Baltzer Journals January 8, 1996

On optimal Padé-type cuts.^∗

Alphonse P. Magnus Institut de Mathématique Pure et Appliquée, Université Catholique de Louvain, Chemin du Cyclotron,2, B-1348 Louvain-la-Neuve (Belgium) E-mail: magnus@anma.ucl.ac.be

One looks for rules of determination of denominators of rational approximations to analytic functions (Padé-type approximations). Functions with branch points are analytic outside systems of cuts which have an influence on the rate of convergence. The quest for the best system of cuts is discussed.

1 Convergence regions of transformations of Taylor series.

Let f be an analytic function in a known domain (i.e., a connected open subset of the extended complex plane) D, known by its Taylor coefficients about a point z_0 ∈ D: f(z) = ∞∑ k=0 c_k(z − z_0)^k. (1)

Of course, if we only know that f is analytic in D, we can only ensure that this series converges in the part of D which is the largest disk {z : |z − z_0| < r_0} contained in D. Moreover, if z is in this disk, the partial sums of increasing degrees of (1) converge to f with a guaranteed rate of convergence |(z − z_0)/r_0|. Some functions will exhibit a better rate of convergence, but there are functions analytic in D which will have this rate of convergence.

The problem is to be able to approximate f in the whole of D, and to achieve the best rate of convergence, which means: if R_n is the approximation using n coefficients of (1), we want

lim sup n→∞ |f(z) − R_n(z)|^{1/n} to be as small as possible. Actually, we consider the worst case with respect to functions analytic in D, so to try to minimize sup f∈A(D) lim sup n→∞ |f(z) − R_n(z)|^{1/n}, �Dedicated to T. Rivlin on the occcasion of his 70th anniversary and to J. Meinguet on the occcasion of his 65th anniversary on the way of constructing R_n, i.e., on the mapping f −→ R_n, which shows that we are close to be dealing with a problem of optimal recovery [25, 32], or of determination of n-width [49], but the present study will not try to formalize this approach, it will only give progressive hints. Moreover, what is usually considered to be the most stable base of these problems, the domain D itself, will be questionned (in § 3).

An interesting example of convergence enhancement of series is the Euler transformation [22, 35, 42, 46] with a parameter. For a power series of the form (1), the Euler transformation amounts to f(z) = ∞∑ k=0 c_k(z − z_0)^k = ∞∑ k=0 d_k ( z − z_0 z − p )_k , (2)

with p outside D. Each d_k is a linear combination of c_0, . . . , c_k. Remark also that the partial sum of the n + 1 terms of the last series of (2) is a rational approximation of degree n to f, with denominator Q_n(z) = (z − p)^n, showing a first example of Padé-type approximation (see [12, 14, 20] for more on the connections between series transformations and rational approximation). The new series has a rate of convergence |ρ(z)| = constant × |(z − z_0)/(z − p)| increasing from z = z_0 up to a circle touching the boundary of D. Figure 1 shows a “typical” (but is it so typical? see § 3) elliptic-like domain D, examples of convergence domains of (1) and (2) for two values of p, together with level lines of rate of convergence = 1/4, 1/2 and 3/4. These level lines are Apollonius circles related to z_0 and p [46, p. PA-32]. A discussion of what should be the best choice of p is made in [45] for Stieltjes functions.

Figure 1: Examples of convergence domains of Euler transformations of Taylor series.

Much better results can be reached if a new parameter is introduced in each term: f(z) = ∞∑ k=0 e_k (z − z_0)^k (z − p_1)(z − p_2) . . . (z − p_k)

. (3)

For a first analysis, let us work with a finite number of r distinct p’s, i.e., p_k = p_{k−r}, k > r, outside D. The series (3) is then basically a combination of Taylor series ∞∑ m=0 e_{rm+s} ( (z − z_0)^r (z − p_1) . . . (z − p_r) )_m , s = 0, . . ., r − 1, of the variable (z − z_0)^r /((z − p_1) . . . (z − p_r)), therefore convergent in the domain D_r = {z : |ρ(z)| < 1}, with ρ(z) = (z − z_0)/[(z − p_1) . . . (z − p_r )]^{1/r} sup_{w∈D} |w − z_0|/|(w − p_1) . . . (w − p_r)|^{1/r} . (4)

Figure 2: Convergence domain of (3) with 2 different points p_1 and p_2.

To the largest domain of convergence corresponds the best rate of convergence. This is a special case of a deep result of complex approximation theory, see for instance [48, § 5.1].

For a proof using (4), suppose D_s ⊆ D_r(⊆ D), then |ρ_s| = 1 on the boundary ∂D_s of D_s (by definition of D_s), |ρ_r| 6 1 on ∂D_s (as |ρ_r | 6 1 in the whole of D_r containing D_s), and ρ_r /ρ_s is regular^1 in D_s (no singularity at z_0), has a modulus 6 1 on the boundary of D_s, therefore |ρ_r(z)/ρ_s(z)| 6 1 for any z ∈ D_s, by the maximum principle.

