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AlphonseP. Magnus
InstitutMathématique,Universit́eCatholiquedeLouvain

Chemindu Cyclotron2
B-1348Louvain-la-Neuve
Belgium
E-mail: magnus@anma.ucl.a c.be
web: http://www.math.u cl.ac. be/˜m agnus/

Publishedaspp.173–185in A. Cuyt (ed.),NonlinearNumericalMethodsandRationalApproximation
II , Kluwer, 1994.

Abstract. Let En betheerrornormof thebestL∞ rationalapproximationof degreen to theexponential
functionexp

���
t � on � 0 � ∞ � . Groundsaregivenfor settingtheconjecturedlimit En � qn � 2q1 � 2 whenn �

∞, whereq is theknownconstant‘1/ 9’= 1/9.2890254919208189187554494359517450610316948677	
	�	 ,
basedonthesingularvaluesandfunctionsof therelevantHankeloperator(Carath́eodory-Fej́er’smethod).
Moreover, hintsaregivenaccordingto which a valuableasymptoticexpansionof En shouldalsocontain
nth powersof new constantsq1 � ‘1 � 56 , q2 � ‘1 � 240 , etc.

Keywords:Rationalapproximation,Carath́eodoryFej́er’smethod,‘1/ 9’ problem.

1. Intr oduction
Bestrationalapproximationto exp

���
t � on0 � t � ∞ hasbeenmuchworkedsince[5]: asrecalledin [3]

and[26] chap.2, thebestL∞ errornorms

En � min
Pn �Qn

max
0 � t � ∞

���� e� t � Pn
�
t �

Qn
�
t � ���� �

wheretheminimumis takenontherealpolynomialsPn andQn of degree � n, havebeenfoundto decrease
geometrically. Therateof decrease,oncethoughtto be1/9, latercalled‘1/ 9’, hasbeendeterminedin [11].
Thiswill berecalledbriefly in section2.
On theotherhand,quasioptimalrationalapproximationsbasedon theCarath́eodory-Fej́er’s (CF) method
have beenshown in [24] to be closeto the optimal ones(seesection3). Table I shows valuesof En

(from [3]) andeigenvaluesλn of theappropriateHankelmatrix (from [15] and[24]): therelativecloseness
of theσn ��� λn � ’s to theEn’s is amazing,a tentativeexplanationwill begivenin section5. Following [15],
more asymptoticspectralpropertiesof the relevant Hankelmatrix arestudiedhere. More precisely, a
descriptionof the asymptoticbehaviour of the eigenfunctionsof a spectrallyequivalentintegral Hankel
operatorwill beattemptedhere(in section4).
Thefollowing conjecturewill bepresented:

Conjecture1. En � qn and � λn ��� qn � 2q1 � 2 whenn � ∞, whereq � ‘1 � 9 , theconstantdescribedin [11]
(Theorem2) and[15].

2. Exponential behaviour of the error norm.
LetusfirstconsiderthattheapproximationPn � Qn interpolatesexp

���
t � atthepositivenumberst1 ��	�	�	�� tn � 1.

FromtheHermite-Walshremainderformula,

e� t � Pn
�
t �

Qn
�
t � � Zn � 1

�
t �

Qn
�
t � 1

2πi

�
C

Qn
�
τ �

Zn � 1
�
τ � e� τ dτ

τ
�

t
�
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TABLE 1. Error normsandeigenvalues.

n En λn

0 5.000000000000000E-01 5.601715174207940 E-01
1 6.683104216185045E-02 -6.680573308019967 E-02
2 7.358670169580528E-03 7.355581867871742 E-03
3 7.993806363356878E-04 -7.994517064498902 E-04
4 8.652240695288851E-05 8.652095258749368 E-05
5 9.345713153026646E-06 -9.345740936352446 E-06
6 1.008454374899671E-06 1.008453857122026 E-06
7 1.087497491375248E-07 -1.087497586430036 E-07
8 1.172265211633491E-08 1.172265194363526 E-08
9 1.263292483322314E-09 -1.263292486435714 E-09

10 1.361120523345448E-10 1.361120522787731 E-10
11 1.466311194937487E-11 -1.466311195036850 E-11
12 1.579456837051239E-12 1.579456837033622 E-12
13 1.701187076340353E-13 -1.701187076343463 E-13
14 1.832174378254041E-14 1.832174378253495 E-14
15 1.973138996612803E-15 -1.973138996612899 E-15
16 2.124853710495224E-16 2.124853710495207 E-16
17 2.288148563247892E-17 -2.288148563247895 E-17
18 2.463915737765169E-18 2.463915737765169 E-18
19 2.653114658063313E-19 -2.653114658063313 E-19
20 2.856777383549094E-20 2.856777383549094 E-20

whereZn � 1
�
t � � �

t
�

t1 ��	�	�	 � t � tn � 1 � , andwheretheparabola-likecontourC enclosest and � 0 � ∞ � . One
can thenchooseQn, Zn � 1 andC (which may dependon n) suchthat the absolutevalueof the rational
functionZn � 1 � Qn is muchsmalleron � 0 � ∞) thanonC (Zolotarev problem).A geometricdecreaseof the
errornormscanthenalreadybeexhibited( [7] chap.6),but happensto belargerthantheobservedvalue.
This is explainedby thenumerousphasechangesof Qn � Zn � 1 onC, makingtheintegralmuchsmallerthat
theintegralof theabsolutevalue.Theproperwayto gofurtheris to takeinto accountn moreinterpolation
pointstn � 2 ��	�	�	�� t2n � 1, thisamountsto thepropertythatQn is orthogonalto polynomialsof degree � n with
respectto thecomplex weightexp

