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A CHEBYSHEV PSEUDOSPECTRAL METHOD TO SOLVE THE
SPACE-TIME TEMPERED FRACTIONAL DIFFUSION EQUATION∗

EMMANUEL HANERT† AND CÉCILE PIRET‡

Abstract. The tempered fractional diffusion equation is a generalization of the standard frac-
tional diffusion equation that includes the truncation effects inherent to finite-size physical domains.
As such, that equation better describes anomalous transport processes occurring in realistic com-
plex systems. To broaden the range of applicability of tempered fractional diffusion models, efficient
numerical methods are needed to solve the model equation. In this work, we have developed a
pseudospectral scheme to discretize the space-time fractional diffusion equation with exponential
tempering in both space and time. The model solution is expanded in both space and time in terms
of Chebyshev polynomials and the discrete equations are obtained with the Galerkin method. Nu-
merical examples are provided to highlight the convergence rate and the flexibility of this approach.
The proposed Chebyshev pseudospectral method yields an exponential rate of convergence when the
solution is smooth and allows a great flexibility to simultaneously handle fractional time and space
derivatives with different levels of truncation. Our results confirm that nonlocal numerical methods
are best suited to discretize fractional differential equations as they naturally take the global behavior
of the solution into account.
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1. Introduction. Anomalous diffusion models provide a better description of
transport processes taking place in complex heterogeneous systems (see, for instance,
[27, 28, 2] and the references therein). These models rely on fractional-order deriva-
tives to represent the observed superlinear or sublinear growth of the variance of
the variable of interest. The former corresponds to superdiffusion and the latter to
subdiffusion. Superdiffusion is typically characterized by spatially nonlocal transport
(i.e., large displacements) and modeled by a fractional diffusion term. Subdiffusion
is characterized by temporally nonlocal transport (i.e., memory effects) and modeled
by a fractional time derivative. Anomalous diffusion models are the fluid limit of a
continuous time random walk with a heavy-tailed power-law probability distribution
function (PDF) for both the displacements and the waiting times. The slow power-
law decay of these distributions leads to diverging moments in both space and time,
which can be problematic from a physical point of view. Indeed, for most practical
applications, there are upper bounds on the displacements that a particle can make or
on the waiting times between these displacements. These upper bounds should thus
be taken into account by the model.

One way to recover finite moments is to truncate the displacements and waiting
time PDFs beyond a certain threshold corresponding to the limits of the physical
system. Truncated Lévy processes were first introduced by Mantegna and Stanley
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[23] and Koponen [16] to eliminate arbitrarily large displacements. Exponentially
tempered Lévy processes were proposed by Rosiński [36] as a smoother alternative.
In that case, the sharp cutoff is replaced by a smooth exponential damping of the tails
of the displacement PDF. Exponentially tempered Lévy processes lead to a tempered
fractional diffusion equation in the fluid limit [5, 1]. Following the same approach,
the waiting times between particle displacements can be tempered as well. In the
fluid limits, it leads to a fractional diffusion equation with a tempered time derivative
[26]. By tempering displacement and waiting time PDFs, one obtains a space-time
tempered fractional diffusion equation that yields convergent moments in both space
and time [43] and whose dynamics ultimately converges to normal diffusion [5, 26].
Tempering therefore modifies the dynamics of systems driven by anomalous diffusion
[8, 18] and appears to be better suited for practical applications [6, 44].

The application of tempered fractional diffusion models to realistic problems
strongly depends on the numerical schemes available to solve the model equation. So
far, Lagrangian particle tracking methods and Eulerian finite difference (FD) schemes
have been proposed to solve that equation [26, 1, 45]. Here, we will not consider
Lagrangian methods but only focus on Eulerian ones. The FD scheme of [26, 1, 45]
is an extension of the scheme proposed by [24, 25, 37] to discretize the fractional
diffusion operator without tempering. The same approach can be used to discretize
the fractional time derivative [22, 33, 7]. Some numerical schemes using low-order
finite elements (FE) have also been proposed [11, 35, 14] to discretize the fractional
diffusion term without tempering. Since fractional derivatives are nonlocal operators,
FD and FE schemes generate large, full coefficient matrices. They require a com-
putational cost of O(n3) and storage of O(n2), where n is the number of degrees of
freedom. To reduce the computational burden, Wang and others recently proposed
a fast FD method based on the method of [24, 25] that only requires a storage of
O(n) and a computational cost of O(n log2 n) [40, 39]. The computational cost has
been further reduced by Pang and Sun, who achieved O(n log n) by using a multigrid
method [29].

