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Abstract

Numerical methods that are usually employed in ocean modelling are typically finite-difference, finite
and spectral-element techniques. For most of these methods the coupling between the momentum and con-
tinuity equations is a delicate problem and it usually leads to spurious solutions in the representation of
inertia-gravity waves. The spurious modes have a wide range of characteristics and may take the form
of pressure (surface-clevation), velocity and/or Coriolis modes. The modes usually cause aliasing and an
accumulation of energy in the smallest-resolvable scale, leading to noisy solutions. The Fourier analysis
has proven practical and beneficial to describe the spurious solutions of several classical schemes. However
it is restricted to uniform meshes on which the variables are regularly distributed. In this paper, a linear
algebra approach is proposed to study the existence and the behaviour of stationary spurious modes asso-
ciated with zero frequency, for some popular finite-difference and finite-element grids. The present
approach is performed on uniform meshes but it applies equally well to regular as well as unstructured
meshes with irregular geometry for the finite-element schemes.
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1. Introduction

The shallow-water equations are of considerable importance for a variety of problems of coastal
and environmental engineering, including oceanic, atmospheric and groundwater flows. Oce-
anic models typically employ gridpoint, finite and spectral-element techniques. However, most
of these methods may lead to spurious solutions in the representation of inertia-gravity waves
(Batteen and Han, 1981; Williams, 1981), when solving the shallow-water and Navier—Stokes
equations.

Walters and Carey (1983) investigated the nature of spurious pressure modes by means of a
one-dimensional Fourier analysis of the linearized shallow-water equations. They found that spu-
rious solutions may arise from the coupling of the momentum and continuity equations when
representing inertia-gravity waves. This problem is encountered in both finite-difference and fi-
nite-element formulations. Its severity depends upon the placement of velocity and surface-eleva-
tion (or pressure) variables on a mesh, and upon the choice of appropriate basis functions for
finite-element discretizations.

The spurious modes usually take the form of surface-elevation, velocity and/or Coriolis modes.
They are small-scale artifacts introduced by the spatial discretization scheme which do not prop-
agate but are trapped within the model grid, and associated with zero frequency. If the spurious
solutions are left undamped, they can cause an accumulation of energy in the smallest-resolvable
scale, leading to noisy solutions.

For example, subject to the no-slip boundary condition the B-grid (Mesinger and Arakawa,
1976) exhibits surface-elevation modes and hence a checkerboard pattern of noise in both the
gravity wave and inertial limits, while the C-grid (Mesinger and Arakawa, 1976) is prone to Cori-
olis modes in the inertial limit only, provided the grid resolution is low relative to the Rossby ra-
dius of deformation (Walters and Carey, 1984). The finite-element pairs P1—P; and P1—P, (Brezzi
and Fortin, 1991) suffer from surface-clevation modes in a similar manner as for the A- and B-
finite-difference grids (Walters and Carey, 1983; Le Roux et al., 1998). The B- and C-grids and
the P;—P; and P;—P, pairs are described later in Section 3.

Attention has been focused almost exclusively on the spurious surface-elevation modes since
these were argued to be the most troublesome (Walters and Carey, 1983). A number of arguments
have been advanced to explain their origin and to provide a basis for selecting grids that perform
well. This has resulted in several strategies using the following methods: mixed-order finite-element
interpolation (Walters and Cheng, 1980; Walters, 1983), equal-order elements with variables car-
ried at sets of points staggered in space (Williams, 1981; Hua and Thomasset, 1984), vorticity and
divergence instead of velocity in the momentum equations (Staniforth and Mitchell, 1977) and
wave-equation (Lynch and Gray, 1979) and Petrov—Galerkin (Hughes et al., 1986) formulations.

The Fourier analysis has proven practical and beneficial to describe the spurious solutions of
several classical finite-difference and finite-element schemes (Walters and Carey, 1983). However,
it is restricted to uniform meshes on which the variables are regularly distributed.



D.Y. Le Roux et al. | Ocean Modelling 10 (2005) 83-94 85

Triangular finite-elements are attractive for ocean modelling due to their inherent flexibility for
representing irregular boundaries and for local mesh refinement. However, the finite-element
method has not been widely used in ocean modelling to date. This is because the ocean modelling
community has been using finite-difference techniques for a long time and did not invested signif-
icant efforts to develop finite-element approaches.