Remark that such discussions usually are found about approximations by polynomials on compact sets [23, 48]. However, they also apply to our rational approximations constructions, thanks to Walsh duality [48, § 8.4]: we are in the conditions of [48, § 8.4, Example IIa, IIb] (with z_0 = ∞, but, with Walsh’s F (t) = f(z_0 + t^{−1}) approximated by the rational function S_n : F (t) − S_n(t) = O(|t|^{−n−1}), n → ∞, it is

1of course, one chooses a single determination for the root in (4).

clear that R_n(z) = S_n((z − z_0)^{−1}) is still a rational function of degree n satisfying now f(z) − R_n(z) = O(|z − z_0|^{n+1}) when z → z_0).

One can fill arbitrarily closely the whole domain D by a domain D_r if r is large enough: D_r is the interior of a lemniscate, which can indeed approximate the boundary ∂D under mild conditions [48, § 4.2]. Indeed, let us write (D − z_0)^{−1} the (unbounded) domain {t : z_0 + t^{−1} ∈ D}. Then, if the boundary of (D − z_0)^{−1} is made of a finite number of mutually exterior Jordan curves and arcs, one can construct a polynomial Π_r (t) = (t − τ_1 ) . . . (t − τ_r ) such that (D − z_0 )^{−1} is close to a set {t : |Π_r(t)| > constant }. Moreover, |Π_r(t)|^{1/r} is then close to constant × exp(G_0(t)) in (D − z_0)^{−1}, where G_0 is the harmonic function (Green function) in (D − z_0)^{−1} such that G_0(t) − log |t| remains bounded in a neighbourhood of t = ∞, and G_0(t) → 0 when t → the boundary of (D−z_0 )^{−1}. Acceptable polynomials may be constructed through conformal mapping data, Fekete points, Fejér points, Leja points, Faber polynomials and points [13, 21, 23, 30, 48] associated to the complement of (D − z_0)^{−1}.

Returning to D and the z = z_0 + t^{−1} variable, we find that D can indeed be approximated by a set D_r = {z : | ∏_r j=1((z − z_0)^{−1} − τ_j )| > constant}, i.e., a set defined by |ρ(z)| < constant with the ρ(z) of (4) and p_j = z_0 + 1/τ_j, j = 1, . . . , r. The rate of convergence in D is arbitrarily close to

ρ_{opt} (z) = exp(−G(z; z_0)), z ∈ D, (5)

where G(z; z_0) is the Green function of D with singularity at z_0.

We arrived at (5) as the ultimate performance of series (3) still constructible with the data of (1). The partial sum of degree n of (3) is a rational function N_n/P_n of degree n with preassigned denominator P_n(z) = (z − p_1) . . . (z − p_n) and a numerator N_n constructed such that f(z) − N_n(z)/P_n(z) = O(|z − z_0|^{n+1}). We just essentially discussed the construction of optimal Padé-type rational approximations.

2 Padé-type rational approximation.

Whenever we are able to represent the coefficients of (1) as results of applying a linear functional L to successive powers:

c_k = L (t^k) , k = 0, 1, . . ., (6)

so that L (p) is known for any polynomial p, we may approximate f(z) = L ( 1 1 − t(z − z_0) )

by applying L to a polynomial interpolant of (1 − t(z − z_0))^{−1}:

R_n(z) = L ( interpolant of 1 1 − t(z − z_0) at t = t_0, t_1, . . . , t_n. ) . (7)

We so get an “integration formula” at preassigned points, which is called Padé-type approximation, emphasising the similarity with the representation of Padé approximation as formal Gaussian quadrature ([3, 9] [10, p.34] ). The result is a combination of (1 − t_0(z − z_0))^{−1}, . . . , (1 − t_n(z − z_0))^{−1}, i.e., a rational function of z.

Let t_0 = 0, then, R_n(z) = N_n(z)/P_n(z) with N_n and P_n(z) = constant × (1 − t_1(z − z_0)) . . . (1 − t_n(z − z_0)) of degrees 6 n. The approximation error is

f(z) − R_n(z) = L 1 1 − t(z − z_0) t(t − t_1) . . . (t − t_n) 1 z − z_0 ( 1 z − z_0 − t_1 ) . . . ( 1 z − z_0 − t_n )

= (z − z_0)^{n+1}L ( t(t − t_1) . . . (t − t_n) (1 − t(z − z_0))(1 − t_1(z − z_0)) . . . (1 − t_n(z − z_0)) )

= O(|z − z_0|^{n+1}) ,

(8)

showing that the Padé-type approximation of degree n to f with preassigned denominator P_n is N_n/P_n with N_n of degree 6 n such that P_n(z)f(z) − N_n(z) = O(|z − z_0|^{n+1}).

We now see that the partial sums R_n of n + 1 terms of the various series transformations discussed in section 1 are indeed Padé-type approximations of degree n to f: these partial sums are indeed rational functions (of denominator P_n(z) ≡ 1 in (1); P_n(z) = (z − p)^n in (2); P_n(z) = (z − p_1) . . . (z − p_n) in (3)), and satisfy f(z) − R_n(z) = O(|z − z_0|^{n+1}) when z → z_0.