Another approach to design an efficient numerical scheme is to discretize these
nonlocal differential operators with nonlocal numerical methods. Hence, the global
behavior of the solution can be naturally taken into account and the computational
cost is not substantially increased when moving from a second-order to a fractional-
order diffusion model. Following that approach, pseudospectral (PS) methods based
on expansions of the model solution in terms of Chebyshev, Jacobi, or Mittag–Leffler
basis functions have been proposed to discretize the space and/or time fractional
diffusion equation [21, 12, 13, 9, 10, 20, 4, 41]. With these methods, the discrete
equations can be derived by using either collocation, tau or Galerkin methods. The
radial basis function has also recently been used to discretize the space-fractional
diffusion equation [30]. All these methods offer spectral accuracy, meaning that the
error decreases exponentially fast as the number of nodes increases.

In this paper, we present a high-order numerical discretization of the space-time
fractional diffusion equation with exponential tempering in both space and time. The
PS numerical scheme is based on a space-time expansion of the model solution in
terms of Chebyshev polynomials. Such a discretization is exponentially accurate in
both space and time when the solution is smooth and takes full advantage of the
nonlocal nature of fractional differential operators. Numerical examples are provided
to highlight the convergence of the method for both smooth and nonsmooth solu-
tions as well as its ability to handle steep initial conditions and generic boundary
conditions.
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2. Mathematical model. We consider a general diffusion equation that com-
bines the tempered space and time fractional diffusion equations. The tempered time
fractional equation was originally proposed by Meerschaert, Zhang, and Baeumer [26]
to represent the dynamics of a tracer in the mobile phase, while the tempered frac-
tional diffusion operator in space was introduced by Cartea and del Castillo Negrete
[5]. The model equation reads

∂γ,β,s
t f(x, t) = d(x, t) ∂α,θ,λ

x f(x, t) + q(x, t),(2.1)

where the functions d(x, t) > 0 and q(x, t) are a generalized diffusivity term (SI units:
mαs−1) and a reaction term, respectively. The operator on the left-hand side of (2.1)
is a tempered fractional derivative of order γ defined as

(2.2) ∂γ,β,s
t f(x, t) =

∂f

∂t
(x, t) + βe−st

0D
γ
t

(
estf(x, t)

)
− βsγf(x, t),

where β is a capacity coefficient of SI units sγ−1, and s ≥ 0 is the time truncation
parameter (SI units: s−1). The operator on the right-hand side of (2.1) is a tempered
diffusion operator of order α defined as

∂α,θ,λ
x f(x, t) =

1− θ

2
e−λx

0D
α
x

(
eλxf(x, t)

)
+

1 + θ

2
eλxxD

α
L

(
e−λxf(x, t)

)
− λαf(x, t) + αθλα−1 ∂f

∂x
(x, t),(2.3)

where λ ≥ 0 is the space truncation parameter whose SI units are m−1, and θ ∈ [−1, 1]
is a skewness parameter. Equation (2.1) is solved for 0 ≤ x ≤ L and 0 ≤ t ≤ T .

The fractional-order derivatives appearing in (2.2) and (2.3) can be defined in the
Riemann–Liouville or Caputo sense. Unlike Riemann–Liouville derivatives, Caputo
derivatives are not singular on the domain boundaries. That feature makes them par-
ticularly appealing for nonlocal numerical methods, like the PS method, as most basis
functions take a nonzero value on the boundary. Zhang et al. have also shown that
Riemann–Liouville derivatives could cause mass-balance errors on bounded domains
[42]. The time and space derivatives are thus defined in the Caputo sense as follows:

0D
γ
t u(t) =

1

Γ(1− γ)

∫ t

0

∂u(τ)
∂τ

(t− τ)γ
dτ,

0D
α
xv(x) =

1

Γ(2− α)

∫ x

0

∂2v(y)
∂y2

(x− y)α−1
dy,

xD
α
Lv(x) =

1

Γ(2− α)

∫ L

x

∂2v(y)
∂y2

(y − x)α−1
dy,

where Γ(.) is Euler’s gamma function. For simplicity, we have assumed that 1 < α ≤ 2
and 0 < γ ≤ 1. It should be noted that the weighting factors in front of the left and
right space derivatives are slightly different from the ones used by [5].

Initial and boundary conditions also have to be specified to solve (2.1). Here, we
consider an arbitrary initial condition of the form f(x, 0) = f0(x), where f0 is a given
function defined on [0, L]. The specification of boundary conditions is a more delicate
issue. Most studies dealing with the numerical solution of the fractional diffusion
equation on a bounded domain simply use the same boundary conditions as the one
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used for the classical diffusion equation. That is the approach we have chosen to
follow in this work. We therefore consider the following Robin boundary conditions:

cldf(0, t) + cln
∂f

∂x
(0, t) = f l(t),

crdf(L, t) + crn
∂f

∂x
(L, t) = f r(t).

The coefficients cld, c
l
n, c

r
d, and crn allow us to specify either the value of the solution,

the value of its slope or a combination of both on the boundaries. The functions f l

and f r are given functions defined on [0, T ].

