1} − r^{(+)}_n )(e^{iθ}) ]

would still have a winding number of 2n + 1 (the big second factor remains in the right half plane, so has a winding number of 0), which is impossible, as r̃ − r^{(+)}_n has only numerator degree 6 2n, so cannot have 2n + 1 zeros in the unit disk^3 (poles of r̃ within the unit disk would only make things worse).

As error functions (3-4) appear only in special cases, their study was considered as a field of limited interest, see for instance the historical introduction of [24]. L.N. Trefethen astonished the world (well, at least the world of the numerical rational approximators, who then only swore by modified Padé approximation^4) by showing [39] that nearly circular error curves are far from being uncommon, and unveiling the new science of asymptotic circularity, more on this later on, I hope.

1.3. Eigenvalue problem for solving the rational one-step reduction.

Let us look at (3-4) as a problem for the coefficients δ_{n,0}, . . ., δ_{n,n} of d_n(z) = δ_{n,0}z^n + · · · δ_{n,n} and the coefficients ν_{n,0}, . . ., ν_{n,n} of the numerator n_n(z) = ν_{n,0}z^n + · · · ν_{n,n}. The coefficients of z^0, z^1, . . . , z^{2n+1} of

n_{n+1}d_n − n_nd_{n+1} = λ_{n+1}d^∗_nd^∗_{n+1} (5) are

λ_{n+1} δ_{n+1,0} δ_{n+1,1} δ_{n+1,0} . . ... δ_{n+1,n} · · · δ_{n+1,1} δ_{n+1,0} δ_{n+1,n+1} · · · δ_{n+1,2} δ_{n+1,1} ... . . δ_{n+1,n+1}

−

ν_{n+1,n+1} ν_{n+1,n+1} ν_{n+1,n} ... . . ν_{n+1,n+1} ν_{n+1,n} · · · ν_{n+1,1} ν_{n+1,n} ν_{n+1,n−1} · · · ν_{n+1,0} . . .. . ν_{n+1,0} δ_{n,0} δn, 1 . . δ_{n,n−1} δ_{n,n}

3Theorem of Rouché: if rational functions f and g have same number of poles in a Jordan region, and if

|g| < |f| everywhere on the boundary, then f and f − g have the same number of zeros in the region.

4By summing Padé approximants rn,Padé(z) = f^{(+)}(z) − Knz^{2n+1} − · · · and rn,Padé(z�^1) = f^{(+)}(z�^1) −

Knz�2n�1_{− · · · , rn,Chebyshev-Padé(x) = f(x) − KnT2n+1(x) − · · · seems convincingly close to equioscillation, but}

balance is often poor.

+ δ_{n+1,n+1} δ_{n+1,n+1} δ_{n+1,n} ... . . δ_{n+1,n+1} δ_{n+1,n} · · · δ_{n+1,1} δ_{n+1,n} δ_{n+1,n−1} · · · δ_{n+1,0} . . .. . δ_{n+1,0} ν_{n,0} νn, 1 . . ν_{n,n−1} ν_{n,n} = 0,

which can be rearranged as a generalized eigenvalue problem

(λ_{n+1}S_{n+1} − N_{n+1})x = 0, (6)

where S_{n+1} is the transposed Sylvester matrix

S_{n+1} = δ_{n+1,0} δ_{n+1,n+1} . . ... ... . . δ_{n+1,n} · · · δ_{n+1,0} δ_{n+1,n+1} · · · δ_{n+1,1} δ_{n+1,n+1} · · · δ_{n+1,1} δ_{n+1,n} · · · δ_{n+1,0} ... . . . . .. . δ_{n+1,n+1} δ_{n+1,0}

,

N_{n+1} = ν_{n+1,n+1} 0 · · · · · · 0 ... . . . . . . ν_{n+1,n+1} · · · ν_{n+1,1} . . . . ν_{n+1,n} · · · ν_{n+1,0} . . . . . . .. . . . . . ν_{n+1,0} 0 · · · · · · 0

,

and where x is the vector [δ_{n,0}, . . ., δ_{n,n}, ν_{n,0}/λ_{n+1}, . . ., ν_{n,n}/λ_{n+1}]^T .

We immediately see that λ_{n+1} must be sought among the eigenvalues of the upper-left block

A_{n+1} := (S^{−1}_{n+1}N_{n+1})^{1:n+1}_{1:n+1} of S^{−1}_{n+1}N_{n+1}. It would be nice to find a matrix proof that λ_{n+1} is

real, probably by showing that A_{n+1} is similar to a real symmetric matrix, but I know no other proof that the one using (finite rank) Hankel operators (see later; for the equivalence between SVD of finite rank Hankel operators and (generalized) eigenvalue problems of matrices of finite order, see Meinguet [30, p.329]).

For other finite-dimensional (alas, unsymmetric) settings, such as the so called Kung equations, see [22, p.112]: multiply (4) by the unknown polynomial d_n(z) = δ_{n,0}z^n + � δ_{n,n} and look at the coefficients of z^0, z^1, . . . , z^n, z^{n+1}, . . . , z^{2n+1}, . . . of the Taylor-Maclaurin expansion

c_0 c_0 c_1 .. . .. . c_0 c_1 � c_n c_1 c_2 � c_{n+1} . . . . . . c_{n+1} c_{n+2} � c_{2n+1} . . . . . .