The determination of a good denominator P_n in terms of D and z_0 is achieved through a contour integral representation of (6):

L (P ) =^1_{2πi}^∫_{C0} P (t) f(z0 + t^{−1}) t^{−1}dt for any polynomial P (9)

where C_0 is a contour ⊂ {t : z_0 + t^{−1} ∈ D}, let us write this as C_0 ⊂ (D − z_0)^{−1}. With P_n(z) = constant × ∏_n k=1(1 − t_k(z − z_0)), (8) becomes f(z) − R_n(z) = 1 2πi (z − z_0)^{n+1} P_n(z) ∫ C0 t^{n+1}P_n(z_0 + t^{−1}) 1 − t(z − z_0) f(z_0 + t^{−1})t^{−1}dt. (10)

We now see how to choose good denominators P_n: when D, z_0, and z are given, we take C_0 close or equal to the boundary of (D−z_0 )^{−1}, and P_n such that max_{t∈C0} |t^nP_n(z_0 + t^{−1})| is as small as possible with respect to |P_n(z)/(z − z_0)^n|.

This is basically achieved by Chebyshev polynomials (least norm polynomials) on C_0: if Π_n is a monic polynomial of least norm, let P_n be such that t^nP_n(z_0 + t^{−1}) = Π_n(t), i.e., P_n(z) = (z − z_0)^nΠ_n((z − z_0)^{−1}). We know ([23, 26, 48] etc.) that |Π_n(t)|^{1/n} → constant exp G_0(t) when t ∈ (D − z_0)^{−1}.

Returning to the initial geometry, we get lim_{n→∞} |z − z_0| |P_n(z)|^{1/n} = constant × exp(−G_0((z − z_0)^{−1}) = constant × exp(−G(z; z_0)),

and we recover exactly (5)!

From (8),

lim sup n→∞ |f(z) − R_n(z)|^{1/n} 6 exp(−G(z; z_0)), (11)

uniformly on z in compact sets of D.

Example 1 For instance, with f(z) = z^{−1} Log (1 + z) = ∑_∞ 0 (−1)^kz^k/(k + 1), z_0 = 0, D = C \ (−∞, −1], D^{−1} = C \ [−1, 0], we may immediately choose C_0 = [−1, 0], as we have the obvious representation c_k = (−1)^k/(k + 1) = L (t^k) =

∫_0 −1 t^k dt. Least norm polynomials on C_0 are of course the historical Chebyshev polynomials [18, 37, 39] Π_n(t) = constant T_n(2t + 1), so, P_n(z) = constant z^nT_n(2/z + 1). The preassigned poles of the approximant of degree n are therefore 2/(cos((k + 1/2)π/n) − 1), k = 0, . . . , n − 1. Successful numerical tests have been reported by C. Brezinski [8].

Figure 3: Convergence rates of approximants to z^{−1} Log (1 + z), z_0 = 0, using Chebyshev denominators.

The corresponding rate of convergence is |ρ(z)| = lim_{n→∞} |z| |P_n(z)|^{1/n} = lim_{n→∞} 1 |T_n(2/z + 1)|^{1/n} = |z| |z + 2 + 2(z + 1)^{1/2}| , where the square root is such that |ρ(z)| < 1 in D = C \ (−∞, 0]. One may also check that the Green function is G(z; 0) = log(|z + 2 + 2(z + 1)^{1/2}|/|z|). Also, as D is simply connected, G(z; 0) is the real part of the logarithm of Φ(z; 0) = (z + 2 + 2(z + 1)^{1/2})/z which maps conformally D on the exterior of the unit disk, with z_0 = 0 mapped on ∞.

The level lines |ρ| = 1/4, 1/2, and 3/4 are indicated in Fig. 3. These lines are the boundaries of larger and larger domains tending to fill D = C \ (−∞, −1]. These lines meet the real axis at −16/25 and 16/9 when |ρ| = 1/4; at −8/9 and 8 when |ρ| = 1/2; and at −48/49 and 48 when |ρ| = 3/4!

3 From Padé-type to Padé.

The preceding sections showed how to construct rational approximants N_n/P_n to a function f whose Taylor series (1) is known, taking into account a known domain D where f is presumed to be analytic (the consequences of a wrong assumption about D are not discussed here, let me just say that convergence still holds in a subset of D defined by a level line of G(z; z_0)).

The approximant is determined by its preassigned denominator P_n and the property f(z) − N_n(z)/P_n(z) = O(|z − z_0|^{n+1}) when z → z_0, i.e., N_n is the truncated Taylor expansion of degree n of the product fP_n.

Such approximants are called Padé-type approximants by C. Brezinski [9] (and Padélike approximants by other authors [5]).

Interpolatory Padé-type approximation, in particular two-point Padé-type approximation has also been investigated [15, 19], as well as approximations based on other than Taylor expansions [12, 31].

On the other hand, Padé approximation is characterized by the removal of any reference to any possible domain of analyticity D, the denominator P_n as well as the numerator N_n are constructed with the coefficients of (1) in such a way to achieve an error of the highest possible order near z_0, usually O(|z − z_0|^{2n+1}). This does not mean that the Padé approximant is better than other ones, nor even that it is good! It simply happens that the Padé construction summarizes parts of valuable works on continued fractions and approximations (by Gauss, Hermite, Stieltjes, Markov, etc., see [11]), but does not contain itself any hint of convergence.