For most of existing finite-element schemes the occurrence of spurious solutions is implicitly
linked to an imbalance in the number of degrees of freedom between the discrete surface-elevation
and the two components of the discrete velocity vector (Le Roux et al., 1998). It is then crucial to
describe the behaviour of the spurious modes and their impact on the quality of the numerical
solution, and possibly try to cure them. On structured meshes, macro element techniques (Brezzi
and Fortin, 1991) may permit to “eliminate’ the spurious modes. On unstructured meshes this is
usually more difficult, and appropriate filtering techniques or the use of artificial dissipation are
usually employed.

This paper is a first step towards the understanding of the behaviour of spurious solutions that
may arise on unstructured grids. In order to do so, a linear algebra approach is proposed to study
the existence and the behaviour of stationary spurious modes associated with zero frequency, for
some popular finite-difference and finite-element grids. The present approach is performed on uni-
form meshes but it applies equally well to regular as well as unstructured meshes with irregular
geometry for the finite-element schemes. The two-dimensional linearized form of the shallow-
water equations are used in their inviscid and viscous forms, with appropriate boundary condi-
tions, including the Coriolis terms.

The paper is organized as follows. The model equations are presented in Section 2. The discrete
spurious modes are then examined in Section 3 for several popular finite-difference and finite-ele-
ment schemes, in both inviscid and viscous cases. In Section 4, some concluding remarks complete
the study.

2. The shallow-water model
2.1. Governing equations

Let Q be the model domain with boundary I'. The inviscid linear shallow-water equations are
expressed in Cartesian coordinates (LeBlond and Mysak, 1978) as

u + fk xu+gVy =0, (1)

n,+HV -u=0, (2)

where u = (u,v) is the horizontal velocity field, # is the surface-elevation with respect to the refer-
ence level z = 0, fand g are the Coriolis parameter and gravitational acceleration, respectively; k is
a unit vector in the vertical and the mean depth H is assumed constant. Note that # plays the role
that pressure plays in the Navier—Stokes equations. For a contained flow, Egs. (1) and (2) are
solved subject to the no-normal flow boundary condition

u-n=0 onT, (3)

where n is the outward pointing normal at the boundary.
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2.2. The free modes

In the continuum case the free modes of (1) and (2) are examined by perturbing about the basic
state u = v =15 = 0. We seek solutions of (1) and (2) of the form (u,v, %) = (&, 7, 7)e!**++) where
k and / are the wave numbers in the x- and y-directions, respectively, and w is the angular fre-
quency. Substitution into (1) and (2) then leads to a square matrix system for the Fourier ampli-
tudes i1, 0, 7. For a non-trivial solution to exist, the determinant of the matrix must equal zero, and
this constraint leads to the following dispersion relation for the frequency

o(w® — 2 —gH(K* + I*)) = 0. (4)

The first solution w = 0 is the geostrophic mode and it would correspond to the slow Rossby mode
on a f-plane, while the other two solutions w = * (f> + gH(k* + 1?))""? correspond to the free-sur-
face gravitational modes with rotational correction. Since w is purely real, all modes are neutrally
stable and neither amplify nor decay.

3. Examination of the spurious discrete modes
3.1. A Fourier approach

Walters and Carey (1983) examined the numerical dispersion relations of the shallow-water and
the compressible Navier—Stokes equations using a Fourier approach. For a given spatial scheme,
in which the velocity and surface-elevation variables are uniformly distributed on a regular mesh,
a set of selected discretized equations is obtained. Solutions of the form (u,v,n) =
(it, 0, 77)e ™ +0+e) are again sought. Substitution into the selected discretized equations leads to
a square matrix system for the Fourier amplitudes #, o, #. For a non-trivial solution to exist,
the determinant of the matrix must equal zero. This constraint leads to a dispersion relation
for the frequency, from which the eigensolutions may then be obtained analytically using appro-
priate boundary data. In their study, where the Coriolis effects are not considered, Walters and
Carey (1983) described two basic sets of spurious modes.

For the first set, the velocity field is zero and non-constant elevation/pressure functions lie in the
null space of the discrete gradient operator. Solution uniqueness is then lost since any multiple of
a spurious mode can be added to any solution of the discrete equations and still satisfy them. It
was also noted that this family of spurious modes is common to discretizations of both the shal-
low-water and the (compressible or incompressible) Navier—Stokes equations. For solution
uniqueness, the null space of the discrete gradient operator must only contain constant surface-
elevation functions, reflecting the fact that surface elevation is only determined to within an arbi-
trary additive constant, determined by fixing the surface-elevation reference level.