δ_{n,0} δ_{n,1} . . δ_{n,n} � ν_{n,n} ν_{n,n−1} . . ν_{n,0} = λ ρ^∗_0 ρ^∗_1 ρ^∗_0 . . .. . ρ^∗_n ρ^∗_{n−1} � ρ^∗_0 ρ^∗_{n+1} ρ^∗_n � ρ^∗_1 . . . . . . ρ^∗_{2n+1} ρ^∗_{2n} � ρ^∗_{n+1} . . . . . .

δ_{n,0} δ_{n,1} . . δ_{n,n} ,

where ∑_∞ 0 c_kz^k and ∑_∞ 0 ρ^∗_kz^k are the expansions of r^{(+)}_{n+1}(z) and d^∗_{n+1}(z)/d_{n+1}(z).

The n + 1 first equations give the coefficients of the numerator; any slice of n + 1 further equations are an eigensystem for the denominator’s coefficients.

Remark however that, if r^{(+)}_{n+1} is a polynomial (i.e., d_{n+1} = 1 ⇒ d^∗_{n+1}(z) = z^{n+1}, we immediately have a Hankel eigenproblem for [δ_{n,0}, . . ., δ_{n,n}]^T .

(Tedious) exercise. For n = 1, if δ_0, δ_1, δ_2, ν_0, ν_1, and ν_2 are real, and if d_2(z) = δ_0z^2 +δ_1z+δ_2 has no zero in |z| 6 1, show that X(S^{−1}_2 N_2)^{1:2}_{1:2}X^{−1} is real symmetric, with X = [ ρ cos α ρ sin β ρ sin α ρ cos β ] , provided sin(α + β) = − δ_1 δ_0 + δ_2 . But which eigenvalue?

Achilles: Obvious! as we are searching a best approximation, let us take the eigenvalue of smallest modulus.

Tortoise: But each eigenvalue leads to a valid realization of (5), and, from (1), to a real rational approximation to r_{n+1} with the right number of equioscillation points, so to several best rational approximations of same degree, a situation unheard of.

The result is right, but the reasoning is not. The point is that the n + 1 first entries of an eigenvector of (6) make a denominator d_n(z) = δ_{n,0}z^n + · · · + δ_{n,n} which may have zeros in

|z| 6 1. Here again, it would be nice to have a matrix discussion of the localization of the zeros

of the denominators constructed with the eigenvectors of (6), here is a more functional proof (oversimplification of [22, 24, 25, 40–42], etc.):

Theorem. If the nonzero eigenvalues of (6) have distinct absolute values |λ_{n+1,1}| > |λ_{n+1,2}| > · · · > |λ_{n+1,n+1}| > 0, the n + 1 first elements of the eigenvector of (6) associated to λ_{n+1,k} are the coefficients of a polynomial d_{n,k}(z) = δ_{n,0}z^n + · · · + δ_{n,n} which has exactly n + 1 − k zeros in |z| < 1 and k − 1 zeros in |z| > 1.

We must therefore take k = n + 1 for the best approximation.

Proof: let d_{n,k} have p zeros in |z| < 1, and let us suppose that there is no zero on the unit circle |z| = 1 (to be settled later on). Then,

Lemma. n_{n,k}/d_{n,k} is the best approximation to r^{(+)}_{n+1} on the unit circle, among all rational func-

tions of degree n with ¿ p poles in the unit disk:

suppose r̃ of degree n with q ¿ p poles in |z| < 1 is better than n_{n,k}/d_{n,k}, then, from (4), ( r̃ − n_{n,k} d_{n,k} ) (e^{iθ}) = ( r^{(+)}_{n+1} − n_{n,k} d_{n,k} ) (e^{iθ}) 1 − (r^{(+)}_{n+1} − r̃)(e^{iθ}) ( r^{(+)}_{n+1} − n_{n,k} d_{n,k} ) (e^{iθ})

= λ_{n+1,k} d^∗_{n+1}(e^{iθ}) d_{n+1}(e^{iθ}) d^∗_{n,k}(e^{iθ}) d_{n,k}(e^{iθ}) 1 − (r^{(+)}_{n+1} − r̃)(e^{iθ}) ( r^{(+)}_{n+1} − n_{n,k} d_{n,k} ) (e^{iθ}) has a winding number of n + 1 (d^∗_{n+1} has n + 1 zeros in the disk) +n − p (d^∗_{n,k}(z) = z^nd_{n,k}(1/z) has n − p zeros in the disk) −p (d_{n,k} has p zeros, and d_{n+1} has no zero in the unit disk), making 2n + 1 − 2p. But the winding number of (r̃ − n_{n,k}/d_{n,k})(e^{iθ}) is at most 2n (the maximum number of zeros of the numerator, of degree 6 2n) −q − p = 2n − q − p < 2n + 1 − 2p. QED of this part.

So, starting with the smallest eigenvalue, k = n + 1, if d_{n,n+1} has p zeros in the unit disk, d_{n,n} must have more than p zeros in the unit disk, etc., and as d_{n,1} can not have more than n zeros^5 in the unit disk (or anywhere), p = 0: each d_{n,j} has exactly n + 1 − j zeros in the unit disk.

Wait! If d_{n,k} happens to have zeros on the unit circle, they disappear in the Blaschke product B_n of (3-4), so that the degree of the denominator AND the numerator of (3-4) is less than 2n+1, say 2n + 1 − ∂. The rational function r^{(+)}n has only n − ∂ true poles and can be written as a ratio

5Here is the advantage of dealing with matrices of finite (n + 1) order . . .