However, as Padé approximation calculations do not require any knowledge on the domain D, they soon became used for exploring functions only known from the coefficients of (1). In particular, sequences of Padé approximants to functions with branchpoints have zeros and poles (often) concentrating on a beautiful net of lines [6, 36, 43], [24, pp. 283– 291] joining these branchpoints in some way (the usual principal value cuts [27] for most elementary functions), and convergence occurs (in a weak sense) in the domain D_{Padé} bounded by these lines (Padé cuts). The domain D_{Padé} associated to f is such that (D_{Padé} − z_0)^{−1} has a boundary of minimal capacity (see [36, 43, 44] for a survey and main results; least capacity property is already discussed in [4, p.192] with credit to J.

Nuttall). In fortunate cases, the rate of convergence is

|ρ_{Padé}(z)| = exp(−2G_{Padé}(z; z_0)), (12)

but has only been proved in general in a weak sense, in capacity: if ε(z) is the error of the n^{th} degree approximant, the subset of D_{Padé} where |ε(z)|^{1/n} > |ρ_{Padé} (z)| has capacity → 0 when n → ∞.

Recently, a similar discrepancy between proved knowledge and expected performance has been partially solved [38]: best rational approximation error norms ε_n on a compact K ⊂ D were known to satisfy lim sup_{n→∞} ε^{1/n}_n 6 ρ^{1/2} (with a ρ similar to the right-hand side of (12), but with G(z; z_0) replaced by an appropriate harmonic measure). The result can not be improved, as, given D and K, there are functions for wich the lim sup is actually this ρ^{1/2}. However, most of of the ε_n’s are expected to be much smaller than ρ^{n/2}, and to behave essentially like ρ^n. Stahl [44, eq. (7.7) p. 630] gives classes of functions for which the limit of ε^{1/n}_n is indeed ρ, but Prokhorov [38] succeeded to prove that one has always lim sup_{n→∞}(ε_1 . . . ε_n)^{2/n2} 6 ρ, a deep and clever new way to look at error behaviour. One may wonder if a similar enhancement will be achieved in Padé convergence theory . . .

4 Optimal Padé-type cuts for functions with branch points.

Variation of Padé-type cuts would never have been imagined if experiments would not have been performed with Padé approximants of functions with branch points. Padétype approximation would not even bear this name, it would still be called “rational approximation with preassigned poles”, as Walsh [48] calls it.

The need to move cuts appeared when one encountered Padé approximants with lines of zeros and poles dangerously near the region of interest, or even exactly upon this region [16, 28]!

One may then perform a nonlinear change of variable in the series (1) [28, 29], or even choose a new z_0 if we can afford it [16], [24, p.291].

Padé-type approximation allows to create a system of cuts bounding a domain D where convergence can be controlled [5, 6, 29]. In order to have the best possible performance at a fixed point z, we see from (11) that we have to arrange the cuts so that G(z; z_0) is maximized. Only necessary conditions will be examined here:

Proposition .1 Let the domain D be bounded by one or several smooth arcs ( cuts) C, and z and z_0 be two fixed points in D. If the cuts are such that the value of the Green function G(z; z_0) is extremal, then the product of the exterior normal derivatives takes equal values on the two sides of C: ∂G(η; z) ∂n_1 ∂G(η; z_0) ∂n_1 = ∂G(η; z) ∂n_2 ∂G(η; z_0) ∂n_2 , ∀η ∈ C. (13)

Figure 4: Variation of cut.

Proof Indeed, from Hadamard’s variation formula [7, p.126], [34, Chap. 1, § 11], [40], the variation of G(z; z_0) is

δG(z; z_0) = 1 2π ∫ Γ ∂G(η; z) ∂n ∂G(η; z_0) ∂n δn(s)ds + o(‖δn‖), where Γ is the limit of a contour including C, and where δn is the variation of C along the exterior normal direction. This means that an integral on Γ is an integral on C performed twice, once on each side of C. As δn takes opposite values on the two sides of C (Fig. 4), (13) follows.

Remark that if z → z_0, (13) is compatible with Stahl’s symmetry characterization [43, 44] of Padé cuts. This is not surprising, as Padé approximation is a limit of best rational approximation on smaller and smaller neighbourhoods of z_0 [47].

Example 2 Let C be the arc of circle of endpoints ±i and midpoint − tan α, with −π/2 < α < π/2 (Fig. 5). Let us show that this C is optimal for a problem with z and z_0 real.

First, we find G(η; ξ) for real ξ through conformal mapping: G(η; ξ) is the real part of log Φ(η; ξ) where Φ(η; ξ) maps the exterior of C on the exterior of the unit disk, with a pole at η = ξ. As exp(−2iα)(η + i)/(η − i) maps C on the exterior of the negative real axis, γ A + exp(−iα) √ (η + i)/(η − i) A − exp(−iα) √ (η + i)/(η − i) maps the exterior of C to the exterior of the unit disk, provided |γ| = 1 and Re A > 0. In order to have a pole at η = ξ, we find A from A = exp(−iα) √ (ξ + i)/(ξ − i), i.e., A = exp(iα) √ (ξ − i)/(ξ + i), as ξ is real. More calculations yield

Φ(η; ξ) =

(η cos α + sin α) √ ξ^2 + 1 + (ξ cos α + sin α) √ η^2 + 1 η − ξ . (14)

The values on the two sides of the cut C correspond to opposite choices of the square root of η^2 + 1 in (14). A convenient change of variable is η = − tan ζ with ζ in the infinite vertical strip α < Re ζ < α + π. Indeed, as we know that exp(−2iα)(i + η)/(i − η) maps the exterior of C to the exterior of the positive real axis, this gives with η = − tan ζ, exp(2i(ζ − α)) not real positive, meaning 0 < Re (ζ − α) < π, with the two sides of C mapped on Re ζ = α and Re ζ = α + π. We now have

Φ(η; ξ) = − sin(α + (δ − ζ)/2) sin((δ + ζ)/2) , where δ is defined by ξ = tan δ.