���
τ � � Z2n � 1

�
τ � on C, whereZ2n � 1

�
t � � �

t
�

t1 ��	�	�	 � t � t2n � 1 � . We then
have amoreconvenientremainderformula

e� t � Pn
�
t �

Qn
�
t � � Z2n � 1

�
t �

Q2
n
�
t � 1

2πi

�
C

Q2
n
�
τ �

Z2n � 1
�
τ � e� τ dτ

τ
�

t
	 (1)

Using andextendingresultsof Stahl( [21]; see[22]- [23] for otherstriking examplesof Stahl’s savoir-
faire), Goňcar andRahmanov [11] showed that the interpolationpointsand the zerosof Qn tend to be
distributed for large n in sucha way that �Q2

n
�
τ � � Z2n � 1

�
τ ��� 1 � n behaves essentiallyas exp

���
2  � τ � n��� ,

wheretherealpartof  is constanton � 0 � ∞ � , therealpartof 2  �
z�"! z is anotherconstanton a fixedcut

F (which hasto befound),andwherethephaseof exp
�
2  � z�"! z� takesoppositevalueson thetwo sides

of F (from theStahl-Goňcar-Rahmanov symmetrypropertyaboutthenormalderivativesof the realpart
of 2  #! z andtheCauchy-Riemannconditionstranslatingthis asa propertyof thetangentderivativesof
theimaginarypartof 2  $! z, i.e., thephaseof theexponential).Fromthevalueson � 0 � ∞ � andF , thelimit
‘1/ 9’ of thenth root of thenormof (1) couldbeestablished(Theorem2 of [11]).

Here is anotherway to recover an approximatedescriptionof the error function, using a changeof
variableswhich will be useful later in connectionwith the CF method:Z2n � 1

�
t � � Q2

n
�
t � is very closeto

equioscillatingon � 0 � ∞ � , let Q̃n bethepolynomialwhosezerosarethesquarerootswith positiverealparts
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TABLE 2. ‘1/ 9’ relateddata.

k � sinθ1 = 0.908908557548541478 23611 890874 47935 049010 13969 34041
k � cosθ1 = 0.416995484406042056 39041 957807 08777 669261 02480 51382

1� q � exp
�
πK  � K � = 9.289025491920818918 75544 943595 17450 610316 94867 75012

K = 2.321049732530421147 34283 739983 63391 884921 30611 06173
E � K � 2 = 1.160524866265210573 67141 869991 81695 942460 65305 53086

K  = 1.646691444319468373 72958 069030 71310 342303 61789 30922
E  = 1.500106889651998925 76311 071782 20799 513106 39988 66470

ξ1 � ξ2 � π
�
k�% ik � � K = 0.564412701731271 % 1.230228033100522 i

of
�

n � 1 timesthezerosof Qn, i.e., if p1 ��	�	�	�� pn arethezerosof Q̃n,
�

np2
1 ��	�	�	�� � np2

n arethezerosof Qn,
andQ̃n

�
u� Q̃n

���
u� � Qn

���
nu2 � . Then,Z2n � 1

���
nu2 � � Q2

n
���

nu2 �'&(� Q̃n
�
u� � Q̃n

���
u�
� 2 !)� Q̃n

���
u� � Q̃n

�
u��� 2

is agoodguessrelatingthedistributionof theinterpolationpointsonu * theimaginaryaxis(t � �
nu2 + 0)

to the polesof the approximation.Accordingto [11], the pk’s tendto be distributedon a fixed locusΓ:
Q̃n
���

u� � Q̃n
�
u�,& exp

�
nΦ

�
u��� , where

Φ
�
u� � �

Γ
log

�
u
�

p
u
�

p
dµ
�
p�-� (2)

whereµ is a (still unknown) positivemeasureof unit totalweightonΓ (still unknowntoo). RemarkthatΦ
is anoddfunctiondefinedoutsideΓ and

�
Γ, thatΦ

�
u� is a pureimaginarynumberwhenu is imaginary,

becausethedistributionµ is symmetricabouttherealaxis: dµ
�
p� � dµ

�
p� , thatits expansionabout0 starts

asΦ
�
u� � 2 . Γ p � 1dµ

�
p� u !0/�/�/ , andthatΦ

�
∞ � � πi (as . Γ dµ

�
p� � 1). Then,(1) becomes,with t � �

nu2

andτ � �
nξ2:

enu2 � Pn
���

nu2 �
Qn
���

nu2 � � Z2n � 1
���

nu2 �
Q2

n
���

nu2 � 1
2πi

�
Γ

Q2
n
���

nξ2 �
Z2n � 1

���
nξ2 � enξ2 2ξ

ξ2
�

u2 dξ& 1 e2nΦ 2 u 3 ! e� 2nΦ 2 u 354 1
2πi

�
Γ

enξ2

e2nΦ 2 ξ 3 ! e� 2nΦ 2 ξ 3 2ξ
ξ2
�

u2 dξ 	 (3)

Theconnectionwith thefunction  of [11] is Φ
�
u� � �  ��� u2 ��! constant.