MAPA3011A 1996-97 – 1 – CF-Hankel-BMO(A) Approximation. – 6

of polynomials of degrees 6 n − ∂ (∂ = defect). The lemma above remains true, the winding number falls to 2n + 1 − 2p − ∂, but r^{(+)}_n is still optimal within the class of rational functions of degree 6 n (and not n − ∂) with ¿ p poles in the unit disk. Actually, it will be shown that d_{n,k} has zeros on the unit circle only if (6) has more than one eigenvalue of modulus |λ_{n+1,n+1−k}|. Remark that |λ_{n+1,1}| is the least norm on the unit circle of r^{(+)}_{n+1} minus a rational function without any pole in |z| ¿ 1, an elementary setting of Nehari’s theorem.

m301197.m :

% Test of onestepr
diary
disp(’ enter the coeff of numerator in square brackets, starting with power 0’);
numnn=input(’ ’),
disp(’ enter the coeff of denominator in square brackets, starting with power 0’);
dennn=input(’ ’),
[aux,degn]=size(numnn);[aux,degd]=size(dennn);np1=max(degn,degd)-1;
for k=1:np1,
[numn,denn]=onestepr(numnn,dennn);
numnn=numn;dennn=denn;
end

onestepr.m :

function [numn,denn]=onestepr(numnp1,dennp1);

% Best rational approximation of degree n of rational function of degree n+1
% numnp1 and dennp1 contain coeff. of x^0,1,2,... of given numerator and
% denominator
[aux,degn]=size(numnp1);[aux,degd]=size(dennp1);
np1=max(degn,degd)-1;n=np1-1;
disp(’ degree ’);disp(np1);
xres=[];xroots=[];zres=[];zroots=[];
if degd==1, xpolpart=numnp1(degn:-1:1)/dennp1(1);
else, [xres,xroots,xpolpart]=residue(numnp1(degn:-1:1),dennp1(degd:-1:1));end;
[pold1,pold2]=size(xpolpart);if pold1==0, pold1=1;pold2=1;xpolpart(1)=0;end;
zpolpart=zeros(1,2*pold2-1);
for k=1:pold2;zpolpart=([zpolpart(2:2*pold2-1),0]+[0,zpolpart(1:2*pold2-2)])/2;
     zpolpart(pold2)=zpolpart(pold2)+xpolpart(k);
end;
zpolpart=zpolpart(1:pold2);if pold2>1, zpolpart(1:pold2-1)=2*zpolpart(1:pold2-1);end;
if degd==1, znumnp1=zpolpart;zdennp1=zeros(1,pold2);zdennp1(pold2)=1;
else,
  zroots=xroots+sqrt(xroots.*xroots-1);
  for k=1:degd-1;if abs(zroots(k))<1, zroots(k)=1/zroots(k);end;end;
  [sr1,sr2]=size(xres);onone=ones(sr1,sr2);
  zres=4*xres./(onone - onone./(zroots.*zroots));
  zpolpart(pold2)=zpolpart(pold2)+sum(zres./zroots)/2;
  [znumnp1,zdennp1]=residue(zres,zroots,zpolpart);
end;
  xres,xroots,xpolpart,
  zres,zroots,zpolpart,
  znumnp1,zdennp1,
[aux,degzn]=size(znumnp1);[aux,degzd]=size(zdennp1);
smatr=[toeplitz([zdennp1,zeros(1,2*n+2-degzd)],zeros(1,np1)), ...
        hankel([zeros(1,2*np1-degzd),zdennp1(degzd:-1:1)],zeros(1,np1))],
nmatr=[hankel([zeros(1,2*np1-degzn),znumnp1(degzn:-1:1)],zeros(1,np1)),zeros(2*np1,np1)],
smatr\nmatr,
nmatr/smatr,

[vecp,lambd]=eig(nmatr,smatr),
[lambs,ksort]=sort(-abs(diag(lambd)));
for k=1:np1,
  ks=ksort(k);
  disp(ks);format long;disp(lambd(ks,ks));format short;
  rv=roots(vecp(1:np1,ks));
  [rv,abs(rv)],
  if k==np1, kmin=ks; zroots2=rv;lamb2=lambd(ks,ks);end;
end;
numnz=lamb2*vecp(np1+1:2*np1,kmin),
dennz=vecp(1:np1,kmin),
% in x=(z+1/z)/2 :
denn=dennz(1);if n>0,denn=poly( (zroots2+ones(n,1)./zroots2)/2 );end;
% (n(z)/d(z)+n(1/z)/d(1/z))/2 :
numn=numnz(1);if n>0,
 chebp=exp(i*pi*(0:n)/n);chebp2=ones(1,np1)./chebp;
 zval=0.5*( polyval(numnz,chebp)./polyval(dennz,chebp) ...
              +polyval(numnz,chebp2)./polyval(dennz,chebp2));
 numn=polyfit((chebp+chebp2)/2,polyval(denn,(chebp+chebp2)/2).*zval,n);
end;
denn=denn(np1:-1:1),
numn=numn(np1:-1:1),