We now come to the normal derivatives of G(η; ξ) along the two sides of C. As G = 0 on C, ∂G/∂n is the norm of the gradient of G = Re log Φ, so ∂G/∂n = |Φ^′/Φ| = |Φ^′| on C. We find Φ^′ = (dΦ/dζ)(dζ/dη) = − sin(α+δ)/[2(1+η^2) sin^2((δ +ζ)/2)]. Let z = tan β, z_0 = tan β_0 (β and β_0 are the angles between the imaginary axis and the lines joining i to z and z_0 in Fig. 5). In order to check the equality of |Φ^′(η; z)Φ^′(η; z_0)| on the two sides of C, we only have to look at | sin((β + ζ)/2) sin((β_0 + ζ/2)| = | cos((β − β_0)/2) − cos(ζ + (β + β_0)/2)|/2 on Re ζ = α and Re ζ = α + π. This amounts to cos(ζ + (β + β_0)/2) being pure imaginary on Re ζ = α, finally to α + (β + β_0)/2 = π/2.

Figure 5: Circular optimal cut.

The cut is therefore a part of the circle with diameter [− tan α, cot α], the line joining i to cot α bisecting the angle made by the lines joining i to z and z_0 (Fig. 5).

In particular, if z = z_0, z is on the circle containing the Padé cut [4, p. 123]. If z_0 = ∞, z is the center of the circle.

We now come to an alternate description of optimal cuts, through Schiffer’s (interior) variation formula, adapting [2, chap. 7], [7, chap.8, § 3], [40, pp.298–305] , [41]:

Let D be bounded by a system of cuts C joining points b_1, . . . , b_m (the branch points) in some way. We shall consider a family of domains ~D close to D and examine ~G(z; z_0) − G(z; z_0) for each ~D.

For each interior point ξ ∈ D, let us consider Ψ(z; ξ) = z + εe^{iα} B(z) (z − ξ)^m , (15)

where B(z) = (z −b_1 ) . . . (z −b_m ). Let D_η(ξ) be the disk of center ξ and radius η > 0. We suppose that η is small enough so that D_η (ξ) does not intersect C. Therefore η depends on ξ (and ε will depend on ξ too). Let us look at the image of D \ D_η(ξ) under (15): let K_1 = max_{|z−ξ|=η} |B(z)|, as B(z)/(z − ξ)^m is a polynomial in (z − ξ)^{−1}, |B(z)/(z − ξ)^m| is bounded by K_1/η^m when |z − ξ| > η (maximum principle), so that Ψ(z; ξ) is close to z when |z − ξ| > η provided ε > 0 is small with respect to η^m : ε = o(η^m). We define ~D = {Ψ(z) : z ∈ D \ D_η (ξ)} ⋃ D_{K1ε/η}m(ξ). Remark that ~D is still bounded by a system of cuts ~C joining the same points b_1, . . ., b_m. Later on, it will be useful to be sure of a one-one correspondence between z and Ψ(z) when z ∈ D \ D_η (ξ): the equation Ψ(z^′) = Ψ(z) has then only one solution z^′ = z in z^′ ∈ D\D_η (ξ): should z^′ ≠ z be another solution, one should have |[(z^′ −ξ)^{−m}B(z^′)−(z − ξ)^{−m}B(z)]/(z^′ − z)| = 1/ε, impossible if |d[(z − ξ)^{−m}B(z)]/dz| < 1/ε for all |z − ξ| > η, requiring simply a stronger condition of the form ε < K_2η^{m+1} for ε.

We now look at ~G(z; z_0) − G(z; z_0) = ~G(Ψ(z; ξ); Ψ(z_0; ξ)) − G(z; z_0) + ~G(z; z_0) − ~G(Ψ(z; ξ); Ψ(z_0; ξ)).

First, ~G(Ψ(z; ξ); Ψ(z_0 ; ξ)) − G(z; z_0) is harmonic in D \ D_η (ξ) (without singularity at z_0, remember that Ψ(z; ξ) − Ψ(z_0 ; ξ) vanishes only at z = z_0) and vanishes on C. From Green function identities ([2, p.100])

~G(Ψ(z; ξ); Ψ(z_0; ξ)) − G(z; z_0) = − 1 2π ∫ ∂Dȷ (ξ) [ ~G(Ψ(t; ξ); Ψ(z_0; ξ)) ∂G(t; z) ∂n_t − G(t; z) ∂ ~G(Ψ(t; ξ); Ψ(z_0; ξ)) ∂n_t ] |dt| = 1 π Im ∫ ∂Dȷ (ξ) [ ~G(Ψ(t; ξ); Ψ(z_0; ξ))Γ(t; z) − G(t; z)~Γ(Ψ(t; ξ); Ψ(z_0; ξ)) dΨ(t; ξ) dt ] dt,

where Γ(t; z) = ∂G(t; z)/∂t is the analytic function Φ^′(t; z)/(2Φ(t; z)), using G(t; z) =