The second set of possible modes are those for which the elevation is zero and the velocity field
is in the null space of the discrete divergence operator. Having noted their possible existence, little
else is said about them in Walters and Carey (1983). Attention is focused almost exclusively on the
spurious elevation modes of zero velocity, since these are argued to be the most troublesome. The
occurrence of such spurious elevation solutions has been observed in a variety of finite-difference
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(Walters and Carey, 1984) and finite-element (Walters, 1983; Le Roux, 2001) approximations to
the shallow-water equations.

The Fourier analysis is restricted to uniform meshes on which the variables are regularly dis-
tributed. As a first step towards the understanding of the behaviour of spurious solutions on
unstructured meshes, a linear algebra approach is now investigated, including the Coriolis effects.

3.2. A linear algebra approach

The linear algebra approach described herein is based on the study of the discrete operators
(e.g. gradient, divergence, Coriolis) obtained by discretizing (1) and (2) in time and space. The
velocity and surface-elevation components of the spurious solutions, if they exist, are then
searched in the null space of these discrete operators. As previously mentioned, such a study ap-
plies equally well to uniform as well as unstructured meshes with irregular geometry. As a first
step, only uniform meshes will be considered in the following.

For a given time step Az = /"' — ¢ we introduce a general time discretization scheme of the
form
un+1 - n+1 n n+1 n
—y R Qut L= yut) g oV [T - o] Vi') = 0, (5)
’,anrl _ nn
T—i—H(och”“—i—[l—cx]Vu"):O (6)

with 0 <a <1 and 0 <y < 1. Observe that « =7 =0,1/2,1 yield the respective forward Euler,
Crank—Nicolson and backward Euler type schemes.
Egs. (5) and (6) are then discretized in space and rewritten in matrix form as

AX"! = BX" (7)
with X" = (uf,...,u},n},...,n},) at time ¢* and
M" ++9C oG M - 1C - 1G
4= (MY g o (M NE (10
oD M (—1)D M

where M", M" are the velocity and surface-elevation mass matrices, respectively, and C, G, D are
the Coriolis, gradient and divergence discrete operators, respectively.

The surface-elevation, velocity and Coriolis spurious modes are specific eigenmodes associated
with zero frequency. Hence, those modes have a zero phase speed, they do not propagate but are
trapped within the model grid. We thus search for stationary eigenvectors X = (uy,...,
Uy, 1, - ., M), such that X' = X" associated with the generalized eigenvalue problem

AX = 1BX, (8)
where 4 = 1. Eq. (8) then leads to
AX =BX, ie. (A-B)X=0, 9)

or, equivalently
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(CN,N GN,M)(“:’) _ (0> (1())
Duny  Omum n; 0

withi=1,...,Nandj=1,..., M, independently of the parameters « and y and the mass matrices
M" and M".

We also let E=(CD)".

We now introduce the schemes that are used for the spatial discretization. Eight candidate fi-
nite-element pairs and finite-difference grids (shown in Fig. 1) for representing velocity and sur-
face-elevation are described and evaluated in the remainder of this paper. In particular, their
ability to approximate the shallow-water system in a spurious mode-free manner is investigated
using structured meshes. The grids employed correspond to biased right isoceles triangles for
the finite-element pairs and regular squares for the finite-difference grids.

The two candidate finite-difference grids are the classical B- and C-grids of Mesinger and Arak-
awa (1976). For both schemes the elevation field is carried at the center of the computational cells,
and the elevation and velocity variables are staggered in space. For the B-grid the two components
of the velocity field are located at the cell corners, while the normal velocities are carried at cell
edge midpoints for the C-grid.

Conventional finite-element terminology is adopted to describe the six candidate triangular fi-
nite-element pairs of this study. The nomenclature P,—P, means that velocity components and
surface elevation are, respectively, represented as piecewise-defined polynomials of degree m
and n. Enhancements of this basic terminology are introduced as needed. Five finite-element
velocity/surface-elevation pairs denoted PP, PY“-P,, P, iso Py-P;, P»~P; and MINI are first
described. Common to all five is a piecewise-linear continuous representation of surface-elevation
and they differ from one another in their representation of velocity.