Example [38] r_2(x) =

5x^2 − 9x + 10 (3x − 5)(4x − 5) :

 enter the coeff of numerator in square brackets, starting with power 0
 [10 -9 5]
numnn = 10 -9 5
 enter the coeff of denominator in square brackets, starting with power 0
 [25 -35 12]
dennn = 25 -35 12

 degree 2

xres = xroots = xpolpart =
    1.7778 1.6667 0.4167
   -1.3125 1.2500

so, r_2(x) = 5 12 + 16/9 x − 5/3 − 21/16 x − 5/4 .

zres = zroots = zpolpart =
    8.0000 3.0000 1.2768e-15
   -7.0000 2.0000

znumnp1 = 0.0000 1.0000 5.0000

zdennp1 = 1.0000 -5.0000 6.0000

and r_2(x) = 5 12 + 32/9 z + z^{−1} − 10/3 − 21/8 z + z^{−1} − 5/2 = 5 12 − 32/3 (z − 3)(z^{−1} − 3) + 21/4 (z − 2)(z^{−1} − 2) = 4 z − 3 + 4 z^{−1} − 3 − 7/2 z − 2 − 7/2 z^{−1} − 2 = 1 2 ( r^{(+)}_2 (z) + r^{(+)}_2 (z^{−1}) ) ,

MAPA3011A 1996-97 – 1 – CF-Hankel-BMO(A) Approximation. – 8

where r^{(+)}_2 (z) = 8 z − 3 − 7 z − 2 = z + 5 z^2 − 5z + 6 .

Column wins diagonal conflict.
Column wins anti-diagonal conflict.

smatr =
    1.0000 0 0 6.0000
   -5.0000 1.0000 6.0000 -5.0000
    6.0000 -5.0000 -5.0000 1.0000
         0 6.0000 1.0000 0

Column wins anti-diagonal conflict.
nmatr =
         0 5.0000 0 0
    5.0000 1.0000 0 0
    1.0000 0.0000 0 0
    0.0000 0 0 0

ans =
    1.6000 1.0000 0 0
   -0.3333 -0.2667 0 0
    2.0000 1.6000 0 0
   -0.2667 0.6667 0 0

ans =

   -0.2083 -0.2917 -0.2083 0.7083
    0.7083 1.1917 1.7083 1.3917
    0.1500 0.2500 0.3500 0.2500
    0.0000 0.0000 0.0000 0.0000

vecp =
    0.6248 -0.0434 0.0000 0.0000
   -0.1250 0.0723 0.0000 -0.0000
    0.7498 -0.4340 0.0000 0.3969
   -0.1785 -0.8970 -1.0000 0.9178

lambd =
    1.4000 0 0 0
         0 -0.0667 0 0
         0 0 0.0000 0
         0 0 0 -0.0000

     1
   1.40000000000000

ans = 0.2000 0.2000

     2
  -0.06666666666667

ans = 1.6667 1.6667

numnz =
    0.0289
    0.0598
dennz =
   -0.0434
    0.0723
denn =
   -1.1333 1.0000

numn =
   -0.4889 0.0800

Non zero eigenvalue of smallest modulus of S^{−1}_2 N_2 is −1/15, corresponding eigenvector yields

r^{(+)}_1 (z) = −2z − 62/15 3z − 5 and r_1(x) = 1 2 ( r^{(+)}_1 (z) + r^{(+)}_1 (z^{−1}) ) = 2x/25 − 22/45 x − 17/15 . A further one-step reduction, from r_n to r_{n−1} disclose an incredibly interesting phenomenon:

the eigenvalues are the same . . . (excepting λ_{n+1,n+1}, which disappears). What happens?

Exercise. Use the matlab programs m301197.m and onestepr.m (available in

http://www.math.ucl.ac.be/~magnus/num3/) on the function r_3(x) =

1 + 2x 6 + 2x + x^3

. Look at the zeros of d_{2,2} and d_{2,3}! See also that the same eigenvalues appear in the further one-step reductions r_2 → r_1 and r_1 → r_0.

2. Laurent series and Hankel operators.

2.1. The Hankel infinite matrix.

Let us write (3-4) or (5) as d_n d^∗_{n+1} n_{n+1} d_{n+1} − n_n d^∗_{n+1} = λ_{n+1} d^∗_n d_{n+1} . (7)

and we look at the Laurent expansions which converge on |z| = 1. n_{n+1}/d_{n+1} and d^∗_n/d_{n+1} are rational functions with all their poles in |z| > 1, their Taylor-Maclaurin series ∑_∞ 0 c_kz^k and ∑_∞ 0 v_kz^k are therefore convergent in a disk containing |z| 6 1; d_n(z)/d^∗_{n+1}(z) = (z^nd^∗_n(z^{−1}))/(z^{n+1}d_{n+1}(z^{−1})) = ∑_∞ 0 v_kz^{−k−1}, n_n/d^∗_{n+1} is similarly a series in z^{−1}, z^{−2}, . . . , so (7) becomes (_∞ ∑ 0 v_kz^{−k−1} ) (_∞ ∑ 0 c_kz^k ) − ∞∑ 0 w_kz^{−k−1} = λ_{n+1} ∞∑ 0 v_kz^k. The coefficients of nonnegatives powers of z are ∞∑ ℓ=0 c_{k+ℓ+1}v_ℓ = λ_{n+1}v_k,

for k = 0, 1, . . ., i.e.,

Hn_{+1} = H(r^{(+)}n_{+1})v = λn_{+1}v, (8)

with c_1 c_2 c_3 · · · · · · c_2 c_3 c_4 · · · · · · c_3 c_4 c_5 · · · · · · . . . . . . · · · · · · . . . . . . · · · · · · v_0 v_1 v_2 . . . . = λ_{n+1} v_0 v_1 v_2 . . . . ,

the famous Hankel eigenvalue problem. Now we see that the eigenvalues of (6) are real: if λ is any eigenvalue of (6), (8) holds with exponentially decreasing series and the usual proof v^T Hv = λv^T v is valid.