Re log Φ(t; z). Expanding to first order in ε, one finds

~G(Ψ(z; ξ); Ψ(z_0 ; ξ)) − G(z; z_0) =

2 Re residue at t = ξ of [ εe^{iα}Γ(t; z_0)Γ(t; z) B(t) (t − ξ)^m ] + o(ε). Next, a direct first order expansion yields

~G(z; z_0) − ~G(Ψ(z; ξ); Ψ(z_0; ξ)) = = −ε Re e^{iα} [ Γ(z; z_0) B(z) (z − ξ)^m + Γ(z_0; z)

B(z_0 ) (z_0 − ξ)^m ] + o(ε). The Schiffer variation formula needed here is therefore ~G(z; z_0) − G(z; z_0) = =ε Re e^{iα} [ 2 (m − 1)! d^{m−1} dξ^{m−1} [Γ(ξ; z_0)Γ(ξ; z)B(ξ)] − Γ(z; z_0) B(z) (z − ξ)^m − Γ(z_0; z)

B(z_0 ) (z_0 − ξ)^m ] + o(ε).

A necessary condition for the Green function at z to be stationary with respect to variation of the boundary cuts is therefore

Γ(ξ; z)Γ(ξ; z_0)B(ξ) = Q_1(ξ) −

Γ(z; z_0)B(z) 2(z − ξ) − Γ(z_0; z)B(z_0 )

2(z_0 − ξ)

, (16)

where Q_1 is a polynomial of degree 6 m − 2. The final characterization is

Proposition .2 For a domain D bounded by a system C of cuts joining fixed points b_1, . . . , b_m to be optimal with respect to Padé-type approximation at a fixed point z ∈ D, it is necessary that the function Φ(ξ; z_0) mapping D on the exterior of the unit disk ( or on several copies of the exterior of the unit disk if D is multiply connected [17, p.183-187] [26, p.277]) satisfies a quadratic differential equation

(dΦ(ξ; z_0))^2 Φ(ξ; z_0)[1 − Φ(z; z_0)Φ(ξ; z_0)][Φ(ξ; z_0) − Φ(z; z_0)] = Q(ξ)(dξ)^2 (z − ξ)(z_0 − ξ)B(ξ) , (17)

where B(ξ) = (ξ − b_1) · · · (ξ − b_m), Q is a polynomial of degree 6 m − 2.

Proof Indeed, from (16), Γ(ξ; z)Γ(ξ; z_0)B(ξ) =

Q_2(ξ) (z − ξ)(z_0 − ξ) , where Q_2 is a polynomial of degree 6 m. We write everything in terms of Φ(ξ; z_0): Γ(ξ; z_0) = Φ^′(ξ; z_0)/(2Φ(ξ; z_0)), Φ(ξ; z) maps D on |Φ| > 1 with a pole at ξ = z: Φ(ξ; z) = (1 − Φ(z; z_0)Φ(ξ; z_0))/(Φ(ξ; z_0) − Φ(z; z_0) ([2, p.103] [40, p.301] [41]). So, 2Γ(ξ; z) = [−Φ(z; z_0)/(1 − Φ(z; z_0)Φ(ξ; z_0)) − 1/(Φ(ξ; z_0) − Φ(z; z_0))]Φ^′(ξ; z_0), and (16) follows.

Actually, as ∞ is normally an ordinary interior point of D, any determination of Φ behaves like A + B/ξ + · · · , when ξ is large, with A ≠ 0, so that Γ behaves there like constant /ξ^2, and the degree of Q in (16) is not larger than m − 2.

Quadratic differentials are indeed met in Padé cuts descriptions [36, 43]. The discussion of the solutions of (17) promises to show rich structures [33] (elliptic functions of hyperelliptic integrals). The polynomial Q must probably be such that log Φ has only pure imaginary periods (as in [36, p.186, eq. 3]).

It is not yet clear if (17) actually gives a maximum value for G(z; z_0) = Re log Φ(z; z_0), nor if there are several local maxima.

When |Φ| = 1, the left-hand side of (17) is a negative real number, so that the cut C correspond to Q(ξ)(dξ)^2 (z − ξ)(z_0 − ξ)B(ξ) < 0. For instance, as in the example of section 2, let m = 2, z_0 = 0 and B(ξ) = ξ + 1 (the branchpoints of the function f are −1 and ∞). One has [(z − ξ)ξ(ξ + 1)]^{−1/2}dξ = e^{−iα/2}dt on C, where t is real, and where α is the still unknown phase of the constant Q. A parametric representation of the cut C is therefore ξ(t) = E (e^{−iα/2}t + constant ), where

E is some (Weierstrass-like [1]) elliptic function. As C must join the known branch points

−1 and ∞, the line e^{−iα/2}t + constant , t real, must join the solutions of E (τ_1) = −1 and

E (τ2) = ∞. As E is doubly periodic, τ1 and τ2 are determined up to integer combinations

of the periods. This gives quite a lot (a countable infinity) of possible cuts, which are believed to be optimal with respect to investigation of f in various Riemann sheets (see [24, p.256, p.291]). The subject obviously deserves more developments, which will perhaps be achieved in the future.