The boundary conditions that we impose are mathematically sound and numer-
ically stable but unfortunately not always physically realistic. The lack of physical
realism is due to the nonlocal nature of the anomalous diffusion flux. Hence, fixing
the slope of the solution on the boundary does not determine that flux. A homoge-
neous Neumann boundary condition would therefore neither guarantee mass conser-
vation nor effectively yield a zero slope on the boundary. A very recent study by Kay
et al. [15] shows how to impose physically plausible reflecting boundary conditions for
anomalous diffusion models on bounded domains. This work builds upon the work of
Krepysheva, Di Pietro, and Neel [17], who considered reflecting boundary conditions
at x = 0 on a semi-infinite domain. By expressing the model in terms of a Lévy
random walk and the generalized master equation, Kay et al. [15] derived a modified
kernel for the Riesz fractional derivative for a finite domain [0, L] with two reflecting
boundary conditions. For such a domain, the jump of a particle from a point x to x′

can be obtained in infinitely many ways via repeated bounces from the two walls. The
resulting continuous model then involves a Riesz fractional diffusion operator defined
on R acting on the periodic triangular function extension to R of the model solution
f(x, t) defined on [0, L]. In their work, Kay et al. also propose an FD and a finite
volume scheme to approximate this operator by applying a finite set of reflections.
They show that total mass is increasingly conserved with reflecting boundary condi-
tions as the number of reflections increases. Furthermore, the gradient of the solution
approaches zero as the number of reflections increases.

Applying such boundary conditions to a PS scheme has never been done before
and is not straightforward. We therefore prefer to leave that extension to a future
study and focus here on the numerical solution of a fully tempered fractional diffusion
equation with classical boundary conditions.

3. PS numerical discretization. In this section, we derive a space-time dis-
cretization of (2.1) based on the Galerkin method with Chebyshev expansions in both
space and time. The discrete solution is expressed in terms of a matrix of unknown
coefficients Fjk as follows:

(3.1) f(x, t) ≈ f̃(x, t) =

Nx∑
j=0

Nt∑
k=0

φx
j (x)Fjkφ

t
k(t),

where

φx
j (x) = φj(ξ(x)) for j = 0, . . . , Nx,

φt
k(t) = φk(τ(t)) for k = 0, . . . , Nt,
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Fig. 1. Example of (a) the eighth-order Chebyshev PS basis function φx
8 , and (b) the second-

order derivative (
d2φx

8
dx2 , in red) and the fractional-order derivatives (∂α,θ,λ

x φx
8 , in blue) of φx

8 for

α = 1.5, 1.6, 1.7, 1.8, 1.9, θ = 0, and λ = 0. Note that φx
8 ,

d2φx
8

dx2 , and all the fractional derivatives
are global functions.

and φj and φk are the Chebyshev polynomials of order j and k defined on [−1, 1]. The
functions ξ : x ∈ [0, L] �→ 2x

L −1 and τ : t ∈ [0, T ] �→ 2t
T −1 are isomorphisms that map

the physical domain [0, L]× [0, T ] to the computational domain [−1, 1]× [−1, 1]. By
using an expansion in terms of Chebyshev polynomials, the PS method naturally takes
the global behavior of the solution into account, in both space and time. This is ad-
vantageous for fractional-order models as the computational cost of the method is not
substantially increased when replacing integer-order derivatives by fractional-order
ones. As an illustration, Figure 1 shows the basis function φx

8 (x) and its derivatives,
which are all smooth global functions. The basis functions being polynomials, their
fractional derivatives can be computed analytically (see, for instance, [31, 20]).

Before deriving the discrete equations, we will assume that the diffusivity is a
separable function and that it can thus be expressed as the product of two functions
depending on only one variable, i.e., d(x, t) = dx(x)dt(t). This is not a strong as-
sumption as for most applications the diffusivity does not depend on time. We shall
also introduce the following three intermediate variables and assume that they have
the same discretization as the model solution:

g(x, t) ≡ estf(x, t) ≈ g̃(x, t) =

Nx∑
j=0

Nt∑
k=0

φx
j (x)Gjkφ

t
k(t),

hl(x, t) ≡ eλxf(x, t) ≈ h̃l(x, t) =

Nx∑
j=0

Nt∑
k=0

φx
j (x)H

l
jkφ

t
k(t),

hr(x, t) ≡ e−λxf(x, t) ≈ h̃r(x, t) =

Nx∑
j=0

Nt∑
k=0

φx
j (x)H

r
jkφ

t
k(t),
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where G, Hl, and Hr are the corresponding coefficient matrices that define the
Chebyshev expansions. Finally, we introduce the following notation for the integrals
involved in the Galerkin formulation of the model equations:

〈〈·〉〉 ≡
∫ L

0

∫ T

0

· w(ξ(x))w(τ(t)) dx dt,

〈·〉x ≡
∫ L

0

· w(ξ(x)) dx,

〈·〉t ≡
∫ T

0

· w(τ(t)) dt,

where w : y ∈ [−1, 1] �→ 1√
1−y2

is the weight function associated with Chebyshev

polynomials.
A PS discretization of (2.1) based on the Galerkin method is obtained by intro-

ducing the discrete variables in (2.1) and orthogonalizing the residual with respect to
the set of basis functions. The following discrete equations are then obtained:

〈〈φx
i ∂

γ,β,s
t f̃(x, t)φt

l 〉〉 = 〈〈φx
i d(x, t)∂

α,θ,λ
x f̃(x, t)φt

l 〉〉+ 〈〈φx
i q(x, t)φ

t
l〉〉(3.2)

for 0 ≤ i ≤ Nx and 0 ≤ l ≤ Nt. In the remainder of the derivation, we shall always
assume that the indices i and j vary between 0 and Nx and that the indices k and l
vary between 0 and Nt. We shall also assume that a repeated index is summed over.

Let us first consider the discretization of the fractional time derivative and express
it in matrix form:

〈〈φx
i ∂

γ,β,s
t f̃φt

l〉〉

=

〈〈
φx
i

∂f̃

∂t
φt
l

〉〉
+ β〈〈φx

i e
−st

0D
γ
t g̃ φt

l〉〉 − βsγ〈〈φx
i f̃φ

t
l〉〉

= 〈φx
i φ

x
j 〉x Fjk

〈
dφt

k

dt
φt
l

〉
+ β〈φx

i φ
x
j 〉x Gjk 〈e−st

0D
γ
t φ

t
k φt

l〉t

− βsγ〈φx
i φ

x
j 〉x Fjk 〈φt

kφ
t
l〉t

= MijFjkT
1
kl + β MijGjkT

γ
kl − βsγ MijFjkNkl,

where we have introduced the matrices M, T1, Tγ , and N whose entries are defined as

Mij ≡ 〈φx
i φ

x
j 〉x , T1

kl ≡
〈

dφt
k

dt
φt
l

〉
, Tγ

kl ≡ 〈e−st
0D

γ
t φ

t
kφ

t
l〉t, Nkl ≡ 〈φt

kφ
t
l〉t.

All these integrals can be computed to essentially machine precision with a Gauss–
Chebyshev quadrature.

The last step to obtain a tractable discretization of the fractional derivative is to
express the matrix G in terms of F. This can be done by using the L2 projection

〈〈φx
i g̃(x, t)φ

t
l〉〉 = 〈〈φx

i e
stf̃(x, t)φt

l〉〉

or

〈φx
i φ

x
j 〉x Gjk 〈φt

kφ
t
l〉t = 〈φx

i φ
x
j 〉x Fjk 〈estφt

kφ
t
l〉t,
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which amounts to saying that G = FEpN−1, where the matrix Ep is such that Ep
kl =

〈estφt
kφ

t
l〉t. The PS Galerkin discretization of the tempered fractional derivative can

then be expressed in shorthand notation as a product of three matrices:

〈〈φx
i ∂

γ,β,s
t f̃(x, t)φt

l〉〉 = (MFT)il ,

where

(3.3) T ≡ T1 + β EpN−1Tγ − βsγ N.

It should be noted that the classical time-fractional diffusion model without tempering
can easily be included within this framework. In that case, the time derivative is
simply ∂γ,β,s

t f = 0D
γ
t f and the entries of matrix T must then be defined as Tkl =

〈0Dγ
t φ

t
kφ

t
l〉t.

The discretization of the fractional diffusion term with the Galerkin method is
similar. It can be summarized as follows:

〈〈φx
i d ∂α,θ,λ

x f̃φt
l〉〉

=
1− θ

2
〈〈φx

i d e−λx
0D

α
x h̃

l φt
l〉〉+

1 + θ

2
〈〈φx

i d eλxxD
α
Lh̃

r φt
l〉〉

− λα〈〈φx
i d f̃φt

l〉〉+ αθλα−1

〈〈
φx
i d

∂f̃

∂x
φt
l

〉〉
,

=
1− θ

2
〈φx

i d
xe−λx

0D
α
xφ

x
j 〉x Hl

jk 〈φt
kd

tφt
l〉t +

1 + θ

2
〈φx

i d
xeλxxD

α
Lφ

x
j 〉x Hr

jk 〈φt
kd

tφt
l〉t

− λα〈φx
i d

xφx
j 〉x Fjk 〈φt

kd
tφt

l〉t + αθλα−1

〈
φx
i d

x
dφx

j

dx

〉
Fjk 〈φt

kd
tφt

l〉t

= Dl
ijH

l
jkPkl + Dr

ijH
r
jkPkl − RijFjkPkl + AijFjkPkl,

where the entries of the matrices Dl, Dr, P, R, and A are defined as

Dl
ij ≡

1− θ

2
〈φx

i d
xe−λx

0D
α
xφ

x
j 〉x , Dr

ij ≡
1 + θ

2
〈φx

i d
xeλxxD

α
Lφ

x
j 〉x ,

Rij ≡ λα〈φx
i d

xφx
j 〉x , Aij ≡ αθλα−1

〈
φx
i d

x
dφx

j

dx

〉
,

Pkl ≡ 〈φt
kd

tφt
l〉t.