The P,—P; pair has velocity and surface-elevation nodes co-located at triangle vertices and the
corresponding basis functions are piecewise-linear. The PY“~P; pair (Hua and Thomasset, 1984;
Le Roux, submitted for publication), has velocity nodes at triangle edge midpoints and linear

B grid C grid P, - P, P, - P,
O o O |
MINI P,- P, Pl isoP, - P; PNC - P,

Fig. 1. Two finite-difference grids and six finite-element pairs are presented. The symbols (@) and (O) indicate velocity
and surface-elevation nodes, respectively, while the symbol ([J) indicates normal velocity nodes.
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basis functions are used to approximate the two velocity components on the element’s two-trian-
gle support. Since this particular representation of velocity is only continuous across triangle
boundaries at midpoint nodes, and discontinuous everywhere else around a triangle boundary,
this element is termed non-conforming (NC) in the finite-element literature. The P; iso P>—P; ele-
ment pair (Bercovier and Pironneau, 1991) has piecewise linear basis functions for velocity on a
refined triangulation obtained by dividing each triangle into four subtriangles using the midpoints
of triangle sides. There are thus 6 velocity nodes over each unrefined triangle, the same as for a
quadratic approximation of velocity, termed P,. The designation P; in P; iso P, denotes linear
velocity elements on subtriangles, whereas iso P, indicates that the nodal placement is that asso-
ciated with quadratic elements on unrefined triangles. The P,—P; pair (Hood and Taylor, 1974)
has quadratic velocity basis functions while the MINI element has continuous piecewise-linear
basis functions at the vertices and bubble functions at the barycenters for velocity (Arnold
et al., 1984).

Finally, the last finite-element pair, the P—P, pair, has linear basis functions for velocity but
discontinuous piecewise-constant basis functions for surface-elevation.

The eight finite-element and finite-difference schemes are now used to compute the dimension of
the null space of the following matrices: G, D, C, A-B for /= 0 and f # 0, and E. The calculations
are carried out using the numerical linear algebra routines of MATLAB and they are performed
on a uniform 15 x 15 Cartesian mesh made up of 196 quadrilaterals or 392 biased right isoceles
triangles. The no-normal flow boundary condition (3) is used and the results are summarized
in Table 1. It should be noted that the numerical values used for the parameters (f=10"*s!
g=9.81ms % H=100m, Ax = Ay = 20km), have no impact on the results.

b

3.2.1. Surface-elevation modes

Spurious surface-elevation modes correspond to the elevation part of the eigensolutions in (10)
having zero velocity components. Hence, they are non-constant eigenvectors lying in the null
space of the discrete gradient operator. Solution uniqueness is then lost since any multiple of a
spurious mode can be added to any solution of the discrete equations and still satisfy them.

Table 1

Dimension of the null space of the matrices: G, D, C, A-B for /=0 and f # 0, and E on a uniform 15 x 15 Cartesian
mesh made up of 196 quadrilaterals. The inviscid case is considered with u'n =0 on I'. The first column refers to the
finite-difference grid or the finite-element pair type, while columns 2 and 3 indicate the number of velocity (N) and
elevation (M) unknowns, respectively

Mesh 15x 15 N M G D C ABf=0 A-Bf#0 E
PP, 390 392 15 13 0 28 28 0
PP, 390 225 4 169 0 173 127 0
C-grid 364 196 1 169 26 170 170
B-grid 390 196 1 195 52 196 146
PYC_p, 1176 225 1 952 56 953 171
MINI 1174 225 1 950 0 951 125 0
Py-P, 1566 225 1 1342 0 1343 87 0
P, iso Py-P, 1566 225 1 1342 0 1343 87 0
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Among the schemes examined in Table 1, only the finite-element pairs P—Py and P;—P; exhibit
elevation modes since the null space of their discrete gradient operator is more than one-dimen-
sional. The dimension of the null space increases with increasing grid resolution for the P,—P, pair
while this is not observed for the P—P; pair. This is due to the fact that there are twice as many
discrete continuity equations for the P;—Py pair than discrete momentum equations to satisfy
them. For the other finite-element pairs and finite-difference grids the null space of the discrete
gradient operator is one-dimensional. The corresponding eigenvector is the hydrostatic mode,
which can be simply considered as a constant of integration associated with the solution of the
governing equations.