2.2. Equivalent finite eigensystems. ∞∑ 0 v_kz^k = d^∗_n(z) d_{n+1}(z) = δ_{n,0} + δ_{n,1}z + · · · + δ_{n,n}z^n δ_{n+1,n+1} + δ_{n+1,n}z + · · · + δ_{n+1,0}z^{n+1} ⇒

δ_{n+1,n+1} δ_{n+1,n} δ_{n+1,n+1} δ_{n+1,n−1} δ_{n+1,n} δ_{n+1,n+1} . . . . . . ... δ_{n+1,0} δ_{n+1,1} · · · δ_{n+1,n+1} ... ... ...

v_0 v_1 v_2 . . v_{n+1} . .

= δ_{n,0} δ_{n,1} δ_{n,2} . . δ_{n,n} 0 0 . . say: L_{n+1}v = δ_n

(9)

shows the connection between the Hankel (infinite) eigenvector and the eigenvector of (6). Note that the v_k’s are solution of the recurrence relation δ_{n+1,0}v_k + · · · + δ_{n+1,n+1}v_{k+n+1} = 0, k ¿ 0, therefore behave like k^{th} powers of the zeros of δ_{n+1,0} + · · ·+δ_{n+1,n+1}z^{n+1} = d^∗_{n+1}(z) indeed inside the disk |z| < 1.

The same rate of decrease holds for the c_j’s themselves, as

δ_{n+1}(z)r^{(+)}_{n+1}(z) = (δ_{n+1,n+1} + δ_{n+1,n}z + · · · + δ_{n+1,0}z^{n+1})(c_0 + c_1z + c_2z^2 + · · · ) = polynomial,

so, δ_{n+1,0}c_j + δ_{n+1,1}c_{j+1} + · · · + δ_{n+1,n+1}c_{j+n+1} = 0, j = 0, 1, . . ., and L_{n+1}H_{n+1} has only n + 1 nonzero rows. So,

L_{n+1}H_{n+1}L^{−1}_{n+1}δ_n = λ_{n+1}δ_n

shows that L_{n+1}H_{n+1}L^{−1}_{n+1} is reduced to a nonzero upper-left corner which is the matrix of finite order once called A_{n+1} = (S^{−1}_{n+1}N_{n+1})^{1:n+1}_{1:n+1}: the eigenvectors and eigenvalues are the same.

And now, still another view of the matrices A_n and A_{n+1}:

in the generic case, r^{(+)}_n and r^{(+)}_{n+1} have distinct finite simple poles ζ_{n,j} and ζ_{n+1,j} in |ζ| > 1, let

r^{(+)}_n (z) = ρ^′_{n,0} + n∑ 1 ρ^′_{n,j} z − ζ_{n,j} , r^{(+)}_{n+1}(z) = ρ^′_{n+1,0} + n+1∑ 1 ρ^′_{n+1,j} z − ζ_{n+1,j} , with each ρ^′ = 4ρ/(1 − ζ^{−2}), from (2).

Let us consider again (4), considering the residues ρ^′ as the unknowns:

r^{(+)}_{n+1}(z)−r^{(+)}_n (z) = ρ^′_{n+1,0}+ n+1∑ 1 ρ^′_{n+1,ℓ} z − ζ_{n+1,ℓ} −ρ^′_{n,0}− n∑ 1 ρ^′_{n,ℓ} z − ζ_{n,ℓ} = λ_{n+1,n+1} ∏_{n+1} 1 (1 − ζ_{n+1,j} z) ∏_n 1 (1 − ζ_{n,j} z) ∏_{n+1} 1 (z − ζ_{n+1,j} ) ∏_n 1 (z − ζ_{n,j}) . So, ρ^′_{n+1,ℓ} = λ_{n+1,n+1} ∏_{n+1} 1 (1 − ζ_{n+1,j}ζ_{n+1,ℓ}) ∏_n 1 (1 − ζ_{n,j} ζ_{n+1,ℓ}) ∏_{n+1} j=1 j≠ℓ (ζ_{n+1,ℓ} − ζ_{n+1,j} ) ∏_n 1 (ζ_{n+1,ℓ} − ζ_{n,j} ) , (10)

ρ^′_{n,ℓ} = −λ_{n+1,n+1} ∏_{n+1} 1 (1 − ζ_{n+1,j}ζ_{n,ℓ}) ∏_n 1 (1 − ζ_{n,j} ζ_{n,ℓ}) ∏_{n+1} 1 (ζ_{n,ℓ} − ζ_{n+1,j} ) ∏_{nj=1} j≠ℓ (ζ_{n,ℓ} − ζ_{n,j} ) , (11)

telling what are the residues of two rational functions r^{(+)}_{n+1} and r^{(+)}n such that r^{(+)}n is the best approximation to r^{(+)}_{n+1} when the poles and the error amplitude are known.