It should be noted that integration by parts could be used to compute Dl
ij and Dr

ij .
Doing so would introduce boundary terms depending on a fractional-order flux. That
flux could then be specified weakly on the boundaries.

As for the discretization of the time derivative, we still have to express the aux-
iliary variables Hl and Hr in terms of F. This is again done with an L2 projection,

〈〈φx
i h̃

l(x, t)φt
l 〉〉 = 〈〈φx

i e
λxf̃(x, t)φt

l 〉〉,
〈〈φx

i h̃
r(x, t)φt

l 〉〉 = 〈〈φx
i e

−λxf̃(x, t)φt
l 〉〉,

which can be rewritten as

〈φx
i φ

x
j 〉x Hl

jk 〈φt
kφ

t
l〉t = 〈φx

i e
λxφx

j 〉x Fjk 〈φt
kφ

t
l〉t,

〈φx
i φ

x
j 〉x Hr

jk 〈φt
kφ

t
l〉t = 〈φx

i e
−λxφx

j 〉x Fjk 〈φt
kφ

t
l〉t.
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Introducing the matrices El and Er whose entries are El
ij = 〈φx

i e
λxφx

j 〉x and Er
ij =

〈φx
i e

−λxφx
j 〉x , we easily see that Hl = M−1ElF and Hr = M−1ErF.

The PS Galerkin discretization of the tempered fractional diffusion term can then
be expressed by the product of three matrices:

〈〈φx
i d(x, t)∂

α,θ,λ
x f̃(x, t)φt

l〉〉 = (DFP)il ,

where

(3.4) D ≡ DlM−1El + DrM−1Er − R+ A.

It is important to note that M and N are diagonal matrices thanks to the orthogonal-
ity of Chebyshev polynomials. Computing their inverse is therefore straightforward.
Furthermore, when the truncation parameter λ = 0, El = Er = M and the matrices R
and A vanish. Similarly, when the time truncation parameter s = 0, Ep = N.

After these manipulations, we obtain the following set of discrete equations:

(3.5) MFT = DFP+ Q,

where F is the matrix of unknown coefficients and where Q is the reaction matrix
whose entries are Qil = 〈〈φx

i q(x, t)φ
t
l〉〉. To solve (3.5), we shall first recast it in a more

convenient form. To do so, we make use of the Kronecker product (represented by ⊗)
to express (3.5) as

(3.6)
(
TT ⊗M− PT ⊗ D

)
vec(F) = vec(Q),

where vec(F) is the vector obtained by stacking the columns of F on top of one
another (see the appendix for details) and the superscript T denotes the transpose.
It is interesting to note that the matrix approach presented here is very close to
Podlubny’s matrix approach [32, 33, 34] and could indeed be seen as a generalization
to tempered fractional derivatives.

The system matrix in (3.6) is a full (Nx + 1)(Nt + 1) × (Nx + 1)(Nt + 1) ma-
trix. Since the size of that system is generally small thanks to the use of high-order
discretization, it can be solved quite quickly using standard approaches. We have
therefore only used the standard linear solver available in MATLAB, which is based
on a QR decomposition. We have not investigated if more efficient methods like the
one proposed by Wang, Wang, and Sircar [40] could be applied to our problem. The
total number of operations required for the combined space and time integrations is
then O((Nx +1)3(Nt +1)3). As long as the model solution is sufficiently smooth and
does not have sharp gradients, such a poor scaling should not be a major issue as the
required number of degrees of freedom in space and time would be limited. However,
for problems with sharp gradients, a low-order method like the FD or FE method
might prove more appropriate.

Equation (3.6) has to be supplemented with the initial and boundary conditions.
On the one hand, the initial condition f(x, 0) = f0(x) can be discretized with the
Galerkin formulation

〈φx
i f̃(x, 0)〉x = 〈φx

i f
0(x)〉x,

and hence

〈φx
i φ

x
j 〉x Fjkφ

t
k(0) = 〈φx

i f
0(x)〉x,



SPECTRAL METHOD FOR TEMPERED FRACTIONAL DIFFUSION A1805

where 0 ≤ i ≤ Nx. Since the initial condition does not depend on time, the Galerkin
formulation only involves a projection on space basis functions. By using again the
properties of the Kronecker product, we can express this set of discrete equations in
matrix form as