3.2.2. Coriolis modes

Coriolis modes may be defined as the velocity part of the eigensolutions in (10) having zero (or
constant) surface-elevation components. They are thus non-constant eigenvectors lying in the
intersection of the null spaces of the discrete Coriolis and divergence operators, i.e. the null space
of E, and they correspond to the inertial limit case.

In Table 1, it is observed that only the finite-difference B- and C-grids and the finite-element
pair PY°~P; may generate spurious Coriolis modes. Indeed, the null space of the discrete Coriolis
operator is zero-dimensional for the other pairs. The last column in Table 1 gives the dimension of
the null space of E. It thus appears that the B- and C-grids and the PY°~P; pair only exibit one
Coriolis mode each, and this result is independent of the grid resolution. However, the Coriolis
spurious mode associated with the C-grid is quite different from those of the B-grid and the
PYC-P, pair.

Indeed, because the mass matrices for the PY°~P; pair and the B-grid are diagonal, the strong
enforcement of the no-normal flow boundary condition introduces several lines of zero entries in
the Coriolis matrix, and those exactly coincide with the number of boundary nodes. Hence, the
null space of the discrete Coriolis operator corresponds to the number of boundary nodes for
the B-grid and the PY°-P; pair. As a result, those schemes exhibit a Coriolis mode having non-
zero tangential velocities at the boundary nodes of the domain and zero velocities elsewhere.
The spurious mode takes the form of a curl vector propagating around the boundary. Some ele-
mentary calculations show that this type of Coriolis mode is easy to compute and filter, even for
the PY“~P| pair on unstructured meshes with irregular boundaries.

The Coriolis mode associated with the C-grid is mainly due to the spatial averaging of the Cori-
olis terms on the grid and it behaves quite differently. Indeed, this mode takes the form of a set of
identical cells located around some interior points obtained by joining the horizontal and vertical
lines defining the grid. Let (7, /) the position of such a point. The cells are then defined by
v(i+3,7) =1, u(i,j+4%) =—1, v(i—4,j) =—1 and u(i,j —§) = 1. To circumvent the Coriolis
modes of the C-grid in the inertial limit, the C-D grid has been introduced (Adcroft et al.,
1999). It consists of augmenting the C-grid variables with D-grid velocity variables.

3.2.3. Velocity modes

The last kind of stationary spurious modes that are now examined are termed velocity modes.
To date, those modes do not seem to have been thoroughly examined. Velocity modes may be
defined as the velocity part of the eigensolutions in (10) having non-constant surface-elevation
components.
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When f=0, then C=0 in (10), and the dimension of the null space of (A-B) is simply the
dimension of the null space of G plus the dimension of the null space of D, which is easily observed
in Table 1. In this case the eigensolutions have constant surface-elevation components if the
scheme is free of elevation modes and non-constant surface-elevation components otherwise.
The velocity part of the eigensolutions lies in the null space of the discrete divergence operator
and may thus contain curl vectors (which are highly desirable) and true spurious solutions as well.

When f # 0, Table 1 shows that the dimension of the null space of (A-B) is considerably re-
duced, except for the C-grid and the P;—P, pair. Some long and tedious algebra shows that the
dimensions of the discrete divergence and curl operator exactly coincide for the C-grid. Hence,
each velocity vector lying in the null space of the divergence operator may be written in the form
of a curl vector of some scalar function, at the discrete level. Note this property comes in part
from the fact that after applying the no-normal flow boundary condition there are no remaining
velocity unknowns on the boundary. The image of the curl vector by the Coriolis operator be-
haves like a gradient, and because the null space of the gradient operator is one-dimensional this
explain why the Coriolis term has no effect upon the null space of (A-B) for the C-grid.

For the B-grid and the other finite-element pairs of Table 1, the null space of (A-B), even re-
duced by the influence of the Coriolis operator, may still contains spurious modes among the
desirable curl vector solutions. In order to estimate the number of spurious modes for the schemes
of Table 1, the dimension of the discrete curl operator has to be determined. The main difficulty is
to take into account the influence of the boundary at the discrete level. This will be the object of a
further study.