Now, any other rational approximation r^{(+)(k)}_n to r^{(+)}_{n+1} with circular error curve has a denominator d^{(k)}_n (z) = δ^{(k)}_{n,0}z^n + · · · + δ^{(k)}_{n,n} such that

d^{(k)}_n r^{(k)}_{n+1}(z) − n^{(k)}_n (z) = (δ^{(k)}_{n,0}z^n + · · · + δ^{(k)}_{n,n})r^{(+)}_{n+1}(z) − n^{(k)}_n (z) = λ_{n+1,k} d^∗_{n+1}(z)d^{∗(k)}_n (z) d_{n+1}(z) = λ_{n+1,k} ∏_{n+1} 1 (1 − ζ_{n+1,j} z) ∏_{n+1} 1 (z − ζ_{n+1,j} )

(δ^{(k)}_{n,n}z^n + · · · + δ^{(k)}_{n,0}).

One has, at each ζ_{n+1,ℓ}, (δ^{(k)}_{n,0}ζ^n_{n+1,ℓ} + · · · + δ^{(k)}_{n,n})ρ^′_{n+1,ℓ} = λ_{n+1,k} ∏_{n+1} 1 (1 − ζ_{n+1,j}ζ_{n+1,ℓ}) ∏_{n+1} j=1 j≠ℓ (ζ_{n+1,ℓ} − ζ_{n+1,j}) (δ^{(k)}_{n,n}ζ^n_{n+1,ℓ} + · · · + δ^{(k)}_{n,0}).

amounting again to A_{n+1}δ_n = λ_{n+1,k}δ_n, with

A_{n+1} = J_{n+1}V^{−1}_{n+1}D_{n+1}V_{n+1}, (12)

where J_{n+1} = 1 1 ... 1 , V_{n+1} is the Vandermonde matrix ζ^n_{n+1,1} · · · ζ_{n+1,1} 1 ζ^n_{n+1,2} · · · ζ_{n+1,2} 1 . . . . . . . . ζ^n_{n+1,n+1} · · · ζ_{n+1,n+1} 1 , and D_{n+1} is the diagonal matrix of elements ρ^′_{n+1,ℓ} ∏_{n+1} j=1 j≠ℓ (ζ_{n+1,ℓ} − ζ_{n+1,j})/ ∏_{n+1} 1 (1 − ζ_{n+1,j}ζ_{n+1,ℓ}).

According to (10), D_{n+1} is also the diagonal matrix of elements

(D_{n+1})_{ℓ,ℓ} = λ_{n+1,n+1} n∏ j=1 (1 − ζ_{n,j} ζ_{n+1,ℓ})/ n∏ j=1 (ζ_{n+1,ℓ} − ζ_{n,j}). (13) Similarly, as we come to A_n, D_n happens to be also the diagonal matrix (D_n)_{ℓ,ℓ} = −λ_{n+1,n+1} n+1∏ j=1 (1 − ζ_{n+1,j}ζ_{n,ℓ})/ n+1∏ j=1 (ζ_{n,ℓ} − ζ_{n+1,j}), (14) from (11)

well, well Experiments with A_n and A_{n+1}:

% onestepr2.m
% test matrices built with zeros of d n+1 and dn
diary;
disp(’ enter the zeta n vector , in square brackets ’);
ze=input(’ ’),
[aux,n]=size(ze),
disp(’ enter the zeta n+1 vector , in square brackets ’);
ze1=input(’ ’),
[aux,np1]=size(ze1),
DD=(ones(n,np1)-kron(ze’,ze1))./(kron(ze’,ones(1,np1))-kron(ones(n,1),ze1)),
ii=eye(n);hh=ii(:,n);jn=hankel(hh),
vn=vander(ze),
an=-(jn/vn)*diag(prod(DD’))*vn,
[V,D]=eig(an),
ii=eye(np1);hh=ii(:,np1);jnp1=hankel(hh),
vnp1=vander(ze1),
anp1=(jnp1/vnp1)*diag(prod(-DD))*vnp1,
[V1,D1]=eig(anp1),

MAPA3011A 1996-97 – 3 – CF-Hankel-BMO(A) Approximation. – 12

2.3. Spectrum of H_{n+1} = spectrum of H_n ⋃ {λ_{n+1,n+1}}. (unfinished)

First, let r^{(+)}_{n+1}(z) = ∞∑ 0 c_jz^j and r^{(+)}_n (z) = ∞∑ 0 c^′_jz^j .

Then, trace H_{n+1}− trace H_n = ∞∑ 0 (c_{2j+1} − c^′_{2j+1}) = 1 2 [ r^{(+)}_{n+1}(1) − r^{(+)}_{n+1}(−1) − r^{(+)}_n (1) + r^{(+)}_n (−1) ]

= λ_{n+1,n+1}, from (4), as d_n(±1) = d^∗_n(±1). Aha!

And determinants, from (12), (14), and (13):

det A_n = (−1)^{(n−1)n/2} n∏ 1 (D_n)_{ℓ,ℓ} = (−1)^{(n−1)n/2}(−λ_{n+1,n+1})^n n∏ ℓ=1 n+1∏ j=1 1 − ζ_{n+1,j} ζ_{n,ℓ} ζ_{n,ℓ} − ζ_{n+1,j} ,

det A_{n+1} = (−1)^{n(n+1)/2} n+1∏ 1 (D_{n+1})_{ℓ,ℓ} = (−1)^{n(n+1)/2}(λ_{n+1,n+1})^{n+1} n+1∏ ℓ=1 n∏ j=1 1 − ζ_{n,j}ζ_{n+1,ℓ} ζ_{n+1,ℓ} − ζ_{n,j} = λ_{n+1,n+1} det A_n. ! 3. Numerical CF approximation.