(Φt(0)T ⊗M)vec(F) = 〈Φx(x)f0(x)〉x ,

where Φt(t) = (φt
0(t), . . . , φ

t
Nt

(t))T and Φx(x) = (φx
0 (x), . . . , φ

x
Nx

(x))T . On the other

hand, the left boundary condition cldf(0, t) + cln
∂f
∂x (0, t) = f l(t) can be discretized as

〈(
cldf̃(0, t) + cln

∂f̃

∂x
(0, t)

)
φt
l

〉
t

= 〈f l(t)φt
l〉t

and hence (
cldφ

x
j (0) + cln

dφx
j

dx
(0)

)
Fjk 〈φt

kφ
t
l〉t = 〈f l(t)φt

l 〉t

for 0 ≤ l ≤ Nt. Here we used only a Galerkin formulation in time since the boundary
conditions have no explicit dependence on x. We can express the previous set of
discrete equations in matrix form as follows:(

NT ⊗
(
cldΦ

x(0)T + cln
dΦx

dx
(0)T

))
vec(F)= 〈f l(t)Φt(t)〉t.

The discretization of the right boundary condition, crdf(L, t) + crn
∂f
∂x (L, t) = f r(t), is

similar.

The Nx+1 discrete equations that represent the initial condition and the 2(Nt+1)
discrete equations representing the boundary conditions have to be included in the
full system of discrete equations. This is achieved by replacing the Nx + 1 equations
involving the test function φt

Nt
in (3.6) by the discrete initial condition. Similarly the

2(Nt + 1) discrete equations representing the two boundary conditions are included
in (3.6) in place of the discrete equations involving the test functions φx

Nx−1 and φx
Nx

.
This approach to impose boundary conditions is called “boundary bordering” by
Boyd [3].

4. Numerical results. In this section, we present two numerical examples that
highlight the properties of the proposed numerical scheme. In the first example, we
assess the convergence rate of the numerical scheme by computing the L2 relative
error with respect to an analytical solution. The second example is more qualitative
and shows the diffusion of a Gaussian hill for different values of the parameters α, γ,
λ and s.

4.1. Convergence analysis. To evaluate the convergence rate of the proposed
PS method, we compute the solution of (2.1) with θ = −1 and the following diffusivity
and reaction functions:

d(x, t) = xαΓ(p+ 1− α)

Γ(p+ 1)
,

q(x, t) = xpe−λxe−st (qγ,β,s(t)− tqqα,λ(x)) ,
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where p and q ∈ R, and

qγ,β,s(t) = qtq−1 − stq + β
Γ(q + 1)

Γ(q + 1− γ)
tq−γ − βsγtq,

qα,λ(x) = 1− Γ(p+ 1− α)

Γ(p+ 1)

(
λαxα + αλα−1(pxα−1 − λxα)

)
.

In that case, the exact solution of (2.1) is

(4.1) f(x, t) = xptqe−λxe−st.

The model equation is solved for 0 ≤ x ≤ 1 and is subject to the following initial and
boundary conditions:

f(x, 0) = f0(x) = 0,

f(0, t) = f l(t) = 0,

f(1, t) = f r(t) = tqe−λ−st.

The equation has been solved numerically until t = 1 with (α, γ) = (1.8, 0.8) and
(1.2, 0.2), and β = 1. The truncation parameters λ and s are equal to 0 or 1. We
have considered two sets of values for the parameters p and q in (4.1): (p, q) = (3, 3)
and (2.8, 2.6). The exact solution is therefore C∞ when (p, q) = (3, 3) but only C2

when (p, q) = (2.8, 2.6). For each simulation, we take the same number of modes in
the space and time expansions, i.e., Nx = Nt.

The convergence of the L2 error is shown in Figure 2. When both p and q are
integer, the convergence rate is exponential (left panel of the figure). In the particular
case where there is no truncation, the exact solution simply reduces to f(x, t) = xptq.
The numerical solution is therefore equal to the exact one as soon as Nx = p + 1
and Nt = q + 1. While numerical results clearly suggest that the proposed method
achieves exponential convergence when the solution is smooth, a formal mathematical
proof is quite difficult to obtain. The difficulty lies in the fractional-order differential
operators that introduce a branch point at x = 0 and t = 0 when applied to space and
time Chebyshev basis functions. That is obviously not the case for classical PDEs
and it makes the proof of convergence much more difficult.