Thefollowing expressionof Φ asanelliptic integralwill beneeded:

Φ
�
u� � πi ! � u� i∞ 6 u2

ξ2

�
1798 6 1

� ξ2

ξ2
1

7 6 1
� ξ2

ξ2
2

7;: � 1 � 2

dξ � (4)

whereξ1 andξ2 aretwo complex conjugatenumberswhich will soonbedetermined,andwhere8 6 1
� ξ2

ξ2
1
7 6 1

� ξ2

ξ2
2
7;: � 1 � 2 & � ξ1 � 2 � ξ2 when ξ is large. In order to seethat (4) hasthe desiredprop-

erties,we first establishthe link with the Jacobinotation for elliptic integrals through the changeof
variables( [17]) η � 2i � � ξ �<� ξ1 � � � ξ1 �=� ξ�'� v � 2i � � u�<� ξ1 � � � ξ1 ��� u�>� then,with ξ1 �?� ξ1 � exp

�
iθ1 � , ξ2 �� ξ1 � exp

���
iθ1 � , k � sinθ1, ξ � i � ξ1 � � 1 !A@ 1

�
η2 � � η if � ξ � + � ξ1 � , ξ � i � ξ1 � � 1 � @ 1

�
η2 � � η if � ξ � � � ξ1 � ,8 6 1

� ξ2

ξ2
1
7 6 1

� ξ2

ξ2
2
7;: � 1 � 2

dξ � % i
2 � ξ1 � � 1 � k2η2 � � 1 � 2 � 1 � η2 � � 1 � 2dη (with the ! signif � ξ � + � ξ1 � , with

the minussign otherwise).Then,Φ
�
0� � πi

� � 0� i∞
8 6 1

� ξ2

ξ2
1

7 6 1
� ξ2

ξ2
2

7;: � 1 � 2

dξ � πi
�

i � ξ1 �K, where

K � . 1
0

�
1
�

η2 � � 1 � 2 � 1 � k2η2 � � 1 � 2dη is the completeelliptic integral of first kind of modulusk. The
conditionΦ

�
0� � 0 yieldsthefirst condition � ξ1 �K � π. Next, we wantu

�
Φ  � u� to takeoppositevalues

on thesidesof Γ, in particularΦ  � u� � u � 1 at ξ1:
u � 1Φ  � u� � �

i � ξ1 � � 1 . v
0 � 1 ! �

1
�

η2 � 1 � 2� � 2η2 � 1 � η2 � � 1 � 2 � 1 � k2η2 � � 1 � 2dη �
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�C�

1
�

v2 � 1 � 2

v
! K

�
v;k � � 2E

�
v;k��D ,

whereK
�
v;k� � . v

0

�
1
�

η2 � � 1 � 2 � 1 � k2η2 � � 1 � 2dη andE
�
v;k � � . v

0

�
1
�

η2 � � 1 � 2 � 1 � k2η2 � 1 � 2dη arethe
incompleteelliptic integralsof first andsecondkind (the resultsof [2] section3.1 areused,but the no-
tation is slightly differenthere[Akhiezer usesK as the argumentof E]). At u � ξ1, η � 1� k, where
onehasK

�
k � 1;k� � K ! iK  andE

�
k � 1;k� � E ! i

�
EK  � π � 2� � K (seebottomof [2] section3.1),sothat

Φ  � ξ1 � � ξ1 � 1
�C�

i � π � � K �
2E � � K ! iK  � whencetheconditionK � 2E discussedin variousforms(going

backto Halphen1886!) in [11] [15] [26]. TheconditionK � 2E couldbeobtainedmoreeasily( [17]) by
expressingΦ  � ξ1 � � ξ1

�
Φ  � ξ2 � � ξ2 � 0, but thepresentderivationshowedthatΦ  � ξ1 � � ξ1 � 1 aswell. It is

thenclearthatΦ  � u� � u takesoppositevalueson thesidesof Γ, asΦ  � u� � u �% 2u
� u

ξ1

ξ � 2 8 6 1
� ξ2

ξ2
1
7 6 1

� ξ2

ξ2
2
7E: � 1 � 2

dξ. If we call Φ1 the analyticcontinuationof Φ � Φ0 acrossΓ,

we seethat Φ 1 � u� � 2u
�

Φ  � u� , thereforeΦ1
�
u� � u2 � Φ

�
u��! constant.This constantis found from

Φ1
�
ξ1 � � Φ

�
ξ1 � , hence,by Φ

�
u� � πi ! uΦ  � u� � 2 � i � ξ1 �K � v;k � � 2: Φ

�
ξ1 � � πi ! ξ2

1 � 2 � i � ξ1 � � K ! iK  � � 2 �
πi � 2 ! ξ2

1 � 2 ! πK  � � 2K � , so

Φ1
�
u� � u2 � Φ

�
u�"! πi

�
logq � (5)

whereq � exp
���

πK  � K � is thefamous‘1/ 9’ constant.Similarly, continuationof Φ across
�

Γ yields

Φ2
�
u� � �

u2 � Φ
�
u�F! logq ! πi 	 (6)

Therealpartof ξ2 � 2Φ
�
ξ � is theconstantlogq onthearcΓ, asit should.Thenumericalvaluesarerecalled

in TableII. Thepoint ξ1 ( G � a in [11]) is markedon figure2; thearcΓ is almosttherectilinearsegment
joining ξ1 andξ2 � ξ1 (seealsofig.1 (m � 1) of [15] whereξ1 andξ2 arecalledX2 andX1). Interesting
expansionsof Φ are,

near0 : Φ
�
u� � 2u

�C�
ξ � 2

1 ! ξ � 2
2 � u3 � 3 �C� ξ � 4

1 � 4 ! ξ � 2
1 ξ � 2

2 � 6 ! ξ � 4
2 � 4� u5 � 5 !0/�/�/ (7)

near ! i∞ : Φ
�
u� � πi ! 2 � ξ1 � 2 � � 3u�F! � ξ1 � 2 � ξ2

1 ! ξ2
2 � � � 15u3 �"!0/�/�/ (8)