Conclusion.

It has first been shown that familiar transformations of Taylor series lead to special rational approximants called Padé-type approximants. Slightly more general transformations are discussed through the usual convergence radius theory and already allow to grasp the principles of construction of best Padé-type approximation to classes of analytic functions, in section 1.

An example of function with branchpoints is then given, with a denominator of best approximant related to Chebyshev polynomials (section 2).

Comparison with Padé approximation results leads to inquiry about the possibility to change domain boundaries (cuts) (section 3).

Elementary steps towards the description of “best cuts” are presented (section 4). It is hoped that more research will lead to more solid theoretical knowledge, and that credible implementation will be tested on some benchmark.

A.P. Magnus / Optimal Padé-type cuts 14

Acknowledgement.

Parts of this study have been presented in invited lectures at the Mathematics Department of the Facultés Universitaires of Namur (Belgium), 1989, and at the Oberwolfach meeting “Constructive Methods in Complex Analysis”, 26 March– 1 April 1995, directed by D. Gaier and R.S. Varga.

The present study benefited much from many discussions with J. Meinguet. Many thanks to the editor, H. Stahl and/or the referee.

References

[1] N.I. Akhiezer, Elements of the Theory of Elliptic Functions, translated from the 2^{nd} Russian edition (Nauka, Moscow, 1970), Transl. Math. Monographs 79, A.M.S., Providence, 1990.

[2] L.V. Ahlfors, Conformal Invariants Topics in Geometric Function Theory, McGraw-Hill, New York, 1973.

[3] A. Ambroladze, H. Wallin, Extremal polynomials with preassigned zeros and rational approximants, preprint.

[4] G.A. Baker, Jr., Essentials of Padé Approximants, Ac. Press, new York, 1975. [5] R.T. Baumel, J.L. Gammel, J. Nuttall, Placements of cuts in Padé-like approximation, J.

Comp. Appl. Math. 7 (1981) 135-140.

[6] R.T. Baumel, J.L. Gammel, J. Nuttall, D.C. Nuttall, The calculation of critical indices by the rational approximation method, J. Phys. A: Math. Gen. 15 (1982) 3233-3240.

[7] S. Bergman, The Kernel Function and Conformal Mapping, Amer. Math. Soc. , Providence, 2^{nd} ed., 1970.

[8] C. Brezinski, private communication, 12 May 1978.

[9] C. Brezinski, Rational approximation to formal power series, J. Approx. Th. 25 (1979) 295-317.

[10] C. Brezinski, Padé-Type Approximation and General Orthogonal Polynomials, Birkhäuser (Int. Ser. Numer. Math. 50), Basel, 1980.

[11] C. Brezinski, History of Continued Fractions and Padé Approximants, Springer, Berlin, 1991.

[12] C. Brezinski, J. van Iseghem, Padé-type approximants and linear functional transformations, pp.100-108 in Rational Approximation and Interpolation, Proceedings, Tampa, Florida, 1983, Springer Lect. Notes Math. 1105 (P.R. Graves-Morris, E.B. Saff & R.S. Varga, editors), Springer, Berlin, 1984.

[13] R. Brück, A. Sharma, R.S. Varga: An extension of a result of Rivlin on Walsh equiconvergence (Faber nodes), pp. 41–66 in R.V.M. Zahar, ed.: Approximation and Computation: A Festschrift in Honor of Walter Gaustschi, Birkhäuser (Int. Ser. Numer. Math. 119), Basel, 1994.

[14] F. Cala Rodriguez, H. Wallin, Padé-type approximants and a summability theorem by Eiermann, J. Comput. Appl. Math. 39 (1992) 15-21.

[15] L. Casasús, P. González-Vera, Two points Padé type approximants for Stieltjes functions, pp. 408–418 in C. Brezinski & al., editors: Polynômes Orthogonaux et Applications, Proceedings, Bar-le-Duc 1984, Springer Lecture Notes Math. 1171, Springer-Verlag, Berlin, 1985.

[16] J.S.R. Chisholm, A.C. Genz, M. Pusterla, A method for computing Feynman amplitudes with branch cuts, J. Comp. Appl. Math. 2 (1976) 73-76.

[17] R. Courant: Dirichlet’s Principle, Conformal Mapping and Minimal Surfaces, Interscience,

A.P. Magnus / Optimal Padé-type cuts 15

New York, 1950.

[18] Yu.A. Danilov, Chebyshev Polynomials (in Russian), Minsk, 1984.

[19] C. Díaz-Mendoza, P. González-Vera, R. Orive, On the convergence of two-point Padé-type approximants, Numer. Math. [to appear] [20] M. Eiermann, On the convergence of Padé-type approximants to analytic functions, J.

Comput. Appl. Math. 10 (1984) 219-227.

[21] M. Eiermann, G. Starke, The near-best solution of a polynomial minimization problem by the Carathéodory-Fejér method, Constr. Approx. 6 (1990) 303-319.

[22] B. Gabutti, An algorithm for computing generalized Euler’s transformations of series, Computing 34 (1985) 107-116.

[23] D. Gaier, Vorlesungen über Approximation im Komplexen, Birkhäuser, 1980 = Lectures on Complex Approximation, ibid., 1987.