When p and q take noninteger values, the solution contains a singularity at x = 0
and t = 0 and convergence is only algebraic (right panel of Figure 2). According to
Darboux’s principle, for each type of spectral expansions the rate of convergence is
controlled by the strength of the gravest singularity in the complex plane (see [3] for
more details). We are, however, not aware of any extension of Darboux’s principle
to fractional PDEs. Fractional differential operators might also have an effect on the
convergence rate as they introduce branch points on the boundaries of the domain.
In our example, the fractional time derivative introduces a branch point at t = 0
and the fractional space derivative introduces a branch point at x = 0. The degree
of these singularities depends on the order of the derivatives. We therefore expect
the algebraic convergence rate to be influenced both by the gravest singularity in the
exact solution and by the orders of the fractional derivatives. In our example, the
algebraic convergence rate is close to 3.5 when (α, γ) = (1.2, 0.2) and close to 3.7
when (α, γ) = (1.8, 0.8).
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Fig. 2. Relative L2 error between the numerical solution of (2.1) and the exact solution f(x, t) =
xptqe−λxe−st with respect to the number of modes in the space (Nx) and time (Nt) expansions. In
this example, (α, γ) = (1.8, 0.8) and (1.2, 0.2), β = 1, λ = 0 or 1, and s = 0 or 1. The error
convergence is exponential when p = q = 3 as the exact solution is smooth (left panel). However,
it is downgraded to an algebraic convergence when p = 2.8 and q = 2.6 as the exact solution has a
singularity at t = 0 and x = 0 (right panel). The algebraic convergence rate is close to 3.5 when
(α, γ) = (1.2, 0.2) and close to 3.7 when (α, γ) = (1.8, 0.8).

4.2. Diffusion of a Gaussian hill. In this section, we present some numerical
solutions of (2.1) for different values of the parameters α, γ, λ, and s and the following
initial and boundary conditions:

f(x, 0) = f0(x) = exp(−10(x− L/2)2),

∂f

∂x
(0, t) = f l(t) = 0,

f(L, t) = f r(t) = 0

for L = 10 and T = 2. To account for the change of dimension of the diffusivity
and capacity coefficients when changing the values of α and γ, we define them as
d(x, t) = DLαT −1 and β = T γ−1, where L and T are characteristic length and time
scale, respectively, and where D is a dimensionless constant. This amounts to making
(2.1) dimensionless with respect to those scales and to taking a dimensionless diffusion
coefficient equal to D. For the example presented here, we have selected the following
values: D = 1

62.5 , L = L
8 , T = T

8 . Because of the steepness of the initial solution,
we had to use a Chebyshev polynomial expansion with 190 modes in space. For the
time expansion, 10 modes were sufficient. For this example, it could have been more
advantageous to use the FD or FE method in space. However, since the goal here
is to provide qualitative results showing the evolution of the solution behavior for
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different values of the parameters defining the fractional derivatives, the choice of the
numerical scheme is less important.

Figure 3 shows the evolution of the solution of (2.1) for different values of α and
γ when λ = 0 and s = 0. The classical diffusion pattern with exponentially decaying
tails is recovered when α = 2 and γ = 1. A superdiffusive effect is observed when
α < 2 and γ = 1. In that case, the diffusion operator is nonlocal and the initially
localized solution is quickly spread over the entire domain. A subdiffusive effect is
observed when α = 2 and γ < 1. In that case, the solution spreads more slowly
and eventually almost freezes. Such a behavior highlights the memory effect that is
introduced in the model by replacing the first-order time derivative by a fractional-
order derivative of degree less than 1. For the general case where α < 2 and γ < 1,
the superdiffusive effect in space competes with the subdiffusive effect in time. The
overall behavior of the solution depends on the ratio 2γ

α . For 2γ
α > 1, superdiffusion
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Fig. 3. Diffusion patterns obtained for different values of α and γ without truncation effects
(i.e., λ = s = 0) at equidistant time instants. Normal diffusion is observed when α = 2 and γ = 1,

superdiffusion is observed when 2γ
α

> 1, subdiffusion is observed when 2γ
α

< 1, and quasi-diffusion

is observed when 2γ
α

= 1 and α < 2. Note that the y-axis is in log scale.
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Fig. 4. Final profiles of the model solution for different values of the pair of truncation param-
eters (λ, s) for α = 1.2 and γ = 0.6. As the value of λ increases, the truncation length decreases and
the diffusion process becomes subdiffusive. As the value of s increases, the truncation time decreases
and the diffusion process becomes superdiffusive. Note that the y-axis is in log scale.

dominates, while subdiffusion dominates for 2γ
α < 1 [27]. When 2γ

α = 1 while α < 2
and γ < 1, the diffusion process is said to be quasi diffusive in the sense that the
solution spreads at the same rate as for ordinary diffusion but all its moments are
infinite.

Starting from the quasi-diffusive solution corresponding to α = 1.2 and γ = 0.6,
we can highlight the effect of the truncation parameters on the solution evolution. By
introducing a nonzero truncation effect in space and in time, we reduce the probability
of long displacements and long waiting times between displacements. As a result, the
quasi-diffusive solution can become superdiffusive when s increases and subdiffusive
when λ increases. This behavior is shown qualitatively in Figure 4, where we start
from the final solution without truncation (black curve) and vary each of the trun-
cation parameters while keeping the other equal to zero. As expected, the tails of
the solution become thicker when s increases (red curves), while they become thinner
when λ increases (blue curves).