3. Useof the Carathéodory-Fejér’ smethod.
Carath́eodoryandFej́er (andalsoSchurandTakagi)studiedseveralproblemsof estimationof Fourier

andLaurentseriesandgave very constructiveanswers.Initially, theproblemwas:givena boundedcom-
plex sequenceg0 � g1 ��	�	�	 , estimateν � sup� ∑∞

0 gkζk � on � ζ � � 1. Looking at thenormsof thepartialsumsH
∑N

0 gkζk H
∞ would be most clumsy andwould suggestwrong answersin somecases.The methodof

Carath́eodoryandFej́er is the following: for eachN I 1, constructtheexpansion∑N � 1
0 gkζk ! ∑∞

N g
2 N 3
k ζk

of lowestpossibleL∞ norm νN. It is thenshown that the νN’s form an increasingsequencewith limit
ν, moreover, thatνN is thelargestsingularvalueof a Hankelmatrix constructedwith g0 ��	�	�	�� gN � 1 Other
singularvaluesbecomeuseful if n polesin � ζ � � 1 are allowed, by addingan expressionof the form

∑∞
N g 2 N 3k ζk � ∑n

0 ekζn � k.
Theappropriatesettingfor approximatingagivenseriesf � � z� � ∑∞

1 akzk with realcoefficientsis to look
for a functionof theform

rn
�
z� � ∑n� ∞ dkzk � ∑n

0 ekzk � ∑0� ∞ dk � nzk � ∑n
0en � kz� k,

wherethenumeratorseriesconvergesin � z� I 1,with n polesin � z� I 1,andsuchthatthenormof ∑N
1 akzk �

rn
�
z� is thelowestpossibleon � z��� 1 ( [24], section1; theconnectionwith theoriginalCFproblemis made

by z � 1� ζ � gk � aN � k). If the given function is continuouson the unit circle, we may considerinfinite
Hankelmatrices(N � ∞) ascompactoperators( [1], [4], [16]). Wethenarrive atanerrorof theform

f � � z� � rn
�
z� � λnz

u1 ! u2z !0	�	�	
u1 ! u2z� 1 !J	�	�	 (9)
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with realλn, u1 � u2 ��	�	�	 , andwhereu1 ! u2z !)/�/�/ hasexactly n zerosin � z� � 1, sothattheerrorcurve is a
perfectcircleabouttheorigin of radiusσn �K� λn � andwindingnumber2n ! 1. Factorizingu1 ! u2z� 1 !L/�/�/
as∑n

0 en � kz� k timesa secondfactor, which is anotherexpansionin z� 1, we seethatgatheringthepositive
powersin theproductof (9) by u1 ! u2z� 1 !0/�/�/ , we haveaku1 ! ak � 1u2 !0/�/�/ � λnuk � k � 1 � 2 ��	�	�	 , i.e., the
eigenproblemHu � λnu, whereH is theinfinite Hankelmatrix � ai � j � 1� ∞i � j M 0, andwhereλn is the

�
n ! 1� th

eigenvalueof H in decreasingorderof theabsolutevalues: � λ0 � + � λ1 � + 	�	�	 Thisbrief descriptionsupposes
that � λn � is not repeated: � λn � 1 � I � λ � n I � λn � 1 � , see[1], [9], [12], [16] for a morecompletediscussion
includingcomplex functionsanddegeneratecases.

The expression
�
a0 ! rn

�
z��! rn

�
1� z��� � 2 yields thenan approximationwith n polesoutside � � 1 � 1� in

thex � �
z ! 1� z� � 2planeto F

�
x� � �

a0 ! f � � z�F! f � � 1� z��� � 2 � a0 � 2 ! ∑∞
1 akTk

�
x� , with anerrorfunction

whichequi-oscillatesexactlyat2n ! 2 pointsof � � 1 � 1� . Finally, aChebyshev economizationis performed
on

�
a0 ! rn

�
z�"! rn

�
1� z��� � 2 in orderto geta rationalfunctionof x [24].

Rationalapproximationsto exp
���

t � on � 0 � ∞ � arefirst translatedasrationalfunctionsof x � �
c
�

t � � � c !
t � , c I 0, so that we have to considerthe Chebyshev expansionF

�
x� � exp

�
c
�
x
�

1� � � x ! 1��� , or the
Laurentcoefficientsof F

���
z ! 1� z� � 2� � exp

�
c
�
z
�

1� 2 � � z ! 1� 2 � . Any positivevalueof cyieldsaspectrally
equivalentHankelmatrixH, but themostexplicit settingappearswhenoneconsidersc � ∞:

Theorem 1. The eigenvaluesof the Hankelmatrix H arethe sameasthoseof the integral Hankel
operatorN givenonL2

�
0 � ∞ � by � N f � � x� � 2G π

� ∞

0
e� 2 x � y3 2 f

�
y� dy (10)

Indeed,themeaningfulpartof theintegralak � �
πi � � 1 .PO zO M 1 exp

�
c
�
z
�

1� 2 � � z ! 1� 2 � z� k � 1dz is a neigh-

bourhoodof z � 1, asc
�
z
�

1� 2 � � z ! 1� 2 hasa stronglynegative realpart whenz Q� 1 on the unit circle.
Let z � 1 ! 2iuc � 1 � 2: ak & 2π � 1c � 1 � 2 . ∞� ∞ exp

���
u2 � 2ikc � 1 � 2u� du � 2

�
πc� � 1 � 2exp

���
k2 � c� whenc � ∞.