References

[1] N.I.ACHIESER Theory of Approximation , F.Ungar, New-York, 1956.

[2] V.M.ADAMJAN, D.Z.AROV, M.G.KREĬN Infinite Hankel matrices and generalized problems of Carathéodory-Fejér and F.Riesz, Funkcional. Anal. i Priloz̆en 2 (1968) nr.1, 1-19 = Functional Anal. Appl. 2 (1968) [3] V.M.ADAMJAN, D.Z.AROV, M.G.KREĬN Infinite Hankel matrices and generalized problems of Carathéodory-Fejér and I.Schur, Funkcional. Anal. i Priloz̆en 2 (1968) nr.4, 1-17 = Functional Anal. Appl. 2 (1968) [4] V.M.ADAMJAN, D.Z.AROV, M.G.KREĬN Analytic properties of Schmidt pairs for a Hankel operator and the generalized Schur-Takagi problem, Mat. Sb. 86(128) (1971) 34-75 = Math. USSR Sbornik 15 (1971) 31-73.

[5] V.M.ADAMJAN, D.Z.AROV, M.G.KREĬN Infinite Hankel block matrices and related extension problems, Izv. Akad. Nauk Armjan SSR 6 (1971) 87-112 = A.M.S. Transl. (2) 111 (1978) 133-156.

[6] A.C. Antoulas, Lectures on optimal approximation of linear systems, 1996. [7] A. Böttcher, B. Silbermann, Analysis of Toeplitz Operators, Springer, 1990.

[8] D.BRAESS Rational approximation of Stieltjes functions by the Carathéodory-Fejér method, Constr. Approx.

3 (1987) 43-50.

[9] A.BULTHEEL, P.DEWILDE On the Adamjan-Arov-Kreĭn approximation, identification and balanced realization of a system K.U.L. 1980 [10] A.BULTHEEL Recursive relations for block Hankel and Toeplitz systems. Part I: Direct recursions, J. Comp.

Appl. Math. 10 (1984), 301-328; Part II: Dual recursions, ibid. 10 (1984), 329-354.

[11] C.CARATHÉODORY, L.FEJÉR Über den Zusammenhang der Extremen von harmonischen Funktionen mit ihren Koeffizienten und über den Picard-Landauschen Satz, Rendiconti di Palermo, 32 (1911), 218-239 = pp. 693-715 in Leopold Fejér Gesammelte Arbeiten (P.TURÁN, ed.), Birkhäuser, Basel, 1970.

[12] A.J. CARPENTER, A. RUTTAN, and R.S. VARGA, Extended numerical computations on the “1/ 9” conjecture in rational approximation theory, pp. 383-411 in Rational Approximation and Interpolation, (P.R.GRAVES-MORRIS, E.B.SAFF, and R.S.VARGA, editors), Lecture Notes Math. 1105, Springer-Verlag, 1984.

[13] C.K. CHUI, X. LI, J.D. WARD, On the convergence rate of s−numbers of compact Hankel operators, Circuits, Systems, and Signal Processing 11 (1992) 353-362.

[14] W.J. CODY, G. MEINARDUS, and R.S. VARGA, Chebyshev rational approximation to e�^x on [0, +∞) and application to heat-conduction problems, J. Approx. Theory 2 (1969), 50-65.

[15] S.W. ELLACOTT On the Faber transform and efficient numerical rational approximation, SIAM J. Numer.

An. 20 (1983) 989-1000.

MAPA3011A 1996-97 – 3 – CF-Hankel-BMO(A) Approximation. – 13

[16] K.GLOVER All optimal Hankel-norm approximations of linear multivariable systems and their L1-error bounds, Int. J. Control 39 (1984) 1115-1193.

[17] K.GLOVER, J.LAM, J.R.PARTINGTON Balanced realization and Hankel-norm approximation of systems involving delays, in IEEE Conference on decision and Control Athens, 1986.

[18] K.GLOVER, R.F.CURTAIN, J.R.PARTINGTON Realisation and approximation of linear infinite dimensional systems with error bounds, Cambridge 1987.

[19] K.GLOVER, J.R.PARTINGTON Bounds on the achievable accuracy in model reduction, pp.95-118 in Modeling, Robustness ans Sensitivity Reduction in Control Systems (R.F.CURTAIN, ed.), Springer-Verlag, Berlin 1987.

[20] K. GLOVER, Model reduction: a tutorial on Hankel-norm and lower bounds on L^2 errors, pp. 288-293 in 10^{th} World Congress on Automatic Control Preprints, IFAC, Munich 1987.

[21] A.A. GONCHAR, E.A. RAKHMANOV, Equilibrium distribution and the degree of rational approximation of analytic functions, Mat. Sb. 134 (176) (1987) 306-352 = Math. USSR Sbornik 62 (1989) 305-348.

[22] M.H.GUTKNECHT On complex rational approximation, part II: the Carathéodory-Fejér method, pp.103- 132 in Computational Aspects of Complex Analysis (H.WERNER, L.WUYTACK , H.J.BÜNGER, eds.), Reidel, Dordrecht, 1983.