It should be noted that the model solution does not exactly satisfy the zero-slope
boundary condition imposed at x = 0. As mentioned at the end of section 2, imposing
a vanishing gradient on the boundary does not result in a zero fractional flux on the
boundary. Hence the solution slope does not vanish as mass is leaking out of the
domain through the boundary. To obtain a zero flux on the boundary, it is necessary
to impose a boundary condition that is in agreement with the nonlocal diffusion
operator. Such a nonreflecting boundary condition has been derived by Kay et al. in
a very recent paper [15]. We leave the investigation of such boundary conditions in a
PS model to a future study.

5. Conclusions. In this work, we have derived a PS scheme based on a
Chebyshev expansion in space and time to solve the fractional diffusion equation.
Both the space and time fractional derivatives have been tempered to account for the
finite limits of the physical domain. The resulting model is applicable to a wide range
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of realistic systems that show a slow transition from anomalous to asymptotic normal
diffusion over time.

By expanding the model solution in terms of Chebyshev polynomials in both
space and time, we were able to derive a high-order scheme that easily accommodates
tempered fractional-order differential operators. All the calculations can be performed
analytically or numerically with an arbitrarily large degree of accuracy. As a result,
an accurate solution can be obtained with a relatively small number of degrees of
freedom and hence at a reasonable computational cost.

It should be pointed out that the proposed method to discretize the model equa-
tion could also accommodate other numerical methods. For instance, if the model so-
lution is not smooth in space, the PS scheme can suffer from the Runge phenomenon.
That could be prevented by simply replacing the Chebyshev basis functions in space
by low-order FE basis functions or radial basis functions and deriving the correspond-
ing mass and diffusion matrices by following the same procedure as the one described
in this study.

Appendix. Kronecker product. If we consider the matrices A ∈ R
m×n and

B ∈ R
p×q, then the Kronecker product of A and B is defined as the matrix

A⊗ B =

⎡
⎢⎣

a11B . . . a1nB
...

. . .
...

am1B . . . amnB

⎤
⎥⎦ ∈ R

mp×nq.

The Kronecker product has the useful property that for any three matrices A, B, and
C for which the matrix product is defined, we have

(A.1) vec(ABC) = (CT ⊗ A)vec(B),

where vec(B) is the vector obtained by stacking the columns of B on top of one
another [19].
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Gaussian: The truncated Lévy flight, Phys. Rev. Lett., 73 (1994), pp. 2946–2949.
[24] M. M. Meerschaert and C. Tadjeran, Finite difference approximations for fractional

advection-diffusion flow equations, J. Comput. Appl. Math., 172 (2004), pp. 65–77.
[25] M. M. Meerschaert and C. Tadjeran, Finite difference approximations for two-sided space-

fractional partial differential equations, Appl. Numer. Math., 56 (2006), pp. 80–90.
[26] M. M. Meerschaert, Y. Zhang, and B. Baeumer, Tempered anomalous diffusion in hetero-

geneous systems, Geophys. Res. Lett., 35 (2008).
[27] R. Metzler and J. Klafter, The random walk’s guide to anomalous diffusion: A fractional

dynamics approach, Phys. Rep., 339 (2000), pp. 1–77.
[28] R. Metzler and J. Klafter, The restaurant at the end of the random walk: Recent devel-

opment in the description of anomalous transport by fractional dynamics, J. Phys. A, 37
(2004), pp. 161–208.

[29] H.-K. Pang and H.-W. Sun, Multigrid method for fractional diffusion equations, J. Comput.
Phys., 231 (2012), pp. 693–703.

[30] C. Piret and E. Hanert, A radial basis functions method for fractional diffusion equations,
J. Comput. Phys., 238 (2013), pp. 71–81.

[31] I. Podlubny, Fractional Differential Equations, Math. Sci. Engrg. 198, Academic Press, New
York, 1999.

[32] I. Podlubny, Matrix approach to discrete fractional calculus, Fract. Calc. Appl. Anal., 3 (2000),
pp. 359–386.

[33] I. Podlubny, A. Chechkin, T. Skovranek, Y. Chen, and B. M. Vinagre Jara, Matrix ap-
proach to discrete fractional calculus II: Partial fractional differential equations, J. Com-
put. Phys., 228 (2009), pp. 3137–3153.

[34] I. Podlubny, T. Skovranek, B. M. Vinagre Jara, I. Petras, V. Verbitsky, and

Y. Q. Chen, Matrix approach to discrete fractional calculus III: Non-equidistant grids,
variable step length and distributed orders, Philos. Trans. R. Soc. A Math., Phys. Engrg.
Sci., 371 (2013).

[35] J. P. Roop, Computational aspects of FEM approximation of fractional advection dispersion
equations on bounded domains in R

2, J. Comput. Appl. Math., 193 (2006), pp. 243–268.
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