Theelements �
Hu � k � ∑∞

mM 0ak � mum & 2
�
πc� � 1 � 2∑∞

mM 0 exp
���R�

k ! m� 2 � c� um

behave essentiallyasvaluesof a function of the variablekc � 1 � 2: let x � kc � 1 � 2, y � mc� 1 � 2, f
�
y� �

umc1 � 4, (so that ∑∞
0 u2

m � c � 1 � 2∑∞
0 � f � mc� 1 � 2 ��� 2 & . ∞

0

�
f
�
y��� 2dy remainsconstant),g

�
x� � �

Hu � kc1 � 4 &
2
�
πc� � 1 � 2∑∞

mM 0exp
���R�

k ! m� 2 � c� c1 � 4um & 2π � 1 � 2 . ∞
0 exp

���R�
x ! y� 2 � f

�
y� dy.

In particular, if Hu � λu, then N f � λ f , with thesameλ.
Theeigenfunctionsf0 ��	�	�	�� f9 correspondingto λ0 ��	�	�	�� λ9 of N areplottedin figure1. Thestudyof the

asymptoticbehaviour of fn for largen shouldshedsomelight on thevalueof λn. If auniform asymptotic
formula f̃n couldbefoundsothattheL2 norm

H N f̃n
�

λ̃n f̃n
H � εn couldhold,with

H
f̃n
H � 1 andεn �<� λ̃n � �

0 whenn � ∞, thenλ̃n would bea valuableasymptoticestimateof λn. Unfortunately, thesubjectis not
yet soadvanced.

4. Asymptotic behaviour of the eigenfunctions.
The typical oscillationsof the eigenfunctionsshown by figure 1 suggestthat fn

�
x� containsthe ex-

ponentialof n times a function taking imaginaryvalues(from 0 to πi) on a part of the real axis. Ac-
tually, asthe transitionpoint separatingoscillatorybehaviour from monotonouslydecreasingbehaviour
seemsto increaselike n1 � 2, we expect an asymptoticformula involving the exponentialof n times a
fixed function of x� n1 � 2 	�	�	 For a more accurateguess,we know that if the CF methodis successful,
the polesof the CF approximantarevery closeto the polesof the bestrationalapproximation[24], so
u1 ! u2z� 1 !0/�/�/ andQ̃n

�
u� shouldhave commonfactors,with n1 � 2u � c1 � 2 � z � 1� � � z ! 1� . Whenc � ∞:

∑∞
1 ukzk & ∑∞

1 fn
�
kc � 1 � 2 �S� 1 ! 2

�
n� c� 1 � 2u� k & c1 � 2 . ∞

0 fn
�
ξ � exp

���
2n1 � 2uξ � dξ,i.e., the Laplacetransform

of fn shouldcontainat least the factor exp
���

nΦ
�
u��� . This asksfor the inverseLaplacetransformof

exp
���

nΦ � : fn
�
ξ � is expectedto involve . Br exp � � nΦ

�
u� � 2n1 � 2����! ξu� du on someBromwichcontour. A

saddlepointanalysispredictsthis integral to behave like exp � � nΦ
�
s� � 2n1 � 2����! ξs� , wheres is a root of
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FIGURE 1. Eigenfunctionsof N .



ALPHONSE P. MAGNUS. ON THE ’ 1/ 9’ PROBLEM. 7

FIGURE 2. Imageof theupperright quarterplaneby Φ 
ξ � �

n1 � 2� 2� Φ  � s� � 2n1 � 2��� . So,s� n1 � 2 is a rootx of theequation2y � Φ  � x� 2� wheny � ξ � n1 � 2 is given.
Let Ψ  betheinversefunctionof Φ  , thenx � 2Ψ  � 2y� and

Φ
�
x� 2� � πi ! xy

�
Ψ
�
2y� if 2y � Φ  � x� 2�-� i 	 e	 x � 2Ψ  � 2y� (11)

indeed,Φ
�
x� 2� � πi � . x� 2

∞ Φ  � ζ � dζ � . 2y
0 ηdΨ  � η � � 2yΨ  � 2y� � Ψ

�
2y� , so that

�
Φ
�
s� � 2n1 � 2����! ξs �

Ψ
�
2ξ � n1 � 2 � .
Figure2 shows the imagesof horizontalandvertical lines of the upperright quarterplaneReu + 0

andImu + 0 by Φ  andits analyticcontinuationΦ 1 � u� � 2u
�

Φ  � u� acrossthecut Γ � � ξ1 � ξ1� . Thenet
of solid lines (imagesof verticalsReu=0,0.25,0.50,etc.by Φ  ) anddashedlines (imagesof horizontals
Imu=0,0.25,0.50,etc.by Φ  ) cover a region extendingup to

�
2 to theleft (

�
2 � Φ 1 � 0� ). Thismeansthat

Ψ  mapsthis region to theupperright quarterplane.For instance,thepoint 1 	 311 ! 0 	 344i marked2ξ in
figure2 is at the intersectionof thesolid line of label0.25andthedashedline of label1.00: this means
that1 	 311 ! 0 	 344i � Φ  � 0 	 25 ! i � andalso0 	 25 ! i � Ψ  � 1 	 311 ! 0 	 344i � .