[24] J. Gilewicz, Approximants de Padé, Lect. Notes Math. 667, Springer, Berlin, 1978. [25] M. Golomb, Interpolation operators as optimal recovery schemes for classes of analytic functions, pp. 93-138 in C.A. Micchelli, T.J. Rivlin, Editors: Optimal Estimation in Approximation Theory, Plenum Press, New York, 1977.

[26] G.M. Goluzin, Geometric Theory of Functions of a Complex Variable, A.M.S. (Transl. Math.

Monographs 26), Providence, 1969.

[27] W. Kahan, Branch cuts for complex elementary functions or much ado about nothing’s sign bit, pp. 165–211 in A. Iserles, M.J.D. Powell, editors: The State of the Art in Numerical Analysis, Proceedings of the joint IMA/SIAM conference, Birmingham 1986, Clarendon Press, 1987.

[28] S. Klarsfeld, An improved Padé approximant method for calculating Feynman amplitudes, J. Phys. G: Nucl. Phys. 7 (1981) 1-7.

[29] S. Klarsfeld, Padé approximants and related methods for computing boundary values on cuts, pp. 255–262 in M.G. de Bruin, H. van Rossum, eds: Padé Approximation and its Applications, Amsterdam 1980. Lect. Notes Math. 888, Springer-Verlag, Berlin, 1981.

[30] A.P. Magnus, Rate of convergence of sequences of Padé-type approximants and pole detection in the complex plane, pp. 300–308 in M.G. de Bruin, H. van Rossum, eds: Padé Approximation and its Applications, Amsterdam 1980. Lect. Notes Math. 888, Springer- Verlag, Berlin, 1981.

[31] A.C. Matos, Some convergence results for the genelarized Padé-type approximants, to appear in Numer. Algorithms.

[32] C.A. Micchelli, T.J. Rivlin, A survey of optimal recovery, pp. 1-54 in C.A. Micchelli, T.J. Rivlin, Editors: Optimal Estimation in Approximation Theory, Plenum Press, New York, 1977.

[33] C.D. Minda, B. Rodin, Extremal length, extremal regions and quadratic differentials, Comment. Math. Helvetici 50 (1975) 455-475.

[34] Z. Nehari, Conformal Mapping, McGraw-Hill, 1952 = Dover, New York, 1975. [35] W. Niethammer, Numerical application of Euler’s series transformation and its generalizations, Numer. Math. 34 (1980) 271-283.

[36] J. Nuttall, Sets of minimum capacity, Padé approximants and the bubble problem, pp.

185–201 in C. Bardos, D. Bessis, eds: Bifurcation Phenomena in Mathematical Physics and Related Topics, Proceedings NATO ASI Cargèse, 1979, NATO ASI Ser. C 54, D. Reidel, Dordrecht, 1980.

[37] S. Paszkowski, Polynômes et séries de Tchebichev, Report ANO 140, Univ. Lille1, July 1984.

[38] V.A. Prokhorov, Rational approximation of analytic functions, Russ. Akad. Nauk Matem.

Sb. 184 (1993) (in Russian) = Russian Acad. Sci. Sb. Math. 78 (1994) 139-164.

[39] T.J. Rivlin, Chebyshev Polynomials, From Approximation Theory to Algebra and Number Theory, 2^{nd} edition, Wiley, New York, 1990.

A.P. Magnus / Optimal Padé-type cuts 16

[40] M. Schiffer, Somme recent developments in the theory of conformal mapping, Appendix to R. Courant: Dirichlet’s Principle, Conformal Mapping and Minimal Surfaces, Interscience, New York, 1950.

[41] M. Schiffer, Extremum problems and variational methods in conformal mapping, pp. 211– 231 in J.A. Todd, editor: Proceedings of the International Congress of Mathematicians 1958, Cambridge U.P., 1960.

[42] R.E. Scraton, The practical use of the Euler transformation, BIT 29 (1989) 356-360. [43] H. Stahl, Three different approaches to a proof of convergence for Padé approximants, pp.

79-124 in J. Gilewicz, M. Pindor, W. Siemaszko, eds: Rational Approximation and its Applications in Mathematics and Physics, Proceedings, Łancut 1985, Lect. Notes Math.

1237, Springer, Berlin, 1987.

[44] H. Stahl, General convergence results for rational approximants, pp. 605–634 in C.K. Chui, L.L. Schumaker and J.D. Ward, eds.: Approximation Theory VI, vol. II, Ac. Press, Boston, 1989.

[45] J. van Iseghem, Best choice of the pole for the Padé-type approximant of a Stieltjes function.

Extrapolation and rational approximation, Numer. Algorithms 3 (1992) 463-475. [46] A. van Wijngaarden, Wetenschappelijk rekenen B: Proces analyse, Lecture Notes (in Dutch), Stichting Math. Centrum, Amsterdam, 1965.

[47] J.L. Walsh, Padé approximants as limits of rational functions of best approximation, J.

Math. Mech. 13 (1964) 305-312.

[48] J.L. Walsh, Interpolation and Approximation by Rational Functions in the Complex Domain, 4^{th} edition, Amer. Math. Soc., Providence, 1965.

[49] H. Widom, Rational approximation and n�dimensional diameter, J. Approx. Th. 5 (1972) 343–361.