[23] M.H. Gutknecht, Algebraically solvable Chebyshev approximation problems, pp. 491-498 in Approximation Theory IV (C.K. Chui, L.L. Schumaker, J.D. Ward, eds), Academic Press, New York, 1983.

[24] M.H.GUTKNECHT Rational Carathéodory-Fejér approximation on a disk, a circle, and an interval J.

Approx. Th. 41 (1984) 257-278.

[25] E. HAYASHI, L.N. TREFETHEN, M. GUTKNECHT, The CF Table, Constr. Approx. 6 (1990) 195-223. [26] J.W. HELTON, H.J. WOEDERMAN, Symmetric Hankel operators: minimal norm extensions and eigenstructures, Lin. Alg. and its Appl. 185 (1993) 1-19.

[27] J. KARLSSON, Rational approximation in BMOA and H1, Preprint 1987-14 ISSN 0347-2809 Dept. of Math.

Chalmers Univ. of Technology and Univ. of Göteborg, 1987.

[28] A.P. MAGNUS, On the use of the Carathéodory-Fejér for investigating ‘1/ 9’ and similar constants, pp. 105-132 in Nonlinear Numerical Methods and Rational Approximation, (A. CUYT, editor), D.Reidel, Dordrecht, 1988; Asymptotics and super asymptotics for best rational approximation error norms to the exponential function (the ’1/ 9’ problem) by the Carathéodory- Fejér method, pp.173-185 in Nonlinear Numerical Methods and Rational Approximation II, (A. CUYT, editor), Kluwer, Dordrecht, 1994.

[29] J.MEINGUET A simplified presentation of the Adamjan-Arov-Krein theory, pp. 217-248 in Computational Aspects of Complex Analysis (H.WERNER, L.WUYTACK , H.J.BÜNGER, eds.), Reidel, Dordrecht, 1983.

[30] J.MEINGUET On the Glover concretization of the Adamjan-Arov-Krein theory, pp. 325-334 in Modelling, Identification and Robust Control (C.I.BYRNES, A.LINDQUIST, eds.), Elsevier, Amsterdam, 1986.

[31] J.MEINGUET Once again: the Adamjan-Arov-Krein approximation theory, pp. 77-92 in Nonlinear Numerical Methods and Rational Approximation (A.CUYT, ed.), Reidel, Dordrecht, 1988.

[32] J. Peetre, J. Karlsson, Rational approximation-analysis of the work of Pekarskiǐ, Rocky Mountain J. Math. 19 (1989) 313-333.

[33] A.A.PEKARSKIJ Classes of analytic functions defined by best rational approximations Mat. Sb. 127 (1985) 3-19. Math. USSR Sb.

[34] V.V. Peller, Hankel operators of class Sp and their applications (rational approximation, Gaussian processes, the problem of majorizing operators), Mat. Sb. 113 (155) (1980) 538-581 = Math. USSR Sb. 41 (1982) 443- 479; A description of Hankel operators of Schatten- von Neumann class Sp for p > 0, an investigation on the rate of rational approximation, and other applications, Mat. Sb. 122 (164) (1983) 481-510 = Math. USSR Sb. 50 (1983) 465-494.

[35] E.B.SAFF, V.TOTIK Limitations of the Carathéodory-Fejér method for polynomial approximation, J.

Approx. Th. 58 (1989) 284-296.

[36] H. STAHL, Orthogonal polynomials with complex-valued weight function, I, Constr. Approx. 2 (1986) 225-240;

II, ibidem 2 (1986) 241-251.

[37] A. Talbot, On a class of Tchebysheffian approximation problems solvable algebraically, Proc. Cambridge Philos.

Soc. 58 (1962) 244-267.

[38] A. Talbot, The Tchebysheffian approximation of one rational function by another, Proc. Cambridge Philos.

Soc. 60 (1964) 877-890.

[39] L.N.TREFETHEN Near-circularity of the error curve in complex Chebyshev approximation, J. Approx.

Th. 31 (1981) 344-367.

[40] L.N.TREFETHEN Rational Chebyshev approximation on the unit disk, Numer. Math. 37 (1981),297-320. [41] L.N.TREFETHEN Chebyshev approximation on the unit disk, pp. 309-324 in Computational Aspects of Complex Analysis (H.WERNER, L.WUYTACK , H.J.BÜNGER, eds.), Reidel, Dordrecht, 1983.

[42] L.N.TREFETHEN Square blocks and equioscillation in the Padé, Walsh, and CF tables, pp. 170-181 in Rational Approximation and Interpolation, Proceedings, Tampa, Florida 1983 (P.R.GRAVES-MORRIS, E.B.SAFF & R.S.VARGA, eds.), Lecture Notes Math. 1105, Springer-Verlag, Berlin 1984.

MAPA3011A 1996-97 – 3 – CF-Hankel-BMO(A) Approximation. – 14

[43] L.N.TREFETHEN MATLAB programs for CF approximation, pp.599-602 in Approximation Theory V , (C.K.CHUI, L.L.SCHUMAKER, J.D.WARD, eds.), Academic Press, Orlando 1986.

[44] L.N.TREFETHEN, M.H.GUTKNECHT The Carathéodory-Fejér method for real rational approximation SIAM J. Numer. An. 20 (1983) 420-436.

[45] R.S. VARGA, Scientific Computation on Mathematical Problems and Conjectures, CBMS-NSF Reg. Conf.

Series in Appl. Math. 60, SIAM, Philadelphia, 1990.