Fromtheexpansions(7) and(8):

near0 : Ψ
�
v� � 2 6 � 2 � ξ1 � 2

3
7 1 � 2

v1 � 2 !0/�/�/T� (12)

near2 : Ψ
�
v� � πi ! 2

3 U � 3

2
�
ξ � 2

1 ! ξ � 2
2 �WV 1 � 2 �

v
�

2� 3 � 2 !0/�/�/T� (13)

So,0 and2 aresingularpointsof Ψ whichispureimaginaryin � 0 � 2� . Thisseemsto explain theobserved
behaviour of theeigenfunctionsfn:

Conjecture 2. Theeigenvaluesλ0, λ1 ��	�	�	 of theHankelintegral operator(10), with � λ0 � + � λ1 � + 	�	�	 ,
satisfy

λn & 2
���

1� nqn � 1 � 2 whenn � ∞ 	 (14)
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Thecorrespondingeigenfunctionsf0, f1 ��	�	�	 of (10) satisfy

fn
�
x�,& A

�
x� ν1 � 2 � exp � νΨ

�
2x� ν1 � 2���P! B

�
x� ν1 � 2 � exp � � νΨ

�
2x� ν1 � 2���X� n � ∞ 	 (15)

with ν � n ! 1� 2, andwhereA andB are(still unknown) fixedfunctions,andwhereΨ is suchthatΨ  is
theinversefunctionof Φ  (with Φ givenby (2) and(4)).

To explorethevalidity of this conjecture,let usintroducetheproposedformulaof fn
�
ν1 � 2y� in (10):� N fn � � ν1 � 2ξ �Y& �

2ν � π1 � 2 � . ∞
0 exp

���
ν
�
ξ ! η � 2 �S� Aexp

�
νΨ

�
2η ���"! Bexp

���
νΨ

�
2η ����� dη.

We estimatetheseintegralsby saddlepointanalysis:� N fn � � ν1 � 2ξ �Y& 2A
�
s1 � � 1 � 2Ψ Z � 2s1 ��� � 1 � 2exp � � ν

���
ξ ! s1 � 2 � Ψ

�
2s1 ���[!! 2B

�
s2 � � 1 ! 2Ψ \ � 2s2 ��� � 1 � 2exp � � ν

���
ξ ! s2 � 2 ! Ψ

�
2s2 ��� ,

wheres1 ands2 arerootsof ξ ! s � % Ψ  � 2s� , foundthroughΦ  andits continuationsacrossΓ and
�

Γ: let
2ξ bein therangeof Φ  , say2ξ � Φ  � w� . Then,asΦ  � w�F! Φ 1 � w� � 2w andΦ  � w�"! Φ 2 � w� � �

2w, s1 �
Φ 1 � w� � 2 ands2 � Φ 2 � w� � 2 arevalid solutions.For instance,figure2 shows a point 2ξ � 1 	 311 ! 0 	 344i
correspondingto w � 0 	 25 ! i. The point marked2s is Φ 1 � w� � 2s1 � �

0 	 811 ! 1 	 656i (2s2 is not on
figure2).

Now, using(5), (6) and(11):
�R�

ξ ! s1 � 2 ! Ψ
�
2s1 � � �

w2 � Φ1
�
w�F! 2s1w ! πi � �

w2 ! Φ
�
w� � w2 !

logq
�

πi ! 2s1w ! πi � �
Ψ
�
2ξ �"! logq ! πi � �R� ξ ! s1 � 2 � Ψ

�
2s2 � � �

w2 ! Φ2
�
w� � 2s1w

�
πi � �

w2 �
Φ
�
w� � w2 ! logq ! πi

�
2s2w

�
πi � Ψ

�
2ξ �F! logq

�
πi � so,weseethattheexponentialsof % νΨ

�
2ξ � are

recovered.Eigenfunctionsshouldthereforesatisfy

2A
�
s1 �S� 1 � 2Ψ \ � 2s1 ��� � 1 � 2exp

�
νπi � qν � λnB

�
ξ ��� (16)

2B
�
s2 �S� 1 ! 2Ψ \ � 2s2 ����� 1 � 2exp

���
νπi � qν � λnA

�
ξ �]� (17)

wheres1 � s2 � Φ1 � 2 � w� � 2 � �
ξ % Ψ  � 2ξ � if 2ξ � Φ  � w� .

If this is enoughto guessthatλn will behave like
���

1� nqn, theseequationsdonotgiveclearindications
onwhatthefunctionsA andB shouldbe.Moreover, thesefunctionsareprobablydiscontinuous(onStokes
lines),asa resultof representingtheentirefunction fn by anasymptoticformulainvolving functionswith
branch-points.So,asΨ

�
ξ � � ! ∞ whenξ � ! ∞, andas fn * L2, onemusthaveA

�
ξ �,^ 0 in aregioncon-

taining � 2 � ∞ � , butA
�
ξ �_Q^ 0 in � 0 � 2� wherethetwo imaginaryexponentialsareneededin ordertoexplainthe

oscillationsof fn. This stateof thingsis commonin differentialequationsdiscussions(JWKB-Liouville-
Green-Steklov theory[6]), whereonehasconnectionformulas.Assumingsimilartoolsto bevaluablehere,
let uslook for amodelentirefunctionsharingthepropertiesof fn

�
ν1 � 2ξ � nearξ � 1: asthemainbehaviour

is exp
�
νΨ

�
2ξ ���,& const.exp

���
ξ
�

1� 3 � 2� , let uschoosetheAiry functionAi which sharesthis behaviour,
and is often found in asymptoticestimates( [6] [18] [19]): fn

�
ν1 � 2ξ �`& const.