3.3. The viscous case

We now consider the viscous linear shallow-water equations in Cartesian coordinates

u + fk xu+gVn —vAu =0, (11)
’7[+Hv.u:0’ (12)

subject to the no-slip boundary condition u =0 on I', where v is a positive diffusivity parameter.
As for the inviscid case, the system (11) and (12) is then discretized in time and space and rewritten
on the matrix form

<LN,N+CN,N GN,M)(“[) _ <0> (13)

Du v Omr / \ 1) 0
withi=1,...,Nandj=1,... M, and L represents the discrete Laplacian matrix.

We also let F = (LD)".

The eight finite-element and finite-difference schemes proposed earlier are used to compute the
null space of the following matrices: G, D, C, A-B for f= 0 and f # 0, and F. The grid and param-
eters are the same as those used earlier to compute the results of Table 1, except that the no-slip
boundary condition is now imposed with v = 500m?s~". The results are summarized in Table 2.

As for the inviscid case the finite-element pairs P;—Py and P;—P; exhibit elevation modes since
the null space of their discrete gradient operator is again more than one-dimensional. But
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Table 2

Dimension of the null space of the matrices: G, D, C, A-B for f=0 and f # 0, and F on a uniform 15 x 15 Cartesian
mesh made up of 196 quadrilaterals. The viscous case is considered with u =0 on I'. As for Table 1, columns 2 and 3
indicate the number of velocity (V) and elevation (M) unknowns, respectively

Mesh 15 x 15 N M G D C ABf=0 A-Bf#0 F
B-grid 338 196 2 144 0 2 2 0
PP, 338 392 54 0 0 54 54 0
PP 338 225 8 125 0 8 8 0
C-grid 364 196 1 169 26 1 1 0
MINI 1122 225 1 898 0 1 1 0
PNC_p, 1120 225 1 896 0 1 1 0
P, P, 1458 225 1 1234 0 1 1 0
P, iso P»-P, 1458 225 1 1234 0 1 1 0

contrary to the inviscid case the B-grid has now 2 spurious surface-elevation modes since those are
no longer linked by the no-normal flow boundary condition. Note that only the null space of P—
P, increases with increasing grid resolution. For the other finite-element pairs and finite-difference
grids the null space of the discrete gradient operator is one-dimensional and it just contains the
hydrostatic mode.

In Table 2, it is observed that the B-grid and the PY“~P; pair do not exhibit Coriolis modes
contrary to the inviscid case. This is due to the no-slip boundary condition which prevents the
appearance of lines of zero entries in the Coriolis matrix, since there are no longer velocity un-
knowns lying on the boundary. However, the Coriolis mode associated with the C-grid, and
due to the spatial averaging of the Coriolis terms on the grid, is still present and it remains un-
changed in the viscous case. Note the dimension of the null space of E is still one for the C-grid.

Finally, the dimension of the null space of (A-B) in Table 2 remains the same in the case /=0
and /" # 0, which indicates that the Coriolis terms have no effect upon the results. Further, the null
space of (A-B) exactly coincides with the null space of the discrete gradient operator. Conse-
quently, the null space of (A-B) just contains the hydrostatic mode for the MINI, PY°-P,, P>~
P, and P; iso P,—P; pairs. For each of those pairs, the multiple zero eigenvalue of (A-B) present
in the inviscid case has been split into a number of non-zero eigenvalues under the influence of the
discrete Laplacian operator. However, the numerical impact of the viscosity on the velocity
modes, when they exist, is still unclear and this has not been yet precisely determined. Note the
dimension of the null space of F is zero for all the finite-difference grids and finite-element pairs
examined here.

4. Conclusion

Most of the numerical methods that are used in ocean modelling poorly approximate the rep-
resentation of inertia-gravity waves and usually lead to spurious solutions. The spurious modes
may take the form of surface-elevation, velocity and/or Coriolis modes, and have dramatic effects
upon the existence and the quality of the numerical solution. The occurrence of spurious modes is
a manifestation of loss of convergence.
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In this paper, a linear algebra approach is proposed to study the behaviour of spurious solu-
tions that may arise from the linearized form of the shallow-water equations. The existence
and the behaviour of stationary spurious modes associated with zero frequency are addressed
for some popular finite-difference and finite-element grids in both the inviscid and viscous cases.

Spurious velocity modes do not seem to have been thoroughly examined in the past. In order to
better identify them and describe their behaviour more accurately, we have suggested to determine
the null space of the discrete curl operator for a given numerical scheme. Further, there also exists
non-stationary spurious solutions, e.g. inertial modes, that have not been examined in the present
paper. All these issues will be the object of a further study.
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