���
1� n Ai

���
3ν
�
Ψ
�
2ξ � �

πi � � 2� 3 � 2�Y& const.
���

1� n � Ψ �
2ξ � � πi � � 1 � 6sin

�
ν
���

Ψ
�
2ξ � � i ! π �F! π � 4� nearξ � 1 whenn is large.This

formula(with ν � n ! 1� 2) agreesquitewell with thenumericalresults,moreover, estimatesof integrals
in termsof Airy functionsareknown to bevalid whentwo saddlepointscoalesce( [18], [19]), which is
preciselytruewhenξ � 1 (s1 � s2 � �

1). Nearξ � 0, Ψ
�
2ξ �Y& const.

���
ξ � 1 � 2 andaclosemodelappears

now to betheBesselfunctionconst.J0
�
νΨ

�
2ξ � � i �,& const.

�
Ψ
�
2ξ ��� � 1 � 2cos

�
νΨ

�
2ξ � � i � π � 4� . Thesat-

isfactorymatchingof theoscillatingterms
���

1� nsin
�
νΨ � i ! π � 4� � cos

�
νΨ � i � π � 4� holdson thewhole

interval ξ *a� 0 � 1� if ν � n ! 1� 2. This suggeststhattheratio A
�
ξ � � B � ξ � is theconstantexp

���
iπ � 2� � �

i
in a region containing � 0 � 1� . If this is trueup to ξ � ξ1 � 2, wheres1 � ξ � ξ1 � 2, (andwhereΨ b � ξ1 � � 0)
(16) givesindeedλn & �

2i exp
���

n ! 1� 2� πi � qn � 1 � 2, i.e., (14).
A morecompleteasymptoticexpansionhasbeenworkedin [3], themostconciseexpressionseemsto

beEn & 2qn � 1 � 2exp � � 1� � 12
�
n ! 1� 2���"! O

�
n � 5��� .

5. Super and hyper asymptotics: ‘1/56’, etc.
The useof CF asquasioptimal rationalapproximationis justified by variousresults(inequalitiesin

[9] [14]) showing how theEn’s canindeedbecloseto theσn’s. But TableIII shows that thematchingis
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TABLE 3. Dif ferencesbetweenerrornormsandsingularvalues.

n En
�

σn ratios acceleration

0 -6.017152E-02 -16.619159 16.619159
1 2.530908E-05 -2377.467434 198.775020
2 3.088302E-06 8.195145 68.668900
3 -7.107011E-08 -43.454295 61.246073
4 1.454365E-09 -48.866753 58.541695
5 -2.778333E-11 -52.346699 57.460486
6 5.177776E-13 -53.658797 56.901326
7 -9.505479E-15 -54.471496 56.591766
8 1.726997E-16 -55.040521 56.417269
9 -3.113400E-18 -55.46979 56.32180

10 5.57717 E-20 -55.8240 56.2763
11 -9.9363E-22 -56.129 56.264
12 1.7617E-23 -56.402 56.275
13 -3.110E-25 -56.65 56.30
14 5.46E-27 -57. 56.3
15 -9.6E-29 -57. 56.
16 1.7E-30 -56. 56.
17 -3.E-32

TABLE 4. Otherratesof decrease:‘1/56’ etc.

k sk Φ  � sk � � sk 1� qk

1 0.72878+1.48300i 0.33333 56.690353
2 0.86860+1.70178i 0.20000 240.251663
3 0.97785+1.87517i 0.14286 846.908936

quite dramatic. TrefethenandGutknechthave studiedclassesof functionswith Chebyshev coefficients
decreasinglike powersof ε, to show that if En & σn behaveslike ε2n � 1, �En

�
σn � coulddecreaseasfast

asε5n � 3! ( [24], sec.2).TableIII shows indeedthatthe �En
�

σn �S�c�En
� � λn �d� ’sdecreaselike powersof a

numbercloseto 1/56,definitelysmallerthat‘1/ 9’. How canweexplain thisphenomenon?
If we considerthattheoscillationof thebesterrorfunctionis completelyexplainedby theexp

�
2nΦ �F!

exp
���

2nΦ � factorof (3), theamplitudeis thereforegivenby theintegralon Γ of exp
�
nξ2 �S� exp

�
2nΦ

�
ξ �F!

exp
���

2nΦ
�
ξ ��� � 1 � ∑∞

0
���

1� kexp � n � ξ2 � 2
�
1 ! 2k � Φ �

ξ ����� , asReΦ I 0 on Γ. Of course,‘1/ 9’ is thecon-
stantmodulusof exp

�
ξ2 � 2Φ

�
ξ ��� on Γ. Curiouslyenough,the integrationof theothertermson Γ yield

otherdecreasingexponentialsof which the first appearsindeedto be closeto 1/56	�	�	 (seeTableIV: the
exponentialexp � n � ξ2 � 2

�
1 ! 2k� Φ �

ξ ����� is evaluatedat the saddlepointsk: sk
�A�

1 ! 2k� Φ  � sk � � 0 for
k � 1 � 2 ��	�	�	 ) It is notclearhow to detectthesenew exponentiallydecreasingcontributionsfrom thenumer-
ical sequencee En f alone,but thecomparisonof theEn’s andtheσn’s appearsto bea lucky circumstance
allowing to observe this new phenomenon.Canwe find a formula for σn suggestinghow it canbe so
closeto En? Thebeststartingpoint is probablythisone:amongothercharacterizations,σn is thesmallest
possiblenorm of a Hankelmatrix of symbolBnϕ, whereϕ

�
z� is hereexp

�
c
�
z
�

1� 2 � � z ! 1� 2 � andBn
�
z�

is a Blaschkeproduct∏n
1

�
z
�

ak � � � 1 � zak � ( [1], [16]; theak’s aresupposedto besymmetricallyplaced
with respectto the real axis(� ak � � 1)). This norm involvesonly the Laurentcoefficientswith negative
index of Bnϕ: it may be estimatedas

�
2πi � � 1∑∞

p M 1 . γ Bn
�
ζ � ϕ � ζ � ζp � 1z� pdζ � �

2πi � � 1 . γ Bn
�
ζ � ϕ � ζ � � z �

ζ � � 1dζ on � z �S� 1. By thechangeof variablen1 � 2ξ � c1 � 2 � ζ � 1� � � ζ ! 1� , we have an integral involving
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∏n
1
�
ξ
�

bk � � � ξ ! bk � exp
�
nξ2 � . This begins to look to exp

�
nξ2 � Q̃n

�
ξ � � Q̃n

���
ξ � in the notationsof sec-

tion 2. It shouldbe possibleto usethe orthogonalityargumentsof [21] in orderto exhibit the squareof
Q̃n
�
ξ � � Q̃n

���
ξ � instead.Thestudyof theCFmethodof approximationof analyticfunctionswouldthenbe

on thesamelevel thantheexisting theoryof rationalapproximation.
Finally, work is presentlydoneon asymptoticexpansionsinvolving several exponentiallydecreasing

term: see[18], [20] for super- andhyper-asymptotics.It would beinterestingto seeif thesetheoriescan
cover thepresentphenomenon,in particularif convergentasymptoticexpansionscanbeproduced:

Conjecture 3. ThebestrationalapproximationerrornormsEn andtheappropriateCF singularvalues
σn have hyper-asymptotic(perhapsconvergent)expansions

En & ∞

∑
k M 0

qn
k exp � Sk

�
n ! 1� 2���
� (18)

and

σn & ∞

∑
k M 0

qn
k exp �Uk

�
n ! 1� 2���
� (19)

whenn � ∞, with Sk
�
x�_& ∑∞

mM 0sk �mx � 2m� 1, Uk
�
x�'& ∑∞

mM 0uk �mx � 2m� 1, U0
�
x�_^ S0

�
x� , andwhereqk �

exp � s2
k

�
2
�
1 ! 2k� Φ �

sk ��� , sk beingtheroot of sk
�C�

1 ! 2k� Φ  � sk � � 0, k � 0 � 1 ��	�	�	
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Vanal die niks tezeggenhebben
zijn die die zwijgen’t aangenaamst.1

(Fromtheprogramme‘Antwerp,
CulturalCapitalof Europe1993’).

SpecialthanksarealsodueA. Cuyt andL. Wuytackwho organizedthe first AntwerpConferenceon
NonlinearNumericalMethodsandRationalApproximationin 1987,andall thepeoplewho thengaveme
warmandkind adviceson theuseof theCF methodin thestudyof the‘1/ 9’ problem.At thevery least,
I shouldhave suppliedthemissingproofsin [15] for theseProceedingsof theSecondConference.I had
morethan5 yearsfor achieving that. Of course,I did nothingof the sort, andyearspassedby without
disturbingthepeaceof my mind. Then,noticecamethattheabstractsfor theSecondConferenceshould
bereadyfor April 1st (no joke) 1993.As all I hadto do wasto establishanasymptoticformulaexhibiting
anexponentialbehaviour with respectto n, I proceededto fill thefollowing template:

Theorem. Therequiredeigenfunctionsbehave like AXn whenn is large,wherethefunctionsA andX
areA � soandso,and X � soandso.

But I did not know neitherA nor X on April 1st. Fortunately, the contributorswereallowedthe new
deadlineMay 1st, it seemsthat it wasknown that was in deeptrouble. After painful weeks,I got the
X function, it is theeeriefunctionexpΨ discussedin Section4. Consideringthe technicaldifficulties, I
decidedto presentthis triumphalfinding in a morecautiousway:

Proposition. Therequiredeigenfunctionsbehave like AXn whenn is large,wherethefunctionsA and
X areA � soandso(still to befound), and X � expΨ.

(A theoremis astatementfor which I think I havea proof,apropositionis astatementfor which I have
no proof,but pretendto have one).

On September1st (theconferencewasto starton September5th), I still did not know A, soI decidedto
behonest:

1Of all thosewho havenothingto say, themostagreeablearethosewho aresilent.
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Conjecture. Therequiredeigenfunctionsbehave like etc. (basically, Conjecture2 in Section4).
I don’t know if I shall still be personagrata on the Third Conference,but I canpromiseat mostone

Theorem, perhapsseveralPropositions, quitea numberof Conjecturesanda lot of Problems.
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